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Передмова

Вiльгельм Iллiч Фущич був i залишається дуже помiтною зiркою на свiтовому
математичному небосхилi. Невтомний i пристрасний дослiдник, вiн залишив на-
укову спадщину, яка, безумовно, перевищує можливостi навiть дуже обдарованої
людини. Вiн був також Учителем (з великої лiтери), що зумiв запалити любов
до математики у численних учнiв i послiдовникiв.

За той, на жаль, не дуже довгий час, що йому подарувала доля, Вiльгельм
Iллiч встиг зробити стiльки, що могло б вистачити на цiлий науковий iнститут.
Вражає навiть кiлькiсний перелiк його творчої спадщини: 9 монографiй та понад
300 наукових статей, значна частина з яких опублiкована в провiдних мiжнаро-
дних журналах (повний перелiк наукових робiт наведено в данiй книжцi). Але
ще бiльше враження справляє кiлькiсть дослiдникiв вищої квалiфiкацiї, яких вiн
пiдготував для нашої держави i, так сталося, що i для багатьох iнших держав. Пiд
його керiвництвом написано i успiшно захищено 47 кандидатських дисертацiй, 13
з його учнiв стали докторами наук.

Вiльгельм Iллiч створив українську школу групового аналiзу диференцiаль-
них рiвнянь, яка сьогоднi займає одне з провiдних мiсць у свiтовiй математи-
чнiй спiльнотi. Вагомим iндикатором визнання цiєї школи може вважатися над-
звичайна популярнiсть серiї мiжнародних конференцiй “Symmetry in Nonlinear
Mathematical Physics”, започаткованої Вiльгельмом Iллiчем у 1995 р. Остання,
П’ята, конференцiя, що вiдбулася в червнi 2003 р., зiбрала 256 учасникiв з 38
країн свiту. Ще бiльше представницькою обiцяє бути чергова, Шоста, конферен-
цiя, що планується цього року.

Вiльгельм Iллiч був всебiчно обдарованою людиною: талановитим дослiдни-
ком, чудовим педагогом i вмiлим органiзатором. Створене ним продовжує жити
пiсля його смертi, i це є найкращий пiдсумок життя для творчої людини.

У короткiй передмовi ми спробуємо охарактеризувати Вiльгельма Iллiча Фу-
щича, насамперед, як науковця i Учителя в науцi. З його великої i, можна навiть
сказати, колосальної наукової спадщини ми вiдiбрали лише 29 статей до цiєї збiр-
ки вибраних праць. Всi цi працi дiстали гiдну оцiнку свiтової наукової спiльноти i
цитуються в провiдних журналах з математичної фiзики, але вони лише частко-
во вiдображають тi рiзноманiтнi та рiзноплановi результати Вiльгельма Iллiча,
що залишили вагомий слiд у математичнiй фiзицi. Ми хотiли б ще раз подяку-
вати мiжнародним видавництвам за люб’язний дозвiл на передрукування праць
Вiльгельма Iллiча. Ми дуже вдячнi Ользi Iванiвнi Фущич, дружинi Вiльгельма
Iллiча, за спогади, включенi до даної книги.

Вiльгельм Iллiч володiв рiдкiсною якiстю, яку доля дарує тiльки справжнiм
вченим, — умiнням вибирати дiйсно важливi задачi з того нескiнченного пере-
лiку проблем, що стають на шляху кожного активно працюючого дослiдника.
Саме цей дар дозволив йому отримати низку наукових результатiв, якi виявили-
ся передвiсниками нових напрямiв у сучаснiй математичнiй фiзицi. Деякi з цих
результатiв згадуються далi.

До наукових iнтересiв Вiльгельма Iллiча належали квантова теорiя поля, зоб-
раження груп i алгебр Лi, пiдгрупова структура груп Лi, теоретико-груповий
аналiз диференцiальних рiвнянь тощо. Але основна тема його праць — це симе-
трiя в математичнiй фiзицi.
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Наприкiнцi 60-х рокiв минулого сторiччя Вiльгельмом Iллiчем Фущичем про-
класифiковано i конструктивно описано незвiднi зображення узагальненої групи
Пуанкаре P (1, 4) — групи рухiв (1 + 4)-вимiрного простору Мiнковського, а та-
кож побудовано рiвняння руху, iнварiантнi вiдносно цiєї групи. Трохи пiзнiше
ним разом з В.М. Федорчуком повнiстю описано пiдгрупову структуру цiєї гру-
пи i прокласифiковано всi неспряженi пiдалгебри вiдповiдної алгебри Лi.

Цi результати (технiчно дуже складнi) спочатку здавались далекими вiд мо-
жливих застосувань. Але iсторiя подальшого розвитку математичної i теорети-
чної фiзики пiдтвердила виключну важливiсть цих дослiджень. Так, майже всi
сучаснi моделi квантової (супер)гравiтацiї базуються на суттєвому розширеннi
(1 + 3)-вимiрного простору Мiнковського. При цьому зображення груп P (1, 4) та
P (2, 3) i вiдповiднi iнварiантнi рiвняння вiдiграють ключову роль i виникають
як в результатi редукцiї модельних рiвнянь у просторi вищих розмiрностей, так
i при побудовi моделей безпосередньо у деситерiвському чи антидеситерiвському
просторах.

У 70-х роках XX сторiччя Вiльгельмом Iллiчем та його учнями побудовано
релятивiстськi хвильовi рiвняння для частинок з довiльним спiном, якi дозволя-
ли формулювати конструктивнi моделi для таких частинок iз рiзними типами
взаємодiї. Задача побудови таких рiвнянь здавалася абстрактно математичною,
оскiльки стабiльних частинок зi спiном, не рiвним нулевi чи одиницi, на той час
фiзики ще не вiдкрили. Але досить швидко, у зв’язку зi стрiмким розвитком су-
персиметричних теорiй, попит на рiвняння для частинок з iншими значеннями
спiну став однiєю з основних тенденцiй сучасної математичної фiзики.

Велику увагу придiляв Вiльгельм Iллiч дослiдженням рiвнянь, iнварiантних
вiдносно групи Галiлея. Здавалося б iнтерес до таких рiвнянь є дуже природним,
оскiльки абсолютна бiльшiсть фiзичних (а також хiмiчних, бiологiчних та iнших,
наприклад, соцiальних) явищ, що дослiджуються з використанням математичних
моделей, вiдбуваються за швидкостей, набагато менших за швидкiсть свiтла. Це
означає, що згаданi явища повиннi задовольняти принцип вiдносностi Галiлея, а
вiдповiднi моделi — бути iнварiантними вiдносно перетворень Галiлея.

Як це не дивно, у сучаснiй теоретичнiй фiзицi поширене певне нехтування
вимогою галiлеївської iнварiантностi. При побудовi математичних моделей така
iнварiантнiсть вимагається дуже рiдко — зазвичай, вона виникає як граничний
випадок релятивiстських теорiй.

Вiльгельм Iллiч добре розумiв, що насправдi умова галiлеївської iнварiантно-
стi є важливою i конструктивною, бо дозволяє рiзко обмежити вибiр можливих
моделей iз використанням фiзично обгрунтованої вимоги. У серiї праць ним бу-
ло побудовано рiвняння руху частинок iз довiльним значенням спiну, iнварiантнi
вiдносно перетворень Галiлея. Виявилося, що знайденi рiвняння добре описують
всi основнi властивостi таких частинок, — не гiрше вiд рiвняння Дiрака (з ро-
зумними обмеженнями на швидкостi частинок). Вiдносно недавно цi результати
було пiдхоплено канадськими дослiдниками з Албертського унiверситету (Кана-
да), що має добрi традицiї в дослiдженнi iнварiантних хвильових рiвнянь.

Цiкавi результати, якi активно цитуються, отримано Вiльгельмом Iллiчем при
дослiдженнi нелiнiйних рiвнянь другого порядку, що допускають групу Галiлея.
В цiлому можна прогнозувати подальше зростання iнтересу до результатiв до-
слiджень, пов’язаних iз галiлеївською симетрiєю.
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Одна з найулюбленiших (i найбiльш плiдних) iдей Вiльгельма Iллiча полягала
в тому, що диференцiальнi рiвняння можуть допускати набагато ширшi класи
симетрiй, нiж тi, що можуть бути знайденi в класичному пiдходi Лi. Ця iдея
надихала його на розробку нових методiв дослiдження симетрiйних властивостей
диференцiальних рiвнянь, якi дiстали загальну назву нелiївських.

Нелiївськi симетрiї в загальному випадку не утворюють алгебр чи груп Лi.
Але iснує важливий пiдклас таких симетрiй, що утворюють згаданi структури.
Вiльгельмом Iллiчем доведено, що подiбнi симетрiї притаманнi майже всiм рiвня-
нням релятивiстської квантової теорiї. Зокрема, встановлено, що, окрiм реляти-
вiстської та конформної iнварiантностi, рiвняння Максвелла допускають восьми-
параметричну групу Лi, генератори якої є iнтегро-диференцiальними оператора-
ми.

Вагоме мiсце в дослiдженнях Вiльгельма Iллiча займали симетрiї, що реалiзу-
ються диференцiальними операторами вищих порядкiв. Такi симетрiї вiдiграють
важливу роль при описi систем координат, в яких iснують розв’язки з роздiле-
ними змiнними. В останнi роки дослiдження таких симетрiй набули особливої
популярностi у зв’язку з поглибленим вивченням проблеми суперiнтегровностi.
Важливим їх застосуванням є також побудова законiв збереження, не пов’язаних
з симетрiєю вiдносно груп Лi.

Серед багатьох вагомих результатiв, отриманих Вiльгельмом Iллiчем при опи-
сi симетрiй вiдносно диференцiальних операторiв вищих порядкiв, вiдзначимо
повний опис симетрiй третього порядку для рiвняння Шрьодiнгера з потенцiа-
лом i законiв збереження другого порядку для рiвнянь Максвелла. Цi результа-
ти дiстали подальший розвиток у працях українських та закордонних авторiв i
активно використовуються в наш час.

Низку фундаментальних результатiв Вiльгельм Iллiч отримав у загальнiй тео-
рiї роздiлення змiнних. У спiвавторствi з Р.З. Ждановим i I.В. Ревенком ним роз-
роблено оригiнальний i конструктивний пiдхiд до опису рiвнянь, що допускають
розв’язки з роздiленими змiнними. Цей пiдхiд, зокрема, дозволив суттєво роз-
ширити класи потенцiалiв, для яких рiвняння Шрьодiнгера допускає роздiлення
змiнних.

Ще одним i, можливо, найважливiшим полем дiяльностi Вiльгельма Iллiча бу-
ла побудова точних розв’язкiв складних рiвнянь математичної фiзики. Пiд його
керiвництвом i при його безпосереднiй участi знайдено точнi розв’язки рiвнянь
руху частинки довiльного спiну, що взаємодiє з полем Кулона, полем плоскої
хвилi, схрещеними постiйними електричним та магнiтним полями. Розв’язати
вiдповiднi складнi системи рiвнянь вдалося завдяки широкому застосуванню як
класичних лiївських, так i вищих симетрiй. Вiльгельмом Iллiчем отримано низку
фундаментальних результатiв щодо точних розв’язкiв нелiнiйних багатовимiр-
них диференцiальних рiвнянь та систем таких рiвнянь, зокрема, рiвнянь Дiрака,
Нав’є–Стокса, Бусiнеска, Гамiльтона–Якобi, Шрьодiнгера, Даламбера, рiвнянь
нелiнiйної акустики, рiвнянь реакцiї–дифузiї тощо. Вiн також зробив вагомий
внесок у побудову нових методiв знаходження таких розв’язкiв, якi суттєво роз-
ширили можливостi i межi класичного групового аналiзу.

Сам Вiльгельм Iллiч вважав найвагомiшим серед своїх результатiв створення
методу умовної симетрiї. Основна iдея цього методу полягає в тому, що симетрiя
рiвняння може бути розширена, якщо на множину його розв’язкiв накласти де-
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яку додаткову умову, сумiсну з вихiдним рiвнянням. Ця додаткова симетрiя (що
дiстала назву умовної симетрiї) може дозволити побудувати точнi розв’язки, якi
в принципi не можуть бути знайденi з використанням класичного пiдходу Лi.

Очевидно, що перетворення умовної симетрiї не переводять будь-який розв’я-
зок вихiдного рiвняння в розв’язок. Але iснує така пiдмножина розв’язкiв, визна-
чена додатковою умовою, для якої перетворений розв’язок є знову розв’язком.

Як це часто буває, шлях вiд загальної iдеї до її конструктивної реалiзацiї ви-
явився дуже нетривiальним. По-перше, треба було створити алгоритм побудови
таких додаткових умов, який би гарантував їх сумiснiсть iз вихiдними рiвняння-
ми i водночас приводив до розширення симетрiї. По-друге, розв’язки, отриманi
з використанням умовної симетрiї, часто спiвпадають з класичними груповими
розв’язками, i бажано мати апрiорнi оцiнки, коли це може статись. Але Вiль-
гельм Iллiч та очолювана ним команда (Р.З. Жданов, М.I. Сєров, I.М. Цифра,
В.I. Чопик та iн.) успiшно здолали головнi перешкоди, створивши новий поту-
жний метод знаходження точних розв’язкiв складних нелiнiйних систем.

Вiльгельм Iллiч зробив вагомий внесок також у розвиток класичного групово-
го аналiзу. Творчо використовуючи надбання Софуса Лi та його послiдовникiв,
вiн зумiв суттєво розширити межi застосування групового аналiзу i описати си-
метрiї чи побудувати точнi розв’язки для багатьох важливих рiвнянь сучасної
математичної фiзики. При перелiку вiдповiдних результатiв майже всюди треба
вживати слово “вперше”, навiть у такiй загальновiдомiй царинi як класичний гру-
повий аналiз Фущичу та очолюваним ним учням вдалося залишити дуже i дуже
помiтний слiд. Це стосується багатьох роздiлiв групового аналiзу, зокрема, теорiї
диференцiальних iнварiантiв, реалiзацiй алгебр Лi векторними полями, пiдгру-
пового аналiзу фундаментальних груп математичної фiзики, опису пiдмоделей
рiвнянь механiки i фiзики.

Повне електронне зiбрання робiт Вiльгельма Iллiча Фущича, фотографiї з
сiмейного архiву сiм’ї Фущичiв та iншу iнформацiю можна знайти на iнтернет-
сторiнцi www.imath.kiev.ua/˜fushchych/. Сподiваємося, що ця сторiнка розви-
ватиметься та доповнюватиметься i надалi. Також вiримо, що наш приклад надих-
не iншi науковi колективи на створення подiбних iнтернет-ресурсiв для пропаган-
ди досягнень видатних українських учених та українських наукових шкiл.

Головне, що створена Вiльгельмом Iллiчем Фущичем школа — потужний твор-
чий колектив, дружнє коло однодумцiв i друзiв, осередок якого знаходиться в
Києвi в Iнститутi математики НАН України, продовжує жити спiльними iдеями,
розвиватися i поповнюватися молоддю. Сподiваємося, що закладене i розпочате
Вiльгельмом Iллiчем примножиться новими досягненнями київської школи си-
метрiйного аналiзу.

Редакцiйна колегiя
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Ольга Iванiвна ФУЩИЧ

У своїх коротких спогадах я намагаюсь донести i показати, що наука, яка
лежить в основi всього того, що створено i вiдкрито людством, — це цiкаво i
талановито, а вченi вартi того, щоб про них знали, як про людей, якi становлять
iнтелект нацiї, людей щонайширшої ерудицiї, з державним мисленням, здатнiстю
до передбачення майбутнiх змiн не тiльки наукових, але й суспiльних процесiв.
Учений у суспiльствi повинен зайняти своє мiсце як письменник, як художник,
як полiтик чи артист.

Вiльгельм належить саме до таких УЧЕНИХ, учених з великої лiтери, з вели-
чезною силою волi, титанiчної працездатностi, який мав дар охоплювати i коор-
динувати думкою цiлу сукупнiсть проблем, невтомно генерувати новi iдеї, вмiло
органiзувати науку, поєднувати дар популяризатора науки з хистом справжнього
дослiдника.

Я намагатимуся коротко розказати про життєвий i творчий шлях Вiльгельма
як професiонала високого гатунку, талановитої i яскравої особистостi з власною
вiдповiдальною позицiєю, якою вiн керувався у своєму життi, який активно i
плiдно вiв науково-дослiдницьку та науково-органiзацiйну, громадську та педа-
гогiчну дiяльнiсть. Вiн сам своєю працею здобув авторитет, повагу серед учнiв,
колег, учених i просто громадян.

Практично все трудове життя Вiльгельма було пов’язане з Києвом, з Iнститу-
том математики НАН України, де вiн працював протягом 37 рокiв, пройшовши
шлях вiд аспiранта до професора, члена-кореспондента НАН України, завiдува-
ча вiддiлу, i немало зробив для перетворення вiддiлу в один iз кращих, в якому
успiшно проводились науковi дослiдження з нелiнiйної математичної фiзики.

Вiльгельм Фущич — це краса i гiднiсть української науки, будiвничий однiєї з
шкiл українських математикiв — школи симетрiйного аналiзу диференцiальних
рiвнянь математичної фiзики, який своїми науковими досягненнями i новатор-
ством збагатив математичну науку XX столiття.

Вiн був ученим, освiтянином, громадським дiячем, в активi якого 9 моногра-
фiй, бiльше 300 наукових статей, педагогiчна робота понад 15 рокiв у Київському
нацiональному унiверситетi iм. Тараса Шевченка i Нацiональному педагогiчному
унiверситетi iм. Михайла Драгоманова, створення наукової школи в галузi мате-
матичної фiзики, органiзацiя нового журналу “Journal of Nonlinear Mathematical
Physics”, започаткування серiї мiжнародних конференцiй “Symmetry in Nonlinear
Mathematical Physics” в 1995 р. та участь у роботi Мiжнародного комiтету з пи-
тань науки i культури при НАН України вiд дня його заснування.

Вiльгельм народився на Закарпаттi. Вiн палко любив його каменi, лiси, снiги,
його голос i душу народу — пiснi. Вiльгельм був сином своєї держави i своєї епохи,
яка змiнювалася в громадському, полiтичному i психологiчному розумiннi. Вiн
жив у той час, коли українцi наполегливо добивались незалежностi, i такi люди,
як Вiльгельм, були серед них найактивнiшими.

Вiльгельм присвятив усе своє життя науцi, вихованню молодого освiченого
поколiння, молодих учених на благо України, а вiдтак — i нацiональному вiдро-
дженню України.



8 О.I. Фущич

Деякi штрихи з бiографiї. Вiльгельм народився 18 грудня 1936 р. в се-
лi Сiльце Iршавського району Закарпатської областi, яка в той час входила до
складу Чехословаччини. Батько, Iлько Михайлович, 1905 року народження, був
селянином. У молодi роки впродовж кiлькох рокiв працював у вугiльних копаль-
нях Францiї, де заробив грошi, за якi пiсля повернення в Сiльце купив землю,
виноградники, магазин i одружився з Марiєю Iванiвною Iвегеш, 1908 р. народже-
ння. Марiя народила у 1928 р. доньку Ганну, у 1932 р. — сина Михайла, а в 1936 р.
— наймолодшого Вiльгельма (Вiлiя). Батько i мати були дуже працьовитими. Ро-
бота на землi, у власному магазинi i на виноградниках давала можливiсть жити
сiм’ї заможно i в достатку.

Батько був вимогливим, строгим, розумним, щирим, доброзичливим i чес-
ним — уособленням послiдовностi i чесностi перед собою i людьми. Вiн мрiяв да-
ти своїм дiтям освiту, щоб вони у майбутньому змогли продовжити справу, для
започаткування якої йому, бiдняку, селянському хлопцевi без гроша, без кола
прийшлося тяжко працювати у Францiї i втратити здоров’я: у копальнях батько
захворiв на туберкульоз, який став причиною його смертi в 1946 р. Лiкування у
Чехiї та у купальнях Синяка (Закарпатська обл.) не допомогли вiдновити втра-
чене здоров’я. Незважаючи на важку хворобу, батько багато працював, активно
i вмiло керував своїм господарством. Мати Вiльгельма — унiкальна жiнка, яка
жила по совiстi, багато i чесно працювала. В нiй була цiнна, необхiдна для фор-
мування характеру дiтей частка гордостi, мiри, благородства, людяностi, iнтелi-
гентностi та енергiйностi. Батько i мати — це двi розумнi, працьовитi, миролюбнi,
твердi в досягненнi своєї мети ПОСТАТI. Вони i були визначальними в розумiннi
Вiльгельмом СВIТУ.

Пiсля смертi батька, коли на Закарпаттi, як у свiй час на Українi в 30-х
роках, розпочалось розкуркулювання заможних селян, у матерi Вiльгельма, на
руках якої залишилося троє дiтей, вiдiбрали все — землю, магазин, виноградни-
ки, а сiм’ю зараховали до куркулiв i заплановали виселити iз Закарпаття. Тiль-
ки несамовита вiдвага Марiї Iванiвни, її вмiння налагоджувати добрi стосунки i
вiдповiднi зв’язки з необхiдними для цього людьми врятували сiм’ю вiд розкур-
кулювання i виселення.

Про яке багатство могла йти мова? Вiлi розповiдав, що iнодi не було, що їсти,
як i у багатьох сiм’ях у тi повоєннi роки. Але сiм’я дружно трималася. Дiти вчи-
лися i допомагали матерi садити картоплю, кукурудзу, квасолю, копали, збирали
урожай на тiй дiльницi землi, яку їм залишили. Марiя Iванiвна робила все мо-
жливе, щоб дiтям дати освiту. Вона вступила до колгоспу i тяжко працювала,
отримуючи за свою працю на трудоднi мiзерну платню. Вона жила своїми дi-
тьми. Дiти радували її своєю слухнянiстю, працьовитiстю, успiшнiстю в школi.
Це надавало їй сили боротися зi скрутою.

Не так багато жiнок, якi залишились пiсля 1947 р. практично без засобiв до
iснування, можуть похвалитися таким героїзмом — виховати дiтей, дати їм освiту,
як про це мрiяв її чоловiк Iлько, i вивести їх у люди.

Пiсля закiнчення середньої школи у м. Iршавi Ганна поступила в педагогiчне
училище у м. Хустi, а Михайло — на фiнансовi рiчнi курси у м. Чернiвцi. Вi-
лi продовжував навчатися у середнiй школi, щодня долаючи пiшки 5 км. Ганна
пiсля закiнчення педучилища аж до виходу на пенсiю працювала учителькою
початкових класiв у рiдному селi Сiльцi. Михайло пiсля служби в армiї закiн-
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чив Ленiнградське морехiдне училище i на протязi багатьох рокiв працював на
морському флотi.

Пiсля закiнчення середньої школи у м. Iршавi в 1953 р. Вiльгельм поступив
до Ужгородського державного унiверситету на фiзико-математичний факультет.
Щоб Вiлi мiг поїхати в Ужгород на вступнi iспити, мати позичила грошi, купила
чемодан i дала 100 крб, пiсля чого сказала: “Вiлi, а що буде, якщо ти не поступиш?
Як ми повернемо грошi?” Взявши з собою, крiм чемодану i 100 крб, ще i деякi
харчi, Вiлi вiдправився в Ужгород. Iспити вiн склав успiшно i був зарахований
на перший курс фiзико-математичного факультету за спецiальнiстю фiзика.

Пiд час вступних iспитiв з Вiлi сталося декiлька кумедних пригод, одну з
яких я не можу не пригадати. Вiлiю дуже захотiлося їсти. А тут один з абiтурi-
єнтiв iз заможної сiм’ї попросив Вiлiя скласти замiсть нього за шматок ковбаси
iспити з фiзики i математики. Вiлi згодився. Спочатку склав фiзику на п’ять
за себе, а наступний день — теж на п’ять за того хлопця, причому тому само-
му викладачу (Буш). До речi, згодом Буш викладав у Вiлiя загальну фiзику
на першому i другому курсах. Наступним iспитом була математика. Приймав
його викладач Хiчi. Першi випускники фiзико-математичного факультету добре
пам’ятають цього добросовiсного, пунктуального, сумлiнного, вимогливого ви-
кладача математичного аналiзу. Тi, кому вiн читав лекцiї, можуть констатувати:
номер, який пройшов у Вiлiя з Бушом, з Хiчi не мiг пройти. Вiлi склав iспит з
математики на п’ять, а за того хлопця не пiшов, вiдмовився, повернувся вже вiд
дверей, побачивши, що в аудиторiї сидить той самий викладач, що приймав у
нього iспит у попереднiй день, хоча з письмовою роботою допомiг, сидячи бiля
нього. Серце пiдказало Вiлiю не робити цього, бо може статися бiда — впiзнає
його викладач! I що тодi буде? Прощавай унiверситет! Бажання учитися в унi-
верситетi виявилося сильнiшим вiд бажання з’їсти шматок ковбаси.

Унiверситет, вiдкритий в 1945 р., в 1953 р. був малочисельним. Кожен курс
бiльшостi факультетiв нараховував близько 25 студентiв. Найбiльш багаточи-
сельним факультетом на той час був медичний — 200 осiб на курсi. Пiд час на-
вчання в унiверситетi Вiлi жив у гуртожитку на Московськiй набережнiй. Першi
три курси — у кiмнатi, в якiй, крiм нього, проживало ще 29 студентiв з рiзних
факультетiв — медичного, бiологiчного, фiлологiчного, фiзико-математичного.
Проживання в такiй “комунальнiй” кiмнатi та товариський, компанiйський хара-
ктер Вiлiя зробили його знаним серед студентства унiверситету.

Враховуючи, що в гуртожитку вчитися практично не було можливостi, Вiлi
працював у бiблiотецi. Харчувався в студентськiй їдальнi на талони, якi купував
iз стипендiї зразу пiсля її отримання. Повертався в гуртожиток пiзно, бiля 23-ї
години. I так щодня, крiм вихiдних, коли всi хлопцi грали у футбол, волейбол, а
вечорами ходили на танцi в клуб унiверситету. Вiлi грав у футбол i волейбол за
збiрну фiзико-математичного факультету, а пiд час роботи в унiверситетi (1959–
1960 рр.) — за волейбольну команду викладачiв унiверситету, яку тренував i
очолював вiдомий волейболiст, у минулому член збiрної України з волейболу, ви-
кладач фiзкультури Ужгородського унiверситету Скрябiн. Щоб якось допомогти
матерi фiнансово, Вiлi пiд час кожних канiкул працював.

Студентське життя хоча через матерiальнi труднощi було не легким, але дуже
цiкавим, веселим, щасливим, свiдомим, наповненим мрiями, новими знаннями не
лише з фiзики i математики, але й з фiлософiї i лiтератури, насиченим культур-
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ними i духовними цiнностями та новими знайомствами. Вiлi вчився на вiдмiнно.
Ще в студентськi роки при зустрiчi друзi вiталися з ним: “Привiт, професоре!”

Вiлi мрiяв зайнятися наукою. Все почалося з вересня 1955 р., коли в Ужго-
род приїхав випускник аспiрантури Фiзичного iнституту iм. Лебедєва АН СРСР,
кандидат фiз.-мат. наук (а згодом доктор фiзико-математичних наук, професор)
Ю.М. Ламсадзе i очолив кафедру теоретичної фiзики. Вiлiя захопили його ле-
кцiї, семiнари, пiд впливом яких вiн i вирiшив пов’язати своє життя з наукою,
обравши собi за спецiальнiсть теоретичну фiзику. Вiн переконався в правильно-
стi вибору пiсля поїздки в Москву на виробничу практику в Московський унi-
верситет, в якому викладали вiдомi вченi фiзики-теоретики. Вiлi неодноразово
розповiдав своїй сiм’ї про цю практику на кафедрi теоретичної фiзики, яка про-
ходила протягом одного семестру пiсля четвертого курсу. Вiн i ще семеро його
однокурсникiв вiдвiдували лекцiї академiка Л.Д. Ландау з квантової механiки
та академiка I.Е. Тамма з теорiї електромагнiтних явищ. З певними трудноща-
ми вони пробивались через iснуючу тодi пропускну систему на науковi семiнари
в Iнститут фiзичних проблем АН СРСР та Фiзичний iнститут iм. Лебедєва, де
часто доповiдали всесвiтньо вiдомi ученi в галузi квантової теорiї поля i теорiї
елементарних частинок, як радянськi, так i закордоннi.

У 1958 р. Вiлi закiнчив кафедру теоретичної фiзики Ужгородського унiвер-
ситету. Ю.М. Ламсадзе, помiтивши у Вiлiя такi риси, як прагнення до знань,
цiлеспрямованiсть, хист до наукової роботи та вiдмiннi знання, дав йому рекомен-
дацiю в аспiрантуру. Однак через певнi обставини (на цей час ми були одруженi,
а я ще вчилася) Вiлi вирiшив попрацювати в унiверситетi. Тому пiсля закiнчення
унiверситету два роки (до 1960 р.) працював на викладацькiй роботi на кафедрi
теоретичної фiзики. Розумiючи, що iмовiрнiсть надбання знань у столицi через
наявнiсть вiдомих учених, наукових шкiл, чудових бiблiотек набагато вища, нiж
в Ужгородi, Вiлi у листопадi 1960 р. поступив до аспiрантури Iнституту мате-
матики Академiї наук України. Вiльгельма я зустрiла ще в студентськi роки на
фiзико-математичному факультетi, студенткою якого я також була. Мрiючи з Вi-
лi про науку в столицi, я не заперечувала щодо його вiд’їзду до Києва. Навпаки,
з’явилась надiя на те, що з часом, як тiльки пiдросте дочка, по моєму переїздi
до Києва я також зможу влаштуватися в один з iнститутiв Академiї наук. Наша
мрiя збулася. Я знайшла в Києвi улюблену роботу в Iнститутi проблем матерiа-
лознавства НАН України, в якому працюю i сьогоднi, захистила кандидатську
дисертацiю, виконану пiд керiвництвом вiдомого ученого академiка НАН Украї-
ни I.М. Федорченка. У Києвi прожила з Вiлi i дiтьми, Марiанною i Богданом,
велику i кращу частину свого життя.

Пiсля закiнчення аспiрантури з листопада 1963 р. Вiльгельм працював молод-
шим, а з сiчня 1965 р. — старшим науковим спiвробiтником Iнституту математики
АН України.

У лютому 1964 р. Вiльгельм захистив кандидатську дисертацiю на тему “Ана-
лiтичнi властивостi амплiтуд народження як функцiї переданого iмпульсу”. Кан-
дидатську дисертацiю Вiльгельм виконав пiд керiвництвом видатного ученого,
члена-кореспондента (згодом академiка) АН України, доктора фiзико-матема-
тичних наук професора О.С. Парасюка. Остап Степанович — зiрка в науцi. Вiн
намагався вкласти у своїх учнiв те, що з нього самого било джерелом: високу
думку, знання i велику фантазiю при виконаннi дослiджень. Остап Степанович
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прекрасно знав всю наукову лiтературу (i не тiльки) та намагався прищепити
своїм учням любов до книг, до диспутiв, що виникали на наукових семiнарах, якi
вiн проводив щотижня i на яких народжувались новi iдеї i шляхи їх реалiзацiї.
Пропускати науковi семiнари без поважної причини не дозволялось, бо семiнари
для Остапа Степановича були святою справою. Вiльгельм перейняв вiд Остапа
Степановича цю любов до книг, до нових знань, методи роботи з учнями. До кiн-
ця життя вiн був вiдданий своєму УЧИТЕЛЮ, любив i шанував його, постiйно
спiлкувався i радився з ним.

У квiтнi 1971 р. Вiльгельм на вченiй радi Iнституту математики захистив до-
кторську дисертацiю на тему “Теоретико-груповi основи узагальненої релятивiст-
ської квантової механiки i P -, T -, C-перетворення”, консультантом якої був акаде-
мiк О.С. Парасюк. Офiцiйними опонентами дисертацiї були: член-кореспондент,
доктор фiзико-математичних наук, професор В.П. Шелест (м. Київ, IТФ АН
України), доктор фiзико-математичних наук, професор О.О. Боргардт (м. До-
нецьк, ФТI) i доктор фiзико-математичних наук, професор В.Г. Кадишевський
(м. Дубна, ОIЯД). У докторськiй дисертацiї пiдсумовано результати, пов’язанi
з класифiкацiєю незвiдних зображень узагальнених груп Пуанкаре в багатови-
мiрних просторах, зокрема, у просторах де Сiттера. На основi цих дослiджень
побудовано математичнi основи квантової механiки для частинок iз змiнною ма-
сою.

З 1978 р. до кiнця свого життя Вiльгельм був завiдувачем вiддiлу прикла-
дних дослiджень Iнституту математики НАН України. Звання професора йому
присуджено у 1980 р.

Якщо на початку наукової дiяльностi коло наукових iнтересiв Вiльгельма ста-
новили проблеми квантової теорiї поля, то починаючи з 70-х рокiв основною те-
мою його праць стає теоретико-груповий аналiз рiвнянь математичної фiзики та
квантової механiки. Саме в 70-х роках Вiльгельм дав розв’язок фундаментальної
проблеми математичної фiзики, над якою ранiше працювали такi видатнi вченi
свiту, як Вiгнер, Баргман, Швiнгер та iн., яка полягає в пошуку та описi сис-
тем диференцiальних та iнтегро-диференцiальних рiвнянь, iнварiантних вiдносно
груп Галiлея i Пуанкаре. Для розв’язання цiєї проблеми вiн запропонував нела-
гранжевий пiдхiд до побудови та дослiдження рiвнянь руху в квантовiй теорiї.

Без перебiльшення можна стверджувати, що Вiльгельм зробив значний вне-
сок у новий роздiл сучасної математичної фiзики, який спецiалiсти називають
симетрiйним аналiзом диференцiальних рiвнянь. Такi загальноприйнятi тепер
термiни, як нелiївська симетрiя, нелокальна симетрiя, нелiївський пiдхiд, нелi-
нiйна математична фiзика вперше введено в працях Фущича. Коли з’явились
першi працi Вiльгельма з симетрiйного аналiзу в наукових журналах, то бага-
тьом здавалось, що вони не будуть мати широкого продовження, бо всi спецiа-
лiсти знаходилися пiд впливом дослiджень з теорiї симетрiй, виконаних ранiше
такими всесвiтньо вiдомими вченими, як Альберт Енштейн, Анрi Пуанкаре, Поль
Дiрак, Софус Лi та iн., i що їх результатами цi проблеми уже вичерпанi.

Подальшi працi Вiльгельма та учнiв його школи в цiй галузi показали, що
Фущич запропонував новi пiдходи до дослiдження симетрiї рiвнянь математичної
i теоретичної фiзики, якi знайшли розвиток в працях вчених багатьох країн свiту.
Науковi результати Вiльгельма i його учнiв у галузi теорiй симетрiй, на мою
думку, є значним досягненням української математичної науки.



12 О.I. Фущич

Слiд пiдкреслити, що для того щоб прожити в гармонiї i злагодi з чоловiком-
ученим, який повнiстю вiддається роботi, треба його розумiти i разом з ним вiд-
чувати все те, що вiдчуває вiн у кращi чи гiршi моменти свого життя, бо у справ-
жнього ученого вихiдних, свят i 8-годинного робочого дня, а часто й вiдпуски,
просто немає. Є улюблена робота, робота i ще раз робота, є учнi — студенти, аспi-
ранти, докторанти, науковi спiвробiтники, яких вiн учив проводити фундамен-
тальнi дослiдження i за яких вiн переживав як за своїх рiдних дiтей, переймався
їхнiми проблемами як своїми.

Крiм “дiтей-учнiв” (всiх учнiв Вiльгельм називав дiтьми), у нас з Вiлi двоє
дiтей — Марiанна (тепер Марiанна Ойлер), 1961 року, i Богдан, 1972 року народ-
ження. Вiлi любив своїх дiтей, пишався ними i пiдтримував їх. Вiн був завжди
їм другом i порадником, розумiв цiннiсть батькiвського виховання, бо саме воно
формує дитину як особистiсть. Вiн нiколи не забував про необхiднiсть емоцiй-
ної, моральної пiдтримки дiтей i про їх потребу в самовираженнi. Служив дiтям
прикладом у шляхетностi, був для них великим авторитетом.

Дiти були свiдками нашої поваги один до одного, поваги до них як особи-
стостей, гармонiї в сiм’ї. Гармонiя мiж дiтьми i батьками зрiвнює свiт так само,
як плюс i мiнус, добро i зло, бiле i чорне. Це допомогло виховати їх чистими,
щирими, добрими, розумними, збудити i прищепити в них з дитинства, замоло-
ду духовнi i людськi якостi. Вiлi намагався не тиснути на дiтей, не наполягав, а
тiльки злегка направляв i керував ними. Вiн мав достатньо твердих принципiв,
щоб сформувати дiтей свiдомими українцями, справжнiми патрiотами, виховати
у них пошану до роду, розвинути в них духовнiсть.

Коли у Вiлiя траплялись важкi ситуацiї, я i дiти були завжди поряд i заклика-
ли його до спокою, до посмiшки, згуртовувались i вiрили, що разом обов’язково
подолаємо труднощi.

Вiлi зумiв прищепити дiтям любов до математики, до науки, до працi. Марi-
анна закiнчила фiзико-математичну школу № 145 при Київському унiверситетi
в 1978 р., а в 1983 р. — механiко-математичний факультет цього ж унiверсите-
ту. Аспiрантуру закiнчила при Iнститутi математики НАН України. У 1988 р.
захистила дисертацiю на тему “Застосування асимптотичних методiв до розв’я-
зання деяких нелiнiйних хвильових рiвнянь” за спецiальнiстю “диференцiальнi
рiвняння i математична фiзика” i отримала наукову ступiнь кандидата фiзико-
математичних наук. З 1997 р. працює у Швецiї в Технологiчному унiверситетi
м. Лулеа викладачем математики. Богдан у 1988 р. закiнчив фiзико-математичну
школу № 145 при Київському унiверситетi, а в 1993 р. — механiко-математичний
факультет того ж унiверситету. Рiк навчався у Мюленберзькому коледжi (США)
i рiк — в аспiрантурi Гарвардського унiверситету (США). У 2000 р. закiнчив юри-
дичний факультет Київського унiверситету. Працює в страховому бiзнесi.

Спогади Марiанни i Богдана. “У нас склалася така думка, що будь-якi
науковi проблеми з участю Батька розв’язувались на найвищому рiвнi. Наша
пам’ять про нього — це вiчна дискусiя з ним та вiчне очiкування пiдтримки та
поради вiд нього, згадки про рiзнi митi його життя, випадки i слова.

Переконанi, що Батько був зразком лицарського служiння Iстинi, Добру,
Науцi, Українi i своїм життям завоював почесне звання — Людина. Вiримо, що
все те, що залишив Батько в науцi, iм’я якої нелiнiйна математична фiзика, за-
лишиться для майбутнiх поколiнь. Сподiваємось, що учнi Батька будуть надалi
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сприяти поширенню його наукових, суспiльних, морально-етичних iдей та прин-
ципiв.”

Наукова робота. Вiльгельм любив Iнститут математики, був прив’язаний
до нього. Вiн шанобливо i з повагою ставився до всiх спiвробiтникiв iнституту
незалежно вiд посади, яку вони обiймали, в тому числi i до своїх учнiв. В iнсти-
тутi Вiльгельм знаходив життєдайний ковток свiжого повiтря, який живив його
душу i серце.

Вiльгельм вважав, що наукова робота — це особлива професiя. Йому подоба-
лось учити молодих спецiалiстiв i своїх учнiв, творити разом з ними новi форму-
ли, рiвняння, якi випереджали час. Вiн часто повторював, що учений-педагог —
це прекрасна професiя, якiй притаманнi риси творця, який крок за кроком “те-
ше”, немов скульптор, нових учених.

Працюючи з учнями, формуючи їх як учених, Вiльгельм отримував велике, нi
з чим незрiвнянне моральне задоволення. Наукова творчiсть стала для Вiльгель-
ма його життям, про механiзм якої вiн сказав так: “Спочатку починаю хворiти
новою iдеєю, новою задачею, потiм заглиблююсь у неї, спираючись на попереднi
результати, а потiм розв’язую її з учнями, пiсля чого видужую. I часто буває
так, що народжується несподiвано для всiх нас першокласний результат i вiн
видається всiм нам приголомшливим i неочiкуваним.”

Вiльгельм нiколи жорстко не розмовляв з своїми учнями з приводу їх наукової
роботи, але вимагав вiдповiдальностi при її виконаннi. Дверi його кабiнетiв удома
i в iнститутi завжди були вiдкритими. Вiн робив з учнями одну справу, тому його
спiлкування з ними неможливе було без довiрливого тону; мiж ними завжди були
добрi, чистi, чеснi, людськi стосунки.

Монографiї i науковi статтi — це творчий пiдсумок напрацювань Вiльгельма
з учнями, який об’єднав учителя i учнiв, керiвника i спiвробiтникiв. Я пам’ятаю,
як вони, працюючи разом, народжували новi, бiльш досконалi результати. I цi
миттi були у них прекраснi i неповторнi. Заради них Вiльгельм жертвував у
життi багато чим.

Однак, наука, як i будь-яка творчiсть, будується на гонористостi. Тому Вiль-
гельм не завжди був задоволений результатом. Але не засмучувався, бо розумiв,
що над одержанням вагомого результату потрiбно багато працювати, знав, що
деякi результати неможливо отримати швидко та легко, як здається на перший
погляд. “Iдея довго зрiє, накопичується всерединi i в один прекрасний день про-
ривається,” — так говорив вiн.

Вiльгельм завжди намагався зберегти i примножити високий творчий потен-
цiал i наукову атмосферу колективу, яким вiн керував i трудовими буднями якого
жив, створюючи умови творчої взаємодiї мiж спiвробiтниками. Широта наукових
iнтересiв Вiльгельма та постiйне пiклування про молодь вплинуло на склад та
якiсть вiддiлу прикладних дослiджень Iнституту математики, який вiн очолював
майже два десятка рокiв.

Вiддаючись науцi, поринаючи в роботу цiлком i повнiстю без залишку, на мою
думку, Вiльгельм був для учнiв прикладом самокритичностi i працездатностi,
доброти i щиростi, справедливостi i людяностi.

Науковий доробок Вiльгельма i його учнiв — це, безумовно, цiлий свiт, появу
якого спричинила особлива свобода — свобода творити новi закони симетрiйного
аналiзу, новi рiвняння, новi теореми нелiнiйної математичної фiзики, розробля-
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ти новi методи класифiкацiї рiвнянь. Жодна книга, жодна робота не заперечує
iншої i в кожнiй вiдразу упiзнається наукова школа, створена Вiльгельмом.

Про значимiсть отриманих Вiльгельмом i його школою результатiв найкраще
свiдчать друкованi працi, перелiк яких наведено в цiй книзi i з повним текстом
яких можна ознайомитися на iнтернет-сторiнцi www.imath.kiev.ua/˜fushchych/,
а також цитування цих результатiв провiдними вченими свiту.

З науковими працями та робочими матерiалами до них, бiографiчними доку-
ментами та документами про вченого, документами про дiяльнiсть, листуванням,
фотодокументами та дарчими надписами можна познайомитися в Iнститутi ар-
хiвознавства НАН України (фонд № 315, опис № 1 за 1956–2001 рр.).

Педагогiчна робота. Природна риса Вiльгельма — це потяг до спiлкуван-
ня з науковою молоддю, яка завжди його оточувала. Тому свою наукову роботу
Вiльгельм поєднував з педагогiчною. Протягом багатьох рокiв вiн читав курси
лекцiй з математичної фiзики на механiко-математичному факультетi Київсько-
го нацiонального унiверситету iм. Тараса Шевченка та фiзико-математичному
факультетi Нацiонального педагогiчного унiверситету iм. Михайла Драгомано-
ва.

Вiльгельм завжди намагався налагодити з першого разу те енергiйне, емо-
цiйне спiлкування професор–студент, вiд якого залежав успiх їхньої роботи —
процес навчання. Вибiр матерiалу лекцiй належною мiрою визначався актуаль-
ними питаннями математичної фiзики, зокрема теорiєю зображень груп i алгебр
Лi. Розумiючи значення їх застосування до задач фiзики, поряд з iншими темами
вiн викладав основи теорiї груп i алгебр та їх класифiкацiю.

На своїх лекцiях i семiнарах Вiльгельм намагався дати максимально необхiд-
ну кiлькiсть знань, ознайомити студентiв з останнiми досягненнями в матема-
тицi та фiзицi, якi не можна було прочитати в навчальних посiбниках. Аналiз i
вивчення новiтнiх робiт допомагали студентам поглибити своє розумiння пробле-
ми, опанувати сучасний математичний апарат, який надалi вони могли успiшно
використовувати в науковiй роботi. Вiльгельм давав можливiсть студентам бра-
ти активну участь у семiнарах в Iнститутi математики НАН України, якi вiн
проводив у своєму вiддiлi прикладних дослiджень iз своїми учнями — наукови-
ми спiвробiтниками, аспiрантами, докторантами, кандидатами i докторами наук.
На цих семiнарах студенти мали можливiсть опанувати новi знання, якi вони
застосовували до розв’язування задач, поставлених Вiльгельмом для дипломних
чи дисертацiйних робiт. Хочу вiдзначити, що з бiльшiстю аспiрантiв Вiльгельм
працював ще з студентської лави.

Вiльгельм вчив своїх студентiв допитливостi, цiлеспрямованостi, умiнню про-
водити фундаментальнi теоретичнi дослiдження, творити новi математичнi зна-
ння i ефективно їх застосовувати, бо був переконаний, що математика — це той
ключ, з допомогою якого вiдкриваються дверi до багатьох, часом зовсiм нових
галузей природничих знань.

Мiжнародна наукова дiяльнiсть. Справжнiй Фущич заявив про себе в
працях 70-х рокiв. Вiльгельм остаточно утвердився як новатор у вибранiй галузi
математичної фiзики у 80-i роки, коли прийшов до науки з оригiнальними робо-
тами про умовну симетрiю, якi iнтенсивно цитуються. Вiн стає знаним у науко-
вому свiтi, його запрошують не тiльки провiднi науковi центри Росiї (Об’єднаний
iнститут ядерних дослiджень, Математичний iнститут iм. Стєклова РАН), з яки-
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ми Вiльгельм до кiнця життя пiдтримував тiснi науковi контакти, але й вiдомi
унiверситети свiту.

Вiльгельм отримує запрошення на участь у мiжнародних конгресах, симпозiу-
мах, конференцiях та семiнарах вiд провiдних наукових центрiв свiту для висту-
пiв i обговорення найбiльш актуальних проблем i задач у теоретичнiй i матема-
тичнiй фiзицi. Вiн розумiв i усвiдомлював, наскiльки важливою i перспективною
справою є участь у таких представницьких мiжнародних форумах, де проводи-
ли аналiз досягнень у математичнiй i теоретичнiй фiзицi i пiдсумовували роботу
учених за минулий перiод, окреслювалися найбiльш перспективнi напрями прове-
дення дослiджень. Участь у роботi таких форумiв давала можливiсть познайоми-
тись з науковими досягненнями провiдних наукових шкiл i водночас пропагувати
результати, отриманi в Iнститутi математики НАН України.

Вiльгельма слухали в наукових центрах Америки, Англiї, Нiмеччини, Швецiї,
Японiї, Пiвденно-Африканської Республiки та iн. Теми лекцiй були такi: “Про новi
симетрiї рiвнянь”, “Теоретико-груповi методи у математичнiй фiзицi”, “Симетрiя i
точнi розв’язки багатомiрних нелiнiйних хвильових рiвнянь Даламбера, Лiувiлля,
Шрьодiнгера, Дiрака”, “Група Лi i точнi розв’язки рiвнянь Даламбера, Лiувiлля,
Шрьодiнгера, Дiрака”, “Про новi та старi симетрiї рiвнянь Максвелла i Дiрака”,
“Симетрiя i точнi розв’язки нелiнiйних рiвнянь Даламбера i Дiрака”, “Симетрiя
i точнi розв’язки нелiнiйних рiвнянь математичної фiзики”, “Симетрiя i точнi
розв’язки спiнорних нелiнiйних рiвнянь”, “Умовнi симетрiї нелiнiйних рiвнянь
акустики”, “Симетрiя i точнi розв’язки багатомiрних нелiнiйних рiвнянь Дiрака
i Шрьодiнгера”, “Симетрiя i точнi розв’язки нелiнiйних рiвнянь для спiнорних
i векторних полiв”. Це лише частина з великого перелiку лекцiй, прочитаних
Вiльгельмом пiд час його поїздок.

Поїздки Вiльгельма в науковi центри свiту сприяли встановленню тiсних на-
укових контактiв з науковими школами, якi займались аналогiчною тематикою.
Ось що пише про це Вiльгельм: “У теперiшнiй час у сучаснiй математичнiй фiзи-
цi склалася така ситуацiя, коли багато наукових колективiв у свiтi розробляють
близькi теми. Основнi напрями цих дослiджень — нелiнiйнi проблеми математич-
ної i теоретичної фiзики. Часто буває так, що один i той же результат отримують
незалежно рiзнi автори рiзними методами. Тому виникає нагальна необхiднiсть
отримати iнформацiю про останнi досягнення найкоротшим шляхом, з перших
рук, тобто вiд тих учених, якi цей результат отримали вперше, а не чекати рiк–
два, коли з’явиться стаття про цi дослiдження в науковiй лiтературi. У багатьох
наукових центрах ведуться iнтенсивнi i широкомасштабнi дослiдження з нелiнiй-
них проблем математичної i теоретичної фiзики. Це пов’язано з тим, що реальнi
процеси квантової фiзики є нелiнiйними, тому математичний опис цих явищ пови-
нен моделюватися нелiнiйними диференцiальними i iнтегральними рiвняннями.
Лiнiйний опис таких процесiв у багатьох вiдношеннях незадовiльний. З цiєї ж
причини в таких державах, як США, Англiя, ФРН, Канада, створено науковi
центри з математичного дослiдження нелiнiйних процесiв у фiзицi, хiмiї, бiоло-
гiї.”

Спiлкування Вiльгельма з провiдними ученими свiту як на мiжнародних фо-
румах, так пiд час поїздок у рiзнi науковi центри засвiдчили, що застосування
методiв Лi, теорiї представлень алгебр Лi та iнших теоретико-алгебраїчних мето-
дiв до нелiнiйних рiвнянь математичної фiзики i квантової теорiї поля є констру-
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ктивним напрямом у сучаснiй математичнiй i теоретичнiй фiзицi. Цей напрям
широко i iнтенсивно розвивається також у багатьох захiдних наукових центрах.

Наведу два приклади наукових зв’язкiв Вiльгельма iз зарубiжними науковими
школами: з Iнститутом теоретичної фiзики Технiчного унiверситету м. Клаусталь
(ФРГ) i особисто з його директором, професором Г.Д. Дойбнером, яке розпоча-
лось у кiнцi 70-х рокiв, та Пiтером Олвером, професором Iнституту математики
унiверситету м. Мiннесота (США). На перших порах це спiвробiтництво було
заочним i полягало в обмiнi iнформацiєю за результатами дослiджень.

Особисте знайомство Вiльгельма з Дойбнером вiдбулося в листопадi 1984 р.
пiд час його поїздки в Клаусталь на запрошення Дойбнера. Ось що написав Дойб-
нер Вiльгельмовi: “Я запрошую Вас вiд iменi Теоретичного iнституту м. Клау-
сталь вiдвiдати нас. Всi витрати, пов’язанi з проживанням у нас, будуть оплаченi
Iнститутом. Ми вважаємо Ваш вклад у теорiю симетрiї рiзноманiтних розв’яз-
кiв нелiнiйних рiвнянь у частинних похiдних як найбiльш важливий i iстотний.
Цi питання становлять для нас великий iнтерес. Ми сподiваємось, що Ваш при-
їзд покладе початок плiдному спiвробiтництву iз застосувань теоретико-групових
методiв до нелiнiйних проблем. У липнi у нас вiдбудеться мiжнародна конферен-
цiя “Фiзика на нескiнченновимiрних многовидах iз спецiальними застосуваннями
до гiдродинамiки”, яка, можливо, також зацiкавить Вас. Будь ласка, повiдом-
те менi Вашi плани якнайскорiше. Iз сердечним вiтанням до Вас. Щиро Ваш,
професор Г.Д. Дойбнер.”

Вiльгельм пiд час цiєї поїздки у ФРН вiдвiдав Iнститут теоретичної фiзики в
м. Боннi на запрошення директора професора Конрада Блойдера i познайомився
з його науковою роботою.

Вiльгельм був вражений органiзацiєю проведення дослiджень: “Для швидко-
го обмiну науковими досягненнями в унiверситетi пiд керiвництвом професора
Г.Д. Дойбнера органiзуються щорiчно невеликi (30–40 чоловiк) колективи, якi
тiсно пов’язанi з педагогiчним процесом унiверситету. Iнформацiю про останнi
досягнення вони отримують, як правило, пiд час участi в рiзних конференцiях i
за рахунок особистих контактiв. Читання лекцiй i знайомство з дослiдженнями,
якi ведуться в унiверситетах Клаусталя i Бонна, пiдтверджують важливiсть i
актуальнiсть iнтенсивного розвитку теоретико-алгебраїчних методiв у математи-
чнiй фiзицi. Особливо це стосується нелiнiйних багатовимiрних диференцiальних
рiвнянь у частинних похiдних. Потрiбно бiльш iнтенсивно розвивати в нашiй кра-
їнi методи диференцiальної геометрiї та їх застосування до проблем математичної
фiзики, оперативнiше отримувати iнформацiю про останнi досягнення за кордо-
ном, всiляко пiдтримувати пропозицiї про проведення спiльних наукових робiт
i конференцiй. Розумно проводити невеликi конференцiї по вузьких напрямках,
частiше запрошувати зарубiжних учених для роботи в наших iнститутах на 1–2
мiсяцi”.

Спiвробiтництво з Iнститутом теоретичної фiзики i професором Дойбнером
особисто продовжувалось до кiнця Вiльгельмого життя. Воно проявлялось в
участi Вiльгельма практично у всiх симпозiумах, нарадах, конференцiях, якi
проводив Iнститут теоретичної фiзики м. Клаусталя пiд керiвництвом Г.Д. Дой-
бнера. Використовуючи результати Вiльгельма, Г.Д. Дойбнер у спiвавторствi з
Г.А. Голдiном (Rutgers University) запропонував рiвняння, якi тепер носять наз-
ву “Doebner–Goldin equations”. За рекомендацiєю Вiльгельма Дойбнер прийняв
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на 2 роки на роботу в Iнститут теоретичної фiзики iм. А. Зоммерфельда як сти-
пендiата фонду Гумбольда молодого доктора фiзико-математичних наук, учня
Вiльгельма Рената Жданова, що дало можливiсть здiйснювати бiльш тiсне спiв-
робiтництво мiж двома школами. Професор Г.Д. Дойбнер тiсно спiвпрацював
з Вiльгельмом i у видавничiй роботi, вiн був членом редколегiї мiжнародного
журналу “Journal of Nonlinear Mathematical Physics”, започаткованого Вiльгель-
мом. На запрошення НАН України Дойбнер вiдвiдав декiлька разiв Iнституту
математики НАН України з метою виступити на наукових семiнарах, органiзо-
ваних Вiльгельмом, i подiлитися останнiми новими результатами, отриманими у
м. Клаусталь.

Особисте знайомство Вiльгельма з професором Пiтером Олвером вiдбулося в
1989 р., коли Вiльгельм на запрошення директора Iнституту математики профе-
сора А. Фрiдмана i професора П. Олвера вiдвiдав унiверситет у м. Мiннесота.
Декiлька слiв з цього запрошення: “Шановний професоре, Iнститут математики
при унiверситетi Мiннесота здiйснює програму з дослiдження нелiнiйних хвиль
протягом 1988–1989 рр. Вiд iменi Координацiйного комiтету запрошуємо Вас взя-
ти участь у цiй програмi. Дата i тривалiсть Вашого вiзиту можуть бути вiдко-
ректованi так, як Вам буде зручно. Iнститут бере на себе всi витрати з Вашого
перебування в США, включаючи внутрiшнi авiаперельоти. Ми також забезпечи-
мо Вас примiщенням для роботи i допомогою в дiловодствi. Найбiльш бажаним
перiодом Вашого вiзиту є осiнь 1989 року, оскiльки в цей час особлива увага буде
придiлена iнтегрованим системам, збуренням i модуляцiям”.

На той час Вiльгельм з учнями вперше побудував широкi класи точних роз-
в’язкiв багатовимiрних нелiнiйних рiвнянь Даламбера, Шрьодiнгера, Дiрака i чi-
тко продемонстрував ефективнiсть методiв теорiї груп Лi при дослiдженнi нелi-
нiйних процесiв. Змiст лекцiй i виступiв Вiльгельма був пов’язаний саме з цим.

Перебування в унiверситетi м. Мiннесота ще раз переконало Вiльгельма в
тому, що нелiнiйнi процеси є головним напрямком у математичнiй фiзицi, на який
у США видiляється найбiльша кiлькiсть людей i засобiв. На думку Вiльгельма,
саме цей напрямок необхiдно розвивати в Iнститутi математики НАН України i
ширше представляти на мiжнародних конференцiях.

Праця в бiблiотеках при унiверситетах у США показала, що радянськi спецi-
алiзованi бiблiотеки знаходяться на рiвнi 50-х рокiв. Тому, на думку Вiльгельма,
необхiдно вжити термiновi заходи з комплектування наших спецiалiзованих бi-
блiотек мiжнародними журналами та комп’ютерною технiкою. Науковi контакти
Вiльгельма з ученими Америки тривали впродовж його життя. Олвер був чле-
ном редколегiї журналу “Journal of Nonlinear Mathematical Physics” i за запроше-
нням Академiї наук України вiдвiдав Iнститут математики, на семiнарах якого
виступив з циклом лекцiй щодо дослiдження нелiнiйних рiвнянь. Вiльгельм нео-
дноразово зустрiчався з Пiтером Олвером на мiжнародних наукових форумах.

Хочу зазначити, що Вiльгельм тiсно спiвпрацював ще з одним американським
ученим, професором В. Захарi (Говардський унiверситет). Вони часто зустрiча-
лись у США i в Українi для обговорення отриманих результатiв, активно листу-
валися, обмiнюючись результатами дослiджень.

Громадська та суспiльна робота. Серед низки найкращих рис особистостi
Вiльгельмовi був притаманний патрiотизм. Вiльгельм був делегатом установчого
з’їзду Народного руху України за перебудову, який вiдбувся 8–10 вересня 1989 р.
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у конференц-залi Київського полiтехнiчного iнституту. Президiєю НАН України
в присутностi другого секретаря мiському партiї КПУ було прийнято рiшення
про недопустимiсть участi членiв i спiвробiтникiв НАН України в роботi з’їзду
(за їх словами, з’їзду нацiоналiстiв). Незважаючи на це рiшення, свiдома части-
на учених, якi не мали запрошення i не могли попасти до зали, пiдтримала з’їзд
своєю присутнiстю перед будинком КПI протягом всiх днiв його роботи, ува-
жно слухаючи трансляцiю виступiв i супроводжуючи їх бурхливими оплесками.
Намагання влади розiгнати це велике зiбрання людей-патрiотiв не мало успiху.
Вiльгельм разом з академiками НАН України А.В. Скороходом i О.Г. Сiтенком
як делегати з’їду стали свiдками початку нової ери в iсторiї України — початку
встановлення незалежної держави.

Пам’ятаю, як пiсля закiнчення роботи з’їзду його учасники пiшки попряму-
вали проспектом Перемоги, а далi — бульваром Шевченка до пам’ятника Тарасу
Шевченку. Цi хвилюючi моменти перекликаються з подiями Помаранчевої Рево-
люцiї, нiби говорять самi за себе: “Нас багато i нас не подолати! Ми тебе, владо,
не боїмося!”. Пiсля з’їзду деякi члени НАН України пiдходили до Вiльгельма зi
словами: “Я не думал, что Вы (или ты), Вильгельм, такой несерьезный человек.
Разве можно посещать такие сборища?” Але пiсля здобуття Україною незале-
жностi цi вченi швидко перефарбувались у жовто-блакитний колiр, щоб ще вище
пiднятися службовою драбиною i не нехтували високими урядовими нагородами.
I мушу зазначити, що, на превеликий жаль, їм це вдалося.

При всiй зайнятостi наукою Вiльгельма як патрiота України завжди хвилю-
вало нацiональне питання. Вiн брав активну участь у мiжнародних наукових
конференцiях i конгресах, присвячених цим питанням: у Першому конгресi мiж-
народної асоцiацiї українiстiв (Київ, вересень 1990 року), у Мiжнароднiй науковiй
конференцiї “Українськi Карпати: етнос, iсторiя, культура” (Ужгород, серпень
1991 року) та iн.

Пiд час Першого мiжнародного з’їзду українiстiв у Києвi, в Iнститутi мате-
матики окремо вiдбулася зустрiч учасникiв з’їзду iз Закарпаття, Пряшiвщини
(Словакiя), Войоводини (Югославiя) та вихiдцiв з цих країв, що живуть за оке-
аном (у США та Австралiї). Органiзатором зустрiчi був Вiльгельм. Вiдбулася
нарада стосовно вiдродження Закарпаття та спорiднених спiльнот в Югославiї
й Чехословаччинi, обговорено питання щодо виниклого “русинства” в Закарпат-
тi та спроб деяких людей просувати концепцiю окремої “русинської народностi”.
Вищезгадану конференцiю в Ужгородi 1991 р. проведено за ухвалою зустрiчi в
Iнститутi математики. На Третьому з’їздi закарпатських українцiв, який вiдбув-
ся 25–27 вересня 1992 р. в оселi iм. Ольжича в Лiгайтонi, Вiльгельм говорив
про пiднесення нацiональної свiдомостi населення свого краю — Закарпаття, про
необхiднiсть сприяння вищiй освiтi через розбудову Ужгородського державного
унiверситету, про засудження чужих i штучно пiдтримуваних заходiв з розколу
закарпатського етносу бацилами русинiзму, про культурнi й науковi проблеми
Закарпаття.

Вiльгельм був патрiотом України i за її межами. Пiд час перебування в науко-
вих вiдрядженнях за кордоном ще за час iснування СРСР Вiльгельм зустрiчався
i активно спiлкувався з українською дiаспорою i вченими з української дiаспори:
професорами I. Фiзером, В. Маркусем, Р.Р. Андрушкiвом, Р. Воронкою, В. Пе-
тришиним, О. Бедрiєм, О. Бiланюком, А. Кiпою, I. Капом, А. Гарасем, Р. Куцем,
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Й. Данком, Л. Майстренком, Д. Антоновичем, Ю. Даревичем та iн. Українську
дiаспору в далекому зарубiжжi цiкавило все, що стосувалося подiй в Українi.
Темою спiлкування чи виступiв Вiльгельма в тi роки була розповiдь про єднiсть
всiх українцiв, про появу взаємної довiри мiж українцями, власного сильного на-
цiонального духу, вiри у власнi сили, необхiднiсть послiдовної жертовної працi,
боротьби i виразної волi народу України до встановлення нацiонального iдеа-
лу — здобуття незалежностi та створення полiтичного спрямованого руху НРУ,
що здатен до витворення незалежної України. Пiсля розвалу СРСР Вiльгельм
розповiдав про своє бачення розбудови нацiональної держави та вiдродження
полiтичного, культурного, суспiльного та економiчного життя в Українi.

В незалежнiй Українi Вiльгельм був постiйним членом Мiжнародного комi-
тету з питань науки i культури при НАН України i намагався втiлити в життя
iдеї, задуми i мрiї наукової спiвпрацi iз ученими з дiаспори.

Щоб краще зрозумiти ставлення Вiльгельма до всього українського, наведу
уривки iз спогадiв осiб, якi його добре знали.

Уривки з листа Дiани Стасюк (тепер Дiана Парке), яка проживала по сусiд-
ству з нами, була другом сiм’ї i подругою нашої доньки Марiанни: “Пiсля 35 моїх
найкращих рокiв на моїй рiднiй землi я переїхала в США, де мешкав мiй чоловiк.
Невдовзi не стало Вiльгельма Iллiча, якого я знала все моє свiдоме життя. Але
дорогий моєму серцю українець залишився для мене живим, тiльки десь далеко,
де до болю все рiдне — земля, сонце, вiтер, вишнi, вишиванi рушники i любий
Київ з таким смачним українським хлiбом.

Є люди, зустрiч з якими дуже важлива. Такою людиною для мене був Вiль-
гельм Iллiч. Трудар науки. Учений — велетень у математицi. Все життя, без
перебiльшення, пам’ятатиму його. Працювати, працювати, працювати — це було
його традицiйним вiтанням при зустрiчi. I вiн працював для своєї науки, для ма-
тематики, яку вiн любив. Його працi — книжки, статтi — самi говорять про те,
краще за мене.

Учнi, яких вiн залишив по всьому свiту i найбiльше на рiднiй землi Українi,
впевнена, скажуть слова подяки цiй чудовiй людинi. Учнi, для яких вiн завжди
мав час i душу, щоб допомогти, пiдперти, роз’яснити, з’ясувати, вибiгати, вiдшу-
кати, подзвонити i бути теплим та життєрадiсним, але вимогливим i принциповим
водночас.

Батько, якого пошукати. Сильний, мудрий, розумний, але терплячий, добрий
i справедливий. I неможливо було б говорити про Вiльгельма Iллiча i промовчати
за те, що є для мене дуже важливим, що було важливим i для нього. За те, що
вважається у великiй лiтературi за обов’язок i честь лицарiв. Це була людина —
ПАТРIОТ. ПАТРIОТ, де кожна лiтера велика. Патрiот України! Я згадала ве-
лику лiтературу, нiби беручи її в помiчницi, бо чомусь Українi вiдмовлено в тих
великих iдеалах i мiрках, в яких майже усiм iншим народам, а особливо росiя-
нам, не вiдмовлено. Це почуття любовi i гордостi за свою мову, iсторiю, за своє
корiння, за свою землю, просто тому, що ти СИН цiєї країни.

Велика людина жила життям простим, але повним змiсту, жила одним по-
дихом iз своєю країною, яка тiльки пiднiмається на ноги, коли їй так тяжко i
багато хто бажає, щоб вона впала. Вiн любив до нестями свою рiдну Україну,
любив в усi часи i незгоди, коли це було i є до цього часу не до вподоби багатьом.
Почуттям чистим i чесним.
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До речi, чеснiсть i несхибнiсть Вiльгельма Iллiча теж заслуговують на те,
щоб сказати за них особливо. Чеснiсть у науцi, чеснiсть у стосунках на роботi, у
сiм’ї, чеснiсть у великому i малому, у поглядах i стосунках. Впевнена, що якби
пан Вiльгельм не був таким, то за часiв СРСР вiн досягнув би набагато вищого
соцiального стану. Але вiн був несхибним i принциповим, яскравим i сильним у
науцi, у любовi до УКРАЇНИ.

Шана Тобi, пане Вiльгельме, вiд твоєї землi. Вона, вистраждана земля Укра-
їни, знає, що ТИ її любив, як нiхто. Ти, пане Вiльгельме, живеш у моєму серцi.
Молодий i сильний. Сповнений розуму, любовi, сили i тепла. Тепла, яке мав до
своїх друзiв, знайомих, сусiдiв.

Вiльгельм Iллiч — це людина, зустрiч з якою робить нас кращими. Це син
України, яким Україна може пишатися.”

Наведу ще кiлька рядкiв iз спогадiв про Вiльгельма, як про людину i люди-
ну-патрiота України.

Вiктор Григорович Мартинюк, iнженер-теплоенергетик, президент бадмiн-
тонного клубу “Олiмп”: “Вiльгельм Iллiч, або як ми його всi ласкаво i з великою
повагою називали просто Вiля, був для нас взiрцем культури, шляхетностi i по-
рядностi. Познайомились ми з ним на бадмiнтонних кортах, якi споруджено на
Республiканському стадiонi за моєї iнiцiативи i участi. Однак особисто для мене
Вiля був не просто партнер по бадмiнтону. Вiн був порадником i в спортивних
справах, i в побутових, i в полiтичних, i в дiлових. Ми всi бадмiнтонiсти, i я особи-
сто, безжалiсно використовували його глибокi знання не тiльки з питань науки,
а i з тих, часом не дуже критичних, ситуацiй, якi у кожного можуть виникнути.
Вiля нiкому не вiдмовив. Завжди згадую один тривожний для мене час i Вiлю,
який мене врятував своєю прагматичною порадою. Вiля — єдина людина, з якою
я спiлкувався українською мовою. Вiн був великим патрiотом України. Пiдросло
нове поколiння бадмiнтонiстiв, але ми, ветерани, з великою теплотою i повагою
згадуємо нашого спортивного колегу, професора Вiлю Фущича.”

Васильєви: “З 1971 року ми жили по-сусiдськи з сiм’єю Вiльгельма Фущи-
ча. З самого початку ми вiдчули, що це сiм’я освiчених, культурних, привiтних
учених-iнтелiгентiв, щирих українцiв-закарпатцiв. Нас приємно вразило, що во-
ни спiлкуються українською мовою. Вiльгельм намагався прищепити любов до
України багатьом, з ким вiн спiлкувався. Вiн говорив: “Процес людської свiдо-
мостi рухається повiльнiше, нiж рухається прогрес науки, тому держава i нацiя
можуть бути знаними у свiтi тiльки завдяки їх видатним досягненням у рiзних
галузях науки”. Вiн любив українську нацiю i виховував українських учених, до-
сягненнями яких примножено вклад у математику, а через неї i визнання держави
України” .

У вирi напружених буднiв, iнтенсивної роботи на науковiй, педагогiчнiй i
суспiльно-громадськiй нивi Вiльгельм не поривав зв’язкiв iз рiдним Закарпат-
тям, цiкавився життям землякiв, допомагав чим мiг у розв’язаннi проблем краю,
зокрема, у розвитку науки, пiдготовцi наукових кадрiв.

Вiльгельм був патрiотом свого Ужгородського унiверситету. Вiн нiколи не об-
ходив його стороною. Пiд час перебування в Ужгородi завжди вiдвiдував рiднi
йому математичний i фiзичний факультети. Пiсля поїздок у престижнi унiвер-
ситети свiту i участi в мiжнародних конгресах, симпозiумах, конференцiях вiн
завжди знаходив можливiсть подiлитися новими результатами, отриманими рiз-



Спогади про Вiльгельма Фущича 21

ними науковими школами. Вiльгельм обговорював з друзями-колегами потенцi-
альнi теми дисертацiйних робiт, перспективнi науковi напрямки, проблеми, теми,
якi можуть бути успiшно виконанi на факультетах. Пiдтримував порадою моло-
дих спецiалiстiв та аспiрантiв.

Вiльгельм запрошував друзiв — колег з Ужгородського унiверситету — при-
їжджати в Київ на семiнари в Iнститут математики для обговорення отриманих
результатiв, представляв на вченiй радi Iнституту математики їх роботи до за-
хисту, виступав опонентом їх кандидатських i докторських робiт не тiльки в
Iнститутi математики, але й в iнших iнститутах НАН України.

Вiльгельм був iнiцiатором утворення Товариства закарпатцiв, якi прожива-
ють у м. Києвi, i став разом з членом-кореспондентом НАН України, професором
Олексою Мишаничем першим його спiвголовою. Перше зiбрання землякiв вiдбу-
лося 8 грудня 1994 року в Будинку вчених (вул. Володимирська 45), на якому
були присутнi близько 200 чоловiк. Спiлкуючись, обмiнюючись вiтаннями, во-
дночас обговорювали питання, важливi для Закарпаття: 120-рiччя народження
Августина Волошина, 55-рiччя подiй у Карпатськiй Українi в березнi 1939 р.,
50-рiччя возз’єднання Закарпаття з Україною.

Започаткувавши видання мiжнародного журналу “Journal of Nonlinear Ma-
thematical Physics” i ставши його головним редактором i видавцем, Вiльгельм
зробив важливий внесок у популяризацiю досягнень українських учених серед
свiтової наукової спiльноти. Вiльгельм усвiдомлював, що збереження i розвиток
наукового потенцiалу нашої України — один iз стратегiчних напрямкiв її полiти-
ки, бо держава, в якiй не розвивається наука, не має перспективи i залишиться
на узбiччi цивiлiзацiї.

Коли Нацiональна академiя наук України, де сконцентрованi потужнi науковi
сили, опинилася в катастрофiчному станi, вiн став одним з органiзаторiв прове-
дення загальних зборiв Вiддiлення математики НАН України. Учасники зборiв
звернулися з вiдкритим листом до Президента i голови Уряду України iз закли-
ком негайного здiйснення ряду кардинальних заходiв, спрямованих на розвиток
потенцiалу нашої держави, зокрема, на збереження високого мiжнародного нау-
кового рiвня НАН України, який є загальновизнаним у всьому свiтi.

Вiльгельм сповiдував українство, працював на нацiональну iдею через вихо-
вання поколiння українських учених.

Життя — це пошук точки опори, аби з неї при нагодi пiдстрибнути i встигну-
ти вхопити своє щастя. Впевнено можу сказати, що такими точками опори для
Вiльгельма були три чудовi людини, прекраснi вченi i педагоги: професор Юрiй
Мiлiтонович Ламсадзе, академiк НАН України, професор Остап Степанович Па-
расюк i академiк Росiйської академiї наук, професор Володимир Георгiйович Ка-
дишевський.

Саме лекцiї Ю.М. Ламсадзе пiд час навчання в Ужгородському унiверситетi
з квантової механiки, квантової електродинамiки, квантової теорiї поля та ряду
iнших спецiальних курсiв, навчальнi та науковi семiнари Остапа Степановича з
найбiльш фундаментальних, ключових проблем теоретичної i математичної фi-
зики стали основою формування Вiльгельма як науковця.

А ось крутi пiдйоми в науцi i життi Вiльгельмовi протягом всього наукового
життя допомагав долати видатний учений Росiї, професор, академiк Росiйської
Академiї наук, директор Об’єднаного iнституту ядерних дослiджень (м. Дубна
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Московської областi), член Президiї РАН В.Г. Кадишевський. Вiльгельм познайо-
мився з тодi ще молодим професором Кадишевським (Володимиром, як Вiлi його
називав) у 1971 р., коли поїхав у Дубну в ОIЯД доповiсти результати доктор-
ської дисертацiї на науковому семiнарi Лабораторiї теоретичної фiзики, яку в той
час очолював член-корреспондент АН СРСР, професор Д.I. Блохiнцев. Ставши
одним з опонентiв докторської дисертацiї, Володимир надалi став Вiльгельмовi
другом, який завжди в скрутнi для Вiлiя моменти життя пiдставляв своє плече,
допомагаючи порадою, словом i дiлом. Досить сказати, що незважаючи на зайня-
тiсть, Володимир завжди знаходив час зателефонувати i морально пiдтримати
i пiдбадьорити Вiлiя (особливо пiд час його хвороби). Вiн активно пiдтримував
наукову школу Вiльгельма i його учнiв, приїжджав у Київ опонувати докторськi
i кандидатськi дисертацiї, за що Вiльгельм був йому дуже вдячний. В день, коли
не стало Вiльгельма, Володимир перебував у Парижi, але через секретаря ОIЯД,
яким вiн в той час уже керував, передав свою бiль з цього приводу i причину,
з якої вiн не може приїхати. Пiсля повернення з Парижа Володимир спецiально
приїхав у Київ, щоб зi мною побувати на могилi Вiльгельма. I так буває щоразу,
коли вiн приїжджає в Київ.

Нагороди. Робота Вiльгельма вiдзначена рiзними нагородами, в тому числi i
урядовими. За успiхи в розвитку математичної науки та активну участь у громад-
ському життi указом вiд 28 грудня 1984 р. Вiльгельм нагороджений Грамотою
Президiї Верховної Ради УРСР. За цикл робiт “Аналiтичнi методи дослiдження
динамiчних систем” Президiя академiї наук Української РСР указом вiд 29 сiчня
1987 р. присудила Вiльгельму премiю iм. М.М. Крилова.

Гiдним визнанням заслуг Вiльгельма перед наукою стало його обрання чле-
ном-кореспондентом Нацiональної академiї наук України в сiчнi 1988 р. За знач-
ний внесок у розвиток математичної фiзики i пiдготовку спецiалiстiв найвищо-
го гатунку Вiльгельм у вереснi 1994 р. стає Соросiвським професором, одним iз
перших десяти серед математикiв України. За цикл монографiй “Функцiонально-
аналiтичнi та груповi методи сучасної математичної фiзики” указом Президента
України вiд 3 грудня 2001 р. Вiльгельму присуджена (посмертно) Державна пре-
мiя України в галузi науки i технiки 2001 р.

В одну iз своїх останнiх робiт “Що таке швидкiсть електромагнiтного поля?”
Вiльгельм вклав весь накопичений попереднiй досвiд у царинi фiзики. Вiн на-
магався математично довести, що швидкiсть електромагнiтного поля у вакуумi,
яка до цього часу вважається постiйною величиною (300000 км/с), насправдi є
змiнною. Час покаже, чи це насправдi так. Доля УЧЕНОГО чи його вiдкриття
не завжди є легкими. Адже iнодi треба, щоб минули десятирiччя, поки людство
усвiдомить, що висунута ученим гiпотеза пiдтверджується в природi, або реалi-
зується на практицi.

Вiльгельм у свої 59 рокiв не розгубив юнацького запалу, здатностi йти нови-
ми, незвiданими шляхами, йти впевнено назустрiч невiдомому. Вiн продовжував
йти назустрiч невiдомому так само впевнено, як впевнено виїхав лiтом 1953 р. з
Сiльця до Ужгорода, щоб вступити в унiверситет; як студентом вибрав за спецi-
альнiсть теоретичну фiзику пiсля появи на фiзичному факультетi молодого кан-
дидата наук, прекрасного фахiвця, блискучого педагога i прекрасного ученого,
випускника i аспiранта Фiзичного iнституту iм. Лебедєва АН СРСР Ю.М. Лам-
садзе; як у 1960 р. впевнено виїхав у Київ, щоб поступити в аспiрантуру, де доля
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його звела з чудовим, дивовижним, видатним ученим, його учителем О.С. Пара-
сюком, в якого почуття, школа, розум, серце присутнi у повному комплексi i з
урокiв якого Вiльгельм винiс щось особливе, унiкально особисте, що дозволило
йому стати не просто науковим спiвробiтником, а ученим, який дивиться вперед.

Успадкувавши вiд своїх батькiв основнi життєвi принципи — нiкому не ро-
бити зла, старатися жити по совiстi, багато i чесно працювати, Вiльгельм став
людиною душевно щедрою, вiдкритою, чистою i зворушливою, людиною, яка ви-
промiнювала потужний потiк позитивної енергiї. Доля не стелила Вiльгельмовi
пiд ноги м’який килим, але вiн, обравши свою дорогу, не зiйшов з неї, хоча дово-
дилося долати крутi пiдйоми. I саме завдяки цiй наполегливостi, працьовитостi
вiн i досяг таких висот.

Тяжко хворий, Вiльгельм не забув свiй колектив, вiн звернувся листом до
почесного i дiючого директорiв Iнституту математики академiкiв НАН України
Ю.О. Митропольського i А.М. Самойленка з проханням зберегти вiддiл приклад-
них дослiджень та його науковий напрямок i призначити керiвником вiддiлу його
учня професора А.Г. Нiкiтiна. Згiдно з рiшенням вченої ради i дирекцiї Iнституту
математики вiддiл прикладних дослiджень збережено, за що їм велика подяка.
Пiд керiвництвом Анатолiя Глiбовича Нiкiтiна вiддiл продовжує успiшно працю-
вати за тематикою, започаткованою Вiльгельмом, i розвивати своїми науковими
працями концепцiї симетрiйного аналiзу, запропонованi Вiльгельмом. Я вдячна
провiдним ученим Iнституту математики, якi завжди пiдтримували Вiльгельма
як ученого i надалi пiдтримують його школу — академiкам НАН України I.О. Лу-
ковському, I.В. Скрипнику та iн.

Вiльгельм любив свою рiдну землю, свiй народ, свiй дiм, свою сiм’ю, свою
роботу i учнiв. Вiн був яскравим ученим як за обдарованiстю, так i за людськи-
ми якостями, сплавом людяностi i вiдкритостi, являв собою унiкальну наукову
iндивiдуальнiсть.

Вiльгельм витрачав себе безоглядно i щедро, залишаючись вiрним своїм iдеа-
лам совiстi. Хочеться закiнчити цей короткий допис життєвого шляху Вiльгель-
ма народною мудрiстю: “Не даремно прожив свiй вiк той, хто збудував будинок,
посадив дерево, виховав дiтей”. Вiльгельм збудував i облаштував велику науко-
ву оселю, iм’я якої — українська школа симетрiйного аналiзу. Вiн виховав 47
кандидатiв, 13 його учнiв стали докторами фiзико-математичних наук. I зросли,
зацвiли та дали свої плоди дерева знань, що посадив їх Вiльгельм.

Надiюсь, що учнi, вихованi Вiльгельмом, будуть пам’ятати спiвпрацю iз сво-
їм Учителем, не забудуть його допомогу у вирiшеннi їхнiх проблем, пiдтримку,
любов, добро, працелюбнiсть, вимогливiсть, принциповiсть, творче натхнення,
талант, завзятiсть, енергiю, якi вони черпали вiд нього, збагачуючись духовно та
iнтелектуально, i будуть пам’ятати, що роки, проведенi поряд iз своїм Учителем,
були одними з кращих рокiв в їхньому життi.

Як український учений-патрiот Вiльгельм добре знаний за межами України.
Вiн гiдно нiс свiтом естафету славетних українських учених i примножив своїми
працями славу України у свiтi. Сподiваюсь, що таким щедрим, талановитим, вiр-
ним своїм iдеалам, своїй совiстi, iстинним метром української науки залишиться
Вiльгельм у нашiй пам’ятi.

Лютий 2005
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with variable spin and mass // Rep. Math. Phys. — 1975. — 8, N 1. — P. 33–48.

46. Fushchych W.I., Nikitin A.G., Salogub V.A. On the equations of motion for
particles with arbitrary spin in nonrelativistic mechanics // Lettere al Nuovo
Cimento. — 1975. — 14, N 13. — P. 483–488.

47. Никитин А.Г., Фущич В.И., Юрик И.И. Редукция неприводимых унитар-
ных представлений обобщенных групп Пуанкаре по их подгруппах. — Киев,
1975. — 32 c. — (Препр./АН УССР. Ин-т математики; ИМ–75-5).

48. Фущич В.И. О дополнительной инвариантности уравнения Клейна–Гордо-
на–Фока // Докл. АН СССР. — 1976. — 230, № 3. — С. 570–572.

49. Fushchych W.I., Nikitin A.G. On the Galilean-invariant equations for particles
with arbitrary spin // Lettere al Nuovo Cimento. — 1976. — 16, N 3. — P. 81–85.

50. Фущич В.И., Сегеда Ю.Н. О группах инвариантности некоторых уравне-
ний релятивистской квантовой механики // Укр. мат. журн. — 1976. — 28,
№ 6. — С. 844–849.

51. Владiмiров С.А., Фущич В.I. Максимальна та мiнiмальна групи симетрiї
атома водню // Укр. фiз. журн. — 1976. — 21, № 9. — С. 1460–1462.

52. Никитин А.Г., Фущич В.И., Юрик И.И. Редукция неприводимых унитар-
ных представлений обобщенных групп Пуанкаре по их подгруппах // Теор.
мат. физика. — 1976. — 26, № 2. — С. 206–220.

53. Никитин А.Г., Сегеда Ю.Н., Фущич В.И. О дополнительной инвариантно-
сти уравнений Кеммера–Дэффина и Рариты–Швингера // Теор. мат. фи-
зика. — 1976. — 29, № 1. — С. 82–93.

54. Фущич В.И. Групповые свойства дифференциальных уравнений квантовой
механики // Проблемы асимптотической теории нелинейных колебаний. —
Киев: Наук. думка, 1977. — С. 238–246.

55. Фущич В.И., Никитин А.Г. Дифференциальные уравнения движения пер-
вого и второго порядка для частиц с произвольным спином. — Киев, 1977. —
48 c. — (Препр./АН УССР. Ин-т математики; ИМ–77-3).

56. Fushchych W.I., Nikitin A.G. On the new invariance groups of the Dirac and
Kemmer–Duffin–Petiau equations // Lettere al Nuovo Cimento. — 1977. — 19,
N 9. — P. 347–352.

57. Фущич В.И., Онуфрийчук С.П. О группах инвариантности одного класса
счетной системы уравнений первого порядка с частными производными //
Докл. АН СССР. — 1977. — 235, № 5. — С. 1056–1059.



28

58. Фущич В.И., Сегеда Ю.Н. О новой алгебре инвариантности свободного
уравнения Шредингера // Докл. АН СССР. — 1977. — 232, № 4. — С. 800–
801.

59. Фущич В.И. О новом методе исследования групповых свойств систем диф-
ференциальных уравнений в частных производных // Теоретико-групповые
методы в математической физике. — Киев: Ин-т математики АН УССР,
1978. — С. 5–44.

60. Фущич В.И., Никитин А.Г. О группе инвариантности квази-релятивистс-
кого уравнения движения // Докл. АН СССР. — 1978. — 238, № 1. — С. 46–
49.

61. Fushchych W.I., Nikitin A.G., Salogub V.A. On the non-relativistic motion
equations in the Hamiltonian form // Rep. Math. Phys. — 1978. — 13, N 2. —
P. 175–185.

62. Фущич В.И., Никитин А.Г. Пуанкаре-инвариантные уравнения движения
частиц произвольного спина // Физика элементарных частиц и атомного
ядра. — 1978. — 9, вып. 3. — С. 501–553.

63. Fushchych W.I., Nikitin A.G. On the invariance groups of relativistic equations
for the spinning particles interacting with external fields // Lettere al Nuovo
Cimento. — 1978. — 21, N 16. — P. 541–546.

64. Fushchych W.I., Nikitin A.G. Conformal invariance of relativistic equations for
arbitrary spin particles // Lett. Math. Phys. — 1978. — 2. — P. 471–475.

65. Фущич В.И., Никитин А.Г. Групповые свойства уравнений Максвелла //
Теоретико-групповые методы в математической физике. — Киев: Ин-т ма-
тематики АН УССР, 1978. — С. 45–80.

66. Никитин А.Г., Фущич В.И. Пуанкаре-инвариантные дифференциальные
уравнения для частиц произвольного спина // Теор. мат. физика. — 1978. —
34, № 3. — С. 319–333.

67. Фущич В.И. О новом методе исследования групповых свойств уравнений
математической физики // Докл. АН СССР. — 1979. — 246, № 4. — С. 846–
850.

68. Fushchych W.I., Nikitin A.G. On the new invariance group of Maxwell equati-
ons // Lettere al Nuovo Cimento. — 1979. — 24, N 7. — P. 220–224.

69. Fushchych W.I., Nikitin A.G. On the new invariance algebras of relativistic
equations for massless particles // J. Phys. A: Math. Gen. — 1979. — 12, N 6. —
P. 747–757.

70. Федорчук В.М., Фущич В.И. О подгруппах обобщенной группы Пуанкаре //
Тр. междунар. семинара “Теоретико-групповые методы в физике”, Звени-
город, 28–30 ноября 1979 г. — М.: Наука, 1980. — Т. 1. — С. 61–66.

71. Фущич В.И., Наконечный В.В. Теоретико-алгебраический анализ уравне-
ний Ламе // Укр. мат. журн. — 1980. — 32, № 2. — С. 267–272.

72. Fushchych W.I., Nikitin A.G. Reduction of the representations of the generalised
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of invariance and solutions of nonlinear Dirac equations // J. Phys. A: Math.
Gen. — 1991. — 24. — P. 1683–1698.

232. Фущич В.И., Егорченко И.А. Редукция и решения нелинейного уравнения
для векторного поля // Докл. АН УССР. — 1991. — № 4. — C. 23–25.

233. Фущич В.И., Егорченко И.А. Нелиевские анзацы и условная симметрия не-
линейного уравнения Шредингера // Укр. мат. журн. — 1991. — 43, № 12. —
C. 1620–1628.

234. Фущич В.И., Ревенко И.В., Жданов Р.З. Несимметрийный подход к постро-
ению точных решений одного нелинейного волнового уравнения // Докл.
АН УССР. — 1991. — № 7. — C. 15–19.

235. Fushchych W.I., Zhdanov R.Z. On the non-Lie reduction of the nonlinear Dirac
equation // J. Math. Phys. — 1991. — 32, N 12. — P. 3488–3490.

236. Фущич В.И., Жданов Р.З., Ревенко И.В. Общие решения нелинейного вол-
нового уравнения и уравнения эйконала // Укр. мат. журн. — 1991. — 43,
№ 11. — C. 1471–1486.

237. Фущич В.И., Жданов Р.З., Ревенко И.В. Общие решения нелинейного вол-
нового уравнения и эйконала // Докл. АН УССР. — 1991. — № 10. — C. 29–
31.

238. Fushchych W.I., Zhdanov R.Z., Yegorchenko I.A. On the reduction of the nonli-
near multi-dimensional wave equations and compatibility of the d’Alembert–
Hamilton system // J. Math. Anal. and Appl. — 1991. — 161, N 2. — P. 352–
360.

239. Никитин А.Г., Фущич В.И. Нелиевские интегралы движения для частиц
произвольного спина и для систем взаимодействующих частиц // Теор. мат.
физика. — 1991. — 88, № 3. — 406–415.

240. Жданов Р.З., Фущич В.И. О нелиевской симметрии галилеевски-инвари-
антного уравнения для частицы со спином s = 1/2 // Теор. мат. физика. —
1991. — 89, № 3. — C. 413–419.

241. Basarab-Horwath P., Fushchych W.I., Serov M.I. A simple method of finding
solutions of the nonlinear d’Alembert equation // J. Phys. A: Math. Gen. —
1992. — 25. — L871–L877.

242. Fushchych W.I. Symmetry analysis. Preface // Symmetry Analysis of Equations
of Mathematical Physics. — Kyiv: Institute of Mathematics, 1992. — P. 5–6.

243. Fushchych W.I. Conditional symmetry of equations of nonlinear mathematical
physics // Symmetry Analysis of Equations of Mathematical Physics.— Kyiv:
Institute of Mathematics, 1992. — P. 7–27.

244. Fushchych W.I. New nonlinear equations for electromagnetic field having veloci-
ty different from c // Доп. АН України. — 1992. — № 4. — С. 24–27.

245. Fushchych W.I., Nikitin A.G. The complete sets of conservation laws for the
electromagnetic field // J. Phys. A: Math. Gen. — 1992. — 25. — L231–L233.



Перелiк наукових праць В.I. Фущича 41

246. Fushchych W.I., Popovych R.O. Symmetry reduction of the Navier–Stokes equa-
tions to linear two-dimensional systems of equations // Доп. АН України. —
1992. — № 8. — С. 29–36.

247. Фущич В.И., Серов Н.И., Амеров Т.К. О нелокальных анзацах для одного
нелинейного одномерного уравнения теплопроводности // Докл. АН Украи-
ны. — 1992. — № 1. — С. 26–30.

248. Fushchych W.I., Serov N.I., Amerov T.K. Conditional invariance and exact
solutions of gas dynamics equations // Докл. АН Украины. — 1992. — № 5. —
С. 35–40.

249. Fushchych W.I., Serov N.I., Tychinin V.A., Amerov T.K. On non-local sym-
metries of nonlinear heat equation // Докл. АН Украины. — 1992. — № 11. —
С. 27–33.

250. Fushchych W.I., Serov N.I., Vorob’eva A.I. Conditional symmetry and exact
solutions of equations of nonstationary filtration // Доп. АН України. — 1992. —
№ 6. — C. 20–24.

251. Фущич В.I., Штелень В.М., Попович Р.О. Про редукцiю рiвнянь Нав’є–
Стокса до лiнiйних рiвнянь теплопровiдностi // Доп. АН України. — 1992. —
№ 2. — С. 23–30.

252. Fushchych W.I., Shtelen W.M., Serov M.I., Popovych R.O. Q-conditional sym-
metry of the linear heat equation // Докл. АН Украины. — 1992. — № 12. —
С. 28–33.

253. Fushchych W.I., Tychinin V.A. Generating solutions for nonlinear equations
by the Legendre transformation // Докл. АН Украины. — 1992. — № 7. —
C. 20–25.

254. Fushchych W.I., Tychinin V.A. Nonlocal symmetry and generating solutions for
Harry–Dym type equations // Докл. АН Украины. — 1992. — № 9. — С. 24–30.

255. Фущич В.И., Тычинин В.А., Серов Н.И. Формула размножения решений
уравнений Кортевега–де Фриза // Укр. мат. журн. — 1992. — 44, № 5. —
С. 716–719.

256. Fushchych W.I., Yegorchenko I.A. Second-order differential invariants of the
rotation group O(n) and of its extensions: E(n), P (1, n), G(1, n) // Acta Appl.
Math. — 1992. — 28. — P. 69–92.

257. Fushchych W.I., Zhdanov R.Z. Conditional symmetry and reduction of partial
differential equations // Укр. мат. журн. — 1992. — 44, № 7. — C. 875–886.

258. Fushchych W.I., Zhdanov R.Z., Revenko I.V. On the general solution of the
d’Alembert equation with nonlinear eikonal constraint // Symmetry Analysis of
Equations of Mathematical Physics. — Kyiv: Institute of Mathematics, 1992. —
P. 68–90.

259. Fushchych W.I., Zhdanov R.Z., Smalij V.F. On the new exact solutions of the
nonlinear Maxwell–Born–Infeld equations // Докл. АН Украины. — 1992. —
№ 10. — С. 28–33.

260. Никитин А.Г., Онуфрийчук С.П., Фущич В.И. Высшие симметрии уравне-
ния Шредингера // Теор. мат. физика. — 1992. — 91, № 2. — С. 268–278.



42

261. Bedrij O., Fushchych W.I. Fundamental constants of nucleon-meson dynamics //
Доп. АН України. — 1993. — № 5. — С. 62–64.

262. Barannyk A.F., Fushchych W.I. On maximal subalgebras of the rank n−1 of the
conformal algebra AC(1, n) // Доп. АН України. — 1993. — № 6. — С. 38–41.

263. Fushchych W.I. Conditional symmetries of the equations of mathematical phy-
sics // Proc. of the International Workshop “Modern Group Analysis: Advanced
Analytical and Computational Methods in Mathematical Physics”, Eds. N.H. Ib-
ragimov, M. Torrisi, A. Valenti. — Dordrecht: Kluwer Academic Publishers,
1993. — P. 231–239.

264. Fushchych W.I., Barannyk L.F., Lagno V.I. Invariants of one-parameter sub-
groups of the conformal group C(1, n) // Доп. АН України. — 1993. — № 3. —
С. 45–48.

265. Фущич В.I., Чернiга Р.М. Системи нелiнiйних еволюцiйних рiвнянь другого
порядку, iнварiантнi вiдносно алгебри Галiлея та її розширень // Доп. АН
України. — 1993. — № 8. — С. 44–51.

266. Фущич В.I., Чопик В.I. Умовна симетрiя та новi зображення алгебри Га-
лiлея для нелiнiйних рiвнянь параболiчного типу // Укр. мат. журн. —
1993. — 45, № 10. — С. 1433–1443.

267. Фущич В.I., Чопик В.I. Симетрiя та нелiївська редукцiя нелiнiйного рiвнян-
ня Шредiнгера // Укр. мат. журн. — 1993. — 45, № 4. — С. 539–551.

268. Fushchych W.I., Chopyk V.I. Symmetry analysis and ansatzes for the Schrödin-
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(Prepr./Dept. of Math., Linköping University, Sweden; LiTH-MAT-R-95-19).

303. Fushchych W.I., Cherniha R.M. Galilei-invariant nonlinear systems of evolution
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О дополнительной инвариантности

релятивистских уравнений движения

В.И. ФУЩИЧ

The additional (implicit) symmetry of equations invariant under the full Poincaré
group is studied. It is shown that relativistic equations are invariant under the homo-
geneous de Sitter group O(1, 4) (or O(2, 3)) and the matrix group O(4).

Изучена дополнительная (неявная) симметрия уравнений, инвариантных отно-
сительно полной группы Пуанкаре. Показано, что релятивистские уравнения ин-
вариантны относительно однородной группы де Ситтера O(1, 4) (или O(2, 3)) и
матричной группы O(4).

Хорошо известно, что некоторые уравнения движения как в нерелятивистской,
так и в релятивистской механике обладают дополнительной симметрией (ин-
вариантностью). Например, уравнение Шредингера для атома водорода неяв-
но инвариантно относительно четырехмерной группы вращений [1]; уравнения
Максвелла, Дирака (для нулевой массы) инвариантны относительно конформ-
ной группы [2].

В настоящей работе показано, что релятивистские уравнения, описывающие
свободное движение частиц (и античастиц) с ненулевой и нулевой массами и
с произвольным спином s, инвариантны относительно однородной группы де
Ситтера O(1, 4) и матричной группы O(4). Найден явный вид операторов, яв-
ляющихся базисными элементами алгебры Ли группы O(4) и коммутирующих с
гамильтонианом Дирака.

1. Дополнительная инвариантность уравнений
для частицы с ненулевой массой

1. Для установления дополнительной симметрии уравнений, инвариантных от-
носительно группы P (1, 3), удобно исходить из уравнений в канонической форме.
Релятивистское уравнение, описывающее свободное движение частицы и антича-
стицы со спином s и массой m, в каноническом представлении имеет вид [3, 4]

i
∂Φ(t,x)

∂t
= HΦΦ(t,x), HΦ = γ0E1,

γ0 =

(
1 0
0 −1

)
, E1 =

√
p2
1 + p2

2 + p2
3 +m2,

(1.1)

где Φ — волновая функция частицы, имеющая 2(2s + 1) компонент; 1 — еди-
ничная матрица размерности (2s + 1) × (2s + 1). На множестве решений {Φ}

Перепечатано из Теор. мат. физика, 1971, 7, № 1, С. 3–12 по разрешению редколлегии
c© 1971 Издательство “Наука”
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уравнения (1.1) реализуется неприводимое представление полной группы Пуан-
каре P (1, 3) (включающей пространственно-временные отражения). Операторы
Казимира группы P (1, 3) на множестве {Φ} кратны единичному оператору

W 2 = WαW
α = m2s(s+ 1), P 2 = PαP

α = m2, Wα =
1

2
εαβγδP

βJγδ, (1.2)

где Pα, Jαβ — генераторы группы P (1, 3). На множестве {Φ} эти генераторы
имеют вид [3, 4]

P0 = HΦ = γ0E1, Pa = pa = −i ∂

∂xa
, a = 1, 2, 3,

Jab = xapb − xbpa + S̃ab, J0a = x0pa −
1

2

[
xa,HΦ

]
+
− γ0

S̃abpb
E1 +m

,

(1.3)

S̃ab =

(
Sab 0
0 Sab

)
, (1.4)

где Sab — (2s+1)× (2s+1)-матрицы, реализующие неприводимое представление
алгебры O(3) (группы и их алгебры обозначаются одинаковыми символами).

Инвариантность уравнения (1.1) относительно преобразований из группы
P (1, 3) была доказана в [3, 4]. Этот факт является следствием того, что для
произвольного Φ ∈ {Φ} выполняется условие

[
i
∂

∂t
−HΦ, E

]

−
Φ = 0, (1.5)

где E — любой элемент из обертывающей алгебры E(1, 3) группы Пуанкаре P (1, 3)
(относительно обертывающей алгебры E(1, 3) см. [5]).

Теперь докажем следующее утверждение.

Теорема 1. Уравнение (1.1) инвариантно относительно однородной группы де
Ситтера O(1, 4).

Доказательство. Рассмотрим оператор

Rµ =
1

2
(PαJµα + JµαP

α), (1.6)

принадлежащий обертывающей алгебре E(1, 3). Оператор Rµ удовлетворяет та-
ким коммутационным соотношениям (см., например, [5, 6, 7, 8]):

[Rµ, Rν ]− = iP 2Jµν , (1.7)

[Rµ, Jαβ ]− = i(gµαRβ − gµβRα), (1.8)

[Rα, Pµ]− = i(gαµP
2 − PαPµ), (1.9)

[Pµ, R
2]− = 2iP 2Rµ, R2 ≡ RαR

α, (1.10)

[Jµν , R
2]− = 0, [Rµ, R

2]− = −iP 2(RαJµα + JµαR
α). (1.11)

Оператор

Jµ4 = Rµ/
√
P 2 (1.12)
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вместе с операторами Jµν удовлетворяет коммутационным соотношениям алге-
бры O(1, 4), поскольку

[Jµ4, Jν4]− = iJµν , µ, ν = 0, 1, 2, 3, (1.13)

[Jµν , Jαβ ]− = i(gµβJνα − gµαJνβ + gναJµβ − gνβJµα). (1.14)

Так как оператор Jµ4 принадлежит алгебре E(1, 3) (
√
P 2 на решениях уравне-

ния (1.1) кратен единичному оператору), то тем самым теорема доказана.

Замечание 1. Оператор Rµ впервые рассматривал Ю.М. Широков [6]. В на-
стоящее время такой оператор часто используется для получения спектра масс
элементарных частиц в теоретико-групповом подходе [7].

Замечание 2. Уравнения вида

W 2Ψ(t,x) = m2s(s+ 1)Ψ(t,x), (1.15)

P 2Ψ(t,x) = m2Ψ(t,x) (1.16)

инварианты, как это следует из теоремы [8], относительно группы O(1, 4).

2. В случае, когда P 2 = −η2 (η — действительный параметр), группа P (1, 3)
имеет как унитарные, так и неунитарные представления [3], причем все уни-
тарные представления (по спиновым индексам) бесконечномерны, а значит, и
уравнения движения, на множестве решений которых реализуется представле-
ние P (1, 3), будут бесконечнокомпонентны. Как показано в [9], для представлений
класса III (P 2 < 0) каноническое уравнение “движения” имеет вид

−i∂Φ̃(t,x)

∂x3
= P̃3Φ̃(t,x),

P̃3 = γ̃0E3, E3 =
√
p2
0 − p2

1 − p2
2 + η2,

γ̃0 =

(
1̂ 0

0 −1̂

)
, p0 = −i ∂

∂t
.

(1.17)

Здесь Φ̃(t,x) — функция, преобразующаяся по неприводимому представлению
полной группы P̃ (1, 3), 1̂ — единичный оператор.

На множестве {Φ̃} генераторы группы P (1, 3) имеют вид [9]

P0 = p0, Pa = pa, P3 = P̃3 = γ̃0E3 a = 1, 2,

Jab = xapb − xbpa + S̃′
ab, b = 1, 2,

J3a = x3pa −
1

2
[xa, P̃3]+ +

S̃′
abpb + iS̃′

a3p0

E3 + η
,

J0a = x0pa − xap0 − iS̃′
3a, x0 = t,

J30 = x3p0 −
1

2
[x0, P̃3]+ − γ̃0

iS̃′
3apa

E3 + η
,

S̃′
ab =

(
S′
ab 0
0 S′

ab

)
, S̃′

3a =

(
S′

3a 0
0 S′

3a

)
,

(1.18)

где операторы S′
ab, iS

′
3a реализуют неприводимое представление алгебры O(1, 2).
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Условие типа (1.5) в этом случае имеет вид
[
P̃3 + i

∂

∂x3
, E
]

Φ̃ = 0. (1.19)

Если теперь повторить те же рассуждения, что и при доказательстве теоремы 1,
то придем к такому утверждению.

Теорема 2. Уравнение (1.17) инвариантно относительно группы O(2, 3).

Замечание 3. Теоремы 1 и 2 очевидным образом обобщаются и на уравнения,
инвариантные относительно группы P (n, l) — вращений и трансляций в (n + l)-
мерном пространстве Минковского.

3. В этом пункте покажем, что уравнение (1.1), помимо инвариантности отно-
сительно групп P (1, 3) и O(1, 4), инвариантно относительно преобразований (по
спиновым индексам, которые не связаны с пространственно-временными пре-
образованиями)

AΦ = Φ′, (1.20)

где A — произвольная матрица размерности 2(2s+1)×2(2s+1), принадлежащая
матричной алгебре O(4).

Прежде всего отметим, что, как следует из представления Фолди–Широкова
(1.3), на решениях уравнения (1.1) реализуется прямая сумма двух неприводимых
представлений алгебры O(3)

D(s) ⊕D(s). (1.21)

Это означает, что на множестве {Φ} можно реализовать прямую сумму двух
неприводимых представлений алгебры O(4)

D(s, 0) ⊕D(0, s). (1.22)

На множестве {Φ} базисные элементы алгебры O(4) имеют вид

S̃ab =

(
Sab 0
0 Sab

)
, S̃4a =

(
εabcSbc 0

0 −εabcSbc

)
(1.23)

(a, b, c = 1, 2, 3), причем

[S̃kl, S̃rn]− = i(gknS̃lr − grkS̃ln + glrS̃kn − glnS̃kr, k, r, n, l = 1, 2, 3, 4. (1.24)

Поскольку матрицы S̃ab, S̃4a коммутируют с гамильтонианом HΦ, уравнение
(1.1) инвариантно относительно группы O(4). Таким образом, приходим к следу-
ющему утверждению.

Теорема 3. Уравнение (1.1) инвариантно относительно группы O(4).

Следует подчеркнуть, что из инвариантности уравнения (1.1) относительно
группы O(4) вытекает, что, помимо орбитального момента M = x×p спинового
момента S, должен сохраняться еще один момент S ′. Компоненты векторов S и
S′ определяются через S̃kl соотношениями

Sa =
1

2
(S̃bc + S̃4a), S′

a =
1

2
(S̃bc − S̃4a), (1.25)

a, b, c — цикл (1, 2, 3).
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Возникновение еще одного момента S ′ носит, по-видимому, чисто математи-
ческий характер, связанный с P -, T -, C-инвариантностью уравнения (1.1). Как
будет видно ниже, для уравнения Вейля дополнительный момент S ′ не возника-
ет, в то время как для уравнения Дирака с нулевой массой (без дополнительного
условия) он появляется. Не возникает дополнительный момент (по отношению к
спину и изоспину) и для четырехкомпонентного уравнения Дирака в пятимерном
подходе, которое, как известно [9], C-неинвариантно.

2. Дополнительная инвариантность уравнений
для частицы с нулевой массой (P 2 = 0, W 2 6= 0)

1. Рассмотрим два типа уравнений, описывающих свободное движение частицы
с нулевой массой, “непрерывным” и дискретным спином. В этом случае удобно
исходить из следующих уравнений:

WαW
αΨ(t,x) = ρ2Ψ(t,x), PαP

αΨ(t,x) = 0, (2.1)

где ρ2— параметр, характеризующий неприводимое представление группы P (1, 3),
который (подобно массе для представлений классов I, III, когда P 2 6= 0) может
принимать как положительные, так и отрицательные значения. Если ρ2 = 0,
то уравнения (2.1) описывают свободное движение частицы с нулевой массой и
дискретным спином (нейтрино, фотон и т.д.). Можно, конечно, исходить и из дру-
гих уравнений движения, но поскольку любые другие уравнения, на решениях
которых реализуется неприводимое представление P̃ (1, 3), унитарно эквивален-
тны системе (2.1), то достаточно установить дополнительную инвариантность
для уравнений (2.1).

Для уравнений (2.1) имеет место теорема.

Теорема 4. Уравнения (2.1) для ρ2 > 0 инвариантны относительно однородной
группы де Ситтера O(1, 4).

Доказательство. В том случае, когда P 2 = 0, оператор Rµ удовлетворяет таким
коммутационным соотношениям (см. соотношения (1.7)–(1.11)):

[Rµ, Rν ]− = 0, (2.2)

[Rµ, Jαβ ]− = i(gµαRβ − gµβRα), (2.3)

[Rµ, Pα]− = iPαPµ, (2.4)

[R2, Pµ]− = [R2, Jαβ ]− = [R2, Rγ ]− = 0. (2.5)

Из соотношений (2.2) и (2.3) видно, что операторы Rµ и Jαβ — базисные элементы
алгебры типа Пуанкаре R(1, 3). Оператор W 2 в этом случае совпадает с операто-
ром R2, который, подобно оператору P 2 в алгебре P (1, 3), является оператором
Казимира алгебры R(1, 3). Вектор типа Паули–Любанского алгебры R(1, 3) имеет
вид

Vα =
1

2
εαβγδR

βJγδ. (2.6)
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Оператор V2 = VαVα — второй оператор Казимира алгебры R(1, 3). Рассма-
тривая операторы

JRµ4 = Fµ/
√
R2, (2.7)

где

Fµ =
1

2
(RαJµα + JµαR

α), (2.8)

и буквально повторяя рассуждения, приведенные при доказательстве теоремы 1,
мы завершаем доказательство теоремы 4.

Проводя аналогичные рассуждения для случая ρ2 < 0, приходим к утвержде-
нию.

Теорема 5. Уравнения (2.1) для ρ2 < 0 инвариантны относительно группы
O(2, 3).

Система уравнений (2.1) в случае ρ2 = 0 инвариантна относительно группы
O(2, 4) ⊃ O(1, 4). Этот результат следует из теоремы о конформной инвариан-
тности уравнений, описывающих свободное движение частиц с нулевой массой и
дискретным спином [2].

2. Тот факт, что при P 2 = 0 и W 2 6= 0 операторы Rµ, Jαβ удовлетворяют ал-
гебре типа Пуанкаре R(1, 3) (см. (2.3), (2.4)), позволяет рассматривать их как опе-
раторы “четырехмерного импульса” в пространстве функций {ΦR(y0, y1, y2, y3)},
где

RµΦ
R(y0, y1, y2, y3) = rµΦ

R(y0, y1, y2, y3), (2.9)

r0 = i
∂

∂y0
, ra = −i ∂

∂ya
, a = 1, 2, 3. (2.10)

Каноническое уравнение движения (для ρ2 > 0), инвариантное относительно
алгебры R(1, 3), имеет вид

i
∂ΦR(y0,y)

∂y0
= γ0E

RΦR(y0,y), ER =
√
r21 + r22 + r23 + ρ2, (2.11)

где ΦR(y0,y) — 2(2s+ 1)-компонентная волновая функция.
На множестве решений уравнения (2.11) {ΦR} операторы Казимира алгебры

R(1, 3) кратны единичным операторам, т.е.

R2ΦR = RαRαΦR = ρ2ΦR, V2ΦR = VαVαΦR = ρ2s(s+ 1)ΦR. (2.12)

Базисные элементы алгебры R(1, 3) на {ΦR} имеют вид (1.3), где следует
совершить замену

Pµ → Rµ,
∂

∂t
→ ∂

∂y0
,

∂

∂xa
→ ∂

∂ya
, E1 → ER.

Уравнение (2.11), как и (1.1), инвариантно относительно группы де Ситтера
O(1, 4) и матричной группы O(4).

Таким образом, параметры ρ и s, характеризующие неприводимые представ-
ления алгебры R(1, 3), в ΦR-представлении следует интерпретировать как “массу
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и спин” частицы. Это означает, что представлениям группы Пуанкаре, для ко-
торых P 2 = 0 и W 2 6= 0, можно придать вполне ясный смысл, если в качестве
полного набора коммутирующих операторов выбрать операторы Rµ и одну из
компонент Vµ, например V3. Важно отметить, что в пространстве представлений
группы P (1, 3), где операторы Rµ диагональны, операторы Pµ недиагональны.

3. Об инвариантности уравнения Дирака

1. В этом пункте найдем явный вид операторов, являющихся базисными элемен-
тами алгебры Ли группы O(4), коммутирующих с гамильтонианом Дирака.

Уравнение Дирака

i
∂Ψ′(t,x)

∂t
= (γ0γapa + γ0m)Ψ′(t,x), a = 1, 2, 3, (3.1)

после преобразования

U1 =
1√
2
(1 − γ4), (3.2)

принимает вид

i
∂Ψ(t,x)

∂t
= HΨ(t,x), H = γ0γkpk, k = 1, 2, 3, 4,

Ψ = U1Ψ
′, p4 ≡ m.

(3.3)

Для наших целей будет удобно исходить из уравнения Дирака в форме (3.3),
что позволит провести одновременно все рассмотрения для m > 0 и m < 0.

Уравнение (3.3) после преобразования

U

(
p, s =

1

2

)
= exp

{
π

4

γ0H
E

}
≡ 1

2

(
1 +

γ0H
E

)
, E =

√
p2
k ≡ E1 (3.4)

примет канонический вид

i
∂Φ(t,x)

∂t
= HΦΦ(t,x), HΦ = γ0E, (3.5)

где γ0 — четырехрядная матрица Дирака (см. (1.1)).
Генераторы группы P (1, 3) на множестве {Φ} выглядят так (представление

(3.6) справедливо не только для спина s = 1/2, но и для произвольного спина s):

P0 ≡ HΦ = γ0E, Pa = pa, Jab = xapb − xbpa + S̃ab,

J0a = x0pa −
1

2
[xa,HΦ]+ − γ0

S̃abpb + S̃a4p4

E
,

(3.6)

S̃kl =
i

4
(γkγl − γlγk), S̃0k =

i

4
(γ0γk − γkγ0),

S̃5k = − i

2
γk, S̃05 =

i

2
γ0.

(3.7)
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Матрицы S̃kl — генераторы группы O(4) и, кроме того, коммутируют с га-
мильтонианом HΦ в представлении Φ. Это и означает, что уравнение (3.5) допол-
нительно инвариантно относительно матричной алгебры O(4). С гамильтонианом
HΦ, очевидно, коммутирует и матрица S̃05.

Чтобы непосредственно показать, что уравнение (3.3) инвариантно относи-
тельно алгебры O(4), достаточно найти операторы типа S̃kl, которые коммути-
ровали бы с оператором H. Эти операторы нетрудно найти, если воспользоваться
унитарным оператором U−1, связывающим представления Φ и Ψ.

Можно непосредственно проверить, что операторы

SΨ
kl = U−1S̃klU = S̃kl +

1

E
(S̃5kpl − S̃5lpk)

(
1 − 2iS5rpr

E

)
,

SΨ
05 = U−1S̃05U =

i

2

H
E

(3.8)

коммутируют с оператором H.
Таким образом, уравнение (3.3), а значит, и уравнение (3.1), как для нену-

левой, так и для нулевой массы инвариантно относительно алгебры O(4). Этот
результат является частным случаем более общего утверждения, доказанного в
п. 3, раздела 1.

Следует отметить, что поскольку с γ0 коммутируют только матрицы S̃kl и
S̃05 (матрицы γ0S̃rn, S̃rlS̃kn — линейные комбинации S̃kl и S̃05), то алгебра Ли,
порожденная ими, является максимальной алгеброй, относительно которой урав-
нение (3.5) инвариантно.

Дополнительная симметрия уравнения Дирака методами, отличными от на-
ших, исследовалась в работах [10].

Ради полноты изложения приведем явный вид оператора координаты в пред-
ставлении Ψ

XΨ
a = U−1xaU = xa +

1

E

(
S̃a5 +

S̃5kpk
E2

pa +
S̃abpb + S̃a4p4

E

)
. (3.9)

2. Двухкомпонентное уравнение Вейля

i
∂χ(t,x)

∂t
= σbpbχ(t,x), (3.10)

как известно, эквивалентно уравнению Дирака для нулевой массы с дополни-
тельным условием, т.е. эквивалентно системе уравнений

i
∂Ψ(t,x)

∂t
= γ0γapaΨ(t,x), a = 1, 2, 3, (3.11)

(1 − iγ4)Ψ(t,x) = 0. (3.12)

Непосредственной проверкой можно убедиться, что дополнительное условие
(3.12) неинвариантно относительно операторов S̃Ψ

kl, т.е.

[γ4, S̃
Ψ
kl]− 6= 0.

Итак, система уравнений (3.11), (3.12) не обладает дополнительной симметрией
относительно группы O(4).
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Если над уравнением (3.10) совершить преобразование типа Фолди–Воутхой-
зена [11], то оно примет канонический вид

i
∂Φ(t,x)

∂t
= σ3EΦ(t,x), E =

√
p2
1 + p2

2 + p2
3. (3.13)

Уравнение (3.13) уже явно инвариантно относительно преобразования

Φ → σ3Φ, (3.14)

следовательно, уравнение Вейля (3.10) дополнительно инвариантно относительно
группы O(2).

3. Из предыдущего пункта ясно, что дополнительная инвариантность уравне-
ний движений зависит от компонентности волновой функции. Ниже будет уста-
новлена зависимость дополнительной симметрии уравнений от размерности про-
странства Минковского, в котором они заданы.

Рассмотрим в пятимерном пространстве Минковского два неэквивалентных
уравнения типа Дирака, инвариантных относительно неоднородной группы де
Ситтера P (1, 4):

i
∂Ψ±(t,x, x4)

∂t
= (γ0γkpk + γ0κ)Ψ±(t,x, x4),

pk = −i ∂

∂xk
, k = 1, 2, 3, 4,

(3.15)

где Ψ± — четырехкомпонентный спинор, κ — постоянная величина. Проводя для
уравнений (3.15) такой же анализ, как и для (3.3) (с некоторыми очевидными
изменениями), можно показать, что уравнение (3.15) для функции Ψ= (или Ψ−)
дополнительно инвариантно относительно группы O(4).

Итак, четырехкомпонентное уравнение Дирака в пятимерном подходе, помимо
инвариантности относительно групп P (1, 4) и O(1, 5), инвариантно относительно
матричной группы O(4). Из этого результата, в частности, следует, что спиновый
и изоспиновый моменты в пятимерной схеме квантовой механики сохраняются.
Это и следовало ожидать, поскольку малой группой группы P (1, 4) является
группа O(4), которая локально изоморфна группе SU(2) × SU(2).

Особенностью уравнения (3.15) для функции Ψ+ (или Ψ−) является то, что
оно в отличие от обычного уравнения Дирака неинвариантно относительно C-
преобразований (более детально см. [9]). В пятимерном подходе простейшим спи-
норным P -, T -, C-инвариантным уравнением является восьмикомпонентное урав-
нение [9]

i
∂Ψ(t,x, x4)

∂t
=

{(
γ0γk 0

0 γ0γk

)
pk +

(
γ0 0
0 −γ0

)
κ

}
Ψ(t,x, x4),

Ψ ≡
(

Ψ+

Ψ−

)
,

(3.16)

являющееся объединением двух уравнений (3.15).
Для этого уравнения справедливо следующее утверждение: уравнение (3.16)

инвариантно относительно матричной алгебры O(6). Чтобы доказать это утвер-
ждение, следует представить уравнение (3.16) в форме

i
∂Ψ(t,x, x4)

∂t
= (Γ0Γkpk + Γ0κ)Ψ(t,x, x4), (3.17)
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где восьмирядные матрицы Γ0, Γk и Γ5, Γ6 — базисные элементы восьмимерной
алгебры Клиффорда, а потом повторить рассуждения, приведенные в пункте 1.

Из приведенного анализа уравнений (3.3), (3.10), (3.15), (3.16) вытекает, что
дополнительная инвариантность уравнений движений, инвариантных относите-
льно неоднородных групп типа P (1, n), зависит как от размерности пространства
Минковского, так и от компонентности волновых функций.

Замечание 4. Если в уравнении (3.15) положить κ = 0, оно будет описывать ча-
стицу и античастицу с переменной массой

√
p2
4 и фиксированным спином

s = 1/2 [9]. Уравнение (3.5) (для κ = 0) инвариантно относительно группыO(2, 5),
содержащей в качестве подгруппы конформную группу. Следует отметить, что
обычное уравнение Дирака с фиксированной массой неинвариантно даже отно-
сительно конформной группы.

Автор выражает благодарность А.Л. Грищенко за проверку некоторых фор-
мул настоящей работы.
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On the Galilean-invariant equations

for particles with arbitrary spin

W.I. FUSHCHYCH, A.G. NIKITIN

In our preceding paper [1] the equations of motion which are invariant under the
Galilei groupG have been obtained starting with the assumption that the Hamiltonian
of a nonrelativistic particle has positive eigenvalues and negative ones. These nonrela-
tivistic equations as well as the relativistic Dirac equation describe the spin-orbit and
Darwin interactions after the standard replacement pµ → πµ = pµ − eAµ. Previously
it was generally accepted to think that the spin-orbit and the Darwin interactions are
truly relativistic effects [2].

In [1] equations for particles with the lowest spins s = 1
2 , 1,

3
2 have been obtai-

ned. What puts the equations [1] in a class by themselves is that the transformation
properties of a wave function are rather complicated (nonlocal) and it is difficult
to establish their invariance under the Galilei transformations after the replacement
pµ → πµ.

In the present note equations for arbitrary-spin particles are obtained which pos-
sess as good physical properties as the equations [1].

Moreover the related wave functions have simple transformation properties in the
case of the equation describing interaction with an external field and in the case of
the absence of interaction as well.

We shall start with the assumption that under the Galilei transformation

x → x′ = Rx + V t+ a,

t→ t′ = t+ b,
(1)

the 2(2s+ 1)-component wave function Ψ(t,x) transforms as

Ψ(t,x) → Ψ′(t′,x′) = exp[if(t,x)]Ds(R,V )Ψ(t,x), (2)

where Ds(R,V ) is a numerical matrix, depending on the parameters of transforma-
tion (1), exp[if(t,x)] is the phase factor [3]

f(t,x) = mV ·Rx +
1

2
mv2t. (3)

The generators of Galilei group G, which correspond to transformation (2), have the
form

P0 = i
∂

∂t
, Pa = pa = −i ∂

∂xa
, Jab = xapb − xbpa + Sab,

Ga = tpa −mxa + λa, Sab =

(
sab 0
0 sab

)
,

(4)

where sab are generators of irreducible representation D(s) of group O(3), λa are
some numerical matrices, which have to be such that the operators (4) satisfy the

Reprinted with permission from Lettere al Nuovo Cimento, 1976, 16, N 3, P. 81–85
c© 1976 Societá Italiana di Fisica
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commutation relations of algebra G. It can be shown that the most general (up to
equivalence) form of the matrices λa satisfying this requirement is

λa = k(σ3 + iσ2)Sa, Sa =
1

2
εabcSbc, (5)

where σ2, σ3 are the 2(2s+ 1)-dimensional Pauli matrices which commute with Sab,
k is an arbitrary constant.

To find the motion equations for arbitrary-spin particles

i
∂

∂t
Ψ(t,x) = Hs(p, s)Ψ(t,x) (6)

it is sufficient to construct such operator (Hamiltonian) Hs(p, s) that eq. (6) be invari-
ant under the Galilei group G. Equation (6) will be invariant with respect to G, if
the following conditions are satisfied:

[Hs(p, s), Pa]− = 0, [Hs(p, s), Jab]− = 0, [Hs(p, s), Ga]− = −iPa. (7)

Thus our problem has been reduced to solution of equations (7). The analogous
problem has been solved in the relativistic case in [4]. Lately the method of the
work [4] has been further developed in works of R.F. Guertin [5].

In order to solve relations (7) we expand Hs in a complete system of the ortho-
projectors and Pauli matrices

Hs(p, s) =
∑

µ,r

σµa
µ
rΛr, µ = 0, 1, 2, 3, (8)

where

Λr =
∏

r 6=r′

s · p/p− r′

r − r′
, r, r′ = −s,−s+ 1, . . . , s,

and σ0 is the 2(2s+ 1)-dimensional unit matrix, aµr (p) are unknown coefficient func-
tions. Substituting (8) into (7), using the relations [4]

[Λr, xa] =
Sabpb
2p2

(2Λr − Λr+1 − Λr−1) +
i

2p

(
Sa −

pa
p

S · p
p

)
(Λr+1 − Λr−1),

[Λr, Sab] = pa[Λr, xb] − pb[Λr, xa],

(9)

and taking into account the completeness and the orthogonality of the orthprojectors,
we have found that, up to equivalence, the general form of the Hamiltonian Hs(p, s),
satisfying (7), is given by the formula

Hs = m0 + σ3ηm+
p2

2m
− σ12iηhS · p − (σ3 + iσ2)ηk

2 (S · p)2

m
, (10)

where η is an arbitrary constant.
Formula (10) gives the free nonrelativistic Hamiltonian for a particle with an arbi-

trary spin. Equation (6) with the Hamiltonian (10) is invariant under the group G.
For the spin 1

2 particle (when s = 1
2 , k = −i, η = 1) equation (6) can be written in

the following compact form

(γµp
µ +m)Ψ = (1 + γ4 − γ0)

p2

2m
Ψ, (11)

where γµ are the Dirac matrices.
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The Hamiltonian (10) and the generators (4) are non-Hermitian under the usual
scalar product. They are, however, Hermitian under

(Ψ1,Ψ2) =

∫
d3x Ψ†

1MΨ2, (12)

where M is positive-definite metric operator

M = 1 + [i(k − k∗)σ3 − (k + k∗)σ2]
S · p
m

+ 2|k|2(1 + σ1)

(
S · p
m

)2

. (13)

Besides, if η, k satisfy the condition ηk = (ηk)∗, the Hamiltonians are Hermitian also
in the indefinite metric

(Ψ1,Ψ2) =

∫
d3x Ψ†

1ξΨ2, (14)

where

ξ =

{
σ3, if η∗ = η, k∗ = k,

σ2, if η∗ = −η, k∗ = −k.

With the help of the transformation

Hs → H ′
s = V HsV

−1, V = exp

[
i
λ · p
m

]
, (15)

the Hamiltonian (10) can be reduced to the diagonal form

H ′
s = m0 + σ3ηm+

p2

2m
. (16)

It is interesting to note that the condition of Galilei invariance admits the pos-
sibility to introduce two masses: the rest mass, or the rest energy (ε1 = m0 + ηm,
ε2 = m0 − ηm) and the kinetic mass (the coefficient of p2). Below we consider the
case when m0 = 0, η = 1, i.e. the rest mass is equal to the kinetic mass.

To describe the motion of a charged particle in an external electromagnetic fields
we make in (6) and (10) the replacement pµ → πµ (symmetrizing preliminarily the
Hamiltonian in pa [1]). This leads to the equation

i
∂

∂t
Ψ(t,x) = Hs(π)Ψ(t,x), (17)

Hs(π) = σ3m+
π2

2m
+ σ12ik(S · p) +

2k2

m
(σ3 + iσ2)

[
(S · π)2+

1

2
(S · M)

]
,(18)

where Ha = iεabc[πb, πc]− are components of the magnetic field vector.
It is important to note that eq. (17) is still invariant with respect to the Galilei

transformations (1) and (2), if the vector potential is transformed according to [2]

A → A′ = RA, A0 → A′
0 = A0 + V RA. (19)
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To prove this statement it is sufficient to use the exact form of the matrix Ds(R,V )
in (2)

Ds(R,V ) = (1 + iλ · V ) ·
(
Ds(R) 0

0 Ds(R)

)
, (20)

where Ds(R) the matrices from the representation D(s) of the group O(3).
As in the case of the Dirac equation [6] the Hamiltonian (18) cannot be diagonali-

zed exactly. We shall make the approximate diagonalization of the operator (18) up
to the terms of power 1/m2 with using of the operator

V (π) = exp[iBs3] exp[iBs2] exp[iBs1], (21)

where

Bs1 = iσ2k
S · p
m

, Ea = −∂Aa
∂xa

− ∂Aa
∂t

,

Bs2 = −σ1k
[S · π,π2]−

4m2
− iσ1k

2 (S · π)2 − 1
2S · H

m2
− iσ1k

S · E
2m2

,

Bs3 = −2

3
ik3σ2

(
S · π
m

)3

+ ik3 [S · π,S · H]+
m3

σ2 + σ2
k2[(S · π)2, eA0]

m3
.

(22)

As a result we obtain

V (π)Hs(π)V −1(π) = σ3m+
π2

2m
+ eA0 + k2σ3

S · H
m

−

− k2

4m2
S · (π × E − E × π) +

k2

6m2
s(s+ 1)div E +

k2

12m2
Qab

∂Eb
∂xa

+

+
k3

m2
S · (π × H − H × π) − 1

3

k3

m2
Qab

∂Ha

∂xb
+ o

(
1

m3

)
,

(23)

where Qab is the tensor of quadrupole interaction

Qab = 3[Sa, Sb]+ − 2δabs(s+ 1). (24)

It is readily seen from (23) that −k2 can be interpreted as the dipole magnetic
moment of the particle. If s = 1

2 , −k2 = 1 (it corresponds to the “normal” dipole
moment), the first seven constituents of the approximate Hamiltonian coincide on
the set Φ+ = 1

2 (1 + σ3)Φ with the Foldy–Wouthuysen Hamiltonian, which had been
obtained from the relativistic Dirac equation. The last two terms in (23) can be
interpreted as the magnetic spin-orbit and the magnetic quadrupole interactions of
the particle with the field.

In conclusion we note that we have not required the invariance with respect to the
time reflection for eq. (6). This invariance has been ensured if one doubles (brings to
4(2s+ 1)) the number of the components of the wave function and assumes that the
particle energy can take both positive and negative values. An analogous situation
takes place in the relativistic theory [7].

As in the relativistic theory, it is possible to construct for the particle with spin s
the nonrelativistic wave equations with another (different from 2(2s+1) or 4(2s+1))
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number of components. For instance, the spin-one and spin-zero particles can bo
described by the Galilean-invariant equations

(βµp
µ −m)Ψ =

[
β0

p2

2m
+ β2

0

(β · p)2

m

]
Ψ, (25)

where βµ are the 10×10- or 5×5-dimensional Kemmer–Duffin–Petiau matrices. These
equations will be considered in another work.

Note. The equations obtained in [1] and in the present paper can be considered as
those with the broken Lorentz symmetry. Actually, equations (12) from [1] and (11)
from the present work have the form of the Dirac equation with the additional term
which is noninvariant under the Poincaré group, but is Galilean invariant. The second-
order equations with this broken symmetry have the form

(pµp
µ −m2)Ψ = BΨ, (26)

where B = p4/4m2 for the equations of ref. [1] and B = m(1 + 2σ3) + p2σ3 + p4/4m2

for the equations from the present paper (if m0 = m, η = 1).
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On the new invariance groups of the Dirac

and Kemmer–Duffin–Petiau equations

W.I. FUSHCHYCH, A.G. NIKITIN

In works [1–6] the canonical-transformation method has been proposed for inves-
tigation of group properties of differential equations of quantum mechanics. This
method essence in that the system of differential equation is first transformed to the
diagonal or Jordan form and then the invariance algebra of the transformed equation is
established. The explicit form of this algebra basis elements for the starting equations
is found by the inverse transformation.

The main distinguishing feature of this method from the classical Lie approach [7,
8] is that the basis elements of invariance algebra of the corresponding equations do
not belong to the class of differential operators, but are as a rule integrodifferential
operators. The new invariance algebras of the Dirac [1, 2] (the results of the work [2]
have been generalized by Jayaraman (J. Phys. A, 1976, 9, 1181) to the case of the
equation without redundant components for any spin, see also [1]), Maxwell [2], Klein–
Gordon [3], Kemmer–Duffin–Petiau (KDP) and Rarita–Schwinger [4] equations have
been found just in the class of integrodifferential operators.

The aim of this note is to describe invariance algebras of the Dirac and KDP
equations in the class of differential operators. The theorems given below (which es-
tablish new group properties of the Dirac and KDP equations) are proved using the
canonical-transformation method.

To establish an invariance of the equation

L(p0, p1, p2, p3)Ψ(x0,x) ≡ LΨ = 0, pµ = i
∂

∂xµ
(1)

under the set of transformations Ψ → Ψ′
A = QAΨ is to found a set of operators

Q ≡ {QA} such that

[L,QA]−Ψ = 0, ∀ QA ∈ Q, (2)

where Ψ is a function which satisfies eq. (1). Condition (2) can be written in the
operator form

[L,QA]− = F · L, (3)

where F is some set of operators, which are defined in the space of equation (1)
solutions.

Theorem 1. The Dirac equation

L 1
2
Ψ ≡ (γµp

µ +m)Ψ = 0 (4)

is invariant under the 16-dimensional Lie algebra A16, whose basis elements are

Pµ = pµ = i
p

∂xµ
, Jµν = xµpν − xνpµ +

i

2
γµγν , (5)

Reprinted with permission from Lettere al Nuovo Cimento, 1977, 19, N 9, P. 347–352
c© 1977 Societá Italiana di Fisica
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Qµν = iγµγν +
i

m
(1 + iγ4)(γµpν − γνpµ), γ4 = γ0γ1γ2γ3. (6)

Proof. The theorem validity can be established by direct verification. Indeed, one
obtains by direct calculation that Qµν satisfies the invariance condition (3)

[Qµν , L 1
2
]− = F

1
2
µνL 1

2
, F

1
2
µν =

i

m
(γµpν − γνpµ) (7)

and form together with Pµ, Jµν the Lie algebra

[Pµ, Pν ]− = 0, [Pλ, Jµν ]− = i(gλµPν − gλνPµ), [Pλ, Qµν ]− = 0,

[Jµν , Jλσ]− = i(gµλJνσ + gνσJµλ − gµσJνλ − gνλJµσ),

[Qµν , Jλσ]− =
1

2
[Qµν , Qλσ]− = i(gµλQνσ + gνσQµλ − gµσQνλ − gνλQµσ).

(8)

A more elegant and constructive way, which shows the method to obtain operators (6)
is to transform eq. (4) to the diagonal form. After such a transformation the theorem
statements become obvious.

Such transformation can be carried out in two steps. First, eq. (4) is multiplied by
the invertible differential operator

W = 1 − 1

m
γµp

µ − 1

2m2
(1 + iγ4)pµp

µ,

W = 1 +
1

m
γµp

µ − 1

2m2
(1 − iγ4)pµp

µ.

(9)

As a result we obtain the equation

WL 1
2
Ψ = 0, (10)

which is equivalent to the starting eq. (4). Then using operator

V = exp

[
1

2m
(1 + iγ4)γµp

µ

]
≡ 1 +

1

2m
(1 + iγ4)γµp

µ (11)

we reduce eq. (10) to the diagonal form

L′Φ ≡ V (WL 1
2
)V −1Φ =

[
λ+m+

λ−

m
(pµp

µ −m2)

]
Φ = 0, (12)

where Φ = VΨ, λ± = 1
2 (1 ± iγ4).

Equation (12) is equivalent to the starting eq. (4) and contains the only matrix γ4.
So it is evident that the matrices Q′

µν = iγµγν commute with the operator L1
1
2

. These

matrices satisfy the commutation relations of the Lie algebra of the SU2 ⊗SU2 group
and satisfy the relations (8) together with the generators P ′

µ = V PµV
−1 = Pµ and

J ′
µν = V JµνV

−1 = Jµν .
To complete the proof it is sufficient to find the explicit form of the matrices

Q′
µν in the starting Ψ-representation. Calculating Qµν = V −1Q′

µνV , one obtains the
operators (6). The theorem is proved.

Corollary 1. If one makes in (4), (9)–(12) the substitution

γµp
µ → γµ = (pµ − eAµ)γµ, pµp

µ → πµπ
µ − ie

2
γµγνFµν ,



66 W.I. Fushchych, A.G. Nikitin

where Aµ is the vector potential, and Fµν is the tensor of the electromagnetic field,
the transformations (9)–(12) establish the one-to-one correspondence between the
solutions of the Dirac and of the Zaitsev–Gell–Mann equations [9].

Corollary 2. The above founded operators Qµν can be used to find the constants
of motion for the particle interacting with external field. For instance the operator
the Q = εabcQbc(π)(Ha − iEa) is a constant of motion for a particle moving in the
homogeneous constant magnetic field H and the electric field E(Qbc(π)) is obtained
from (6) by the change pµ → πµ.

Corollary 3. In theorem 1 the invariance condition of eq. (4) is formulated in terms
of Lie algebras. A natural question arises: what kind of group transformations is
generated by Qµν? Using the explicit form of the generators (6), one obtains these
transformations in the form

Ψ(x) → Ψ′(x) = exp[iQabθab]Ψ(x) = (cos θab − γaγb sin θab)Ψ(x) +

+
1

m
(1 + iγ4) sin θab

(
γa
∂Ψ(x)

∂xb
− γb

∂Ψ(x)

∂xa

)
,

Ψ(x) → Ψ′(x) = exp[iQ0aθab]Ψ(x) = (cosh θ0a − i sinh θ0aγ0γa)Ψ(x) +

+
i

m
(1 + iγ4) sinh θ0a

(
γ0
∂Ψ(x)

∂xa
− γa

∂Ψ(x)

∂x0

)
,

xµ → x′µ = exp[iQabθab]xµ exp[−iQabθab] = xµ +
1

m
(1 + iγ4) sin θab ×

× (γagµb − γbgµa)(cos θab − γaγb sin θab),

xµ → x′µ = exp[iQ0aθ0a]xµ exp[−iQ0aθ0a] = xµ +
i

m
(1 + iγ4) sinh θ0a ×

× (γ0gµa − γagµ0)(cosh θ0a − iγ0γa sinh θ0a),

(13)

where θµν = −θνµ are transformation parameters (there is no sum over a, b). Trans-
formations (13) together with the Lorentz transformations form the 16-parameter
invariance group of the Dirac equation.

In quantum field theory not only the Dirac equation (4) but the system of two four-
component equations for functions Ψ and Ψ̄ is considered. Such system is equivalent
to one eight-component Dirac equation

(Γµp
µ +m)Ψ(x0,x) = 0, (14)

where Γµ are (8× 8)-dimensional matrices, which satisfy together with Γ4, Γ5, Γ6 the
Clifford algebra (for details see, e.g., [5]).

The system of eq. (14) has a more extended symmetry than the four-component
Dirac equation. It is shown in [5] that the additional invariance algebra of eq. (4) is
the Lie algebra of the group O(6). This result admits the following strengthening:

Theorem 2. Equation (14) is invariant under the 40-dimensional Lie algebra A40.
The basis elements of this algebra have the form

Pµ = pµ = i
∂

∂xµ
, Jµν = xµpν − xνpµ +

i

2
ΓµΓν ,
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Q̃mn = iΓmΓn +
i

m
(1 + iΓ6)(ΓmΓn − ΓnΓm), m, n = 1, 2, . . . 5,

˜̃Qmn =

[
Γ6 +

i

m
(1 + iΓ6)Γµp

µ

]
Q̃mn,

(15)

where, by definition,

pa+3Ψ(x0,x) = −i∂Ψ(x0,x)

∂xa+3
≡ 0.

Proof can be carried out in full analogy with the proof of theorem 1. We only draw
attention to the fact, that Qmn satisfies the Lie algebra of the group SU4.

Let us now consider the group properties of the KDP equation, which describes
particles with spin s = 1. This equation has the form

L1Ψ(x0,x) = 0, L1 = βµp
µ +m, (16)

where βµ are the ten-row KDP matrices.
It follows from the above that the KDP equation has to possess a more extended

symmetry than eq. (4). This conclusion is supported by the following

Theorem 3. The KDP equation is invariant with respect to the 26-dimensional Lie
algebra A26, whose basis elements are differential operators and have the form

Pµ = pµ = i
∂

∂xµ
, Jµν = xµpν − xνpµ + i[βµ, βν ]−,

λa = [cab, cac]+, λa+3 = cbc, λ7 = −i[c12c23c31 − c23c31c12],

λ8 = − i√
3
(c12c23c31 + c23c31c12 − 2c31c12c23), λ8+a = cabc0b,

λ11+a = ic0a, λ15 = (c12c23c02 − c23c31c03),

λ16 =
1√
3
(c12c23c02 + c23c31c03 − 2c31c12c01),

(17)

where

cµν = i[βµ, βν ]− +
1

m
(aµpν − aνpµ), (a, b, c) — cycl (1, 2, 3),

aµ = i[β5, βµ]− + iβµ, β5 =
1

4!
εµνρσβµβνβρβσ.

(18)

Proof. First we shall show, that the operators λf satisfy the invariance condition (3).
By direct verification one obtains

[cµν , L1]− = F 1
µνL1, F 1

µν = (L1 − 2m)
i

m2
(βµpν − βνpµ). (19)

It follows from eq. (19) that the operators cµν (and hence all λf ) satisfy eq. (3).
The operators (17b) satisfy the commutation relations of the Lie algebra of the

SU3⊗SU3 group. This fact can be verified directly, but a more simple way is to make
previously the transformation λ→ V λfV

−1 = λ′f , where

V = exp

[
i

m
aµp

µ

]
, cµν → c′µν = V cµνV

−1 = i[βµ, βν ]−. (20)
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Using eq. (20) it is not difficult to make sure that the operators λ′
f and p′µ =

V pµV
−1 = pµ, J ′

µν = V JµνV
−1 = Jµν form a Lie algebra. The theorem in proved.

In conclusion let us note that the main part of the theorems 1, 2, 3 (i.e. the
invariance of eqs. (4), (14), (16) under the corresponding algebras) can be proved also
by the transformation Ls → Ṽ LsṼ

−1, where Ṽ is the integrodifferential operator

Ṽ = exp

[
i
S4apa
p

arctg
p

m

]
exp

[
Sabpc
p

arctgh
p

E

]
. (21)

The preference of this transformation is that it can be easily generalized for the case
of an arbitrary spin, but the basis elements Qµν of the new invariance algebra have
to be integrodifferential operators (as like as (21)). Thus, for the Dirac equation one
obtains

Qab = iγaγb +
i

m
(γapb − γbpa)(1 + iγ4ε̂), Q0a = iε̂Qbc,

where ε̂ is the integrodifferential operator of energy sign

ε̂ =
HD

|HD| = (γ0γapa + γ0m)(m2 + p2)−1/2.
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Пуанкаре-инвариантные

дифференциальные уравнения

для частиц произвольного спина

А.Г. НИКИТИН, В.И. ФУЩИЧ

The first and the second order differential equations have been deduced which describe
the motion of relativistic particle with arbitrary spin. On the basis of these equati-
ons, the problem of the motion of the arbitrary spin particle in the homogeneous
magnetic field has been solved exactly. The covariant position and spin operators
have been obtained which are distinct from the Newton–Wigner and the Foldy–
Wouthuysen operators. The approximate diagonalization of the Hamiltonian of the
particle interacting with the external electromagnetic field has been carried out.

Выведены дифференциальные уравнения первого и второго порядка, описыва-
ющие движение релятивистской частицы с произвольным спином. На основе
этих уравнений точно решена задача о движении частицы произвольного спи-
на в однородном магнитном поле. Найдены ковариантные операторы коорди-
наты и спина частицы, отличные от известных операторов Ньютона–Вигнера и
Фолди–Ваутхойзена. Осуществлена приближенная диагонализация гамильтони-
ана частицы, взаимодействующей с внешним электромагнитным полем.

Введение

Во всех явно ковариантных релятивистских уравнениях первого порядка, описы-
вающих движение частиц со спином s > 1/2, волновая функция имеет больше
компонент, чем число возможных 2(2s+1) состояний свободной системы частица–
античастица. Это “излишество” является, видимо, одной из причин появления в
уравнениях Кеммера–Дэффина [1] (s = 1), Рариты–Швингера [2] (s = 3/2),
описывающих поведение частиц во внешних электромагнитных полях, решений,
соответствующих движению частиц с ненулевой массой со скоростью большей,
чем скорость света в вакууме. К настоящему времени только уравнение Дирака,
не имеющее лишних компонент, не приводит к указанным нефизическим след-
ствиям.

Такое исключительное положение уравнения Дирака послужило стимулом
для построения уравнений движения вида

i
∂

∂t
Ψ(t,x) = H(p, s)Ψ(t,x), pa = −i ∂

∂xa
(0.1)

для частицы с произвольным спином, где волновая функция Ψ имеет только
2(2s + 1) компонент [3, 4]. Особенность уравнений (0.1) состоит в том, что га-
мильтониан H(p, s) при s > 1/2 является интегро-дифференциальным операто-
ром. Требование отсутствия лишних компонент у волновой функции и условие

Перепечатано из Теор. мат. физика, 1978, 34, № 3, С. 319–333 по разрешению редколлегии
c© 1978 Издательство “Наука”
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эрмитовости гамильтониана и других генераторов группы Пуанкаре относитель-
но обычного скалярного произведения

(Ψ1,Ψ2) =

∫
d3x Ψ†

1(t,x)Ψ2(t,x) (0.2)

приводят к нелокальным уравнениям движения (0.1) в конфигурационном про-
странстве. Это обстоятельство (нелокальность соответствующих гамильтониа-
нов) сильно затрудняет применение уравнений вида (0.1) для описания поведения
частиц со спином s > 1/2 во внешних электромагнитных полях. В [4] на осно-
вании уравнений (0.1) решена задача о взаимодействии частицы произвольного
спина с внешним полем в предположении, что импульс частицы мал по сравне-
нию с ее массой покоя, т.е. получено квазирелятивистское описание частицы во
внешнем поле.

К аналогичным трудностям приводят уравнения, полученные Вивером, Хам-
мером, Гудом [6] и Мэтьюзом с соавторами [7]. Основное отличие этих уравнений
от уравнений, полученных в [3, 4], состоит в том, что уравнения [6, 7] определены
в пространстве со скалярным произведением

(Ψ1,Ψ2) =

∫
d3xΨ†

1(t,x)MΨ2(t,x), (0.3)

где M — некоторый интегро-дифференциальный метрический оператор, завися-
щий от импульса и спиновых матриц.

Гуертин [8], развивая подход [3, 4], вывел уравнения вида (0.1), используя
индефинитную метрику. Эти уравнения для s > 1 также являются интегро-
дифференциальными.

Настоящая работа является продолжением статей [3, 4]. Исходя из требования,
чтобы гамильтониан H(p, s) в (0.1) был дифференциальным оператором первого
или второго порядка, найдены все возможные (с точностью до преобразований
эквивалентности) пуанкаре-инвариантные уравнения для релятивистской части-
цы произвольного спина, допускающие, как и уравнение Дирака, стандартное
введение взаимодействия с внешним полем. Волновая функция в дифференци-
альных уравнениях второго порядка имеет только 2(2s + 1) компонент. Для ни-
жайших целых спинов (s = 0, 1) эти уравнения совпадают с известными уравне-
ниями Тамма–Сакаты–Такетани (ТСТ) [9]. При этом, как и в формализме TCT,
гамильтониан H(p, s) не эрмитов относительно (0.2), но эрмитов в пространстве
с индефинитной метрикой. Таким образом, индефинитность метрики — это цена,
которую приходится платить за то, что гамильтониан H(p, s) в уравнении (0.1)
является дифференциальным оператором, а волновая функция Ψ(t,x) не имеет
лишних компонент.

С использованием полученных уравнений точно решена задача о движении
релятивистской частицы произвольного спина в однородном магнитном поле.
Показано, что найденные уравнения не приводят к парадоксу нарушения при-
чинности, свойственному, например, уравнению Рариты–Швингера [2].
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1. Постановка задачи

Дифференциальные уравнения движения частицы произвольного спина полу-
чим, исходя из следующего представления генераторов Pµ, Jµν группы P (1, 3) [5]:

P0 = Hs, Pa = pa = −i ∂

∂xa
,

Jab = xapb − xbpa + Sab, J0a = x0pa −
1

2
[xa, Hs]+ + λa, x0 = t,

(1.1)

где [A,B]+ = AB + BA, Hs — неизвестный пока дифференциальный оператор,
включающий производные по ∂/∂xa не выше второго порядка,

Sab = Sc =

(
Ŝc 0

0 Ŝc

)
, (a, b, c) цикл (1, 2, 3), (1.2)

Ŝc — генераторы неприводимого представления D(s) группы O(3), λα — некото-
рые операторы, явный вид которых определяется требованием, чтобы генераторы
(1.1) удовлетворяли алгебре Пуанкаре P (1, 3).

Формулы (1.1) задают самый общий вид генераторов группы Пуанкаре, со-
ответствующих локальным преобразованиям 2(2s + 1)-компонентной волновой
функции системы “частица + античастица” при повороте системы координат.
Представления вида (1.1), где Hs при s > 1 принадлежит классу интегро-диф-
ференциальных операторов, рассматривались ранее в [8].

Определение. Будем говорить, что уравнение (0.1) пуанкаре-инвариантно и
описывает свободное движение частицы с массой m и спином s, если операторы
Pa, Jµν (1.1) и гамильтониан Hs удовлетворяют коммутационным соотноше-
ниям алгебры P (1, 3):

[Pµ, Pν ]− = 0, [Pµ, Jµν ]− = i(gµνPλ − gµλPν), (1.3а)

[Jµν , Jλσ]− = i(gµσJνλ + gνλJµσ − gµλJνσ − gνσJµλ), (1.3б)

PµP
µ ≡ H2

s − p2
a = m2, (1.3в)

WµW
µΨ = m2s(s+ 1)Ψ, (1.3г)

где [A,B]− = AB − BA, gµν — метрический тензор, gνν = (−1, 1, 1, 1), Wµ —
вектор Любанского–Паули

Wµ =
1

2
εµνσλJνσPλ. (1.4)

Из сказанного следует, что если найдем все такие операторыHs и λa, для кото-
рых будут удовлетворяться соотношения (1.3), то тем самым будет решена задача
о построении пуанкаре-инвариантных уравнений вида (0.1). Действительно, если
удовлетворяются соотношения (1.3), то выполняются условия инвариантности
уравнения (0.1) относительно алгебры Пуанкаре P (1, 3)

[
i
∂

∂t
−Hs, QA

]

−
Ψ = 0, (1.5)

где QA — произвольный генератор группы P (1, 3).
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2. Дифференциальные операторы Hs

второго порядка

Решение нашей задачи приведем в виде следующей теоремы.

Теорема. Все возможные (с точностью до преобразований эквивалентности,
осуществляемых числовыми матрицами) дифференциальные операторы второ-
го порядка Hs, удовлетворяющие алгебре P (1, 3) (1.3), задаются формулами

Hs = σ1m+ σ3k1S · p +
1

2m
(σ1 − iσ2)

[
p2 − (k1S · p)2

]
, (2.1)

H1 = σ1

(
m+

p2

2m

)
− i

2m
σ2[p

2 + 2k2(S · p)2] +
1

m
σ3

√
k2(k2 − 1) (S · p)2,

p2 = p2
1 + p2

2 + p2
3,

(2.2)

H1 = σ1

[
m+

p2

2m
− (k3S · p)2

2m

]
+σ3k3S ·p− i

2m
σ2

[
p2 + (k3 − 2)(S · p)2

]
,(2.3)

H3/2 = σ1

(
m+

p2

2m

)
+
ik4

2m
σ2

[
(S · p)2 − 5

4
p2

]
+

1

2m

√
k2
4 − 1σ3p

2, (2.4)

H3/2 = σ1

[
m+

p2

2m
− (k5S · p)2

2m

]
+ σ3k5S · p −

− i

8m
σ2

[(
5k2

5 − 4
)
(S · p)2 −

(
9k2

5 − 5
)
p2
]
,

(2.5)

где σa — 2(2s+1)-рядные матрицы Паули, коммутирующие с Sa, kl (l = 1, 2, . . . ,
5) — произвольные комплексные параметры.

Доказательство может быть проведено по схеме, подробно описанной в [3–5].
Ради краткости мы его опускаем. Приведем только явный вид операторов λa,
при которых генераторы (1.1), (2.1)–(2.5) удовлетворяют соотношениям (1.3) (в
чем можно убедиться непосредственной проверкой).

В случае, когда гамильтониан Hs имеет вид (2.1), получим

λa =

(
1 − k1

2

)[
iσ3Sa −

1

2m
(σ1 − iσ2)(p × S)a

]
. (2.6)

В случае, когда Hs задается одной из формул (2.2)–(2.5), имеем

λa =
i

2EBs

{
pa

(
2 +

[
Hs

E
, σ1

]

−

)
− 2ẋaHs − E[ẋa, σ1]−

}
+

+
Hs

E(E +m)

[
Sabpb −

i

EBs
Sabpb(σ1E +Hs)

]
,

(2.7)

где Bs = 2E + [Hs, σ1]+, E =
(
p2 +m2

)1/2
, p =

(
p2
1 + p2

2 + p2
3

)1/2
, Ȧ = i[Hs, A]−.

Замечание 1. Из формул (2.1)–(2.5) видно, что соотношения (1.3) определя-
ют гамильтонианы релятивистской частицы с точностью до постоянных ком-
плексных чисел kl (l = 1, 2, . . . , 5). Уравнение (0.1) с такими гамильтонианами
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инвариантно относительно преобразования “сильного отражения” Θ = CPT , но,
вообще говоря, не инвариантно относительно P -, C- и T -преобразований. Инва-
риантность уравнения (0.1) относительно любого из этих преобразований может
быть обеспечена специальным выбором чисел ki. Например, если в формуле (2.1)
для спина s = 1/2 положить k1 = 1/s, в формулах (2.2)–(2.5) положить k2 = 1,
k3 = 0, k4 = 1, k5 = 0, то получим P -, C-, T -инвариантные гамильтонианы вида

H0 = σ1

(
m+

p2

2m

)
− iσ2

p2

2m
, (2.8)

H1/2 = σ1m+ 2σ3S · p, (2.9)

H1 = σ1

(
m+

p2

2m

)
+ iσ2

(
(S · p)2

m
− p2

2m

)
, (2.10)

H3/2 = σ1

(
m+

p2

2m

)
+ iσ2

[
(S · p)2

2m
− 5p2

8m

]
. (2.11)

Оператор (2.9) совпадает с гамильтонианом Дирака, а операторы (2.8), (2.10) —
с гамильтонианами ТСТ [9] для частиц со спином s = 0, 1. Оператор (2.1) для
спина s = 1/2 рассматривался ранее в [10].

Замечание 2. Все генераторы группы P (1, 3), определяемые формулами (1.1),
(2.1), (2.6), принадлежат классу дифференциальных операторов. При k1 = 2
генераторы J0a (1.1), (2.6) принимают особо простой вид [3, 4]

J0a = x0pa −
1

2
[xa, Hs]+. (2.12)

Замечание 3. Гамильтонианы (2.1)–(2.5) и остальные генераторы (1.1), (1.2),
(2.6), (2.7) группы P (1, 3) могут быть приведены к канонической форме Фолди–
Широкова [11, 12] и [3, 4]. Это достигается посредством изометрического пре-
образования

P0 → P k0 = V P0V
−1 = σ1E, Pa → P ka = V PaV

−1 = pa,

Jab → Jkab = V JabV
−1 = xapb − xbpa + Sab,

J0a → Jk0a = V J0aV
−1 = x0pa −

1

2
[xa, P

k
0 ]+ − σ1

Sabpb
E +m

,

E = (m2 + p2)1/2,

(2.13)

где операторы V имеют вид

V = V1V2V3, V1 = exp

(
σ1

S · p
p

arth
p

E

)
,

V2 =
1

2m
[Eλ+ +mλ− − 2σ1λ

−S · p],

V3 = exp

[
1

2m
σ1λ

+(k1 − 2)S · p
]
, λ± =

1

2
(1 ± σ3),

для гамильтонианов (2.1) и

V = (E + σ1Hs)
(
2E2 + E(Hs, σ1]+

)1/2

для гамильтонианов (2.2)–(2.5).
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3. Дифференциальные гамильтоновы уравнения
первого порядка

По аналогии с теорией Дирака для электрона постулируем, что в уравнении (0.1)
гамильтониан Ĥs релятивистской частицы с произвольным спином является диф-
ференциальным оператором, включающим в себя производные по пространствен-
ным переменным не выше первого порядка

Ĥs = Γ̂(s)
a pa + Γ̂

(s)
0 m, (3.1)

где Γ̂
(s)
µ — некоторые числовые матрицы.

Генераторы представления группы Пуанкаре, которое реализуется на реше-
ниях уравнения (0.1) с гамильтонианом (2.1), выберем в виде

P0 = Ĥs, Pa = pa = −i ∂

∂xa
, Jµν = xµpν − xνpµ + Sµν , (3.2)

где Sµν — матрицы, образующие конечномерное представление (в общем случае
приводимое) алгебры O(1, 3). Формулы (3.2) задают самый общий вид генера-
торов группы P (1, 3), соответствующий локальным преобразованиям волновой
функции.

Определить все возможные гамильтонианы вида (3.1) означает найти все та-
кие матрицы Γ̂

(s)
µ и Sµν , что операторы (3.1), (3.2) удовлетворяют алгебре Пуан-

каре (1.3).
Покажем, что искомые уравнения движения частицы со спином s и массой m

имеют вид

ĤsΨ = i
∂

∂t
Ψ, Ĥs = Γ

(s)
0 Γ(s)

a pa + Γ
(s)
0 m, (3.3а)

P̂sΨ = 0, P̂s = Ps +
1

2m

(
1 − Γ

(s)
4

) [
Γ(s)
µ pµ, Ps

]

−
, (3.3б)

Ps =
1

4s

[
S2
ab − 2s(s− 1)

]
, S2

ab =
∑

a,b

SabSab, (3.3в)

где Γ
(s)
µ , Sab — 8s-рядные матрицы, задаваемые соотношениями

[Γ(s)
µ ,Γ(s)

ν ]+ = 2gµν , Γ
(s)
4 = iΓ

(s)
0 Γ

(s)
1 Γ

(s)
2 Γ

(s)
3 , Sµν = τµν + jµν ,

[τµν , jλσ]− = 0, τµν =
i

2
Γ(s)
µ Γ(s)

ν , jab = jc, j0a = ija,

[ja, jb]− = ijc,
∑

a

j2a = j(j + 1) = s(s− 1),

(3.4)

т.e. матрицы Γ
(s)
µ , как и в случае уравнения Дирака, удовлетворяют алгебре

Клиффорда, а матрицы Sµν являются генераторами представления
[
D
(

1
2 , 0
)
⊕

D
(
0, 1

2

)]
⊕D

(
s− 1

2 , 0
)

группы O(1, 3). Действительно, используя (3.4), нетрудно
убедиться, что гамильтониан (3.3а) и генераторы (3.2) удовлетворяют условиям
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(1.3а), (1.3б). Что же касается условия (1.3г), то согласно (1.4), (3.2)–(3.4) его
можно записать в виде (3.3б)

1

2s

[
1

m2
WµW

µ − s(s− 1)

]
Ψ ≡ P̂sΨ = Ψ,

где P̂s — оператор проектирования на подпространство, соответствующее фикси-
рованному спину s [5].

Используя тождество
(
1 + Γ

(s)
4

)
Ps =

1

8s
[SµνS

µν − 4s(s− 1)]
(
1 + Γ

(s)
4

)
,

уравнения (2.3) можно записать в явно ковариантной форме
(
Γ(s)
µ pµ −m

)
Ψ = 0, (3.5а)

(
Γ(s)
µ pµ +m

)(
1 + Γ

(s)
4

)
[SµνS

µν − 4s(s− 1)]Ψ = 16msΨ. (3.5б)

В силу изложенного выше уравнения (3.5) пуанкаре-инвариантны и описыва-
ют свободное движение частицы с фиксированным спином s и массой m.

Замечание 1. Уравнения (2.5) определены и для случая m = 0. Налагая при
этом на волновую функцию Ψ пуанкаре-инвариантное дополнительное условие(
1 − Γ

(s)
4

)
Ψ = 0, получаем из (3.5) уравнения движения для безмассовых частиц

произвольного спина, которые при s = 1/2 эквивалентны уравнению Вейля для
нейтрино, а при s = 1 — уравнениям Максвелла для электромагнитного поля в
вакууме [13].

Замечание 2. Посредством преобразования Ψ → Φ = WΨ, где

W = exp

(
Γ

(s)
a pa
p

arctg
p

m

)
exp

(
Γ

(s)
0

japa
p

arth
p

E

)
,

уравнения (2.3), (3.5) могут быть приведены к диагональной форме

i
∂

∂t
Φ = Γ

(s)
0 EΦ, PsΦ = Φ.

На решениях уравнений (3.6) генераторы группы P (1, 3) имеют каноническую
форму (2.1).

Отметим, что в [14] также предлагались 8s-компонентные дифференциаль-
ные уравнения первого порядка, описывающие движение свободной частицы с
произвольным спином s. Эти уравнения, в отличие от (5.1), (5.2), становятся
несовместными при учете взаимодействия частицы с внешним полем.

4. Ковариантные операторы координаты и спина

При переходе к новой инерциальной системе отсчета операторы физических ве-
личин Ni (координаты, спина и т.д.) преобразуются следующим образом:

Ni → N ′
i = exp(iQlθl)Ni exp(−iQlθl),
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где Ql (l = 1, 2, . . . , 10) — генераторы группы Пуанкаре, θl — параметры преобра-
зования.

Одна из трудностей, с которой приходится сталкиваться в представлениях
типа (1.1) (когда генераторы J0a нельзя записать в виде суммы коммутирую-
щих “спиновой” и “орбитальной” частей), состоит в том, что оператор xµ имеет
нековариантный закон преобразования, при котором не сохраняется величина
интервала, x2

0 − x2
a 6= (x′0)

2 − (x′a)
2. Следовательно, xµ нельзя интерпретировать

как ковариантный оператор координаты.
Ниже определим ковариантный оператор координаты в представлении (1.1),

(2.1). Тем самым в принципе будет решена задача для произвольного представ-
ления (1.1), (2.6), поскольку генераторы J0a (2.12) и (1.1), (2.6) связаны преобра-
зованием эквивалентности J0a → V J0aV

−1, где

V = exp

[
(σ1 − iσ2)(2 − k1)

1

2m
S · p

]
.

Перейдем к представлению, в котором генераторы J0a (2.12) имеют локально-
ковариантную форму

Ĵ0a = x0pa − xap0 + S0a, S0a = iσ3Sa, p0 = i
∂

∂x0
. (4.1)

Это достигается посредством преобразования

Ĵ0a = V J0aV
−1, V = exp

[
− i

2m
(σ2 + iσ2)(2S · p − p0)

]
. (4.2)

В представлении (4.1) ковариантный оператор координаты X̂µ можно выбрать
в виде X̂µ = xµ. С помощью преобразования, обратного (3.2), получаем явный
вид этих операторов в исходном представлении (2.12)

X̂µ = V̂ −1XµV̂ = xµ +
1

m
(iσ1 + σ2)ξµ, ξa = Sa, ξ0 =

1

2
σ3. (4.3)

При переходе к новой инерциальной системе координат операторы Xµ преобра-
зуются как компоненты четырехвектора и удовлетворяют каноническим переста-
новочным соотношениям

[pµ, Xν ]− = igµν , [Xµ, Xν ]− = 0. (4.4)

Все это позволяет сделать вывод, что Xµ (4.3) можно интерпретировать как ко-
вариантный оператор координаты частицы.

В случае s = 1/2 операторы (4.3) принимают явно ковариантную форму

Xµ = xµ +
i

2m
(1 + γ4)γµ, (4.5)

где γ4 = σ3, γ0 = σ1, γa = −2iσ2Sa — матрицы Дирака. В силу изложенного
выше оператор (4.5) может быть выбран в качестве ковариантного оператора ко-
ординаты дираковской частицы. Интересно отметить, что при таком определении
координаты оператор скорости

Ẋa = −i[H1/2, Xa]− = (1 + γ4)γ0
pa
m
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(где H1/2 — гамильтониан Дирака (2.9) ) имеет сплошной спектр и удовлетворяет
соотношению [Ẋa, Ẋb] = 0. При этом, однако, [H1/2, Ẋa]− 6= 0.

Подчеркнем, что оператор (4.5) существенно отличается от операторов коор-
динаты, предложенных ранее Ньютоном и Вигнером [15], Фолди и Ваутхойзе-
ном [16] и многими другими [17]. Это отличие состоит в том, что оператор (4.5)
локален и преобразуется как ковариантный четырехвектор, в то время как опе-
раторы координаты, предложенные в [15–17], принадлежат классу нелокальных
интегро-дифференциальных операторов с нековариантным законом преобразо-
вания.

Приведем явный вид ковариантного оператора спина Σµν частицы, описыва-
емой уравнением (0.1) с гамильтонианом (2.1):

Σab = Sab +
1

2m
(iσ1 + σ2)Scdpd, (a, b, c) = (1, 2, 3),

Σ0a = iσ3Sbc −
1

m
(iσ1 + σ2)[2S · p − p0, Sbc]+.

По аналогии с (4.1)–(4.3) можно показать, что операторы Σµν преобразуются как
ковариантный тензор второго ранга, а оператор Σab коммутирует с гамильтони-
аном и является интегралом движения.

Отметим еще, что оператор координаты частицы, описываемой уравнениями
(3.5), может быть получен из (4.5) с помощью замены γk → Γ

(s)
k .

5. Уравнение для заряженной частицы
во внешнем электромагнитном поле

Можно показать, что введение минимального электромагнитного взаимодействия
непосредственно в уравнения (3.3) или (3.5) приводит к тому, что как уравнения
(3.3), так и уравнения (3.5) становятся несовместными. Чтобы преодолеть эту
трудность, запишем (3.3) в виде одного уравнения

[
P̂s

(
i
∂

∂t
− Ĥs

)
+ κ

(
1 − P̂s

)]
Ψ = 0, (5.1)

где κ — произвольный параметр. Эквивалентность (5.1) и (3.3) следует из соо-
тношений

[
i
∂

∂t
− Ĥs, P̂s

]

−
= 0, P̂sP̂s = P̂s.

Явно ковариантная система (3.5), в свою очередь, может быть записана в виде
[
Bs

(
Γ(s)
µ pµ −m

)
− κ(1 −Bs)

]
Ψ = 0,

Bs =
1

16ms

(
Γ(s)
µ pµ +m

)(
1 + Γ

(s)
4

)
[SµνS

µν − 4s(s− 1)],

(5.2)

поскольку
[
Bs,Γ

(s)
µ pµ −m

]

−
Ψ = 0, BsBs = Bs.
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Сделаем в (5.1), (5.2) замену pµ → πµ = pµ− eAµ, где Aµ — вектор-потенциал
электромагнитного поля, и покажем, что в результате (5.1) и (5.2) сводятся к си-
стеме явно ковариантных дифференциальных уравнений первого порядка, опи-
сывающих причинное движение заряженной частицы произвольного спина во
внешнем поле. Поскольку уравнения (5.1) и (5.2) в конечном итоге приводят к
одинаковым результатам, рассмотрим только уравнение (5.1), которое принимает
вид

{
P̂s(π)[π0 − Ĥs(π)] + κ[1 − P̂s(π)]

}
Ψ = 0, (5.3)

Ĥs(π) = Γ
(s)
0 Γ(s)

a πa+Γ
(s)
0 m, P̂s(π) = Ps+

1

2m

(
1 − Γ

(s)
4

) [
Γ(s)
µ πµ, Ps

]

−
.(5.4)

Умножая (5.3) на P̂s(π) и
[
1 − P̂s(π)

]
и используя тождества

[
π0 − Ĥs(π), P̂s(π)

]

−
P̂s(π) ≡ 1

4m
Γ

(s)
0

(
1 − Γ

(s)
4

)(1

s
Sµν − iΓ(s)

µ Γ(s)
ν

)
Fµν P̂s(π),

P̂s(π)P̂s(π) = P̂s(π), Fµν = −[πµ, πν ]−,

приходим к системе уравнений

i
∂

∂t
Ψ(t,x) = Ĥs(π, A0)Ψ(t,x),

Ĥs(π, A0) = Γ
(s)
0 Γ(s)

a πa + Γ
(s)
0 m+ eA0 +

+
1

4m
Γ

(s)
0

(
1 − Γ

(s)
4

)[1

s
Sµν − iΓ(s)

µ Γ(s)
µ

]
Fµν ,

(5.5)

{
Ps +

1

2m

(
1 − Γ

(s)
4

) [
Γ(s)
µ πµ, Ps

]

−

}
Ψ = 0, (5.6)

которая, как и (3.3), может быть записана в явно ковариантной форме
[(

Γ(s)
µ πµ −m

)
+

1

4m

(
1 − Γ

(s)
4

)(1

s
Sµν − iΓ(s)

µ Γ(s)
ν

)
Fµν

]
Ψ = 0, (5.7)

(
m+ Γ(s)

µ πµ
)(

1 − Γ
(s)
4

)
[SµνS

µν − 4s(s− 1)] Ψ = 16msΨ. (5.8)

Покажем, что уравнения (5.7), (5.8) не приводят к нарушению причинности.
Для этого сделаем замену

Ψ(t,x) = VΨ(t,x), V = exp

[(
1 − Γ

(s)
4

) 1

2m
Γ(s)
µ πµ

]
. (5.9)

Подставив (5.9) в (5.7) и умножив результат слева на оператор

F = m+
1

2

(
Γ(s)
µ πµ − 1

sm
S̃µνFµν −

1

m2
πµπ

µ

)(
1 − Γ

(s)
4

)
,
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где S̃ab = Sab, S̃0a = iSbc, прийдем к уравнению
(
πµπ

µ −m2 − 1

2s
S̃µνFµν

)
Φ(t,x) = 0. (5.10)

Из (5.8), (5.9) получаем дополнительное условие для Φ в виде

PsΦ = Φ или
1

2
S2
abΦ = s(s+ 1)Φ. (5.11)

Формулы (5.10), (5.11) обобщают уравнение Зайцева–Фейнмана–Гелл-Манна
[18] для s = 1/2 на случай частицы произвольного спина. Решения Φ(t,x) этого
уравнения, как известно [19], описывают причинное распространение волн (с до-
световой скоростью). Таковы же, очевидно, и свойства решений Ψ(t,x) уравнений
(5.7), (5.8), связанных с Φ(t,x) преобразованием эквивалентности (5.9).

Таким образом, мы показали, что уравнения (5.7), (5.8) описывают движение
заряженной релятивистской частицы с произвольным спином во внешнем эле-
ктромагнитном поле и не приводят к нарушению принципа причинности. Отме-
тим еще, что уравнения (5.7), (5.8) допускают лагранжеву формулировку. Дей-
ствительно, выберем плотность лагранжиана L(x) в виде

L(x) =

(
mΨ̄′ + i

∂Ψ̄′

∂xµ
Γ̌(s)
µ

)(
1 + Γ̌

(s)
4

)
[SµνS

µν − 4s(s− 1)]iΓ̌
(s)
λ

∂Ψ′

∂xλ
+

+ i
∂Ψ̄′

∂xλ
Γ̌

(s)
λ [SµνS

µν − 4s(s− 1)]

(
mΨ′ + iΓ̌(s)

µ

∂Ψ′

∂xµ

)
+ 16msΨ̄′Ψ′,

(5.12)

где

Ψ′ =

(
Ψ
χ

)
, Ψ̄′ = Ψ′†Γ̌(s)

0 Γ̌
(s)
5 ,

Ψ и χ — 8s-компонентные функции, а Γ̌
(s)
µ , Šµν — матрицы размерности 16s×16s:

Γ̌
(s)
k =

(
Γ

(s)
k 0

0 Γ
(s)
k

)
, Γ̌

(s)
0 =

(
Γ

(s)
0 0

0 −Γ
(s)
0

)
,

Γ̌
(s)
5 =

(
0 Γ

(s)
0

Γ
(s)
0 0

)
, Šµν =

(
Sµν 0
0 Sµν

)
.

Используя принцип минимального действия, получаем из (5.12) уравнения (3.5)
для функции Ψ и уравнения, комплексно-сопряженные (3.5) для функции χ. Сде-

лав в (5.12) минимальную замену
∂

∂xµ
→ ∂

∂xµ
+ieAµ, прийдем к уравнениям (5.7),

(5.8).

6. Разложение по степеням 1/m

Гамильтониан (5.5) может иметь как положительные, так и отрицательные соб-
ственные значения. С помощью серии последовательных преобразований полу-
чим из (5.5) уравнение для состояний с положительной энергией подобно тому,
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как это было сделано Фолди и Ваутхойзеном [16] для уравнения Дирака. При
этом оператор Ĥs(π,A0) будет представлен в виде ряда по степеням 1/m, удоб-
ном для вычислений по теории возмущений.

Основная трудность при диагонализации уравнений (5.5), (5.6) состоит в том,
что необходимо найти преобразования, одновременно приводящие к диагональ-
ной форме два различных уравнения. Cначала диагонализируем дополнительное
условие (5.6), а затем, используя операторы, коммутирующие с преобразованным
уравнением (5.6), приводим к диагональной форме уравнение (5.7).

Подвергнем волновую функцию Ψ(t,x) преобразованию Ψ → Ψ̃ = VΨ, где

V = exp

[
1

2m

(
1 − Γ

(s)
4

)(
Γ(s)
a πa − k1Γ

(s)
0 Saπa

)]
. (6.1)

Подействовав оператором (6.1) слева на (5.5), (5.6), получим уравнение для Ψ̃

Hs(π, A0)Ψ̃ = i
∂

∂t
Ψ̃, Hs(π, A0) = Γ

(s)
0 m+ k1Γ

(s)
4 S · π +

+
1

2m
Γ

(s)
0

(
1 − Γ

(s)
4

)[
π2 − (k1S · p)2 +

1

s
S(H − iE + ik1E)

]
,

(6.2)

PsΨ̃ = Ψ̃ или
1

2
SabΨ̃ = s(s+ 1)Ψ̃, (6.3)

где Ha = −i[πb, πc]− и Ea = −i[π0, πa]− — напряженности магнитного и электри-
ческого полей, Ps — проектор (3.3в).

Из (6.3), (3.4) заключаем, что волновая функция Ψ̃ имеет 2(2s+ 1) отличных
от нуля компонент. Матрицы Sab и коммутирующие с ними матрицы Γ

(s)
0 , Γ

(s)
4 на

множестве таких функций можно представить в виде

Sab ∼ Sc =

(
sc 0
0 sc

)
, Γ

(s)
0 ∼ σ1 =

(
0 I
I 0

)
, Γ

(s)
4 ∼ σ3 =

(
I 0
0 −I

)
, (6.4)

где sc — генераторы представления D(s) группы O(3), I и 0 — (2s + 1)-рядные
единичная и нулевая матрицы. Подставив (6.4) в (6.2), получим гамильтониан
Hs(π, A0) в форме

Hs(π, A0) = σ1m+ k1σ3S · π +
1

2m
(σ1 − iσ2) ×

×
{
π2 − (k1S · π)2 +

e

s
S · [H − i(1 − k1s)E]

}
+ eA0.

(6.5)

Формула (6.5) обобщает гамильтониан свободной частицы произвольного спи-
на (2.1) на случай взаимодействия с внешним электромагнитным полем. Таким
образом, исходя из явно ковариантных уравнений (5.7), (5.8), мы получили ре-
цепт введения взаимодействия в пуанкаре-инвариантные уравнения без лишних
компонент, найденные в разделе 1.

Преобразуем (6.5) к диагональной форме. Как и в случае уравнения Дира-
ка [16], это можно осуществить только приближенно для πµ � m. Совершая
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серию последовательных преобразований

Hs(π, A0) → V3V2V1Hs(π, A0)V
−1
1 V −1

2 V −1
3 = H ′

s(π, A0),

V1 = exp

(
−iσ2

k1S · π
m

)
,

V2 = exp

{
1

4m2
σ3

[
π2 − (k1S · π)2 − e

s
S · H + ie

(
1

s
− k1

)
S · E

]}
,

V3 = exp

{
− i

m3

[
1

12
(k1S · π)3+

+
1

8

[
π2 − (k1S · π)2 − e

s
S · H +

ie

s
(1 − sk1)S · E, π0

]

−

]}

(6.6)

и пренебрегая членами порядка 1/m3, получаем

H ′
s(π, A0) = σ1

(
m+

π2

2m
− eS · H

2sm

)
+ eA0 −

e

16m2s2
(S · E × π − S · π × E)−

− e

24m2s2

[
1

2
Qab

∂Ea
∂xb

+ s(s+ 1)div E

]
+

+
ie(2s− 1)

8m2s2
(S · π × H − S · H × π) +

e

24m2s2
Qab

∂Ha

∂xb
,

Qab = 3[Sa, Sb]+ − 2δabs(s+ 1).

(6.7)

Ha множестве функций, удовлетворяющих дополнительному условию σ1Φ = Φ,
гамильтониан (6.7) положительно определен и содержит слагаемые соответствую-

щие дипольному
(
− e

2sm
S · H

)
, квадрупольному

(
− e

48s2m2
Qab

∂Ea
∂xb

)
, спин-орби-

тальному
(
− e

16m2s2
(S · E × π − S · π × E)

)
и дарвиновскому

(
−e(s+ 1)

24sm2
div E

)

взаимодействиям частицы с полем. Два последних члена в (6.7) можно интерпре-
тировать как магнитное спин-орбитальное и магнитное квадрупольное взаимо-
действия.

Приближенный гамильтониан (6.6) совпадает с полученным в работе [20],
в которой в качестве исходного использовалось уравнение Зайцева–Фейнмана–
Гелл-Манна (5.10). В случае s = 1/2 (6.7) совпадает с гамильтонианом Фолди–
Ваутхойзена [16], полученным из уравнения Дирака.

7. Точное решение уравнений движения частиц
произвольного спина в однородном
магнитном поле

Рассмотрим систему уравнений (5.5), (5.6) для случая частицы в однородном ма-
гнитном поле. Не умаляя общности, можно считать, что вектор напряженности
этого поля H параллелен третьей проекции импульса частицы p3. Тогда компо-
ненты тензора электромагнитного поля Fµν равны

F0a = Ea = 0, F23 = H1 = 0, F31 = H2 = 0, F12 = H3 = H. (7.1)
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Из (7.1) следует, что πµ можно выбрать в виде

π1 = p1 − eHx2, π2 = p2, π3 = p3, π0 = i
∂

∂t
. (7.2)

Подставив (7.1), (7.2) в (5.8), получим Hs(π) в форме

Hs(π) = Γ
(s)
0 Γ(s)

a πa + Γ
(s)
0 m+

H

2m
Γ

(s)
0

(
1 − Γ

(s)
4

)(
iΓ

(s)
1 Γ

(s)
2 − 1

s
S12

)
. (7.3)

Преобразуем Hs(π) к такому виду, чтобы он содержал только коммутиру-
ющие величины. Это позволит нам, не решая уравнений движения (5.5), (5.6),
определить спектр собственных значений гамильтониана (7.3). Действительно, в
результате преобразования

Hs(π) → H ′
s(π) = V HsV

−1, P̂s(π) → P̂s(π) = V P̂s(π)V −1, (7.4)

где

V = λ+ + E−1λ−1Γ
(s)
0 Hs(π), E =

(
π2 − 1

s
S12H +m2

)1/2

,

V −1 =
1

m

(
λ−E +Hs(π)λ−Γ

(s)
0

)
, λ± =

1

2

(
1 ± Γ

(s)
4

)
,

получаем

H ′
s(π) = Γ

(s)
0

(
m2 + π2 − 1

s
S12H

)1/2

, (7.5)

PsΦ = Φ или
1

2
S2
abΦ = s(s+ 1)Φ, Φ = VΨ. (7.6)

Операторы Γ
(s)
0 , S12 и π2 коммутируют друг с другом и имеют следующие

собственные значения:

Γ
(s)
0 Φ = εΦ, ε = ±1, S12Φ = s3Φ, s3 = −s,−s+ 1, . . . , s, (7.7)

π2Φ =
[
(2n+ 1)H + p2

3

]
Φ, n = 0, 1, 2, . . . . (7.8)

Формулы (7.7) следуют непосредственно из (3.4), (7.6), а соотношение (7.8)
приведено, например, в [21].

Квадрат гамильтониана (7.5) и операторы (7.7), (7.8) имеют общую систему
собственных функций Φεns3p3 . Отсюда и из (7.7), (7.8) заключаем, что собствен-
ные значения гамильтониана (7.5) равны

Eεns3p3 = ε
[
m2 + (2n+ 1 − s3/s)eH + p2

3

]1/2
. (7.9)

Соотношение (7.9) обобщает известную формулу [21] для уровней энергии эле-
ктрона в однородном магнитном поле на случай частицы с произвольным спином
s. Как видно из (7.9), значения энергии такой частицы действительны при лю-
бых s, в то время как уравнения Рариты–Швингера для s = 3/2 при решении
аналогичной задачи приводят к комплексным значениям энергии [2].
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Приведем для полноты вид собственных функций Φεns3p3 :

Φεns3p3 = ΦεΦs3Φnp3 , (7.10)

где Φnp3 — собственные функции оператора π2 [21]:

Φnp3 = exp(ip1x1 + ip3x3) exp

[
−H

2

(
x2 +

p1

H

)]
Hn

[√
H
(
x2 +

p1

H

)]
, (7.11)

Hn — полиномы Эрмита, а Φε, Φs3 — собственные функции операторов Γ
(s)
0 и

S12, явный вид которых может быть легко найден для любого конкретного пред-
ставления матриц Γ

(s)
0 и S12.

1. Tsai W., Yildis A., Phys. Rev. D, 1971, 4, 3643.

2. Velo G., Zwanzinger D., Phys. Rev., 1969, 186, 2218;
Seetharaman M., Prabhakaran I., Mathews P.M., Phys. Rev. D, 1975, 12, 458.

3. Фущич В.И., Грищенко А.Л., Никитин А.Г., ТМФ, 1971, 8, 192; Preprint ITF-70-89E, Kiev,
1970.

4. Fushchych W.I., Nikitin A.G., Rep. Math. Phys., 1975, 8, 33;
Никитин А.Г., УФЖ, 1973, 18, 1605; 1974, 19, 1000.

5. Фущич В.И., Никитин А.Г., Дифференциальные уравнения движения первого и второго
порядка для частиц с произвольным спином, Препринт ИМ-77-3, Киев, Институт мате-
матики АН УССР, 1977, 48 c.

6. Weaver D.L., Hammer C.L., Good R.H., Phys. Rev. B, 1964, 135, 241.

7. Mathews P.M., Phys. Rev., 1966, 143, 978;
Jayaraman I., Nuovo Cim. A, 1973, 13, 877; 1973, 14, 343.

8. Guertin R.F., Ann. Phys., 1974, 88, 504; 1975, 91, 386.

9. Тамм И.Е., ДАН СССР, 1940, 29, 551;
Taketani M., Sakata S., Proc. Phys. Math. Soc. (Japan), 1940, 22, 757.

10. Guertin R.F., Preprint Rice University, Houston, 1975.

11. Foldy L.L., Phys. Rev., 1956, 102, 568.

12. Широков Ю.М., ЖЭТФ, 1957, 33, 1196.

13. Lomont I.S., Phys. Rev., 1958, 111, 1710;
Moses H.E., Nuovo Cim. Suppl., 1958, 7, 1.

14. Lomont I.S., Moses H.E., Phys. Rev., 1960, 118, 337;
Dowker I.S., Proc. Roy. Soc. A, 1967, 293, 351.

15. Швебер С., Введение в релятивистскую квантовую теорию поля, ИЛ, 1963, с. 69.

16. Foldy L.L., Wouthuysen S.A., Phys. Rev., 1950, 78, 29.

17. Durand B., Phys. Rev. D, 1976, 14, 1554.

18. Зайцев Г.А., ЖЭТФ, 1955, 28, 524; ДАН СССР, 1957, 113, 1248;
Feynman R.P., Gell-Mann M., Phys. Rev., 1958, 109, 193.

19. Hurley W.I., Phys. Rev. D, 1971, 4, 3605.

20. James K.R., Proc. Phys. Soc. (London), 1968, 1, 334.

21. Ахиезер А.И., Берестецкий В.Б., Квантовая электродинамика, Наука, 1969, С. 142.

∗For further progress in description of relativistic particles with higher spins refer to [Niederle J.,
Nikitin A.G., Relativistic wave equations for interacting, massive particles with arbitrary half-integer
spins, Phys. Rev. D, 2001, 64, N 12, 125013; hep-th/0412213]. Editors’ Remark.



On the new invariance algebras of relativistic

equations for massless particles

W.I. FUSHCHYCH, A.G. NIKITIN

We show that the massless Dirac equation and Maxwell equations are invariant under
a 23-dimensional Lie algebra, which is isomorphic to the Lie algebra of the group
C4 ⊗ U(2) ⊗ U(2). It is also demonstrated that any Poincaré-invariant equation for
a particle of zero mass and of discrete spin provide a unitary representation of the
conformal group and that the conformal group generators can be expressed via the
generators of the Poincaré group.

1. Introduction

Bateman [1] and Cunningham [3] discovered that Maxwell’s equations for a free
electromagnetic field are invariant under conformal transformations. Nearly fifty years
ago the conformal invariance of an arbitrary relativistic equation, for a massless
particle with discrete spin was established by Dirac [4] for a spin- 1

2 particle and by
McLennan [20] for a particle of any spin.

Until now the question of whether the conformal group is the maximally extensive
symmetry group for the equations of motion for massless particles remained unsettled.
A positive answer to this question has been obtained only in the frame of the classical
Sophus Lie approach [24], but as has been found recently, Lie methods do not permit
the possibility to obtain all possible symmetry groups of differential equations.

The restriction of the Lie method is that it applies only to those symmetry groups
whose generators belong to the class of differential operators of first order. Using the
non-Lie approach, in which the group generators can be differential operators of any
order and even integro-differential operators, the new invariance groups of relativi-
stic wave equations have been found [6–9]. It was demonstrated that any Poincaré-
invariant equation for a free particle of spin s ≥ 1

2 possess additional invariance under
the group SU(2)⊗SU(2) [6, 7]; that the Kemmer–Duffin–Petiau equation is invariant
under the group SU(3) ⊗ SU(3) [23], and that the Rarita–Schwinger equation was
invariant under the group O(6) ⊗ O(6) [10]. The non-Lie approach was also used to
find symmetry groups of the Dirac and Kemmer–Duffin–Petiau equations describing
the particles in an external electromagnetic field [12]. Other examples of symmetries
which cannot be obtained in the classical Lie approach are symmetry groups of the
non-relativistic oscillator [16] and of the Hydrogen atom [5].

In the present paper, using a non-Lie approach we find new symmetry groups
of the massless Dirac and Maxwell’s equations. These groups are generated not by
transformations of coordinates, but by transformations of the Dirac wave function Ψ
and the vectors of electric field E and magnetic field H of the type

Ψ → Ψ′ = f

(
Ψ,

∂Ψ

∂xa
,
∂2Ψ

∂xa∂xb
, . . .

)
, (1.1)

Reprinted with permission from J. Phys. A: Math. Gen., 1979, 12, P. 747–757
c© 1979 IOP Publishing Ltd
Original article is available at http://www.iop.org/EJ/journal/JPhysA
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E → E′ = g

(
E,H,

∂E

∂xa
,
∂H

∂xa
,
∂2E

∂xa∂xb
,
∂2H

∂xa∂xb
, . . .

)
,

H → H ′ = h

(
E,H ,

∂E

∂xa
,
∂H

∂xa
,
∂2E

∂xa∂xb
,
∂2H

∂xa∂xb
, . . .

)
,

(1.2)

where functions f and g, h can depend on any order derivatives of Ψ and E, H
respectively.

It is demonstrated that Maxwell’s equations are invariant under the group U(2)⊗
U(2); the explicit forms of functions g and h in (1.2), which generate the transfor-
mations of this group, are found. It is also shown that the Dirac equation (with
m = 0) and Maxwell’s equations are invariant under a 23-parametrical Lie group,
which is isomorphic to the group C4⊗U(2)⊗U(2). The obtained results admit direct
generalisation to the relativistic wave equations for massless particles of any spin.
The generators of conformal group which keep the Weyl equation and the massless
Dirac equation invariant are expressed in a form which is transparently Hermitian.
It is demonstrated that any (generally speaking, reducible) representation of Poin-
caré group, which corresponds to zero mass and discrete spin, can be extended to
the conformal group representation. The explicit expression for generators of the
conformal group C4 via generators of the Poincaré group P (1, 3) has been found. We
therefore present a constructive proof of the statement that any relativistic equati-
on for a discrete spin and zero-mass particle provides the unitary representation of
the conformal group (for Maxwell and Bargman–Wigner equations this has been
demonstrated by Gross [13]).

2. The Hermitian representation of generators
of conformal group for any spin

The conformal invariance properties of any relativistic equation of motion for a parti-
cle of zero mass and discrete spin can be formulated as the following statement.

Theorem 1. Any Poincaré-invariant equation for zero-mass and discrete spin par-
ticle is invariant under the conformal algebra C4

∗, basis elements of which are given
by operators Pµ, Jµν and

D = −1

2
[P0Pa/P

2, J0a]+,

Kµ =
1

2

(
[P0/P

2, [J0b, Jµb]+]+− [Pµ/P
2, J0bJ0b]+

)
+
(
Pµ/P

2
)(

Λ2− 1

2

)
,

(2.1)

where Pµ and Jµν are basis elements of algebra P (1, 3),

[A,B]+ = AB +BA, P 2 = P 2
1 + P 2

2 + P 2
3 , Λ =

1

2
εabcJabPcP

−1
0

and D, Kµ are operators which extend algebra P (1, 3) to algebra C4.

Proof. Inasmuch as operators Pµ and Jµν by definition satisfy the algebra

[Pµ, Pν ]− = 0, [Jµν , Pλ]− = i(gνλPµ − gµλPν),

[Jµν , Jλσ]− = i(gνλJµσ + gµσJνλ − gµλJνσ − gνσJµλ),
(2.2)

∗We use the same notation for the groups and for the corresponding Lie algebras.
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the theorem proof is reduced to the verification of correctness of the following com-
mutation relations:

[Jµν ,Kλ]− = i(gνλKµ − gµλKν), [Kµ, Pν ]− = 2i(gµνD − Jµν),

[D,Pµ]− = iPµ, [D,Kµ]− = −iKµ, [Kµ,Kν ]− = 0, [Jµν , D]− = 0,
(2.3)

which determine together with (2.2) the algebra C4 (see, e.g., [19]). It is not difficult
to carry out such a verification, bearing in mind that for the set of solutions of any
relativistic equation for a particle of zero mass and of discrete spin the following
relations are satisfied:

PµP
µ = 0, WµW

µ = 0, Wµ = ΛPµ, (2.4)

where Wµ is the Lubansky–Pauli vector

Wµ =
1

2
εµνρσJνρPσ.

So the formulae (2.1) have determined the explicit form of the conformal group
generators via the given generators Pµ, Jµν of the group P (1, 3). The theorem is
proved.

We note that the generators Kµ and D are written in a transparently Hermitian
form, and hence they generate the unitary representation of the conformal group. The
constructive character of theorem 1 will be demonstrated in the next section.

3. Manifestly Hermitian representation
of generators of conformal group
for Dirac and Weyl equations

The results given above can be used to find the explicit form of generators of the
conformal group representation, which are realised on the set of solutions of any
relativistic equation for a massless particle. In this section we shall demonstrate it for
the massless Dirac and Weyl equations.

The Dirac equation for a massless particle of spin 1
2 can be written in the form

LΨ = 0, L = i
∂

∂t
− γ0γapa, pa = −i ∂

∂xa
, (3.1)

where γµ are the four-row Dirac matrices.
Let {QA} be a set of the generators of a Lie group G. Equation (3.1) is by definition

invariant under G if operators QA satisfy the relations

[L,QA]− = FAL, (3.2)

where FA are some operators which are defined on the set of the solutions of equa-
tion (3.1).

A well known example of such operators is the set of Poincaré group generators

P0 = H = γ0γapa, Pa = pa,

Jab = xapb − xbpa + Sab, J0a = x0pa −
1

2
[xa, H]+,

(3.3)
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where

x0 = t, Sab =
1

4
i(γaγb − γbγa).

According to theorem 1, representation (3.3) can be extended to the representa-
tion of Lie algebra of the conformal group. Substituting (3.3) into (2.4), we obtain
the operators

D =
1

2
[xµ, Pµ], Kµ = [Jµν , x

ν ]+ +
1

2
[Pµ, xνx

ν ]+ (3.4)

which satisfy the invariance condition (3.2) (where FA ≡ 0) and the commutation
relations (2.5). Operators (3.3) and (3.4) are transparently Hermitian under the usual
scalar product

(Ψ1,Ψ2) =

∫
d3x Ψ†

1Ψ2 (3.5)

and therefore generate the unitary representation of the conformal group.
Let us note that on the set of solutions of equation (3.1) generators (3.3) and (3.4)

can also be written in the usual form (see, e.g., [19])

Pµ = pµ = igµν
∂

∂xν
, D = xµp

µ +
3

2
i,

Jµν = xµpν − xνpµ +
1

4
i[γµ, γν ]−,

Kν = 2xνD − xµx
µpν −

1

2
xµ[γν , γµ]−

(3.6)

which is not manifestly Hermitian.
The Weyl equation for the neutrino,

i
∂φ

∂t
= σapaφ, (3.7)

where σa are Pauli matrices, is equivalent to the system including equation (3.1) and
the Poincaré-invariant subsidiary condition

(1 + iγ4)Ψ = 0, γ4 = γ0γ1γ2γ3. (3.8)

The exact form of the Hermitian generators of the conformal group which are provided
by equation (3.7) can be obtained from (3.3) and (3.4) by the substitution

p0 → σapa, Sab →
1

4
i(σaσb − σbσa). (3.9)

Finally, if Pµ and Jµν are generators of the irreducible representation of Poincaré
group in the Lomont–Moses form [18], then the formulae (2.1) give generators of the
conformal group in the form of Bose and Parker [2].
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4. Additional symmetry of the Dirac equation
with m = 0

Some years ago a new invariance algebra of equation (3.1) was found [6, 7]; which
differs from the algebra of conformal group generators. The basis elements of this
algebra have the form

Σab = Sab −
1

2
(γap̂b − γbp̂a) (1 + γap̂a) ,

Σ4a =
1

2
γ4γa +

1

2
γ4p̂a (1 + γbp̂b) ,

(4.1)

where

p̂a = pap
−1, p =

(
p2
1 + p2

2 + p2
3

)1/2
, a, b = 1, 2, 3.

Operators (4.1) realise the representation D
(

1
2 , 0
)
⊗D

(
0, 1

2

)
of the Lie algebra of

the group O(4) ∼ SU(2)⊗SU(2), but do not form closed algebra together with (3.3),
(3.4) or (3.8). Below we will obtain 23-dimensional invariance algebra of equation
(3.1), which includes the Lie algebras of groups C4 and U(2) ⊗ U(2).

Theorem 2. The Dirac equation (3.1) is invariant under the 23-dimensional Lie al-
gebra, which is isomorphic to algebra of generators of group C4 ⊗U(2)⊗U(2). Basis
elements of this algebra have the form

P0 = p0 = i
∂

∂t
, Pa = pa = −i ∂

∂xa
, Jab = xapb − xbpa + Sab,

J0a = x0pa − xap0 −
iH

2p
(1 − iγ4)γaγbp̂b + Σ̂0a, D = xµp

µ + i,

Kµ =
(
−xνxν + JabSabp

−2 + p−2
)
pµ + 2 [xµ + (1 − δµ0)(1 − γ0)Sµbp̂b]D,

Σ̂0c =
1

2
γ4 (p̂a + γ0Sabp̂b) , Σ̂5 =

H

p
,

Σ̂ab =
1

2
εabc

H

p
Σ̂0c, Σ̂6 = 1, a, b, c = 1, 2, 3.

(4.2)

Proof. Let us transform equation (3.1) and generators (4.2) to a representation in whi-
ch the theorem statements can be easily verified. Using for this purpose the operator

V = V −1 =
1

2
[1 + γ0 + (1 − γ0)εabcSabp̂c] (4.3)

we obtain

L′Ψ′ = 0, Ψ′ = VΨ, L′ = V LV −1 = i
∂

∂t
− iγ4p, (4.4)

P ′
µ = V PµV

−1 = Pµ, J ′
ab = V JabV

−1 = Jab,

J ′
0a = V J0aV

−1 = x0pa − xap0 +
i

2
γ0γa,

D′ = V DV −1 = D = xµp
µ + i,
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K ′
µ = V KµV

−1 = −xνxνpµ + 2xµD
′,

Σ̂′
ab = V Σ̂abV

−1 = Sab, Σ̂′
0a = V Σ̂abV

−1 =
i

2
γ0γa,

Σ̂′
5 = V Σ̂5V

−1 = iγ4, Σ̂′
6 = V Σ̂6V

−1 = Σ̂6,

(4.5)

It is not difficult to make sure that the operators (4.4) and (4.5) satisfy the invariance
condition (3.2):

[L′, P ′
µ]− = [L′, J ′

ab]− = [L′, Σ̂µν ]− = [L′, Σ̂′
α]− = 0,

[L′,K ′
0]− = 2i

[
x0 + (xapa − i)iγ4p

−1
]
L′, [L′,K ′

a]− = 2i(xa + ip̂ax0γ4)L
′,

[L′, D]− = iL′, [L′, J ′
0a]− = γ4p̂aL

′

and the commutation relations

[P ′
µ, P

′
ν ]− = 0, [P ′

µ, J
′
νλ]− = i(gµλP

′
ν − gνλP

′
µ),

[J ′
µν , J

′
λσ]− = i(gµσJ

′
νλ + gνλJ

′
µσ − gµλJ

′
νσ − gνσJ

′
µλ),

[P ′
µ, D

′]− = −iP ′
µ, [K ′

µ, D
′]− = iK ′

µ, [J ′
µν , D

′]− = 0,

[P ′
µ,K

′
ν ]− = 2i(J ′

µν − Σ̂′
µν − gµνD

′),

[J ′
µν , Σ̂

′
λσ]− = [Σ̂′

µν , Σ̂
′
λσ]− = i(gµσΣ̂

′
νλ + gνλΣ̂

′
µσ − gµλΣ̂

′
νσ − gνσΣ̂

′
µλ),

[Σ̂′
µν , P

′
λ]− = [Σ̂′

µν , D
′]− = [Σ̂′

µν ,K
′
λ]− = [Σ̂′

α, Q
′
A]− = 0.

Algebra (4.6) is isomorphic to the algebra of generators of the group C4 ⊗U(2)⊗
U(2). The theorem is proved.

We note that the subsidiary condition (3.8) is not invariant under the transforma-
tions which are generated by operators Σ̂µν . Therefore the Weyl equation (3.7) is not
invariant with respect to the whole algebra (4.2), but is invariant with respect to its
subalgebra C4.

It should be emphasised that the generators (4.2) belong to the class of nonlocal
integro-differential operators, and therefore cannot be obtain in the classical Lie
approach.

5. Symmetry of Maxwell’s equations

The Maxwell equations for a free electromagnetic field have the form

p × E = i
∂H

∂t
, p × H = −i∂E

∂t
,

p · E = 0, p · H = 0,

(5.1)

where E and H are vectors of the electric and magnetic field strengths.
Equations (5.1) are invariant under the conformal group. It is well known that

these equations are also invariant under the transformations [14,15]

Ea → Ha, Ha → −Ea (5.2)
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and under the more general ones [25]

Ea → Ea cos θ +Ha sin θ,

Ha → Ha cos θ − Ea sin θ.
(5.3)

We now demonstrate that the symmetry of the Maxwell equations is more ex-
tensive, namely, equations (5.1) are invariant under the set of transformations which
realise a representation of the group U(2)⊗U(2) and include (5.3) as a one-parameter
subgroup. The theorem about such an invariance of the Maxwell equations in the class
of transformations of kind (1.1) and (1.2) had been formulated by one of us [9] without
showing the exact form of functions g and h. Below we give the explicit transformation
laws for Ea and Ha.

Theorem 3. Maxwell equations (5.1) are invariant under the transformations

Ha → H ′
a = Ha cos θ + [iDabEbθ1 − εabcp̂b(Hcθ3 + iDcdEdθ2)]

sin θ

θ
,

Ea → E′
a = Ea cos θ + [iDabHbθ1 − εabcp̂b(Ecθ3 + iDcdHdθ2)]

sin θ

θ
;

(5.4a)

Ha → H ′′
a = Ha cosλ− [iεabcp̂bDcdHdλ1 +DadHdλ2 − Eaλ3]

sinλ

λ
,

Ea → E′′
a = Ea cosλ+ [iεabcp̂bDcdEdλ1 +DadEdλ2 −Haλ3]

sinλ

λ
;

(5.4b)

Ha → H ′′′
a = Ha cos η − εabcp̂bEc sin η,

Ea → E′′′
a = Ea cos η + εabcp̂bHc sin η;

(5.4c)

Ha → H ′′′′
a = exp(iφ)Ha,

Ea → E′′′′
a = exp(iφ)Ea,

(5.4d)

where

Dad =
[(
p2
ap

2
c + p2

ap
2
b − p2

bp
2
c

)
δad + p1p2p3 (pbδcd + pcδbd − pap̂d)

]
L−1,

L =
1

2

√
2
[(
p2
1 − p2

2

)
p4
3 +

(
p2
1 − p2

3

)
p4
2 +

(
p2
2 − p2

3

)
p4
1

]1/2
,

and where (a, b, c) is a cyclic permutation of (1, 2, 3);

λ =
(
λ2

1 + λ2
2 + λ2

3

)1/2
, θ =

(
θ21 + θ22 + θ23

)1/2
,

θa, λa, η and φ are real parameters. Transformations (5.4) realise a representation of
group U(2) ⊗ U(2).

Proof. One can be convinced by direct verification that E ′
a, H

′
a, E

′′
a , H ′′

a , E′′′
a , H ′′′

a ,
E′′′′
a , H ′′′′

a satisfy equation (5.1). But a more elegant and constructive way, which
shows the method of obtaining the group (5.4) is to transform the equations to a
form for which the theorem statements become obvious.

Let us write equations (5.1) in the matrix form [10, 11, 22]

i
∂

∂t
Ψ = αapaΨ, σ3S4apaΨ = 0, (5.5)
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where Ψ is an eight-component wavefunction

Ψ = column(H1, H2, H3, φ1, E1, E2, E3, φ2) (5.6)

and αa, S4a are matrices of the form

αa = 2σ2τa,

σ2 = i

(
0̂ −Î
Î 0̂

)
, σ3 =

(
Î 0̂

0̂ −Î

)
, τa =

(
τ̂a 0
0 τ̂a

)
,

(5.7)

τ̂1 =
1

2




0 0 0 i
0 0 −i 0
0 i 0 0
−i 0 0 0


 , τ̂2 =

1

2




0 0 i 0
0 0 0 i
−i 0 0 0
0 −i 0 0


 ,

τ̂3 =
1

2




0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0


 , S4a =

(
Ŝ4a 0̂

0̂ −Ŝ4a

)
,

Ŝ41 =




0 0 0 i
0 0 0 0
0 0 0 0
−i 0 0 0


 , Ŝ42 =




0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0


 ,

Ŝ43 =




0 0 0 0
0 0 0 0
0 0 0 i
0 0 −i 0


 .

0̂ and Î are four-row square zero and unit matrices. The matrices Ŝ4a and

Ŝab =
1

2

(
Ŝ4c + 2τ̂c

)
εabc

realize the representation D
(

1
2 ,

1
2

)
of algebra O(4). Writing equations (5.5) compo-

nentwize we obtain the usual form (5.1) for the Maxwell equation and the conditions
for φ1 and φ2:

φ1 = C1, φ2 = C2,

where C1 and C2 are constants which can be reduced to zero without loss of genera-
lity∗.

Using the unitary operator

U = exp

(
−iSap̃a

p̃
tan−1 p̃

p1 + p2 + p3

)
, (5.8)

∗The analogous “Dirac-like” formulation of the Maxwell equations (but using a four-component
wave function and subsidiary condition different from (5.5b) has been proposed previously by
Lomont [17] and Moses [21].
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where

p̃a = pb − pc, p̃ =
(
p̃2
1 + p̃2

2 + p̃2
3

)1/2
, Sa =

(
Ŝbc 0̂

0̂ Ŝbc

)
,

one reduces the equations (5.5) to the symmetrical form

L′
1Φ = 0, L′

1 = UL1U
† = i

∂

∂t
− 1√

3
(α1 + α2 + α3)p;

L′
2Φ = 0, L′

2 = UL2U
† =

1√
3
(S41 + S42 + S43), Φ = UΨ.

(5.9)

Operator (5.8) also transforms the helicity operator Sp = Sapap
−1 to the symmetrical

matrix form:

USpU
† = (S1 + S2 + S3)/

√
3.

The invariance condition (3.2) for equations (5.9) takes the form

[L′
1, Q

′
A]− = f1

AL
′
1 + f2

AL
′
2, [L′

2, Q
′
A]− = f̃1

AL
′
1 + f̃2

AL
′
2. (5.10)

The conditions (5.10) are obviously satisfied by any operator which commutes with
the matrices

A = (α1 + α2 + α3)/
√

3 and B = (S41 + S42 + S43)/
√

3. (5.11)

We choose the complete set of such operators in the form

Q′
12 = (S1 + S2 + S3)/

√
3, Q′

23 = iQ′
12Q

′
31,

Q′
31 =

∑

a

(Sb − Sc)p
2
a

(
p2
b − p2

c

)
L−1/

√
3,

Q′
4a = AQ′

bc, Q′
5 = A, Q′

6 = σ0 =

(
Î 0̂

0̂ Î

)
.

(5.12)

Operators (5.12) are invariant under the permutation

Sa → Sb, pa → pb, a, b = 1, 2, 3.

Operators (5.12) satisfy the invariance condition (5.10) (with f 1
A = f2

A = f̃1
A =

f̃2
A = 0) and the commutation relations

[Q′
kl, Q

′
mn]− = 2i(δkmQ

′
ln + δlnQ

′
km − δknQ

′
lm − δlmQ

′
kn),

[Q′
5, Q

′
kl]− = [Q′

6, Q
′
kl]− = [Q′

5, Q
′
6]− = 0.

(5.13)

These operators also satisfy the conditions

(Q′
kl)

2Φ = (Q′
5)

2Φ = (Q′
6)

2Φ = Φ,

i.e. they realise a representation of the Lie algebra of group U(2)⊗U(2) and Q′
kl form

the representation D
(
0, 1

2

)
⊗D

(
1
2 , 0
)

of the group SU(2) ⊗ SU(2).



On the new invariance algebras of relativistic equations 93

It follows from the above that equations (5.9) are invariant under an arbitrary
transformation from the group U(2) ⊗ U(2):

Φ → Φ′ = exp

(
1

2
iεabcQ

′
abθc

)
Φ =

(
cos θ +

1

2
iθ−1εabcQ

′
abθc

)
Φ,

Φ → Φ′′ = exp(iQ′
4aλa)Φ =

(
cosλ+ iS4aλa

sinλ

λ

)
Φ,

Φ → Φ′′′ = exp(iQ′
5φ)Φ = (cosφ+ iQ′

5 sinφ)Φ,

Φ → Φ′′′′ = exp(iQ′
6η)Φ = exp(iη)Φ.

(5.14)

Returning with the help of operator (5.8) to the starting function Ψ one obtains from
(5.14) the following transformation laws:

Ψ → Ψ′ =

(
cos θ +

1

2θ
εabcQab sin θ

)
Ψ,

Ψ → Ψ′′ =

(
cosλ+

i

λ
Q4aλa sinλ

)
Ψ,

Ψ → Ψ′′′ = (cosφ+ iQ5 sinφ)Ψ,

Ψ → Ψ′′′′ = exp(iη)Ψ,

(5.15)

where
Qkl = W−1QklW, Qλ = W−1QλW, λ = 5, 6,

Q12 = Sap̂a, Q23 = σ1F, Q31 = iσ1Sap̂aF,

Q4a =
1

2
σ2Sbp̂bεabcQbc, Q5 = σ2Sbp̂b, Q6 = 1,

F = L−1

(
∑

a 6=b 6=c

[(
p2
ap

2
c + p2

ap
2
b − p2

bp
2
c

) (
1 − S2

a

)
+ p1p2p3paSbSc

]
−

− pp1p2p3

[
1 − (Sap̂a)

2
])
.

(5.16)

Substituting (5.6) and (5.16) into (5.15), we come to the formulae (5.4). The theorem
is proved.

So we have found a new eight-parameter symmetry group of the Maxwell equations
which is given by transformations (5.4). The main property of such transformations
is that they are carried out by the nonlocal (integro-differential) operators.

It is necessary to emphasise that transformations (5.4) have nothing to do with the
Lorentz ones, inasmuch as they realise the unitary finite-dimensional representation
of the compact group U(2) ⊗ U(2). If λ1 = λ2 = 0, then formulae (5.4b) give the
Heaviside–Larmor–Rainich transformation (5.3).

Transformations (5.4) are unitary under the usual scalar product (3.5). Substi-
tuing (5.6) into (3.5), we discover that the transformations (5.4) do not change the
quantity

E =

∫
d3x

(
E2 + H2

)
,

which is associated with the full energy of the electromagnetic field.
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If the parameters θa, λa, η and φ in (5.4) are the complex ones, the transformations
(5.4) realise the representation of the group GL(2)⊗GL(2). Such transformations also
keep equations (5.1) invariant, but are, non-unitary.

Using theorem 1, we can show that equations (5.5) provide a Hermitian represen-
tation of the Lie algebra of the conformal group. The basis elements of this algebra
have the form

P0 = α · p, Pa = pa,

Jab = xapb − xbpa + Sab = Xapb −Xbpa + p̂cΛ,

J0a = tpa −
1

2
[Xa, P0]+, D =

1

2
[xa, pa]+ − tP0 ≡ −1

2
[Xµ, P

µ]+,

Kµ = −[Jµν , X
ν ]+ +

1

2
[Pµ, XνX

ν ]+ − Pµ

(
Λ2 +

1

4

)
/p2,

(5.17)

where

X0 = x0 = t, Λ =
1

2
εabcSabp̂cp

−1, Xa = xa + Sabpbp
−2.

But generators (5.17) together with (5.16) do not form a closed algebra. The
symmetry of equations (5.5) under the 23-dimensional Lie algebra, which includes
the subalgebras C4 and U(2) ⊗ U(2), is established in the following theorem.

Theorem 4. Equations (5.5) are invariant under the 23-dimensional Lie algebra,
spanned on operators (5.16) and the generators

p̂µ = pµ, Ĵµν = x′µpν − x′νpµ,

D̂ = x′µp
µ + i, K̂ ′

µ = −x′νx′µpµ + 2x′µD̂,
(5.18)

where

x′0 = x0,

x′a = xa + (Sb − Sc)(
√

3p− p1 − p2 − p3) + Sdp̃d(
√

3p̂a + 1) +

+ (pb − pc)(S1 + S2 + S3){p[3p+
√

3(p1 + p2 + p3)]}−1.

The proof can be carried out in full analogy with the proof of theorem 2 (but with
using operator (5.8) instead of (3.3)). The operators (5.18) satisfy algebra (2.2) and
(2.3) and commute with (5.16).

It is not difficult to generalise the statements of theorem 4 to the case of “Dirac-like”
equations for massless particles of any spin [11, 22].

We note that generators (5.16) and (5.17) are nonlocal (integro-differential) ones.
This means that the invariance algebra of the Maxwell equations which we have
obtained in principle cannot be obtained in the classical Lie approach, where the
group generators always belong to the class of first-order differential operators.
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Уравнения движения для частиц

произвольного спина, инвариантные

относительно группы Галилея

А.Г. НИКИТИН, В.И. ФУЩИЧ

The first and second order differential equations are derived which are invariant under
the Galilei group and describe a particle with arbitrary spin. These equations admit
the Lagrangian formulation and describe the dipole, spin-orbital and Darwin couplings
of a particle with external electromagnetic field which are considered traditionally as
pure relativistic effects. The problem of the motion of spin 1/2 nonrelativistic particle
in homogeneous and constant magnetic field is exactly solved.

Выведены системы дифференциальных уравнений первого и второго порядков,
инвариантные относительно группы Галилея и описывающие движение частицы
с произвольным спином. Эти уравнения допускают лагранжеву формулировку
и описывают дипольное, спин-орбитальное и дарвиновское взаимодействия ча-
стицы с внешним электромагнитным полем, которые традиционно считались чи-
сто релятивистскими эффектами. Приведены примеры бесконечнокомпонентных
уравнений, инвариантных относительно группы Галилея. Точно решена задача о
движении нерелятивистской частицы со спином s = 1/2 в однородном магнитном
поле.

Введение

Релятивистские уравнения движения для частиц с произвольным спином вызы-
вают большой и устойчивый интерес физиков и математиков (см. [1] и цитируе-
мую там литературу). И в то же время имеется удивительно мало публикаций,
посвященных уравнениям, инвариантным относительно группы Галилея. Между
тем еще в 1954 г. Баргман [2] показал, что с помощью центрального расширения
группы Галилея понятие спина частицы может быть последовательно введено и
в нерелятивистскую квантовую механику.

В [3, 4] получены галилеевски-инвариантные дифференциальные уравнения
первого порядка, описывающие движение нерелятивистской частицы произволь-
ного спина. Эти уравнения описывают дипольное взаимодействие частицы с
внешним полем, но не учитывают такие хорошо известные физические эффе-
кты, как спин-орбитальное и дарвиновское взаимодействия.

В настоящей работе с использованием методики, разработанной в [1, 5, 6] для
вывода пуанкаре-инвариантных уравнений, получены галилеевски-инвариантные
уравнения движения для частицы с произвольным спином s, позволяющие опи-
сать указанные взаимодействия. Это достигнуто с помощью расширения группы
Галилея G до группы G∗, включающей преобразование одновременного отраже-
ния координат и времени. Полученные уравнения имеют шредингерову форму

i
∂Ψ(t,x)

∂t
= Hs(p)Ψ(t,x), pa = −i ∂

∂xa
(0.1)

Перепечатано из Теор. мат. физика, 1980, 44, № 1, С. 34–46 по разрешению редколлегии
c© 1971 Издательство “Наука”



Уравнения движения для частиц произвольного спина 97

(где Hs(p) — некоторый дифференциальный оператор второго порядка, Ψ —
2(2s+1)-компонентная волновая функция), допускают лагранжеву формулиров-
ку и описывают дипольное, спин-орбитальное, дарвиновское и квадрупольное
взаимодействия частицы спина s с внешним электромагнитным полем. Это озна-
чает, в частности, что перечисленные взаимодействия, которые обычно вводятся
как релятивистские поправки, могут последовательно рассматриваться в рамках
нерелятивистской квантовой механики.

В работе получены также галилеевски-инвариантные дифференциальные
уравнения первого порядка, описывающие движение частицы с произвольным
спином. После минимальной замены pµ → Pµ − eAµ эти уравнения также опи-
сывают спин-орбитальное и дарвиновское взаимодействия частицы с полем. При-
веден пример бесконечно компонентных уравнений, инвариантных относительно
группы Галилея.

1. Основные определения и постановка задачи

Группой Галилея G называется совокупность преобразований координат xa
(a = 1, 2, 3) и времени t следующего вида:

xa → x′a = Rabxb + Vat+ ba, t→ t′ = t+ b0, (1.1)

где Rab — оператор трехмерного поворота, Va и bµ — произвольные действитель-
ные параметры.

Представление группы G однозначно определяется заданием явного вида ин-
финитезимальных операторов Pµ, Ja и Ga, соответствующих сдвигам, поворотам
и собственно галилеевским преобразованиям координат.

Определение. Будем говорить, что уравнение (0.1) инвариантно относитель-
но группы Галилея, если гамильтониан Hs = P0 и генераторы Pa, Ja, Ga удов-
летворяют коммутационным соотношениям

[Pa, Pb] = 0, [Pa, Jb] = iεabcPc, (1.2а)

[Ga, Gb] = 0, [Ga, Jb] = iεabcGc, (1.2б)

[Pa, Gb] = iδabM, [M,Pµ] = [M,Ja] = [M,Ga] = 0, (1.2в)

[Hs, Pa] = [Hs, Ja] = 0, (1.2г)

[Hs, Ga] = iPa, a, b = 1, 2, 3, µ = 0, 1, 2, 3. (1.2д)

Соотношения (1.2) определяют алгебру Ли группы Галилея, которая имеет
три инвариантных оператора (оператора Казимира)

2MC1 = 2MP0 − PaPa, C2 = M,

C3 = (MJa − εabcPbGc)(MJa − εadePdGe).
(1.3)

Собственные значения операторов C1, C2 и C3 ассоциируются с внутренней энер-
гией, спином и массой частицы, описываемой инвариантным уравнением (0.1).
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Задачу нахождения всех возможных (с точностью до эквивалентности) гали-
леевски-инвариантных уравнений вида (0.1) решим в двух, вообще говоря, не-
эквивалентных подходах. В подходе I задача формулируется следующим обра-
зом: найти все такие гамильтонианы H I

s, чтобы операторы

P I

0 = HI

s, P I

a = pa = −i ∂

∂xa
,

J I

a = (x × p)a + Sa, GI

a = tpa −mxa + λI

a

(1.4)

удовлетворяли алгебре Ли расширенной группы Галилея (1.2). Здесь

Sc =

(
sc 0
0 sc

)
, (a, b, c) — цикл (1, 2, 3); (1.5)

sc — генераторы неприводимого представления D(s) группы O(3), m — пара-
метр, задающий массу частицы, λI

a — некоторые числовые матрицы, явный вид
которых определим ниже.

Формулы (1.4) задают общий вид генераторов группы Галилея, соответствую-
щих локальным преобразованиям 2(2s+1)-компонентной волновой функции при
переходе к новой системе координат (1.1),

Ψ(t,x) → Ψ′(t′,x′) = exp[if(t,x)]Ds(Rab, va)Ψ(t,x), (1.6)

где Ds(Rab, va) — некоторая числовая матрица, зависящая от параметров пре-
образования (1.1), f(t,x) — фазовый множитель [2]:

f(t,x) = mvaRabxb +
1

2
mvava. (1.7)

Ниже убедимся, что операторы H I
s всегда могут быть выбраны такими, чтобы

уравнение (0.1) было инвариантно также относительно антиунитарного преобра-
зования отражения координат и времени:

Ψ(t,x) → r1Ψ
∗(−t,−x), r21 = 1, (1.8)

где r1 — некоторая матрица.
В подходе II задача сводится к определению всех возможных дифференци-

альных операторов H II
s , таких, чтобы генераторы

P II

0 = HII

s , P II

a = pa = −i ∂

∂xa
,

J II

a = (x × p)a + Sa, GII

a = tpa − σ3mxa + λII

a

(1.9)

удовлетворяли алгебре (1.2). Здесь σ3 — одна из матриц Паули

σ0 =

(
I 0
0 I

)
, σ1 =

(
0 I
I 0

)
, σ2 =

(
0 −I
I 0

)
, σ3 =

(
I 0
0 −I

)
,

I и 0 — (2s + 1)-рядные квадратные единичная и нулевая матрицы, λII
a — неко-

торые операторы (в общем случае зависящие от pa), которые нам также пред-
стоит найти. Можно показать, что формулы (1.9) задают общий вид генераторов
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группы G, при котором уравнение (0.1) инвариантно относительно унитарного
преобразования Ψ(t,x) → r2Ψ(−t,−x), r2 = σ2.

Потребуем, чтобы генераторы (1.9) были эрмитовы относительно обычного
принятого в квантовой механике скалярного произведения

(Ψ1,Ψ2) =

∫
d3x Ψ†

1Ψ2. (1.10)

Существенное отличие представления (1.4) от (1.9) состоит в том, что гене-
раторы HI

s, G
I
a неэрмитовы относительно (1.10), но эрмитовы в гильбертовом

пространстве со скалярным произведением

(Ψ1,Ψ2) =

∫
d3x Ψ†

1M̂Ψ2, (1.11)

где M̂ — некоторый положительно-определенный дифференциальный оператор,
или относительно индефинитной метрики, когда M̂ в (1.11) — некоторая числовая
положительно-неопределенная матрица. Явный вид M̂ будет найден ниже. Таким
образом, усложнение метрики — это та цена, которую приходится платить за
локальные преобразования (1.6) волновой функции. Аналогичная ситуация имеет
место и для релятивистских уравнений [1].

Потребуем, чтобы H II
s удовлетворял условию

(
HII

s

)
=
(
m+ p2/2m

)2
. (1.12)

Это эквивалентно требованию, чтобы внутренняя энергия частицы совпадала с
ее массой.

Таким образом, задача нахождения галилеевски-инвариантных уравнений ви-
да (0.1) сводится к решению системы соотношений (1.2) для операторов (1.4)
и (1.9).

2. Явный вид гамильтонианов H I

s

Решение задачи I приведем в виде следующей теоремы.

Теорема 1. Все возможные (с точностью до эквивалентности) гамильтониа-
ны HI

s, удовлетворяющие совместно с генераторами (1.4) коммутационным со-
отношениям (1.2), (1.4), задаются формулами

HI

s = σ3ηm− 2iηkσ1S · p +
1

2m
Cabpapb, a, b = 1, 2, 3, (2.1а)

H̃I

s = σ1η̃m+
p2

2m
− 2ηk(σ2 − iσ3)S · p, (2.1б)

где Cab = δab−2ηk2(σ3 + iσ2)(SaSb+SbSa), η, k и k̃ — произвольные параметры.

Доказательство. Определим сначала явный вид матриц λI
a из (1.4). Из (1.2б)

получаем для λI
a следующие уравнения:

[λI

a, λ
I

b] = 0, [λI

a, Sb] = iεabcλ
I

c, [Sa, Sb] = iεabcSc. (2.2)
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Из (1.5), (2.2) заключаем, что матрицы λI
a, не умаляя общности, можно предста-

вить в форме

λI

a = k(σ3 + iσ2)Sa, (2.3)

где k — произвольный коэффициент.
Найдем общий вид гамильтониана H I

s в представлении, где λI
a = 0. Переход к

такому представлению осуществляется с помощью оператора [7]

V = exp
(
iλI · p/m

)
= 1 + iλI · p/m. (2.4)

Используя (2.4), получаем
(
HI
s

)′
= V HI

sV
−1,

(
P I
a

)
= V P I

aV
−1 = pa,

J ′
a = V JaV

−1 = Ja,
(
GI
a

)
= V GI

aV
−1 = tpa −mxa.

(2.5)

Из (2.5), (1.2) заключаем, что общий вид оператора
(
HI
s

)′
задается формулой

(
HI

s

)′
= p2/2m+A, A = σµa

µm, (2.6)

где aµ — произвольные коэффициенты, причем, не умаляя общности, можно по-
ложить a0 = 0.

Можно показать, что с помощью преобразований, не изменяющих общего вида
λI
a (2.3), матрица A (2.6) сводится к одной из следующих форм:

A = σ3ηm или A = σ1η̃m. (2.7)

Подставив (2.7) в (2.6), с помощью преобразования, обратного (2.5), прийдем
к формулам (2.1). Теорема доказана.

Формулы (2.1) задают нерелятивистские гамильтонианы для частиц с прои-
звольным спином. В случае s = 1/2, k = −i, η = 1 уравнение (0.1), (2.1а) может
быть записано в компактной форме

(γµp
µ −m) Ψ = (1 + γ4 − γ0)

p2

2m
Ψ, (2.8)

где γ0 = σ3, γa = −2iσ2Sa, γ4 = iγ0γ1γ2γ3 — матрицы Дирака.
Отметим, что все гамильтонианы (2.1) принадлежат классу дифференциаль-

ных операторов второго порядка, что априори не требовалось. В рамках группы
Пуанкаре гамильтонианы частицы с произвольным спином бывают, как правило,
интегро-дифференциальными операторами [1, 5].

Параметры k, η и η̃ всегда можно выбрать такими, чтобы уравнения (0.1), (2.1)
были инвариантны относительно антиунитарной операции отражения координат
и времени (1.8). Необходимым и достаточным условием такой инвариантности
является одновременное выполнение соотношений

η∗ = ±η, k∗ = ±k или η̃∗ = η̃, k∗ = k, (2.9)

при этом r1 = σ1∆, если η∗ = −η, k∗ = −k или η̃∗ = η, k∗ = k, r1 = ∆, если

η∗ = η, k∗ = k, ∆ =

(
∆′ 0
0 ∆′

)
, где ∆′ — матрицы, определяемые с точностью

до фазы соотношениями [8]

∆′sa = −s∗a∆′, (∆′)2 = (−1)2s.
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Таким образом, при ограничениях на параметры η, η̃ и k, задаваемых форму-
лами (2.9), уравнения (0.1), (2.1) инвариантны относительно расширенной груп-
пы Галилея, включающей преобразования (1.8).

Гамильтонианы (2.1) и операторы (1.4), (2.3) неэрмитовы в скалярном про-
изведении (1.10). Однако эти операторы эрмитовы в метрике (1.11), где M̂ —
положительно-определенный оператор

M̂ =
(
V −1

)+
V −1 = 1 + [i(k − k∗)σ3 − (k + k∗)σ2]S · p/m+

+ 2(k∗k)(1 + σ1)(S · p)2/m2.
(2.10)

Кроме того, если η, k и η̃ удовлетворяют условиям (2.9), гамильтонианы (2.1)
эрмитовы в индефинитной метрике вида (1.11), когда

M̂ = ξ =

{
σ3, если η∗ = η, k∗ = k, η̃∗ = −η,
σ2, если η∗ = −η, k∗ = −k, η̃∗ = −η̃. (2.11)

Если выполняется (2.11), то уравнения (0.1), (2.1) могут быть получены с
помощью вариационного принципа. Соответствующие лагранжианы имеют вид

L(t,x) =
i

2

(
Ψ̄
∂Ψ

∂t
− ∂Ψ̄

∂t
Ψ

)
− ηmΨ̄σ3Ψ −

− ηk

(
Ψ̄σ1Sa

∂Ψ

∂xa
− ∂Ψ̄

∂xa
σ1SaΨ

)
− 1

2m

∂Ψ̄

∂xa
Cab

∂Ψ

∂xb
,

(2.12а)

когда HI
s задается формулой (2.1а), и

L(t,x) =
i

2

{
Ψ̄
∂Ψ

∂t
− ∂Ψ̄

∂t
Ψ − 2iη̃mΨ̄σ1Ψ +

+ 2η̃k

[
Ψ̄(σ2− iσ3)Sa

∂Ψ

∂xa
− ∂Ψ̄

∂xa
(σ2− iσ3)SaΨ

]}
− 1

2m

∂Ψ̄

∂xa

∂Ψ

∂xb
,

(2.12б)

если гамильтониан имеет вид (2.16). Здесь Ψ̄ = Ψ†ξ.
Лагранжианы (2.12) являются скалярами относительно преобразований (1.1),

(1.6), где

Ds(Rab, Va) =
(
1 + iλI · v

)
Ds(Rab), (2.13)

где Ds(Rab) — матрицы, реализующие прямую сумму двух неприводимых пред-
ставлений D(s) ⊕D(s) группы SO(3).

3. Явный вид гамильтонианов H II

s

Решим задачу II, т.е. найдем дифференциальные операторы, удовлетворяющие
совместно с (1.9) соотношениям (1.2), (1.12).
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Теорема 2. Все возможные (с точностью до преобразований эквивалентнос-
ти) дифференциальные операторы H II

s , которые эрмитовы в метрике (1.10) и
удовлетворяют условиям (1.2), (1.9), (1.12), задаются формулами

HII

s = σ3

[
m+

p2

m
− (SaSb + SbSa)papb

2ms2
sin2 θs

]
+

+ σ2

√
2 sin θs

S · p
s

+ σ1

[
as
p2

2m
+

bs
4ms2

(SaSb + SbSa)papb

]
,

(3.1)

где

a1/2 = sin 2θ1/2, b1/2 = 0, a1 = 1, b1 = sin 2θ1,

a3/2 = b3/2 −
5

4
sin 2θ3/2 = −1

8
sin 2θ3/2 −

3

4
sin θ3/2

(
1 − 1

9
sin2 θ3/2

)1/2

,

as = bs = θs = 0, s > 3/2,

а θ1/2, θ1, θ3/2 — произвольные действительные параметры.

Доказательство. Прежде всего покажем, что операторы H II
s могут включать

производные не выше второго порядка. Действительно, пусть H II
s =

N∑
i=0

Hi, где

Hi содержит производные только i-го порядка, тогда из (1.12) получаем

HNHN = H+
NHN = 0 или HN = 0, если 2 < N <∞. (3.2)

Представим искомые дифференциальные операторы H II
s в виде разложения

по спиновым матрицам и 2(2s+ 1)-рядным матрицам Паули (1.9):

HII

s =

s∑

µ=0

[
asµm+ bsµ

p2

2m
+ csµS · p + dsµ

(S · p)2

2m

]
σµ, (3.3)

где asµ, b
s
µ, c

s
µ, d

s
µ — произвольные действительные коэффициенты. Используя

операторы ортогонального проектирования [1, 5]

Λr =
∏

r′ 6=r

(S · p)p−1 − r′

r − r′
, r, r′ = −s,−s+ 1, . . . , s,

Λr · Λr′ = δrr′ ,
∑

r

Λr = 1,
∑

r

rlΛr =

(
S · p
p

)l
,

HII
s можно переписать в виде

HII

s =
3∑

µ=0

s∑

r=−s

[
asµm+

(
bsµ + r2dsµ

) p2

2m
+ rpc2µ

]
σµΛr. (3.4)

Операторы (3.4), очевидно, удовлетворяют условиям (1.2г), (1.10). Потребуем,
чтобы выполнялось условие (1.12). Подставив (3.4) в (1.12), используя ортого-
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нальность операторов Λr и приравнивая независимые слагаемые, получаем, что
asµ, b

s
µ, c

s
µ, d

s
µ должны удовлетворять одной из следующих систем уравнений:

3∑

i=1

(asi )
2

= 0,

3∑

i=1

[
r2 (csi )

2
+ asi

(
bsi + r2dsi

)]
= 1,

r∑

i=1

rcsi
(
bsi + r2dsi

)
= 0,

3∑

i=1

rcsia
s
i = 0,

3∑

i=1

(
bsi + r2dsi

)2
= 1,

as0 = bs0 = ds0 = cs0 = 0

(3.5)

или

as0 = bs0 = 1, ds0 = cs0 = asi = csi = dsi = 0, i = 1, 2, 3. (3.6)

Общее решение уравнений (3.5), (3.4) (с точностью до преобразований эквива-
лентности, осуществляемых числовыми матрицами) и задается формулами (3.1).
Можно показать, что решение (3.6) несовместно с (1.2а), (1.2б) и (1.2д).

Для завершения доказательства теоремы достаточно теперь указать явный
вид операторов λII

a , при котором операторы (1.8) удовлетворяют соотношениям
(1.2б), (1.2д). Нетрудно убедиться, что λII

a можно выбрать в форме

λII

a = [U, σ3xa]U
+, (3.7)

где

U =
(
E + σ3H

II

s

)/
√

2E

(
E +

1

2
HII
s σ3 +

1

2
σ3HII

s

)
, E = m+ p2/2m, (3.8)

— оператор, диагонализующий гамильтонианы (3.1) и генераторы (1.8):

U †HII

s U = σ3E, U †GaU = tpa − σ3mxa. (3.9)

Теорема доказана.
В случае θ1/2 = π/4 уравнение (0.1), (3.1а) принимает особо простой вид

(ср. (2.8)):

(γµp
µ +m) Ψ = iγ4

p2

2m
Ψ. (3.10)

Уравнение (3.10) отличается от релятивистского уравнения Дирака только на-
личием слагаемого в правой части, которое, очевидно, нарушает инвариантность
относительно группы Пуанкаре, но сохраняет инвариантность относительно груп-
пы Галилея.

4. Нерелятивистская частица
во внешнем электромагнитном поле

Для того, чтобы перейти к описанию движения заряженной частицы во внешнем
электромагнитном поле, сделаем в уравнении (0.1) обычную замену

pµ → πµ = pµ − eAµ, (4.1)
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где Aµ — четырехвектор-потенциал внешнего поля. В результате приходим к
уравнениям

i
∂

∂t
Ψ(t,x) = Hα

s (π, A0)Ψ(t,x), α = I, II, (4.2)

где Hα
s (π, A0) — один из гамильтонианов, полученных из (2.1), (3.1) заменой

(4.1):

HI

s(π, A0) = σ3ηm+
π2

2m
− 2iηkσ1S · π + eA0 −

− (σ3 + iσ2)
ηk2

m

[
(S · π)2 +

1

2
eS · H

]
,

(4.3а)

H̃I

s(π, A0) = σ3η̃m+
π2

2m
− 2ηk(σ2 − iσ3)S · π + eA0, (4.3б)

HII

s (π, A0) = σ3

[
m+

π2

2m
− (S · π)2

ms2
sin2 θs − e

S · H
2ms2

sin2 θs

]
+

+ σ1

[
as

π2

2m
+ bs

(S · π)2

2ms2
+ ebs

S · H
4ms2

]
+ σ2

√
2
S · π
s

sin θs + eA0.

(4.3в)

В этих формулах Ha = −iεabcπbπc — напряженность магнитного поля.
Уравнения (4.2), (4.3), очевидно, инвариантны относительно калибровочных

преобразований. Кроме того, как и до введения взаимодействия уравнения (4.3)
с гамильтонианами (4.3а), (4.3б) инвариантны относительно преобразований из
группы Галилея (1.6), (2.13), если вектор-потенциал преобразуется по закону [3]

Ab → A′
b = RbcAc, A0 → A′

0 = A0 + vaAa. (4.4)

Анализ уравнений (4.2) удобно производить в представлении, в котором опе-
раторы (4.3) квазидиагональны (т.е. коммутируют с одной из σ-матриц). Как и
в случае уравнения Дирака, гамильтонианы (4.3) могут быть диагонализованы
только приближенно. Ниже осуществим такую диагонализацию и представим
гамильтониан частицы с произвольным спином в виде ряда по степеням 1/m,
удобном для вычислений с использованием теории возмущений.

Диагонализация гамильтонианов (4.3) с точностью до членов порядка 1/m2

осуществляется с помощью операторов

V α = exp

(
iCαs + σ3

1

2ηαm

∂Bαs
∂t

)
exp (iBαs ) exp (iAαs ) , α = I, II,

Ṽ α = exp
(
iC̃αs

)
exp

(
iB̃αs

)
exp

(
iÃαs

)
,

(4.5)

где

AI

s = −iσ2k
S · π
m

, AII

s = −σ1

√
2 sin θs
2ms

S · π, ηI = η, ηII = 1,

BI

s = σ1
k

2m2

{
1

2η
[S · π,π2] + ik[2(S · π)2 + eS · H] +

e

η
S · E

}
,
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CI

s = σ2
k2

m2

{
−2ik

3
(S · π)2 + iek[S · π,S · H]+ + [(S · π)2, eA0]

}
,

BII

s = σ2
1

4m2

{
asπ

2 +
bs
2s2

[2(S · π)2 + eS · H] +
e
√

2 sin θs
s

S · E
}
,

CII

s = σ1
1

8m3

{√
2 sin θs
s

[
S · π,π2 − e sin2 θs

s2
S · H

]

+

−

− 4
√

2 sin3 θs
s3

(S · π)3 − ieas[π
2, A0] −

iebs
s2

[(S · π)2, A0]

}
,

ÃI

s = −ik(σ2 − iσ3)
S · π
m

, B̃I

s =
k

2ηm2
(σ2 − iσ3)S · E,

C̃I

s = − ik

4η̃m3
(σ2 − iσ3)[π

2,S · π] − i

2η̃m

∂B̃I
s

∂t
.

Непосредственным вычислением получаем

[Hα
s (π, A0)]

′
= V αHα

s (π, A0)(V
α)−1 = Aαm+Bα

(
π2

2m
+ eA0

)
+

+σ3eC
αS · H

m
+

e

4m2
DαS · (π × E − E × π) +

e

6m2
Fαs(s+ 1)div E+

+
1

12m2
GαQab

∂Ea
∂xb

+
nα

m2
S · (π × H − H × π) +

Lαe

m2
Qab

∂Ha

∂xb
+ o

(
1

m3

)
,

[
H̃I

s(π, A0)
]′

= Ṽ IH̃I

s

(
Ṽ I

)−1

= σ3η̃m+
π2

2m
+ eA0 + o

(
1

m3

)
.

(4.6)

где

AI = σ3η, BI = 1, CI = −ηk2,

−DI = F I = GI = k2, nI = −3LI = ηk3,
(4.7а)

AII = BII = σ3, −CII = DII = −F II = −GII =
sin2 θs
2s2

,

nII =

√
2 sin θs
2s

(
−as +

bs
4s2

)
, LII =

√
2bs sin θs
24s2

,

Qab = (e/2){3[Sa, Sb]+ − 2δabs(s+ 1)}.

(4.7б)

Операторы (4.6), (4.7) содержат слагаемые, соответствующие дипольному
(∼ S · H), спин-орбитальному (∼ S · (π × E − E × π)), квадрупольному
(∼ Qab∂Ea/∂xb) и дарвиновскому (∼ div E) взаимодействиям частицы с по-
лем. Два последних слагаемых в (4.6), (4.7) можно интерпретировать как ма-
гнитное спин-орбитальное и магнитное квадрупольное взаимодействия. Анало-
гичную структуру имеют приближенные гамильтонианы, полученные из реляти-
вистских уравнений [5, 6]. В случае s = 1/2, η = 1, k2 = −1, θs = π/4 семь пер-
вых слагаемых в (4.6), (4.7) совпадают с гамильтонианом Фолди–Вуйтхойзена [9],
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полученным при диагонализации уравнения Дирака. Таким образом, в прибли-
жении 1/m2 нерелятивистские уравнения (4.2), (4.6), (4.7) описывают движение
частицы со спином s = 1/2 во внешнем электромагнитном поле с той же точно-
стью, что и релятивистское уравнение Дирака.

Отметим, что для некоторых классов внешних полей уравнения (4.2) могут
быть решены точно. Приведем без доказательств собственные значения гамиль-
тониана (4.3б) для частицы со спином, взаимодействующей с постоянным одно-
родным магнитным полем [10]

HII

1/2(π, A0)Ψεs3np3 = Eεs3np3Ψεs3np3 ,

Eεs3np3 = ε

{
m2 + ξ2 + p2

3 +

(
ξ2 + p2

3

)2

4m2
+

(
eH3

2m

)2

+

+ ε
eH3

m

[
m2 cos2 2θ1/2 + ξ2 +

(
ξ2 + p2

3

)2

4m2

]1/2




1/2

,

где ξ2 = (2n+ 1)eH3, H1 = H2 = 0, n = 0, 1, 2, . . ., ε = ±1, s3 = ±1/2.

5. Уравнения первого порядка

Остановимся вкратце на задаче описания галилеевски-инвариантных дифферен-
циальных уравнений вида

FΨ = 0, F = βµp
µ + β5m, pµ − i∂/∂xµ, (5.1)

где βµ, β5 — некоторые числовые матрицы.
Уравнение (5.1) по определению инвариантно относительно группы Галилея,

если выполняются соотношения

[F,QA] = fAF, A = 1, 2, . . . , 10, (5.2)

где через QA обозначен произвольный генератор группы G : {QA} = {P0, Pa, Ga,
Ja}, fA — некоторые операторы, определенные на множестве решений уравне-
ния (5.1).

Полагая fA ≡ 0 и выбирая генераторы Pµ, Ja, Ga в форме (1.4), где Sa и λa —
произвольные матрицы (что соответствует локальным преобразованиям Галилея
(1.6) для функции Ψ), получаем из (5.2) следующую систему перестановочных
соотношений для матриц βµ, β4, λa, Sa:

[Sa, β5] = [Sa, β0] = 0, [Sa, βb] = iεabcβc,

[λa, β5] = iβa, [λa, βb] = iδabβ0, [λa, β0] = 0,
(5.3)

где λa, Sa — матрицы, удовлетворяющие соотношениям (2.2).
Таким образом, задача описания галилеевски-инвариантных уравнений вида

(5.1) сводится в нашей постановке к нахождению матриц Sa, λa, β5, βa, удовле-
творяющих условиям (2.2), (5.3).

Приведем частное решение системы (2.2), (5.3), позволяющее получить урав-
нения вида (5.1) для нерелятивистских частиц произвольного спина. Обозначим
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через Skl, k, l = 1, 2, 3, 4, 5, 6, генераторы неприводимого представления группы
SO(6). Тогда матрицы

Sa =
1

2
εabcSbc, λa =

1

2
(iS6a + S5a), a = 1, 2, 3,

βa = 2S4a, β0 = iS46 + S45, β5 = 2(I + iS46 − S45)

(5.4)

удовлетворяют коммутационным соотношениям (2.2), (5.3), т.е. формулы (5.4)
дают решение поставленной задачи.

Полагая в (5.1), (5.4) Skl = (i/4)[γk, γl], S6k = 1
2γk, где γk — эрмитовы че-

тырехрядные матрицы Дирака, получаем уравнение, эквивалентное уравнению
Леви–Леблонда [3] для частицы со спином s = 1/2. Выбирая иные представле-
ния алгебры Ли группы SO(6), получаем из (5.1), (5.4) уравнения для частиц с
другими значениями спина.

Уравнения (5.1), (5.4), как и уравнения второго порядка, рассмотренные выше,
позволяют описать спин-орбитальное взаимодействие частицы с внешним полем.
Например, полагая Skl = i[β̂k, β̂l], S6k = β̂k, где β̂k — десятирядные матри-
цы Кеммера–Деффина–Петье (которые могут быть выбраны, скажем, в форме,
приведенной в монографии [12]), и делая в (5.1) замену pµ → πµ, где πa = pa,
π0 = p0−eA0, получаем после несложных, но несколько громоздких вычислений,
уравнение для трехкомпонентной волновой функции Ψ(3)

i
∂

∂t
Ψ(3) = HΨ(3), H = m+

π2

2m
+ eA0 + e

S · E
2m

, (5.5)

где Sa — спиновые матрицы для s = 1. Посредством преобразования H → H ′ =
V HV −1, где V = exp(iS · π/m), гамильтониан (5.5) приводится к форме, анало-
гичной (4.6),

H ′ =
π2

2m
+ eA0 −

1

8m2
[S · (π × E − E × π) −

− 1

3
Qab

∂Ea
∂xb

− 4

3
div E

]
+ o

(
1

m3

)
.

(5.6)

Оператор (5.6), как и (4.6), (4.7), содержит слагаемые, описывающие дарви-
новское, спин-орбитальное и квадрупольное взаимодействия частицы с внешним
электрическим полем.

6. Заключительные замечания

1. Выше получены системы дифференциальных уравнений первого и второго по-
рядков, которые инвариантны относительно преобразований Галилея и калибро-
вочных преобразований и описывают дипольное, квадрупольное, спин-орбиталь-
ное и дарвиновское взаимодействия частицы произвольного спина с внешним
электромагнитным полем. Перечисленные взаимодействия, таким образом, не
являются чисто релятивистскими эффектами и могут последовательно рассма-
триваться в рамках нерелятивистской квантовой механики (см. также [10, 11]).

2. Уравнения (2.8), (3.10) имеют такую структуру, что левая часть их совпа-
дает с релятивистским уравнением Дирака, а в правой части содержатся члены,
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которые нарушают симметрию относительно группы Пуанкаре и обеспечивают
инвариантность уравнения относительно группы Галилея. Такой способ наруше-
ния пуанкаре-симметрии является одним из возможных подходов для получения
галилеевски-инвариантных уравнений движения частиц с произвольным спином.
Так, исходя из релятивистских уравнений без лишних компонент, выведенных в
[1, 6], с помощью добавления членов, нарушающих пуанкаре-инвариантность, но
сохраняющих симметрию относительно группы E(3), можно получить уравнения
(1.2), (2.1а).

3. Уравнения вида (0.1) и (5.1), конечно, не исчерпывают всех возможных ли-
нейных дифференциальных уравнений, инвариантных относительно группы Га-
лилея. Например, для описания движения нерелятивистской частицы со спином
s = 1 можно использовать галилеевски-инвариантный аналог уравнений Прока

(
2mp0 − p2

)
Ψν = 0, ν = 0, 1, 2, 3, mΨ0 − paΨa, a = 1, 2, 3.

4. Неэрмитовость генераторов (1.4) относительно обычного скалярного произ-
ведения (1.10) обусловлена неэрмитовостью конечномерных представлений ал-
гебры (2.2) (которая изоморфна алгебре Ли группы Евклида E(3)). Аналогич-
ная ситуация имеет место и в релятивистской теории, где на решениях коне-
чномерных по спиновым индексам уравнений движения всегда реализуются не-
унитарные представления однородной группы Лоренца, а требование унитарнос-
ти этих представлений приводит к бесконечно компонентным уравнениям. По-
этому представляет интерес рассмотреть бесконечно компонентные уравнения,
инвариантные относительно группы Галилея. Приведем пример таких уравнений.

Обозначим через S̃µν (µ, ν = 0, 1, 2, 3, 4, 5) генераторы унитарного бесконечно-
мерного представления группы O(1, 5). Тогда уравнение в форме (5.1), (5.4), где
Skl= S̃kl (k, l=1, 2, 3, 4, 5), S6k= iS̃0k, инвариантно относительно группы Галилея.
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The Galilean relativistic principle

and nonlinear partial differential equations

W.I. FUSHCHYCH, R.M. CHERNIHA

The second-order partial differential equations invariant under transformations of
Galilei, rotation, scale and projection are described.

1. Introduction

From the mathematical point of view the Galilean relativistic principle (in a restricted
sense) is nothing other than the requirement of the equations of motion to be invariant
under the linear transformations

t→ t′ = t, xa → x′a = xa + vat, a = 1, 2, 3,

va being transformation parameters (the inertial reference system velocity v compo-
nent). These transformations form a three-parameter Lie group. In order to construct
linear and nonlinear partial differential equations (PDE)

LU(t,x) = 0, x = (x1, . . . , xn)

(where L is a linear or nonlinear operator, which is invariant under the Galilean
transformations) it is also necessary to give the law of transformation for the depen-
dent variable of U(t,x). Under different transformation laws of the function U(t,x)
we obtain different classes of PDE.

As is well known, the linear heat equation in the (n+ 1)-dimensional space

∆U = λU0, ∆ = ∂2/∂x2
1 + · · · + ∂2/∂x2

n, U = U(t,x),

U0 = Ut = ∂U/∂t, λ = const
(1.1)

is invariant under the following transformations:

t→ t′ = t, xa → x′a = xa + vat, a = 1, n, (1.2)

U → U ′ = exp

[
−λ

2
va

(
xa +

1

2
vat

)]
U, (1.3)

va being the transformation parameters.
(1.3) defines the transformation law for the dependent function U(t,x) under the

Galilean transformations (1.2).
The 1

2 (n2 + 3n+ 6)-dimensional algebra with the basic elements

Ga = t∂a −
1

2
λxaU∂U , ∂a = ∂/∂xa, ∂U = ∂/∂U, a = 1, n, (1.4a)

Jab = xa∂b − xb∂a, a 6= b, a, b = 1, n, (1.4b)

Reprinted with permission from J. Phys. A: Math. Gen., 1985, 18, P. 3491–3503
c© 1985 IOP Publishing Ltd
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Π = t2∂t + txa∂a −
(

1

4
λ|x|2 +

1

2
nt

)
U∂U , |x|2 = xaxa, (1.4c)

D = 2t∂t + xa∂a + kU∂U , k = const, (1.4d)

P0 = ∂t, Pa = ∂a (1.4e)

(where the repeated indices imply summation) is maximal in the Lie restriction invari-
ance algebra (IA) of (1.1).

The set of operators (1.4) forms a Lie algebra, which will be noted by the symbol
SLi(1, n), i.e. the special Lie algebra. This name is natural because in the previ-
ous century Lie [10] (see also [13]) was the first to calculate the maximal IA of the
two-dimensional U(t, x1) heat equation. The maximal IA of the (3 + 1)-dimensional
Schrödinger equation, which coincides with (1.1) (differing only by constant coeffici-
ents), was calculated by Niederer [11]. For some more details on this, see, for example,
[6, 7].

From the group-theoretical point of view (1.3) defines the projective representation
of the group (1.2). Apart from the projective representation (1.3) the group (1.2) has
another representation, the infinitesimal operator of which

G̃a = t∂a, a = 1, n (1.5)

being different from the Ga operators (1.4a).
The operators (1.5) generate the following transformations:

t→ t′ = t, xa → x′a = xa + vat, U → U ′ = U. (1.6)

We call (1.2) and (1.3) the projective Galilean transformations (PGT) and (1.6)
the Galilean transformations (GT).

Equation (1.1) admits operators (1.4a) but does not admit operators (1.5).
In § 2 we describe the nonlinear second-order PDE

F (t, x, U, U0, U
I
, U
II

) ≡ −∆U +A(t, x, U)Ut +B(t, x, U, U
I
) = 0, (1.7)

where

U
I

= (U1, . . . , Un), U
II

= (U11, U12, . . . , Unn),

Ua = ∂U/∂xa, Uab = ∂2U/∂xa∂xb, a, b = 1, n,

F , A, B being arbitrary differentiable functions, invariant under the PGT (1.2) and
(1.3) as well as projective and scale transformations generated by operators (1.4c)
and (1.4d).

In § 3 we construct the most general nonlinear PDE of the form

F (t, x, U, U0, U
I
, U00, U01, . . . , U0n, U

II
) = 0, ∂2U/∂t∂xa = U0a (1.8)

which are invariant under the GT (1.6) and the translation group generated by the
operators (1.4e). In particular, it is established that a set of equations of the form
(1.8) does not contain linear equations (except, obviously U0 = 0, U00 = 0) invariant
under the GT (1.6) and the group of time and space translations.
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In the final part of § 3 we give several examples of Galilei invariant equations in
independent variables (t, x1) space, for which general solutions are constructed.

It should be noted that equations of the class (1.7) are widely used to describe
nonlinear diffusion, heat and other processes. In particular, this class includes diffusion
equation of the form

∂U

∂t
=

∂

∂xa

(
C(U)

∂U

∂xa

)
(1.9)

as well as nonlinear Schödinger equations (if U is a complex function) and Hamilton–
Jacobi equations. The group classification of (1.9) for the one-dimensional case was
carried out by Ovsyannikov [12] and for the three-dimensional case by Dorodnitsyn
et al [3] and Fushchych [4].

2. Equation invariant under the projective
Galilean transformations

First of all in this section we are going to find the conditions to be imposed on the
functions A and B under which (1.7) is invariant under the PGT (1.2) and (1.3). The
complete solution of this problem is given by the following theorem.

Theorem 1. Equation (1.7) is invariant under the PGT if and only if

A(t, x, U) = f(t, w), (2.1)

B(t, x, U, U
I
) = Ug(t, w,w1, . . . , wn) + (f(t, w) − λ)

(
xaUa
t

+
λ|x|2
4t2

U

)
, (2.2)

where

w = U exp

(
λ|x|2
4t

)
, |x|2 = xaxa, (2.3)

wa =

(
Ua +

λxa
2t

U

)
exp

(
λ|x|2
4t

)
, a = 1, n, (2.4)

and f , g are arbitrary differentiable functions.

Proof. To prove the theorem let us use the Lie method (for a modern account, see
[1, 13]). According to Lie’s approach, (1.7) is considered as a manifold in the space
of the following variables: t, x, U , U

I
, U
II

. (1.7) is invariant under the transformations

generated by an infinitesimal operator

X = ξµ(t, x, U)
∂

∂xµ
+ η(t, x, U)

∂

∂U
, µ = 0, n

when the following invariance condition is fulfilled:

2

XF =
2

X(−∆U +AUt +B)|F=0 = 0, (2.5)
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where
2

X is the second prolongation of the infinitesimal operator X, i.e.

2

X = X + ρµ(t, x, U, U
I
)
∂

∂Uµ
+ σµν(t, x, U, U

I
, U
II

)
∂

∂Uµν
, µ, ν = 0, n, (2.6)

ρµ = ηµ + UµηU − Ui(ξ
i
µ + Uµξ

i
U ), i = 0, n,

σµν = ηµν + UνηµU + UµηνU + UµUνηUU + UµνηU − Ui(ξ
i
µν + Uνξ

i
µU ) −

− UµUi(ξ
i
νU + Uνξ

i
UU ) − Uµi(ξ

i
ν + Uνξ

i
U ) −

− Uiν(ξ
i
µ + Uµξ

i
U ) − UµνUiξ

i
U , i = 0, n.

Substituting (2.6) into (2.5), we obtain
[
−(σ11 + . . .+ σnn) + ξµ

(
∂A

∂xµ
U0 +

∂B

∂xµ

)
+ η

(
∂A

∂U
U0 +

∂B

∂U

)
+

+ ρ0A+ ρa
∂B

∂xa

]∣∣∣∣∣
F=0

= 0, a = 1, n.

(2.7)

After explicit expressions for ρµ, σµν have been substituted into (2.7) and the
obtained relation being split into separate parts for coefficients at U0a and Uab, a 6= b,
the conditions for ξµ are found:

ξ0a ≡ ∂ξ0/∂xa = 0, ξµU ≡ ∂ξµ/∂U = 0, ξab + ξba = 0,

a 6= b, a, b = 1, n, µ = 0, n.
(2.8)

After taking into account (2.8) the invariance condition, written in its complete
form, is given by

[
ξµ
(
∂A

∂xµ
U0 +

∂B

∂xµ

)
+ η

(
∂A

∂U
U0 +

∂B

∂U

)
+ (η0 + ηUU0 − Uµξ

µ
0 )A+

+ (ηa + ηUUa − Ubξ
b
a)
∂B

∂Ua
− ∆η − UaUaηUU −

− 2UaηaU − ηu∆U + 2Uaaξ
a
a + Ua∆ξ

µ

]∣∣∣∣∣
F=0

= 0.

(2.9)

In our case, taking into consideration the explicit form of the operators (1.4a), the
coefficient functions ξµ, η of the operator X are written in the form

ξ0 = 0, ξa = gat, η = −1

2
λgaxaU,

where ga, a = 1, n are arbitrary parameters.
Having used the explicit form of ξµ and η as well as the arbitrary nature and

independence of the parameters ga, (2.9) is reduced to the following linear differential
equation system, which enables one to find the functions A(t, x, U) and B(t, x, U, U

I
):

t
∂A

∂xa
− 1

2
λxaU

∂A

∂U
= 0, a = 1, n, (2.10)
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2

λ
t
∂B

∂xa
− xaU

∂B

∂U
− U

∂B

∂Ua
− xaU1

∂B

∂U1
− · · · − xaUn

∂B

∂Un
+

+ xaB − 2

λ
Ua(A− λ) = 0, a = 1, n.

(2.11)

Thus, the proof of the theorem is reduced to the construction of the general solution
of the strongly overdetermined system (2.10) and (2.11) consisting of 2n equations
for the functions A and B.

Now let us proceed in using the standard method to find the solutions of the
first-order PDE (see, e.g., Courant and Hilbert [2]).

Let us write the system of characteristic ordinary differential equations (ODE)
corresponding to the system (2.10)

dxa
t

=
dU

− 1
2λxaU

, a = 1, n. (2.12)

From (2.12) we obtain two invariants necessary for the construction of the general
solution of the system (2.10):

w = U exp

(
λ|x|2
4t

)
, w0 = t. (2.13)

Consequently, the general solution of (2.10) is determined by invariants (2.13) and
has the form

A(t, x, U) = f(w,w0), (2.14)

where f is an arbitrary differentiable function.
Now let us write the characteristic system of ODE (2.11):

− dxa
(2/λ)t

=
dU

xaU
=

dUa
U + xaUa

=
dU1

xaU1
= · · · =

dUa−1

xaUa−1
=

=
dUa+1

xaUa+1
= · · · =

dUn
xaUn

=
dB

xaB + (2/λ)(λ− f(w,w0))Ua
, a = 1, n.

(2.15)

In (2.15), contrary to all the previous ones, the repeated indices do not mean sum-
mation.

Having solved the system (2.15) we obtain the following system of invariants
necessary for the determination of the function B:

w = U exp

(
λ|x|2
4t

)
, w0 = t,

wa =

(
Ua +

λxa
2t

U

)
exp

(
λ|x|2
4t

)
, a = 1, n,

I =

[
B + (λ− f(w,w0))

(
xaUa
t

+
λ|x|2
4t2

U

)]
exp

(
λ|x|2
4t

)
.

(2.16)

The function B is, consequently, determined from the functional equation

φ(w,w0, w1, . . . , wn, I) = 0 (2.17)
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which gives us the general solution of (2.11):

B = Ug(w,w0, w1, . . . , wn) + (f(w,w0) − λ)

(
xaUa
t

+
λ|x|2
4t2

U

)
, (2.18)

where g is an arbitrary differentiable function.
Thus, we are able to construct all the equations of the form (1.7), which are

invariant under PGT, completing by this the proof of the theorem.

Consequence 1. If one supposes the coefficient B in (1.7) to be independent of the
derivatives U

I
, then

∆U = λU0 + Ug(w, t) (2.19)

is the most general equation, invariant under the PGT, g being here an arbitrary
differentiable function.

A class of equations (1.7) with coefficients (2.1) and (2.2) contains as a subclass a
set of equations which are invariant under the operators (1.4b) of the rotation group.
The complete description of (1.7) which admits both operators (1.4a) and (1.4b) is
given by the following theorem.

Theorem 2. Equations from the class (1.7) are invariant under the operators (1.4a)
and (1.4b) if and only if they have the form

∆U = f(w, t)Ut + Ug(w,wawa, t) + (f(w, t) − λ)

(
xaUa
t

+
λ|x|2
4t2

U

)
, (2.20)

where

wawa =

[
UaUa + λxaUa

U

t
+

(
λ|x|U

2t

)2
]

exp

(
λ|x|2
2t

)
.

This theorem is proved in the same way as the first one. The only difference is
that one should substitute into the invariance condition (2.9) the coefficients A and B
from (2.1) and (2.2) and the values of ξµ, η from (1.4b).

It should be noted that equations of the form (2.19) are obtained as a particular
case of (2.20), i.e. when the function B in (1.7) is independent on the derivatives
U
I
. Invariance under PGT automatically implies here invariance under the rotation

group.
The further restriction of the class of equations (2.19) is achieved by the require-

ment for the equations to be invariant under the projective operator Π (1.4c) and the
operator of scale transformations D (1.4d). The two following theorems are proved in
quite a similar way to the ones above.

Theorem 3. Among equations (2.19) only equations

∆U = λUt +
U

t2
g
(
tn/2w

)
, (2.21)

where g is an arbitrary differentiable function, admit the operator Π (1.4c).
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Theorem 4. Among equations (2.19) only equations

∆U = λUt + λ1
U

t2

(
U

ε(t, x)

)β
, tn/2w ≡ U

ε
× const,

λ1 = const, β = const,

(2.22)

where

ε(t, x) =

[
1

2

(
λ

πt

)1/2
]n

exp

(
−λ|x|

2

4t

)
(2.23)

is a fundamental solution of (1.1), admit the operator Π (1.4c) and the operator

D = 2t∂t + xa∂xa
+ (2/β − n)U∂U . (2.24)

Note 1. If one implies β = 0 in (2.22), the obtained equation has the form

∆U = λUt + λ1U/t
2 (2.25)

which may be reduced to (1.1) by means of the local substitution

U = W (t, x) exp

(
λ1

λt

)
, λ 6= 0.

Note 2. The coefficients of all classes of equations constructed above contain (expli-
citly or implicitly) the fundamental solution ε(t, x) of (1.1). This is apparently due to
the fact that ε(t, x) (with an approximation to an arbitrary constant) is the complete
solution of the system

∆ = λUt,

Ga(U) ≡ tUa +
1

2
λxaU = 0, a = 1, n.

(2.26)

Note 3. The above theorems may be generalised for the systems of equations of the
form*

∆U (k) = A(k)
(
t, x, U (1), . . . , U (m)

)
U

(k)
t +

+B(k)
(
t, x, U (1), . . . , U (m)

)
, k = 1, 2, . . . ,m.

(2.27)

In particular, amongst the equations (2.27) only equations

∆U (k) = λU
(k)
t + U (k)g(k)

(
t, w(1), . . . , w(m)

)
, k = 1, 2, . . . ,m,

where w(k) = U (k) exp
(
λ|x|2/4t

)
, g(k) are arbitrary differentiable functions, are inva-

riant under the Galilean transformations with the infinitesimal operators

Ga = t
∂

∂xa
− 1

2
λxa

(
U (1) ∂

∂U (1)
+ · · · + U (m) ∂

∂U (m)

)
, a = 1, n.

*For more details see Fushchych W.I., Cherniha R.M., Ukr. Math. J., 1989, 41, № 10, 1349–1357.
Editors’ Remark.
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3. The second-order equations, invariant
under the Galilean transformations

In this section we shall construct all the equations of the form

Ut = C(t, x, U)∆U +K(t, x, U, U
I
), (3.1)

where C(t, x, U), K(t, x, U, U
I
) are arbitrary differentiable functions, invariant under

the operators G̃a (1.5), generating the GT (1.6). Also we shall distinguish all the
second-order equations of the form (1.8) which admit the following operators:

G̃a = tPa, Pa = ∂a, P0 = ∂t, a = 1, n. (3.2)

These operators satisfy the commutational relations

[G̃a, Pb] = 0, [Pµ, Pν ] = 0, [G̃a, P0] = −Pa. (3.3)

It turns out that the class of such equations is rather broad. In particular, it contains
the many-dimensional Monge–Ampère equation (see Fushchych and Serov [8]) and the
non-relativistic analogue of the latter. All these equations are considerably nonlinear,
and as a rule they cannot be reduced to the form containing a linear plus a nonlinear
term.

The following statement gives the solution of the first problem, which was posed
at the beginning of this section.

Theorem 5. (3.1) is invariant under the GT (1.6) if and only if

C(t, x, U) = f(t, U), (3.4)

K(t, x, U, U
I
) = g(t, U, U

I
) − xaUa/t, (3.5)

where f , g are arbitrary differentiable functions.

To prove this theorem one should repeat the same procedures used in proving
theorem 1, with the only obvious difference that the coefficient functions of the G̃a
operator, i.e.

ξ0 = 0, ξa = gat, a = 1, n, η = 0

should be substituted into (2.9).
Now let us formulate several more statements, giving the complete description of

the equations of class (3.1), invariant under G̃a, Jab and the operators

Π̃ = t2∂t + txa∂xa
, (3.6)

D̃ = 2t∂t + xa∂xa
. (3.7)

Theorem 6. Among the set of equations (3.1) only the equations given by

Ut = f(t, U)∆U + g(t, U, wn+1) − xaUa/t,

wn+1 = UaUa
(3.8)

are invariant under the operators G̃a and Jab, a, b = 1, n.
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Theorem 7. (3.8) is invariant under the projective transformations generated by the
operator (3.6) if and only if

f(t, U) = f̃(U), g(t, U, wn+1) = t−2g̃(U, t2wn+1), (3.9)

where f̃ , g̃ are arbitrary differentiable functions.

Theorem 8. Amongst equations of the form (3.8) only equations

Ut = f̃(U)∆U + UaUag̃(U) − xaUa/t (3.10)

are invariant under the projective and scale transformations generated by the operators
(3.6) and (3.7).

Theorem 9. The maximal IA of the simplest linear equation from the class (3.10):

Ut = λ∆U − xaUa/t, λ = const (3.11)

is an algebra SLi(1, n) with basic operators:

G̃a = t∂a, Jab = xa∂b − xb∂a, Π̃ = t2∂t + txa∂xa
, I = U∂U ,

D̃ = 2t∂t + xa∂xa
, P̃a = ∂xa

+
xa
2λt

I, P̃t = ∂t +

(
n

2t
− |x|2

4λt2

)
I.

Note 4. (3.11), by means of the local substitution

U = W (t, x)tn/2 exp

(
λ|x|2
4t

)

or, in the equivalent notation,

U =
W (t, x)

ε(t, x)
, ε(t, x) =

[
1

2

(
λ

πt

)1/2
]n

exp

(
−λ|x|

2

4t

)

may be reduced to (1.1) for the function W (t, x).

Note 5. The classes of equations given in theorems 5 and 6 can be obtained from the
equations given in theorems 1 and 2. For this purpose it would be enough to apply
the above substitution from note 4.

Note 6. Equations invariant under GT (1.6) (see theorem 5) can be transformed by
means of the substitution of the independent variables

t = θ(t′), xa = θ(t′)xa + θ(a)(t′), a = 1, n,

where θ(t′) 6= const, θ(a), a = 1, n being arbitrary differentiable functions, to the
equations given by

U ′
t′ = f ′(t′, U ′)∆U ′ + g′(t′, U ′, U

I

′),

where

U ′(t′, x′) = U(t, x), f ′(t′, U ′) =
dθ

dt′
(θ(t′))−2f(θ(t′), U ′),
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g′(t, , U ′, U
I

′) =
dθ

dt′
g(θ(t′), U ′, U

I

′(θ(t′))−1) +

+

(
dθ(a)(t′)

dt′
(θ(t′))−1 − dθ

dt′
θ(a)(t′)(θ(t′))−2

)
U ′
a.

In particular if

θ(t′) = t′, θ(a)(t′) = 0, a = 1, n

one obtains the equations

U ′
t′ = t′−2f(t′, U ′)∆U ′ + g(t′, U ′, U

I

′t−1).

Consequence 2. It follows from the theorems given in §§ 2 and 3 that the nonlinear
diffusion equation (1.9) is invariant neither under PGT (1.2) and (1.3), nor under
GT (1.6). It means that the Galilean principle of invariance is not satisfied by (1.9).
Nonlinear equations, invariant under PGT and x and t translations, are obtained by
Fushchych [5].

Now let us proceed in solving the second problem: to describe all the second-order
equations

F (x0, x1, U, U0, U1, U00, U01, U11) = 0 (3.12)

in the two-dimensional space (x0, x1), which are invariant under GT and translations
generated by operators (3.2).

Theorem 10. Amongst the set of equations (3.12) only the equations given by

F1(w
(I), w(II), U, U1, U11) = 0 (3.13)

are invariant under GT (1.6) and translations. (3.13) contains the following notation:

w(I) = det

(
U0 U1

U01 U11

)
, w(II) = det

(
U00 U01

U10 U11

)
(3.14)

of the determinant of matrices, the elements of which are the first- and second-order
derivatives of the function U . Here F1 is an arbitrary differentiable function.

Proof. The invariance of (3.12) under translations, i.e. operators P0, P1, is equivalent
to the requirement

∂F

∂x0
=
∂F

∂x1
= 0. (3.15)

Taking into account (3.15) we obtain the following expression for the action of the

twice prolonged operator
2

X on the manifold (3.12) (see (2.6))

(
η
∂F

∂U
+ ρµ

∂F

∂Uµ
+ σµν

∂F

∂Uµν

)∣∣∣∣∣
F=0

= 0, µ, ν = 0, 1. (3.16)

The coefficient functions of operators {Ga} are given by

ξ0 = η = 0, ξ1 = t. (3.17)
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The coefficient functions {ρµ} = {ρ0, ρ1}, {σµν} = {σ00, σ01, σ10, σ11} are determined
from the formulae given in § 2. Taking into account (3.17) we obtain

ρ0 = −U1, ρ1 = 0, σ00 = −2U01, σ01 = σ10 = −U11, σ11 = 0. (3.18)

With the help of formulae (3.17) and (3.18) the invariance condition (3.16) can
easily be reduced to the following linear PDE for the function F :

U1
∂F

∂U0
+ 2U01

∂F

∂U00
+ U11

∂F

∂U01
= 0, (3.19)

which can be readily solved. The general solution of (3.19) is an arbitrary differentiable
function

F = F1(w
(I), w(II), U, U1, U11)

which depends on five variables. The theorem is proved.

Theorem 10, without any substantial complications, is generalised for the case of
(n+ 1)-dimensional space

F (x0, x1, . . . , xn, U, U0, U
I
, U00, U01, . . . , U0n, U

II
) = 0,

U
I

= (U1, . . . , Un), U
II

= (U11, U12, . . . , Unn)
(3.20)

i.e. we have the following theorem.

Theorem 11. Amongst equations of the class (3.20) only equations given by

F1(w
(I), w(II), U, U

I
, U
II

) = 0 (3.21)

are invariant under GT (1.6) and x0, x1, . . . , xn coordinate translations, where

w(I) = det




U0 U1 · · · Un
U10 U11 · · · U1n

· · · · · · · · · · · ·
Un0 Un1 · · · Unn


, w(II) = det




U00 U01 · · · U0n

U10 U11 · · · U1n

· · · · · · · · · · · ·
Un0 Un1 · · · Unn


. (3.22)

Note 7. In the specific case when

F1 ≡ w(II) = det(Uµν) = 0, Uµν = ∂2U/∂xµ∂xν

a many-dimensional Monge–Ampère equation is obtained, the group properties of
which have been studied by Fushchych and Serov [8].

Note 8. In the case

F1 = w(I) − λ = 0, λ = const (3.23)

the maximal IA of this equation is generated by an operator

X = ξµ
∂

∂xµ
+ η

∂

∂U
,

ξ0 = C00t+ d0, ξa = Cabxb + fa(t), a, b = 1, n,

η = CU + d, C =
C00 + 2(C11 + · · · + Cnn)

n+ 1
,

(3.24)
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where C00, Cab, d0, d are arbitrary constants, and fa(t), a = 1, n are arbitrary diffe-
rentiable functions.

It means that the maximal IA of (3.23) is infinitely dimensional. In particular, this
algebra contains operators of the form

∂x0
, ∂xa

, ∂U , xb∂xa
, a 6= b, a, b = 1, n, (3.25a)

D0 = x0∂x0
+

U

n+ 1
∂U ,

D1 = x1∂x1
+

2U

n+ 1
∂U , . . . , Dn = xn∂xn

+
2U

n+ 1
∂U ,

(3.25b)

X1 = f1(t)∂x1
, . . . , Xn = fn(t)∂xn

. (3.25c)

Note 9. It is possible to construct a general solution for the two-dimensional equation

w(I) = det

(
U0 U1

U01 U11

)
= 0. (3.26)

To prove this, we represent (3.26) as follows:

∂

∂x1

(
U1

U0

)
= 0

and then we obtain the general solution

U = F (x1 +G(x0)),

where F and G are arbitrary differentiable functions. Direct verification shows that

U = F (Laxa +G(x0)), a = 1, n, La = const

is a particular solution of (n+ 1)-dimensional equation (3.23) under λ = 0.

Note 10. Equations

w(I) ≡

∣∣∣∣∣∣∣∣

U0 · · · Un
U10 · · · U1n

· · · · · · · · ·
Un0 · · · Unn

∣∣∣∣∣∣∣∣
= F (U), (3.27)

where F (U) is an arbitrary twice differentiable function, can be reduced to (3.23) at
λ = 1 for the function W (x0, . . . , xn) by the substitution

W =

∫
[F (U)]−1/(n+1)dU.

Note 11. Maximal IA of the equation

w(I) = F (UaUa), UaUa = U2
1 + · · · + U2

n (3.28)

is generated by the basis operators (3.25c) and

∂x0
, ∂xa

, ∂U , xa∂xb
− xb∂xa

, a 6= b, a, b = 1, n,

D = (1 − n)∂x0
+ xa∂xa

+ U∂U .
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In particular, in the case n = 1 for equations of the class (3.28)
∣∣∣∣
U0 U1

U10 U11

∣∣∣∣ = U2
1 , (3.29)

∣∣∣∣
U0 U1

U10 U11

∣∣∣∣ = U3
1 (3.30)

one can obtain the general solutions, namely U = F (x1e
−x0 + G(x0)) is the general

solution of (3.29) and φ(U, x0U + G(x0) − x1) = 0 is the general solution of (3.30)
written in an implicit form, F , G, φ being arbitrary differentiable functions.

In conclusion, we note that among the Galilei invariant equations (3.21) one can
distinguish a class of equations

U0 = λ(U,U
I
)∆U +Q(U,U

I
) − w(III)/w(II), (3.31)

w(III) =

∣∣∣∣∣∣∣∣

0 U1 · · · Un
U10 U11 · · · U1n

· · · · · · · · · · · ·
Un0 Un1 · · · Unn

∣∣∣∣∣∣∣∣
, w(II) =

∣∣∣∣∣∣∣∣

U11 · · · U1n

U21 · · · U2n

· · · · · · · · ·
Un1 · · · Unn

∣∣∣∣∣∣∣∣
,

λ, Q being arbitrary functions.
As to the structure, equations of the form (3.31) are diffusive type nonlinear equati-

ons with a strongly nonlinear addition. The properties of (3.31) will be studied by us
in a further paper*.
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Как расширить симметрию

дифференциальных уравнений?

В.И. ФУЩИЧ

Предложен простой способ расширения симметрии дифференциальных уравне-
ний.

1. Лиевский критерий инвариантности. Рассмотрим в четырехмерном
пространстве R(1, 3) систему нелинейных дифференциальных уравнений (ДУ)
в частных производных

L(x, u, u
1
, u
2
, . . . , u

n
) = 0, (1)

где вектор u ≡ (u1, u1, . . . , un), x ∈ R(1, 3), u
1
≡
(
∂u
∂x0

, ∂u∂x1
, ∂u∂x2

, ∂u∂x3

)
, u
k
, k = 1, r —

совокупность всевозможных производных r-го порядка.
Согласно Ли уравнение (1) инвариантно относительно оператора

Q = ξµ(x, u)
∂

∂xµ
+ ηk(x, u)

∂

∂uk
, (2)

если выполняется следующее условие:

Q̃L = λ0(x, u, u
1
, . . . , u

k
)L или Q̃L

∣∣∣
L=0

= 0, (3)

где Q̃ — соответствующее число раз продолженный оператор Q, λ0 — произволь-
ная дифференциальная функция (более подробно см., например, [1–3]). Усло-
вие (3) назовем лиевским критерием инвариантности уравнения (1). Более общее
определение инвариантности введено в [4, 5], которое дало возможность обнару-
жить новые симметрии уравнений Максвелла, Дирака, Ламе [6].

Хорошо известно, что если уравнение обладает нетривиальной симметрией,
то это свойство существенно для явного построения широких классов точных
решений нелинейных дифференциальных уравнений в частных производных
(ДУЧП). Многие ДУЧП имеют довольно узкую группу инвариантности. Поэто-
му весьма существенно указать конструктивные способы расширения симметрии
уравнений.

В настоящее время интенсивно развиваются два направления решения этой
проблемы. Одно из них состоит в разработке новых методов исследования симме-
трийных свойств ДУЧП (см. библиографию в [6]), позволяющих обнаружить как
локальные, так и нелокальные симметрии. Другое направление наметилось в ра-
ботах [3, 6–10], где изучается симметрия не всех решений ДУ, а только некоторых
подмножеств решений. В неявном виде, как теперь стало ясно, эта идея заложе-
на, в частности, в методе разделений переменных и, конечно, использовалось без
привлечения теоретико-алгебраических методов многими исследователями про-
шлого века. Ниже именно это второе направление будет обсуждаться.

Передруковано з “Симметрия и решения нелинейных уравнений математической физики”,
Киев, Институт математики АН УССР, 1987, C. 4–16 за дозволом
c© 1987 Iнститут математики НАН України
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На конкретных примерах будет указан способ расширения симметрии ДУЧП.
Как будет видно из дальнейшего, он очевидным образом обобщается и на другие
ДУ.

2. Уравнение Максвелла. Рассмотрим систему уравнений Максвелла

∂ ~E

∂t
= rot ~H,

∂ ~H

∂t
= −rot ~E, (4)

~E, ~H — векторы напряженностей электромагнитного поля.
Операторы, порождающие преобразования Лоренца, имеют вид

J0a = x0pa − xap0 + S0a, P0 = i
∂

∂x0
, Pa = −i ∂

∂xa
, (5)

S0a = iSa — 6 × 6-матрицы, реализующие соответствующее представление алге-
бры Ли группы SU(2) [6].

Записав матрицы Sa через Ek, Hl и ∂
∂Ek

, ∂
∂Hl

и представив (4) в виде (1) [6]

LΨ = 0, L =
∂

∂t
− iσ2SaPa, (6)

можно убедиться, что

J̃0aL 6= λaL или J̃0aL
∣∣∣
L
6= 0, a = 1, 2, 3. (7)

В (6) вектор-столбец Ψ=(E1, E2, E3, H1, H2, H3). Для уравнения (4) J̃0a=J0a.
Условие (7) означает, что система (4) неинвариантна относительно операторов
{J0a}, а следовательно, уравнение (2) не инвариантно относительно группы Ло-
ренца O(1, 3). Действие операторов {J0a} на L можно записать в виде

Q̃L = λ0(x, u, u1, . . . , ur)L+ λ1(x, u, u1, . . . , ur)L1, λ1 6= 0, (8)

где Q̃— любой из операторов {J̃01, J̃02, J̃03}. Отсюда видно, что если на множество
решений наложить дополнительное условие

L1(x, u, u1, . . . , ur) = 0, (9)

тo система (4) будет инвариантна относительно операторов {J0a}. Для систе-
мы (4) эти дополнительные условия имеют вид

div ~E = 0, div ~H = 0. (10)

Таким образом, уравнения (4) в совокупности с дополнительными условиями (10)
инвариантны относительно алгебры Ли AO(1, 3) группы O(1, 3). Обобщая поня-
тие инвариантности, введенное в [6–10] и приведенные только что рассуждения,
Н.И. Серов и автор ввели понятие условной инвариантности ДУ.

Определение. Систему уравнений (1) назовем условно инвариантной, если она
инвариантна относительно оператора Q при дополнительном условии (9) и

Q̃L1 = λ2(x, u, u1, . . . , uk)L+ λ3(x, u, u1, . . . , uk)L1, (11)

где λ1, λ2 — произвольные дифференцируемые функции.
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В данном определении, конечно, предполагается, что система (1), (9) совме-
стна. Очевидно, что не всякое дополнительное условие (уравнение) расширяет
симметрию исходного уравнения. Поэтому важно научиться строить такие до-
полнительные условия, чтобы симметрия всей системы была шире, чем симме-
трия исходного уравнения (1).

3. Условная инвариантность систем гиперболического и параболи-
ческого типов. Система гиперболических уравнений второго порядка

2 ~E = ~0, ~E = {E1, E2, E3}, 2 =
∂2

∂t2
− ∆,

2 ~H = ~0, ~H = {H1, H2, H3}
(12)

инвариантна относительно конформных операторов

Kµ = 2xµD − xνx
νPµ + 2xνSµν , D = xµP

µ + 2i, (13)

где Sµν — матрицы, реализующие представление алгебры AO(1, 3).
Однако система (12) условно инвариантна относительно операторов (13).

В этом случае дополнительное условие (9) является системой уравнений Макс-
велла (4), (10). Подробное доказательство этого факта дано в [6].

Рассмотрим систему линейных уравнений параболического типа

LΨ = 0, L = p0 −
papa
2m

,

p0 = i
∂

∂x0
, pa = −i ∂

∂xa
, a = 1, 2, 3.

(14)

Ψ = {Ψ1,Ψ2, . . . ,Ψn} — вектор-функция, m — параметр.
Уравнения (14) условно инвариантны относительно операторов из расширен-

ной алгебры Галилея AG(1, 3)

Ga = tpa −mxa + qa,

A = tD − t2p0 +
1

2
m~x 2 − ~q ~x, D = 2rp0 − ~x~p+ q0,

(15)

если на решения Ψ положить дополнительные условия

L3Ψ = 0, L4Ψ = 0,

L3 = q0 −
3

2
i− ~q~p

m
, L4 = q21 + q22 + q23 .

(16)

В (15), (16) матрицы q0, ~q удoвлeтвopяют коммутационным соотношениям

[qa, qb] = 0, [q0, qa] = iqa.

В [7] доказано, что уравнения (16) являются необходимыми и достаточными
условиями того, чтобы система (14) была инвариантна относительно операто-
ров (15).

4. Расширение симметрии уравнения Даламбера. Хорошо известно, что
максимальной (в смысле С. Ли) локальной группой инвариантности линейного
волнового уравнения

2u(x) = 0, x = (x0, x1, . . . , xn), (17)
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является конформная группа C(1, n). В [11] доказано, что если на решения u(x)
наложить условия

∂u

∂xµ

∂u

∂xµ
= 0, (18)

то переопределенная система (17), (18) инвариантна относительно бесконечно-
мерной алгебры с операторами

Q = ξµ(x, u)
∂

∂xµ
+ η(x, u)

∂

∂u
,

ξµ = c00xµ + cµν(u)x
ν + dµ(u), η(x, u) = η(u),

(19)

где c00(u), cµν(u), η(u) — произвольные гладкие функции от зависимой перемен-
ной u(x).

Итак, уравнение Даламбера условно инвариантно относительно бесконечно-
мерной алгебры (19). Такое существенное расширение симметрии волнового урав-
нения приводит к уникальному свойству нелинейной системы (17), (18): если
u1 — решение (18), (19), то и произвольная гладкая функция от этого решения
Φ(u1) = u2 является решением (17), (18).

5. Условная инвариантность уравнения четвертого порядка. Рассмо-
трим уравнение

(
∂

∂x0
+ ∆

)(
∂

∂x0
− ∆

)
u = 0. (20)

Применяя метод Ли к уравнению (20), можно показать, что оно неинвариантно
относительно алгебры Галилея AG(1, 3). Уравнение (20) является дифференци-
альным следствием уравнения теплопроводности

(
∂

∂x0
− ∆

)
u = 0, u ≡ u(x), (21)

которое, как известно, инвариантно относительно преобразований Галилея. При-
чина сужения симметрии уравнения (20), по сравнению с уравнением (21), связа-
на с тем, что множество решений уравнения (20) шире, чем множество решений
уравнения (21). Однако, если на u(x) наложить дополнительное условие в виде
уравнения Гамильтона–Якоби

∂u

∂x0
+

∂u

∂xa

∂u

∂xa
= 0, a = 1, 2, 3, (22)

то система (21), (22) будет инвариантна относительно галилеевских операторов
вида

Ga = upa −
1

2
xap0.

Отметим, что эти операторы порождают необычные преобразования Галилея.
Итак, уравнение (20) условно инвариантно относительно алгебры Галилея.

Более подробно этот вопрос изучен в [12].
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6. Расширение симметрии нелинейного уравнения теплопроводно-
сти. Нелинейное уравнение

∂u

∂x0
+

∂

∂xa

{
c(u)

∂u

∂xa

}
= 0, c(u) 6= const, (23)

неинвариантно относительно преобразований Галилея, а следовательно, для него
не выполняется принцип относительности Галилея [9], т.е. уравнение (23) неин-
вариантно относительно операторов

Ga = x0
∂

∂xa
+ µ(u)xa

∂

∂u
, a = 1, 2, 3, (24)

где µ(u) — произвольная гладкая функция от u(x).
Чтобы расширить симметрию нелинейного уравнения теплопроводности до

группы Галилея, достаточно дополнить (24) уравнением типа Гамильтона–Якоби

∂u

∂x0
+

1

2µ(u)

∂u

∂xa

∂u

∂xa
= 0, (25)

причем

µ(u) =
u

2c(u)
. (26)

Аналогичным способом можно расширить симметрию уравнений

∂2u

∂x2
0

= C(x, u, u
1
)∆u, (27)

которое широко применяется в нелинейной акустике, в теории нелинейных волн.
Более подробно эти результаты будут обсуждаться и опубликованы в работе

Н.И. Серова и автора.
7. О некоторых нерешенных задачах. В этом пункте укажем несколько

задач, которые представляются автору важными для развития и применения
теоретико-алгебраических методов.

1. Описать дифференциальные уравнения (дополнительные условия) первого
и второго порядка

F1(x, u, u
1
, u
2
, aµν , F0), u = u(x0, x1, x2, x3), (28)

которые расширяют симметрию уравнения

aµν(x, u, u
1
)

∂2u

∂xµ∂xν
+ F0(x, u, u

1
) = 0 (29)

до групп O(1, 3), P (1, 3), C(1, 3), P (1, 4), C(1, 4). F0, F1, aµν — гладкие функции.
Рассмотреть отдельно случай двумерных уравнений {x = (x0, x1)} и описать

все уравнения (28), (29), инвариантные относительно бесконечномерной алгебры
с оператором

Q = {f(x0 + x1) + g(x0 − x1)}
∂

∂x0
+ {f(x0 + x1) − g(x0 − x1)}

∂

∂x1
,

где f и g — произвольные функции.



Как расширить симметрию дифференциальных уравнений? 127

2. Исследовать групповые свойства и построить решения следующих уравне-
ний:

2u+ F0(x, u, u
1
) = 0, (Kµu)(K

µu) = λ,

Kµ = 2xµD − xνx
νpµ + λ1, D =

1

2
(xαp

α + pαxα) + λ2;
(30)

2u+ F0(x, u, u
1
) = 0,

(Jµνu)(J
µνu) = λ3, Jµν = xµpν − xνpµ,

(31)

где λ1, λ2, λ3 — произвольные константы. Рассмотреть волновое уравнение (30)
с дополнительным условием D2u(x) = λ.

3. Описать системы дополнительных условий (уравнений) первого порядка,
расширяющих симметрию уравнений параболического типа

∂u

∂x0
+ Clk(u, u

1
)
∂2u

∂xl∂xk
+ F0(u, u

1
) = 0. (32)

Рассмотреть в качестве дополнительного условия уравнение первого порядка

a0(x, u)
∂u

∂x0
+ akl(x, u)

∂u

∂xk

∂u

∂xl
+ bk(x, u)

∂u

∂xk
= 0.

4. Исследовать групповые свойства и построить семейства частных решений
нелинейного уравнения Дирака

γµp
µΨ = F (Ψ̄Ψ)Ψ (33)

совместно с одним из следующих дополнительных условий:

aΨ̄Ψ + bΨ̄γ4Ψ = 0, (34)

a(Ψ̄γµΨ)2 + b(Ψ̄γ4γµΨ)2 = 0, (35)

a
∂(Ψ̄Ψ)

∂xµ

∂(Ψ̄Ψ)

∂xµ
+ b

∂(Ψ̄γ4Ψ)

∂xµ

∂(Ψ̄γ4Ψ)

∂xµ
= 0, (36)

a, b — произвольные постоянные.
Рассмотреть случаи: F (Ψ̄Ψ) = m = const, F (Ψ̄Ψ) = 0, Ψ — четырехкомпонен-

тный спинор.
5. Исследовать симметрию и построить точные решения уравнений

2Ψ +

(
F (Ψ̄Ψ),

∂Ψ

∂xµ

)
Ψ = 0 (37)

с дополнительными условиями

a
∂(Ψ̄γµΨ)

∂xµ
+ b

∂(Ψ̄γ4γµΨ)

∂xµ
= 0, (38)

a(Ψ̄Ψ) + b(Ψ̄γ4Ψ) = 0. (39)
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6. Провести теоретико-алгебраический анализ системы уравнений

(γµw
µ + wµγµ)Ψ + F (Ψ̄Ψ)Ψ = 0,

wµ = {w0, ~w} = {w0, w1, w2, w3}, w0 = ~p ~J = p1J1 + p2J2 + p3J3,

Ji = εiklJkl, ~w = p0
~J − (~p× ~N), ~N = (J01, J02, J03),

Jµν = xµpν − xνpµ + Sµν , Sµν =
i

4
(γµγν − γνγµ).

(40)

7. Описать пуанкаре-инвариантные и конформно-инвариантные первого и вто-
рого для спинора Ψ, предполагая, что ток

jµ = a(Ψ̄γµΨ) + b(Ψ̄γ4γµΨ) + c(Ψ̄pµΨ) + d(Ψ̄wµΨ)

удовлетворяет уравнению непрерывности ∂jµ
∂xµ

= 0, a, b, c, d — произвольные
константы.

8. Исследовать групповые свойства и построить частные решения систем че-
тырех дифференциальных уравнений первого порядка

γµγνJ
µνΨ + λ(Ψ̄Ψ)kΨ = 0,

Jµν = xµpν − xνpµ + Sµν , Sµν =
i

4
[γµ, γν ].

9. Построить семейства точных решений уравнений второго порядка

2Ψ = F

(
Ψ̄Ψ,

∂Ψ̄

∂xα
,
∂Ψ

∂xβ

)
Ψ

с дополнительным условием

Ψ̄γµp
µΨ = a(Ψ̄Ψ) + b(Ψ̄γµΨ)2 + c(Ψ̄γ4γµΨ)2,

(Ψ̄wµΨ)(Ψ̄wµΨ) = λ(Ψ̄Ψ).

Рассмотреть случаи: F = −m2, F = (Ψ̄Ψ)r, m, r, b, c — произвольные константы.
10. С помощью следующих потенциалов (Bµ, ϕ):

Fµν = KµBν −KνBµ, Kµ = 2xµD − xνx
νpµ + λ1,

Fµν = Jµνϕ, Jµν = xµpν − xνpµ, ui = εiklJklϕ,

построить семейства точных решений уравнений для электромагнитногo поля и
для поля Эйлера–Навье–Стокса

∂ui
∂t

+ ul
∂ui
∂xl

+ λ∆ui = 0, i, k, l = 1, 2, 3.

11. Описать анзацы вида

u = f(x)ϕ(ω) + g(x),

которые редуцируют уравнения второго порядка

aµν(x, u, u
1
)

∂2u

∂xµ∂xν
+ F (x, u, u

1
) = 0 (41)
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к обыкновенным ДУ. Важно рассмотреть случаи, когда уравнение (41) не инва-
риантно ни относительно групп P (1, 3), C(1, 3), ни относительно подгрупп этих
групп. Нетривиальные примеры таких уравнений приведены в [9, 10].

12. Исследовать симметрию и построить классы точных решений следующих
систем уравнений:

Dt
~E = rot ~H, Dt

~H = −rot ~E,

Dt ≡
∂

∂t
+ λ1Ek

∂

∂xk
+ λ2Hk

∂

∂xk
;

DνFµν = 0, Dν =
∂

∂xν
+ Fνα

∂

∂xα
, µ = 0, 3;

DαFµν +DµFνα +DνFαµ = 0.

Рассмотреть случаи, когда λ1 = λ2 = 1; λ1 = 1, λ2 = 0; λ2 = 1, λ1 = 0. Приве-
денные уравнения можно рассматривать как нелинейное обобщение уравнений
Максвелла. При этом, конечно, следует добавить к первой системе уравнений
условие неразрывности: div ~E = 0, div ~H = 0.

13. Провести подробно теоретико-алгебраический анализ переопределенных
уравнений

2u+ F1(x, u, u
1
) = 0, (42)

{bµν(x, u)Jµν + cµ(x, u)Pµ + dµ(x, u)Kµ + e(x, u)D}F2(x, u) = 0, (43)

2u+ F3(x, u, u
1
) = 0, (44)

aµν(x, u)
∂u

∂xµ

∂u

∂xν
= F4(x, u), (45)

Jµν = xµPν − xνPµ, Pµ = igµν
∂

∂xν
,

Kµ = 2xµ − xνx
νPµ, D =

1

2
(xµP

µ + Pµx
µ).

Описать функции F1, F2, F3, F4, aµν , bµν , cµ, dµ, e, при которых уравнения (42)–
(45) инвариантны относительньно групп C(1, 3), C(1, 4), P (1, 3), P (1, 4) и их под-
групп. Если удастся при некоторых конкретных функциях F2, bµν , . . . решить
уравнение (43), то это даст нам анзацы для решения нелинейного волнового урав-
нения (42), которые не могут быть получены с помощью метода С. Ли. В том
случае, когда уравнение (42) инвариантно относительно операторов Pµ, Jµν , Kµ,
D, а функции bµν , cµ, dµ, e являются постоянными, уравнение (43) дает нам ли-
евские анзацы для нахождения инвариантных решений уравнения (42). Решения
уравнения (43) приводят к нелиевским анзацам для волнового уравнения (42).
При этом, конечно, необходимо, чтобы система (42), (43) была совместной.

14. Исследовать симметрию и построить первые интегралы для обыкновенной
системы дифференциальных уравнений

dxµ
dτ

= xµF1(x, Ψ̄Ψ) + (Ψ̄γµΨ)F2(x, ẋ),

γµP
µΨ = F3(Ψ̄Ψ)Ψ.
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Приведенная система ОДУ описывает движение классической частицы в спинор-
ном поле Ψ . Рассмотреть случай, когда F3(Ψ̄Ψ) = m = const.

15. Описать все системы ОДУ вида

m(~v, ~E, ~H)
d~v

dt
= ~xF1(x,~v, ~E, ~H) + ~vF2(x,~v, ~E, ~H) +

+ ~EF3(x,~v, ~E, ~H) + ~HF4(x,~v, ~E, ~H),

(46)

инвариантные относительно групп P (1, 3), G(1, 3) и их расширений (C(1, 3),
P (1, 4), C(1, 4), G(1, 4)). В (46) ~v = d~x

dt , x = (t, x1, x2, x3), ~v = (v1, v2, v3), ~E, ~H —
векторы электромагнитного поля.

16. Существуют ли нетривиальные решения для спинорного поля

pµp
µΨ + F (Ψ̄Ψ, Ψ̄γµp

µΨ)Ψ = 0,

для которых

∂Fµν
∂xν

= λΨ̄γµΨ, Fµν = λ1Ψ̄[γµ, γν ]Ψ,

∂Fµν
∂xα

+
∂Fνα
∂xµ

+
∂Fαµ
∂xν

= 0

или

pαp
αAµ + pµ(pνA

ν) = m2Aµ +AµF (Ψ̄Ψ), Aµ = λΨ̄γµΨ,

или

pαp
αu = m2u+ F (u), u = λ(Ψ̄Ψ),

где λ, λ1 — произвольные параметры.
17. Исследовать симметрийные свойства и построить решения интегро-диф-

ференциального уравнения для спинора

p0Ψ =
(
p2
1 + p2

2 + p2
3 +m2

)1/2
Ψ + F (Ψ̄Ψ)Ψ (47)

с дополнительными нелинейными условиями:

Ψ̄γµp
µΨ = λΨ̄Ψ, Ψ̄(1 − γ4)Ψ = 0. (48)

Рассмотреть отдельно случай F = 0, λ = m. В этом случае решения линейного
уравнения Дирака (с положительной энергией) удовлетворяют уравнению (47) и
первому нелинейному условию (48).

18. Исследовать пространства с такими метриками:
(
xµ + λ1

∂u

∂xµ
+ λ2xν

∂2u

∂xν∂xµ

)(
xµ + λ1

∂u

∂xµ
+ λ2xα

∂2u

∂xα∂xµ

)
= F1(x, u),

u — скалярная функция,
{
xµ + λ1Ψ̄γµΨ + λ2

∂(Ψ̄Ψ)

∂xµ

}{
xµ + λ1Ψ̄γ

µΨ + λ2
∂(Ψ̄Ψ)

∂xµ

}
= F2(x,Ψ),

(xµ + λ1γµΨ + λ2pµΨ)(xµ + λ1γ
µΨ + λ2p

µΨ) = F3(x, Ψ̄Ψ).
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Рассмотреть случаи: F1 = const, F2 = const; F1 = x2 ± u2, F2 = x2 ± (Ψ̄Ψ),
F3 = x2 ± (Ψ̄Ψ).

19. Исследовать симметрию и построить классы точных решений систем:

pµp
µu1 = F1(u1, u2),

pµp
µu2 = F2(u1, u2),

(pµu1)(p
µu2) = const,

pµu1p
µu1 = m1, pµu2p

µu2 = m2, pµu1p
µu2 = m3.

20. Провести детальный теоретико-алгебраический анализ уравнений

1

2
(γµw

µ + wµγµ)Ψ = λΨ, wµ =
1

2
εµναβP

νJαβ ,

{γµPµ + λγµ(Ψ̄w
µΨ)}Ψ = 0,

Проанализировать случай, когда Ψ матрица 4 × 4. Обычно Ψ — столбец из 4
функций.

21. Исследовать симметрию и построить решения дифференциальных нера-
венств:

(p0u)
2 − (pau)(pau) > 0,

p0u >
{
(p1u)

2 + (p2u)
2 + (p3u)

2
}1/2

, p0u > 0.
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On the new invariance algebras

and superalgebras of relativistic

wave equations

W.I. FUSHCHYCH, A.G. NIKITIN

We show that any relativistic wave equation for a particle with mass m > 0 and
arbitrary spin s is invariant under the Lie algebra of the group GL(2s + 1, C). The
explicit form of basis elements of this algebra is given for any s. The complete sets of
symmetry operators of the Dirac and Maxwell equations are obtained, which belong to
the classes of the first- and second-order differential operators with matrix coefficients.
Corresponding new conservation laws and constants of motion are found.

1. Introduction

The classical Lie approach is the main mathematical apparatus used for the analysis of
symmetry of partial differential equations [1, 30]. This approach was used to prove that
the Poincaré group is the maximal symmetry group of the Dirac equation [2, 22] and
that the maximal symmetry of Maxwell’s equations is determined by the conformal
group replenished by the Heaviside–Larmor–Rainich transformation. However, in spite
of its power and universality, the Lie approach does not make it possible to find all
symmetry operators of the given equation. Actually it gives possibility of finding only
such symmetry operators which are the first-order differential operators.

Using the non-Lie approach [5, 6, 8, 9], in which the group generators can be di-
fferential operators of any order and even integro-differential operators, the new invari-
ance groups of a number of relativistic wave equations have been found. It has been
demonstrated that the Dirac equation is invariant under the group SU(2)×SU(2) [5,
6, 12] and that the Kemmer–Duffin–Petiau equation for vector field is invariant under
the group SU(3)×SU(3) [29, 12]. The non-Lie approach enables to find an additional
symmetry of the Dirac and Kemmer–Duffin–Petiau equations describing the particles
interacting external electromagnetic field [13, 27]. The hidden symmetry of Maxwell’s
equations has also been found which is described by the eightparameter transformati-
on group including the subgroup of Heaviside–Larmor–Rainich transformations [13,
14, 15, 17].

In this paper we continue to study symmetries of the Dirac, Weyl and Maxwell
equations and of relativistic wave equations for any spin particles. The main results
obtained here can be formulated as follows.

(i) We found that any Poincaré-invariant wave equation for a particle of arbitrary
spin s and massm = 0 is additionally invariant under the 2(2s+1)(2s+1)-dimensional
Lie algebra which is isomorphic to the Lie algebra of the group GL(2s + 1, C). The
explicit form of basis elements of this invariance algebra is found for any value of s.

Reprinted with permission from J. Phys. A: Math. Gen., 1987, 20, P. 537–549
c© 1987 IOP Publishing Ltd
Original article is available at http://www.iop.org/EJ/journal/JPhysA
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Thus the additional symmetry of an arbitrary relativistic wave equation is descri-
bed whereas previously one studied, as a rule, the symmetry properties of specific
equations.

(ii) In our earlier work we restricted ourselves to studying symmetry operators
of relativistic wave equations which belong to a finite-dimensional Lie algebra [17].
Here we also consider the symmetry operators belonging to the classes of first and
second-order differential operators with matrix coefficients which, generally speaking,
are not basis elements of any finite-dimensional Lie algebra, but are closely connected
with conservation laws. The complete set of symmetry operators of the Dirac equation
in the class of first-order differential operators with matrix coefficients (class M1) is
found. We also obtain the symmetry operators of the Weyl and Maxwell equations
which form a basis of the Lie superalgebra.

(iii) The new conservation laws and motion constants, which are connected with
hidden symmetry of the Dirac and Maxwell equations, are found.

The results of this paper supplement and in some sense complete those ones obtai-
ned by us and expanded by other authors [3, 31, 24, 32] by studying the additional
symmetry of Poincaré-invariant wave equations.

2. Additional symmetry of Poincaré-invariant
wave equations for arbitrary spin particles

In this section we demonstrate that any relativistic wave equation for a particle of
non-zero mass and spin s = 0 has more extensive symmetry than Poincaré invariance,
and describe this additional symmetry exactly.

Let us write an arbitrary linear (differential or integro-differential) equation in the
following symbolic form

Lψ = 0, (2.1)

where L is a linear operator defined on a vector space H, ψ ∈ H.
Let Q be an operator defined on H. We say that Q is the symmetry operator of

the equation (2.1), if

L(Qψ) = 0 (2.2)

for any ψ satisfying (2.1).

Definition. Equation (2.1) is Poincaré-invariant and describes a particle of mass m
and spin s if it has 10 symmetry operators Pµ, Jµν , µ, ν = 0, 1, 2, 3, which form a
basis of the Lie algebra of Poincaré group, and any solution ψ satisfies the conditions

PµP
µψ = m2ψ, WµW

µ = −m2s(s+ 1)ψ, (2.3)

where Wµ is the Lubansky–Pauli vector

Wµ =
1

2
εµνρσJ

νρP σ. (2.4)



134 W.I. Fushchych, A.G. Nikitin

Below we consider only such equations (2.1) which satisfy the given definition and
so can be interpreted as equations for a relastivistic particle of spin s and mass m.
The symmetry operators Pµ, Jµν of such a equation satisfy the commutation relations

[Pµ, Pν ] = 0, [Pµ, Jνσ] = i(gµνPσ − gµσPν),

[Jµν , Jλσ] = i(gµσJνλ + gνλJµσ − gµλJνσ − gνσJµλ)
(2.5)

which characterise the Lie algebra of the Poincaré group P (1, 3). The eigenvalues of
the corresponding Casimir operators PµPµ and WµW

µ are fixed and given by the
relations (2.3). Let us emphasise that we do not make any supposition with regards
to the explicit form of the operators Pµ and Jµν — they can be differential operators
of first order and non-local (integro-differential) operators as well.

Theorem 1. Any Poincaré-invariant equation for a particle of mass m and spin s is
invariant under the algebra1 GL(2s+ 1, C).

Proof. Let Pµ, Jµν be symmetry operators of the equation (2.1) satisfying the
commutation relations (2.5). Then in accordance with definition (2.3) the following
combinations

Q±
µν =

1

m2
[εµνρσW

ρP σ ± i(PµWν − PνWµ)] (2.6)

are also the symmetry operators of these equations.
Using (2.5) and the relations

[Wµ, Pν ] = 0, [Wµ,Wν ] = iεµνρσP
ρW σ (2.7)

can make sure that the operators (2.6) satisfy the conditions

[Q±
µν , Q

±
λσ] = i(gµσQ

±
νλ + gνλQ

±
µσ − gµλQ

±
νσ − gνσQ

±
µλ)m

−4(PµP
µ)2, (2.8)

C1 =
1

4
Q±
µνQ

±µν = −m4WλW
λPσP

σ,

C2 =
1

4
εµνρσQ

±µνQ±ρσ = ∓im−4WµW
µPσP

σ.
(2.9)

It follows from (2.3) and (2.8) that on the set of solutions of equation (2.1) the
operators (2.6) satisfy the commutation relations

[Q±
µν , Q

±
λσ]ψ = i(gµσQ

±
νλ + gνλQ

±
µσ − gµλQ

±
νσ − gνσQ

±
µλ)ψ, (2.10)

which characterise the Lie algebra of group SL(2, C). From (2.3) and (2.9) one obtains
the eigenvalues of corresponding Casimir operators

C1ψ =
1

2

(
l20 + l21 − 1

)
ψ, C2ψ = il0l1ψ, (2.11)

where l0 = s, l1 = ±(s+ 1).
So we have demonstrated that any Poincaré-invariant equation for a particle of

non-zero mass and spin s 6= 0 is additionally invariant under the algebra SL(2, C),
the basis elements of which belong to the enveloping algebra of the P (1, 3) and are
given exactly by the relations (2.6). According to (2.11) operators (2.6) realise the

1We use the same notation for the groups and for the corresponding Lie algebras.
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representation D(l0, l1) = D(s,±(s+1)) of the algebra GL(2, C). Now we see that this
invariance algebra can be extended to a 2(2s+1)-dimensional Lie algebra isomorphic
to GL(2s + 1, C). Namely, basis elements of the algebra GL(2s + 1, C) have the
following form

λn+k n = ank(Q
+
23 −Q+

02)P
s
n, λnn+k = aknP

s
n(Q+

23 +Q+
02),

λ̃mn = Q1λmn,
(2.12)

where

P sn =
∏

n′ 6=n

Q12 − s− 1 + n′

n′ − n
, Q1 =

εabc
2s(s+ 1)

Q+
0aQ

+
bc,

m, n = 1, 2, . . . , 2s+ 1, k = 0, 1, . . . , 2s− n

and akn are the coefficients determined by the recurrent relations

a0n = 1, a1n = [n(2s+ 1 − n)]−1/2,

aλn = aλ−1naλ−1n+λ−1, λ = 2, 3, . . . , 2s− n.

Actually the polynomials of the symmetry operators Q+
µν given by the relations

(2.12) manifestly are symmetry operators of equation (2.1). Operators (2.11) form
the basis algebra GL(2s+ 1, C) inasmuch as they satisfy the following commutation
relations

[λab, λcd] = −[λ̃ab, λcd] = δbcλad − δadλbc,

[λab, λ̃cd] = δbcλ̃ad − δadλ̃bc, a, b, c, d = 1, 2, . . . , 2s+ 1
(2.13)

which characterise the algebra GL(2s + 1, C). The relations (2.13) are satisfied on
the set of solutions of the equation (2.1).It can be verified by direct calculation using
the equivalent matrix representation for the basis elements of the algebra SL(2, C)
(which is evaluated according to (2.11))

Q+
ab = εabcSc, Q+

0a = −Sa.

Here Sa are the matrices which realise the representation D(s) of the SO(3) algebra
in the Gelfand–Zetlin basis [21]. Thus the theorem is proved.

So if equation (2.1) is Poincaré invariant and describes a particle of spin s and
mass m > 0, it is invariant also under the algebra GL(2s+1, C), the basis elements of
which belong to the enveloping algebra of algebra P (1, 3). Operators (2.12) together
with the Poincaré generators Pµ and Jµν form a basis of the 10+2(2s+1)-dimensional
Lie algebra isomorphic to the algebra P (1, 3)⊕GL(2s+1, C). The last statement can
be easily verified by moving to the new basis Pµ → Pµ, Jµν → Jµν−Qµν , λmn → λmn,
λ̃mn → λ̃mn, where

Q12 =
∑

n

(s− n+ 1)λmn, Q03 =
∑

n

(s− n+ 1)λ̃mn,

Q23 =
∑

n

1

2a1n
(λnn+1 + λn+1n), Q31 = −i[Q12, Q23],

Q02 = i[Q23, Q03], Q01 = −i[Q31, Q03].
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The theorem proved has a constructive character since as it gives the explicit form
of basis elements of the additional invariance algebra via the Poincaré generators.
Starting, for example, from the Poincaré generators for the Dirac equation

Pµ = pµ = i
∂

∂xµ
, Jµν = xµpν − xνpµ +

i

4
[γµ, γν ], (2.14)

where γµ are the Dirac matrices, one obtains from (2.6) the additional symmetry
operators of this equation found earlier by Fushchych and Nikitin [12]. In an analogous
way to formulae (2.6) and (2.12), the additional invariance algebras of the Kemmer–
Duffin–Petiau and Proca equations can be obtained (see [12, 17, 19, 20]) and even the
invariance algebra of infinite-component wave equations [18] can be found.

Let us note that relativistic wave equations for a particle of spin s > 0 also possess
such additional invariance algebras which belong to the class of integro-differential
operators [5, 8, 9, 16, 17, 29, 27] and, generally speaking, are not numbered among
the enveloping algebras of the algebra P (1, 3).

3. Symmetry operators of the Dirac equation
in the class M1

Here we consider in detail the symmetry properties of the Dirac equation

Lψ ≡ (γµpµ −m)ψ = 0. (3.1)

It is well known that the symmetry of equation (3.1) which can be found in
the classical Lie approach is exhausted by invariance under the algebra P (1, 3), the
basis elements of which are given in (2.14), and under a corresponding group of
transformations, i.e. the Poincaré group.

Theorem 1 gives the possibility of extending the set of symmetry operators of
the Dirac equation. Actually, using formulae (2.6), (2.14) and (3.1) one obtains the
additional symmetry operators [12, 17]

Q±
µν =

i

4
[γµ, γν ] +

i

2m
(γµpν − γνpµ)(1 ± iγ4). (3.2)

The operators (3.2) are the first-order differential operators with matrix coefficients
(i.e. belong to the class M1) and so they cannot be found in the frames of classical Lie
approach. But these operators (with fixed sign ±) form the basis of 16-dimensional
Lie algebra together with the Poincaré generators (2.14). It follows from the above that
the Dirac equation is invariant under the 16-parameter group including the Lorentz
transformations (generated by Pµ, Jµν) and the transformations which are generated
by the operators (3.2). Specifically these transformations have the form

ψ → ψ′ = exp(2iθQ)ψ = (cos θ − γ1γ2 sin θ)ψ
i

m
(1 ∓ iγ4) sin θ

(
γ1
∂ψ

∂x2
−γ2

∂ψ

∂x1

)

if Q = Q±
12 etc [12].

It can be interesting to know whether the operators (2.14) and (3.3) exhaust all
symmetry operators of the Dirac equation in the class M1. It turns out that this is
not so.



On the new invariance algebras and superalgebras 137

Here we find the complete set of symmetry operators Q ∈ M1 for equation (3.1)
which, however, do not form the basis of Lie algebra.

Theorem 2. The Dirac equation has 26 linearly independent symmetry operators
Q ∈ M1. These operators include the Poincaré generators (2.14), identity operator
and fifteen operators given below

ηµ =
1

4
iγ4(pµ −mγµ), ωµν = mSµν +

1

2
i(γµpν − γνpµ),

Aµ = ωµνx
ν + xνωµν − iγµ, B = iγ4(D −mγµx

µ),
(3.3)

where

D = xµpµ +
3

2
i, Sµν =

1

4
i[γµ, γν ], µ, ν = 0, 1, 2, 3. (3.3′)

Proof. To find all linearly independent symmetry operators of the Dirac equation in
the class M1 it is necessary to obtain the general solution of the following operator
equations

[L,Q] = fQL, (3.4)

where L = γµpµ −m, Q and fQ are unknown operators belonging to M1:

Q = Ãµpµ + B̃, fQ = C̃µpµ + D̃,

Ãµ, B̃µ, C̃µ and D̃ are 4 × 4 matrices depending on x = (x0,x).
Relations (3.4) mean that the operators on the RHS and LHS give the same result

acting on arbitrary solutions of the Dirac equation. On the set of these solutions
operator p0 can be expressed via the operators pa with matrix coefficients: p0ψ =
Hψ ≡ (γ0m+γ0γapa)ψ. In other words it is sufficient to restrict ourself by considering
symmetry operators of a form such that

Q = B · p +G, (3.5)

where B and G are 4 × 4 matrices depending on x. For the operators (3.5) the
invariance condition (3.4) reduces to the following form:

[p0 −H,Q] = fQ(p0 −H), (3.6)

where fQ ≡ 0 insofar as the commutator on the LHS cannot depend on p0.
An unknown operator (3.5) can be expanded via a complete set of the Dirac

matrices

B = Id0 + iγ4d
1 + γνn

ν + Sµνm
µν + γ4γνb

ν ,

G = Ia0 + iγ4a
1 + γνc

ν + Sµνf
µν + γ4γνg

ν ,
(3.7)

where d0, d1, nν , mµν , bν , a0, a1, cν , fµν , gν are unknown functions on x.
Substituting (3.5) and (3.7) into (3.6) and equating coefficients by the linearly

independent matrices and differential operators one comes to the following system of
partial differential equations:

n0 = b0 = 0, nab = iεabcd
2
c , bab = iεabcd

3
c ,

m0a
b = iδabA

0, mab
c = εabcA

1, a, b, c = 1, 2, 3,
(3.8)
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∂dµa
∂xb

= −∂d
µ
b

∂xa
,

∂dµa
∂xa

=
∂dµb
∂xb

, a 6= b, m div d0 = 0, m div d1 = 2ima1,

ḋ
2

= −1

2
rot d3, ḋ

3
=

1

2
rot d2, ḋ

i
= −grad Ai, div di = −3Ai, i = 0, 1,

ca = −1

2
(rot d2)a, c0 = −1

3
div d3 +mA0, g0 =

1

3
div d2,

ga = −1

2
(rot d3)a − imd1

a, ȧ0 = −1

2
i div d0, grad a0 = −3

2
id̈

0
,

a1 = −1

2
i div ḋ

1
+

1

3
m div d2, grad a1 = −mḋ

2 − 3

2
id̈

1
,

f0a =
1

2
ḋ0
a −

1

4
i(rot d1)a, fab = εabc

[
1

2
iḋ1
c +

1

4
(rot d0)c +md2

c

]
,

(3.9)

where the dot denotes the derivative on x0 and there is no sum by the repeated indices.
The symbol dµ denotes a vector with components (dµ1 , d

µ
2 , d

µ
3 ) (analogous notation is

used for other vector quantities).
The first line in (3.9) gives the equations in the Killing form. Using this circum-

stance it is not difficult to obtain the general solution of the system (3.9) for m 6= 0:

d0 = x × η + ρx0 + ν, d1 = ξ + λx, d2 = x × ε + ζ,

d3 = εx0 + µx + σ, g0 = 0, ga = −im(ξa + λxa),

f0a =
1

2
ρa, fab =

1

2
εabc(2mζc − ηc) +m(xaεb − xbεa),

c0 = −µ−m(ρ · x + κ), ca = εa, A0 = −ρ · x − κ,

A1 = −λx0 + ω, a0 = Ω, a1 = −3

2
iλ.

(3.10)

Here the Greek letters denote arbitrary constants.
So the general solution of the system (3.9) depends on 26 arbitrary numerical

parameters. Substituting (3.7), (3.8) and (3.10) into (3.5) and using equation (3.1),
one obtains a general expression for the symmetry operator Q ∈ M1 for the Dirac
equation as a linear combination of the Poincaré group generators (2.14), identity
operator and the operators (3.3). The theorem is proved.

So we have obtained the complete set of the symmetry operators Q ∈ M1 for
the Dirac equation with m 6= 0. Besides the Poincaré group generators (2.14) this
set includes four operators which coincide on the set of the equation (3.1) solutions
with Lubansky–Pauli vector (2.4), six operators ωµν = 1

2 (Q+
µν +Q−

µν), trivial identity
operator and five symmetry operators B and Aµ, µ = 0, 1, 2, 3, which belong to the
enveloping algebra generated by the Poincaré generators.

The operators (3.3) satisfy the following commutation relations

[B,Pµ] = −2iηµ, [B, ηµ] = −1

2
i(Pµ +mAµ), [Aµ, Pν ] =

1

m
[ηµ, ην ] = −2iωµν .

However these operators do not form the basis of the Lie algebra inasmuch as the
commutators [ωµν , ωλσ] do not belong to the class M1.

One of the most interesting consequences of the symmetry described in theorem 2
is the existence of new conservation laws for the Dirac equation. Corresponding new
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conserved currents have the form

ηνµ =
1

4

(
ψ̄γ4γν

∂Ψ

∂xµ
− ∂ψ

∂xµ
γνγ4ψ

)
+mψ̄γ4Sµνψ,

ωµρν =
1

4
i

(
∂ψ̄

∂x0
Sνµψ + ψ̄Sνρ

∂ψ

∂xµ
− ψ̄Sνµ

∂ψ

∂xρ
− ∂ψ̄

∂xµ
Sµνψ

)
+

+
1

2
mψ̄[Sµν , γλ]+ψ, Bν = 2xµηµν , Aµν = 2xλωµλν .

(3.11)

The tensors ηµν , ωµρν , Aµν and the vector Bν correspond to the symmetry operators
ηµ, ωµρ, Aµ and B. All quantities (3.11) satisfy the continuity equations

pνηµν = 0, pνωµρν = 0, pνAµν = 0, pνBν = 0

and so generate conservation laws.

4. Additional symmetry of the Weyl
and massless Dirac equations

Here we study the symmetry of the Weyl equation

σµpµϕ = 0, (4.1)

where ϕ is the two-component spinor and σµ the Pauli matrices. Putting

ψ =

(
ϕ+ ϕ∗

i(ϕ∗ − ϕ)

)
(4.2)

one can rewrite this equation in the Dirac form

γµpµψ = 0, (4.3)

where γµ are the Dirac matrices in the Majorana representation. So we consider the
symmetry properties of equation (4.3) in order to obtain the results which are valued
as for the Weyl equation as for the massless Dirac one.

Theorem 3. The massless Dirac equation has 46 symmetry operators Q ∈ M1. These
operators are

Pµ, Jµν , Kµ, D, F, FPµ, FJµν , FKµ, FD, I, (4.4a)

Âµ = ω̂µνx
µ + xν ω̂µν − γµ, ω̂µν = γµpν − γνpµ, F Âµ, (4.4b)

where Kµ = 2xµD − pµxνx
ν + 2Sµνx

ν , F = iγ4, Pµ, Jµν and D are given in (2.14)
and (3.5′).

Proof. This can be carried out in full analogy with the proof of theorem 2. The
general solution of the system (3.8) for the case m = 0 has the form

dα = xx · µα +
1

2
µα
(
x2

0 − x2
)

+ x × ηα + ναx + ραx0x + λα + ωαx0,
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α = 0, 1, d2 = x × ε + ξx − ζx0 + ϕ, d3 = x × ξ + σx + εx0 + κ,

Aα = −
[
x · µαx0 +

1

2
ρα
(
x2

0 + x2
)

+ ναx0 + ωαx + χα
]
,

aα = −3

2
i (x · µα + ραx0 + δα) , c0 = σ, xa = −εa, g0 = ξ,

ga = −ζa, f0a =
1

2
(−η1

a + ρ0xa + µ0
ax0 + ω0

a),

fab = −1

2
εabc(µ

1
cx0 + ρ1

1xc + ω1
c + η0

c

(4.5)

and includes 46 independent parameters denoted by the Greek letters. Substituting
(3.5) and (4.5) into (3.7) and using equation (4.3) one obtains a general expression
for the symmetry operator of the massless Dirac equation in the form of a linear
combination of the operators (4.4). Thus the theorem is proved.

Among the operators (4.4) there are exactly fourteen symmetry operators, which
do not belong to the enveloping algebra generated by the conformal group generators
Pµ, Jµν , Kµ, D and by the operator F = iγ4. These essentially new symmetry
operators are given in (4.4b).

Operators (4.4) transform the real wave function ψ (4.2) into real wave function
ψ′ = Qψ and so they are also the symmetry operators for the Weyl equation (4.1).
Incidentally the linear transformations of ψ (4.2) generate linear and antilinear trans-
formations of a two-component Weyl spinor.

The operators (4.4) do not form a basis of the Lie algebra. However, one can
consider different subsets of the operators (4.4) which have the structure of the Lie
algebra or superalgebra. Thus the operators (4.4a) form the basis of 32-dimensional
Lie algebra including the Lie algebra of the conformal group. The operators Jµν , ω̂µν ,
F and λµ = FPµ satisfy the following commutation and anticommutation relations:

[ω̂µν , ω̂λσ]+ = −2i[Jµν , pλpσ] = 2(gµλpνpσ + gνσpµpλ − gµσpνpλ − gνλpµpσ),

[Jµν , ω̂λσ] = i(gµσω̂νλ + gνλω̂µσ − gµλω̂νσ − gνσω̂µλ), F 2 = I,

[ω̂µν , λρ]+ = [ωµν , F ]+ = 0, [λµ, λν ]+ = 2pµpν , [λµ, F ]+ = 2Pµ,

(4.6)

where the symbol [A,B]+ denotes the anticommutator [A,B]+ = AB +BA.
It follows from (2.5) and (4.6) that the set of symmetry operators {Pµ, Jµν , pµpν , I,

F, λµ, ω̂µν} form the basis of the Lie superalgebra (which includes ten symmetry
operators pµpν not belonging to the class M1).

5. The symmetry and supersymmetry
of Maxwell’s equations

We shall write Maxwell’s equations for the electromagnetic field in vacuum in the
following form [17]:

L1ψ ≡ (i∂/∂x0 + σ2S · p)ψ = 0,

La2ψ ≡ (pa − S · ppa)ψ = 0.
(5.1)

Here

σ2 = i

(
0 −1
1 0

)
, Sa = i

(
sa 0
0 sa

)
, (5.2)
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where 1 and 0 are unit and zero 3 × 3 matrices, sa are the generators of irreducible
representation D(1) of the group SO(3) with the matrix elements (sa)bc = iεabc. The
symbol ψ denotes the six-component function, ψ = column (E1, E2, E3, H1, H2, H3),
where Ea and Ha are the components of the vectors of electric and magnetic fields
strengths.

It is well known that the Maxwell equations are invariant under the conformal
group C(1, 3) and under the group H of Heaviside–Larmor–Rainich transformations.
Moreover it was found [14, 15, 16, 17] that these equations also have the additional
hidden symmetry in the class of integro-differential operators which is determined by
the algebra GL(2, C). It was demonstrated also that GL(2, C) is the most extensive
invariance algebra of the Maxwell equations if one supposes the symmetry operators
do not depend on x.

Here we study the symmetry of the Maxwell equations in quite another aspect. The
requirement that the symmetry operators belong to a finite-dimensional Lie algebra is
very important if one is interested in studying the symmetry groups of the equations
considered. However for many applications (e.g. for constructing conservation laws)
this requirement is not essential. So we do not require that the symmetry operators of
Maxwell’s equations should belong to a finite-dimensional Lie algebra but restrict the
class of operators considered by the second-order differential operators with constant
matrix coefficients. In other words we consider the symmetry operators of a form such
that

Q = dabpapb + cbpb + g, a, b = 1, 2, 3, (5.3)

where dab, cb and g are 6 × 6 numerical matrices. The operators (5.3) do not depend
on po inasmuch as one can always p0ψ via σ2S · pψ according to equation (5.1). Let
us denote the class of the operators (5.3) by the symbol M2.

We shall see that the Maxwell equations have non-trivial symmetry operators in
the class M2 which do not belong to the enveloping algebra of the conformal group
generators. On the other hand the analysis of more extensive classes of the Maxwell
equation symmetry operators is very complicated and cannot be carried out within
the framework of the present paper.

The invariance condition for equation (5.1) under the operators (5.3) can be wri-
tten in the following general form [17]

[L1, Q] = α1
QL1 + β1a

Q L
a
2 , [La2 , Q] = α2a

Q L1 + β2a,d
Q Ld2, (5.4)

where in our case α1
Q = α2a

Q ≡ 0 since the commutators on the LHS cannot depend
on p0, and

β1a
Q = gabcpbpc + fab pb + ha, β2a,d

Q = ga,dbc pbpc + fa,dc pc + ha,d, (5.5)

where gkbc, f
k
b , hk are numerical matrices, k = a or k = a, d.

Any of the matrices in (5.3) and (5.5) can be represented as a linear combination
of the matrices Dν

c and Gνcd, where

Dν
c = σνSc, Gνcd = σν(δcd − ScSd − SdSc).

Here σν are the 6 × 6 Pauli matrices commuting with Sa of (5.2). Calculating the
commutators in (5.4) and equating the coefficients by the linearly independent mat-
rices and differential operators one can prove the following statement.
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Theorem 4. The Maxwell equations (5.1) have ten linearly independent symmetry
operators Q ∈ M2 which do not belong to the enveloping algebra of the Lie algebra of
the group C(1, 3) ⊗H. These operators have the form

Qab = σ1qab, Q̃ab = σ3qab, (5.6)

where

qab = [(S × p)a, (S × p)b] − p2δab, p2 = p2
1 + p2

2 + p2
3.

Proof. The proof can be carried out in full analogy with the proofs of theorems 2
and 3 and so can be omitted. We note only that equations (5.3)–(5.5) are satisfied by
the 46 linearly independent operators given below:

σ0, iσ0pa, σ0papb, σ0S · p, ipaS · p, iσ2,

σ2pa, iσ2papb, σ2S · p, iσ2paS · p, Qab, Q̃ab,
(5.7)

where Qab and Q̃ab are given in (5.6). All operators of (5.7) with the exception of
Qab and Q̃ab can be expressed via Pa, S · p = 1

2εabcJabPc and σ2, where Jab and Pa
are the Poincaré generators given by the formulae (2.14) with 1

4 i[γa, γb] → εabcSc,
σ2 is the matrix of (5.2) (which is the generator of the Heaviside–Larmor–Rainich
transformations).

Note 1. From twenty operators (5.6) exactly ten are linearly independent in so far
as

(Q11 +Q22 +Q33)ψ = (Q̃11 + Q̃22 + Q̃33)ψ = 0,

where ψ is an arbitrary solution of equations (5.1).

Note 2. The operators α1
Q, β1a

Q and α2a
Q from (5.4) which correspond to the symmetry

operators (5.6) are zero matrices. For β2c,d
Qab

and β2c,d
Qab

one obtains by direct calculation

β2a,d
Qbc

= iσ2β
2a,d
Qbc

= −σ1δad[(S × p)a, (S × p)b]+.

So we have determined the complete set of the Maxwell equation symmetry ope-
rators in the class M2. Using the notation given in (5.2) and below formula (5.2), it
is not difficult to represent the transformations ψ → Qabψ and ψ → Q̃abψ generated
by operators (5.6), in the terms of the electromagnetic field strengths

Ec → gcdabHd, Hc → gcdabEd, (5.8)

Ec → gcdabEd, Hc → −qcdabHd, (5.9)

where

gcdab = papbδcd − papcδbd − pbpcδad + p2(δacδbd + δbcδad − δabδcd).

The invariance of Maxwell’s equations under transformations (5.8) and (5.9) can be
easily verified by direct calculation.
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The operators (5.6) do not form a basis of a Lie algebra. However, one can consider
subsets of the operators (5.6) which can be extended to the Lie superalgebras. One
of these subsets includes the following operators:

Q1 =
1

2
εabccaQbc, Q2 =

1

2
εabccaQ̃bc,

Q3 = S · p, Q4 =
1

2
cacbpapb, Q5 = p2,

(5.10)

where ca are arbitrary numbers satisfying the condition caca = 1. The operators (5.10)
satisfy the relations

[Qa, Qb]+ = 2δab (Qa)
2
,
(
Q1
)2

=
(
Q2
)2

= Q6 ≡
(
Q4 −Q5

)2
,

(
Q3
)2
ψ = Q5ψ, [Qa, Q4] = [Qa, Q5] = [Q4, Q5] = 0

and so form the basis of the Lie superalgebra together with the operator Q6. This
superalgebra can be extended by adding the operators Q6+a = iσ2S · pQa, Q9+a =
iσ2S · p(Qa)2 and Q12+a = p2(Qa)2, a = 1, 2, 3, which satisfy the relations

[Q6+a, Q6+b]+ = 2δabQ
12+b, [Q6+a, Qb]+ = 2δabQ

6+b,

[Q9+a, QB ] = [Q12+a, QB ] = 0, B = 1, 2, . . . , 15.

In conclusion let us give the explicit form of the motion constants of the electro-
magnetic field which correspond to the symmetry operators (5.6). Due to the Maxwell
equations the following bilinear combinations do not depend on x0 and so are conser-
ved in time

Iab =

∫
d3xψTQabψ =

∫
d3x [(rot H)a(rot H)b − (rot E)a(rot E)b +

+ Eap
2Eb −Hap

2Hb

]
,

Ĩab =

∫
d3xψT Q̃abψ =

∫
d3x

[
Eap

2Hb +Hap
2Eb −

− (rot E)a(rot H)b − (rot H)a(rot E)b] .

(5.11)

In contrast with the classical motion constants (energy, momentum, etc) the integral
combinations (5.11) depend not only on E and H but also on the derivatives of these
vectors.

So starting from the symmetry operators (5.6) found above we obtain ten new
constants of motion for the electromagnetic field in vacuum given by relations (5.11).
These motion constants, in contrast to the Lipkin ones [25, 4, 23, 26], have nothing
to do with the Lorentz or conformal invariance of the Maxwell equations inasmuch as
the corresponding symmetry operators (5.6) do not belong to the enveloping algebra
of the algebra C(1, 3) ⊕H.

Acknowledgment. We would like to thank the referee for his useful comments.

Note added in proof. In the formulation of theorem 3 we have omitted six symmetry
operators of the massless Dirac equation, which have the form Qµν = −Qνµ =
[Kν , Aµ]. So this equation has 52 linearly independent symmetry operators Q ∈ M1

All the symmetry operators Q ∈ M1 for the Dirac equation with m 6= 0 belong to the
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enveloping algebra of algebra P (1, 3) inasmuch as operator B (3.3) can be represented
as Dψ = 1

4εµνρσJ
µνJρσψ on the set of the Dirac equation solutions.
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On a reduction and solutions of non-linear

wave equations with broken symmetry

W.I. FUSHCHYCH, I.M. TSYFRA

A generalised definition for invariance of partial differential equations is proposed.
Exact solutions of the equations with broken symmetry are obtained.

Let us consider the non-linear wave equation

2u+ F1(u) = 0, u = u(x0, x1, x2, x3),

2 = ∂2
0 − ∂2

1 − ∂2
2 − ∂2

3 , ∂µ = ∂/∂xµ, µ = 0, 1, 2, 3,
(1)

where F1(u) is an arbitrary smooth function. The ansatz

u = f(x)ϕ(ω) + g(x) (2)

suggested by Fushchych [5] was used to construct the family of exact solutions of
equations (1). f(x), g(x) are given functions, ϕ(ω) is the function to be determined
and ω = (ω1, ω2, ω3) are new invariant variable. Wide classes of exact solutions of
equation (1) have been constructed by Fushchych and Serov [7, 8], Fushchych et al
[10] and Fushchych and Shtelen [9]. It is important to note that Poincaré invariance
of equation (1) was used.

The possibility of using an ansatz of type (2) to find exact solutions of the non-
linear wave equations with broken symmetry naturally arises in connection with the
fact that many equations of theoretical physics are not invariant with respect to the
Poincaré, Galilei and Euclidean groups. A more specific formulation of this problem
is as follows: are we able to construct the solutions of wave equations not invariant
with respect to the Lorentz group, for example, but nevertheless with the help of the
Lorentz-invariant ansatz?

The present letter suggests an affirmative answer to this question, i.e. we construct
the many-dimensional non-linear wave equations with broken symmetry. The multi-
parametrical exact solutions of these equations are found with the help of ansatz (2),
previously used to find exact solutions of Poincaré- and Galilei-invariant equations
only. It is obvious that ansatz (2) cannot be applied to the equations with arbitrary
breakdown of symmetry, which is why the equation with the breakdown of symmetry
should have some hidden symmetry. The set of equations with such symmetry was
considered by Fushchych and Nikitin [6]. We do not deal with the symmetry of all the
solutions of the equations but only with a definite subset of solutions, which may be
much wider that the symmetry of the equation itself. This idea will be used below.

Let us consider the wave equation with broken symmetry

Lu ≡ 2u+ F (x, u
1
, u) = 0, (3)

Reprinted with permission from J. Phys. A: Math. Gen., 1987, 20, L45–L48
c© 1987 IOP Publishing Ltd
Original article is available at http://www.iop.org/EJ/journal/JPhysA
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where F (x, u
1
, u) is an arbitrary smooth function, depending on x = (x0, x1, x2, x3),

u
1
≡ (∂u/∂x0, ∂u/∂x1, ∂u/∂x2, ∂u/∂x3). Following Fushchych [4] we generalise the Lie

definition of invariance of equation (3).

Definition. We shall say that equation (3) is invariant with respect to some set of
operators Q̂ = {Q̂A}, A = 1, 2, . . . , N , a number of linearly independent operators, if
the following condition is fulfilled:

Q̂ALu
∣∣∣Lu = 0,

{Q̂Au} = 0

= 0, (4)

where {Q̂Au} = 0 is a set of equations

Q̂Au = 0, DQ̂Au = 0, D2Q̂Au = 0, . . . , DnQ̂Au = 0, (5)

where D is an operator of total differentiation. Condition (4) is a necessary condition
for reduction of differential equations.

Definition (4) is a generalisation of the Lie definition (see, e.g., Ovsyannikov [12])

Q̂ALu
∣∣∣
Lu=0

= 0, (6)

where Q̂A are a number of first-order differential operators forming a Lie algebra.
To demonstrate the efficacy of definition (4) and to find exact solutions of equa-

tion (3) we choose the function F in a form

F = −
(
λ0

x0

)2(
∂u

∂x0

)2

+

(
λ1

x1

)2(
∂u

∂x1

)2

+

(
λ2

x2

)2(
∂u

∂x2

)2

+

(
λ3

x3

)2(
∂u

∂x3

)2

, (7)

where λµ are arbitrary parameters and xµ 6= 0.

Theorem. The maximal local (in the Lie sense) invariance group of equations (3)
and (7) is the two-parametrical group of the transformations

xµ = eaxµ, u′ = e2au and u′ = u+ c, c = const, (8)

where a is real parameter.

The proof of the theorem is reduced to application of the well known Lie algorithm
and we do not present it here. One can make sure that non-linearity breaks the
rotational and translational symmetry.

Now we show that the Lorentz-non-invariant equations (3) and (7) are reduced to
an ordinary differential equation with the help of the Lorentz-invariant ansatz

u = ϕ(ω), ω = xµx
µ = x2

0 − x2
1 − x2

2 − x2
3. (9)

Substituting (9) into (3) and (7) we obtain the ordinary differential equation

ω
d2ϕ

dω2
+ 2

dϕ

dω
= λ2

(
dϕ

dω

)2

, λ2 = λ2
0 − λ2

1 − λ2
2 − λ2

3. (10)

Solving equation (10), we obtain

ϕ(ω) = −2
(
−λ2

)−1/2
arctg

[
ω
(
−λ2

)−1/2
]
, −λ2 > 0, (11)
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ϕ(ω) =
(
λ2
)−1/2

ln

((
λ2
)1/2

+ ω

(λ2)
1/2 − ω

)
, −λ2 < 0. (12)

Thus the Lorentz-non-invariant (in the Lie sense) equations (3) and (7) are reduced
to an ordinary differential equation.

Formulae (11) and (12) give a Lorentz-invariant family of solutions of equations (3)
and (7). It means that the following set of conditions is fulfilled:

Jµνu(x) = 0, µ, ν = 0, 1, 2, 3, (13)

J0a = x0
∂

∂xa
+ xa

∂

∂x0
, Jab = xa

∂

∂xb
− xb

∂

∂xa
, a, b = 1, 2, 3 (14)

for the set of solutions (11) and (12).
The operators (14) generate Lorentz transformations. Equations (13) are the con-

crete realisation of the first equation of (5). In this case the index A varies from 1
to 6.

Thus, equations (13) pick out a Lorentz-invariant subset of the set of all solutions
of equations (3) and (7). In other words, equations (3) and (7) are Lorentz-invariant
in the sense of definition (4).

Now let us consider the equation

∂2u

∂t2
= λ∆u(∇u)2, λ =

1

3
m2. (15)

It is simple to verify that equation (15) is not invariant with respect to Galilean
transformations, generated by operators

Ga = t
∂

∂xa
+mxa, a = 1, 2, 3. (16)

In this case equations {Q̂Au} = 0 are

Gau = t
∂u

∂xa
−mxau = 0, (17)

∂

∂t
(Gau) = 0. (18)

Thus equation (15) is invariant under transformations generated by operators (16) in
the sense of definition (4). It means that the subset of solutions of equations (15) picked
out by means of conditions (17) and (18) is invariant under Galilean transformations
while equation (15) is not invariant under these transformations.

The Galilean-invariant ansatz has the form

u = ϕ(t) +m
(
x2

1 + x2
2 + x2

3

)
/2t, ω = t, f = 1. (19)

Substituting (19) into (15), we obtain

d2ϕ

∂t2
= 0 ↔ u = m

(
x2

1 + x2
2 + x2

3

)
/2t+At+ C, (20)

where A and C are arbitrary constants.
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A generalised definition of the invariance (4) can be applied to the system of partial
differential equations.

Let us consider, for example, a non-linear Dirac system of equations:

γµ∂
µψ + g

[
2ψ̄(xµ∂

µ)ψ −
(
x2/cαx

α
)
ψ̄(cµ∂

µ)ψ
]
M−1(x)(ψ̄ψ)1/3ψ = 0,

M(x) = 2(cαx
α)−1ψ̄Sµνc

µβνψ + ψ̄ψ,

Sµν =
1

4
i(γµγν − γνγµ), µ, ν, α = 0, 1, 2, 3,

(21)

where g, βµ, cα are arbitrary parameters.
Equation (21) is not invariant under conformal transformations. Nevertheless, it

is reduced to the system of ordinary differential equations

iγµβ
µ dϕ

dω
+ g(ϕ̄ϕ)1/3ϕ = 0 (22)

with the help of the conformally invariant ansatz (4)

ψ(x) =
[
γµx

µ/(x2)2
]
ϕ(ω), ω = βµx

µ/x2, β2 6= 0, x2 = xµx
µ 6= 0, (23)

where ϕ(ω) is the four-component spinor depending on a variable ω. The general
solution of equation (22) is the vector function

ϕ = exp

[
−iγµβ

µ

β2
g(χ̄χ)1/3ω

]
χ, (24)

where χ is a constant spinor.
Equation (21) is invariant under the transformations generated by the operator

cµK
µ on a set of solutions of the equations

cµK
µψ = 0, cµKµ = 2(cx)(x∂) − x2(c∂) + 2(cx) − (γc)(γx). (25)

In conclusion we note that an idea like the one set forward here was used by
Bluman and Cole [2], Ames [1], Fokas [3] and Olver and Rosenau [11], as was kindly
indicated by the referee. We are grateful to the referee for his valuable remarks.
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On approximate symmetry and approximate

solutions of the non-linear wave equation

with a small parameter

W.I. FUSHCHYCH, W.M. SHTELEN

The concept of approximate symmetry is introduced. We describe all nonlinearities
F (u) with which the non-linear wave equation 2u + λu3 + εF (u) = 0 with a small
parameter ε is approximately scale and conformally invariant. Some approximate
solutions of wave equations in question are obtained using the approximate symmetry.

Let us consider the non-linear wave equation

2u+ λu3 + εF (u) = 0, (1)

where 2 = ∂µ∂
µ is the d’Alembertian, µ = 0, 3; λ is an arbitrary constant; ε � 1 is

a small parameter; u = u(x), x ∈ R(1, 3); F (u) is an arbitrary smooth function. By
means of Lie’s method (see [5, 4]) one can make sure that when F (u) 6= 0 and F (u) 6=
u3, equation (1) is invariant under the Poincaré group P (1, 3) only, because the term
εF (u) breaks down the scale and conformal symmetry of the equation 2u+ λu3 = 0.

Below we describe all functions F (u) with which equation (1) is approximately
invariant under the scale and conformal transformations.

Let us represent an arbitrary solution, analytic in ε, of equation (1) in the form

u = w + εv, (2)

where w and v are some smooth functions of x. After substitution of (2) into (1)
and equating to zero the coefficients of zero and first power of ε we get the following
system of partial differential equations (PDE):

2u+ λw3 = 0,

2v + 3λw2v + F (w) = 0.
(3)

Definition. We shall call the approximate symmetry of equation (1) the (exact) sym-
metry of the system (3).

Theorem 1. Equation (1) is approximately scale invariant (in the sense of the above
definition) if and only if

F (u) =





2λb

k + 1
u3 +

3λc

k
u2 + au2−k, k 6= 0,−1,

2λbu3 + 3λcu2 lnu+ au2, k = 0,

2λbu3 lnu− 3λcu2 + au3, k = −1

(4)

(k, a, b, c are arbitrary constants), with the generator of scale transformations having
the form

D = x∂ − w∂w + (kv + bw + c)∂v. (5)

Reprinted with permission from J. Phys. A: Math. Gen., 1989, 22, L887–L890
c© 1989 IOP Publishing Ltd
Original article is available at http://www.iop.org/EJ/journal/JPhysA
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Proof. Using Lie’s algorithm [5, 4] we find from the condition of invariance that the
generator of scale transformations should have the form

D = x∂ − w∂w + η2(v, w)∂v

provided (following from the invariance of the second equation of system (3)) that

η2
vv = η2

ww = η2
wv = 0 ⇒ η2 = kv + bw + c,

2λbw3 + 3λcw2 + (2 − k)F − w
dF

dw
= 0.

(6)

The general solution of equations (6) is given in (4). Thus the theorem is proved.

In particular, as follows from Theorem 1, the equation

2u+ λu3 + εu = 0 (7)

is approximately scale invariant and the corresponding generator has the form D =
x∂ − w∂w + v∂v. This statement holds true even if λ = 0.

Theorem 2. Equation (1) is approximately conformally invariant if and only if

F (u) = −3λβu2 + au3 (8)

with the generator of conformal transformations having the form

K = 2cx[x∂ − w∂w − (v − β)∂v] − x2c∂, (9)

where β, a, cµ are arbitrary constants.

The proof of Theorem 2 is performed in the same spirit as that of Theorem 1.
Suppose that in (2)

v = f(w), (10)

where f is an arbitrary differentiable function. In this case the system (3) takes the
form

2w + λw3 = 0, (11)

wµw
µf̈ + 2wḟ + 3λw2f + F (w) = 0, wµ ≡ ∂w/∂xµ. (12)

From the condition of splitting of equation (12) one has to put

wµw
µ = A(w), (13)

where A is some function of w. Equation (13) is compatible with (11) if A(w) = λw4,
i.e.

wµw
µ = λw4. (14)

(For more details see [1, 2].) Taking account of (11) and (14) we rewrite (12) as

λ(w2f̈ − wḟ + 3f) + w−2F (w) = 0. (15)

So, if we find function f(w) as a solution of equation (15), we thereby obtain by means
of expressions (2) and (10) approximate solutions of equation (1). It will be noted that
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a subset of such solutions of equation (1) is approximately conformally invariant since
the corresponding approximate system (11) and (14) is conformally invariant [1, 2].
Solutions of equation (15) for functions F (w) given in (4) have the form

f(w) =





− a

λ[k(k + 2) + 3]
w−k − b

k + 1
w − c

k
, k 6= 0,−1,

−c lnw − bw − 1

3
(2c+ a/λ), k = 0,

−w(a/2λ+ b lnw) + c, k = −1.

(16)

The solution of the system (11) and (14) is the function

w = ±[λ(xν + aν)(x
ν + aν)]−1/2, (17)

where aν are arbitrary constants.
When λ = 0, the non-trivial condition of splitting of equation (12) compatible

with the equation 2w = 0 is

wµw
µ = 1. (18)

So, in this case we find approximate solutions of equation (1) by means of expressions
(2) and (10), where function f(w) is determined from the equation

f̈ + F (w) = 0 (19)

and w, in turn, is determined from the system

2w = 0, wµw
µ = 1. (20)

The system (20) is invariant under the extended Poincaré group P̃ (1, 4) and has
solution [1]

w = αx+ a, ανα
ν = 1, (21)

where a, αν are arbitrary constants.
In particular, equation

2u+ εu = 0 (22)

is approximately invariant under the group P̃ (1, 4) on the subset of solutions

u = w − ε

(
1

6
w3 + a1w + a2

)
, (23)

where w is given in (21) and a1, a2 are arbitrary constants.
In conclusion, let us note some generalisations of the concept of approximate

symmetry studied in this paper. First of all, obviously, one can consider higher orders
of approximation of u in ε, i.e. u = w + εv(1) + ε2v(2) + · · ·, and can study the
symmetry of the corresponding approximate system of PDE for functions w, v(1),
v(2), and so on. Secondly, one can expand in ε-series not only dependent variables,
but also independent ones, e.g. x0 ≡ t = x+ εz(1) + ε2z(2) + · · ·, and can construct in
this way the corresponding approximate system and then study its symmetry. Another
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approach to the study of approximate symmetry it to use some special approximati-
ons, say the two-point Padé approximants

u =

m∑

k=0

εkfk




n∑

j=0

εjgj




−1

, m, n <∞, (24)

where functions fk, gj are determined from the condition: when ε→ 0 expression (24)
coincides with the expansion

u = v(0) + εv(1) + ε2v(2) + · · · , ε� 1

and when ε→ ∞ (24) coincides with the expansion

u = w(0) + ε−1w(1) + ε−2w(2) + · · · , ε� 1.

We also note that the symmetry of a system of PDE which approximates the
non-linear wave equation was studied by Shulga [6]. Using symmetry properties, Mi-
tropolsky and Shulga [3] obtained some asymptotic solutions of the non-linear wave
equation.

Note added. Readers who are less well acquitted with work in this might refer
to the related work of Winternitz et al [7] which is also concerned with this type of
non-linear wave equation from a symmetry point of view.
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Условная инвариантность и редукция

нелинейного уравнения теплопроводности

В.И. ФУЩИЧ, Н.И. СЕРОВ

The conditional symmetry of the nonlinear heat conduction equation has been stu-
died. Some exact solutions of the equations are obtained.

Рассмотрим нелинейное уравнение теплопроводности

u0 + u11 = F (u), (1)

где u = u(x) ∈ R1, x = (x0, x1) ∈ R2, u0 = ∂u/∂x0, u11 = ∂2u/∂x2
1, F (u) — гладкая

функция, нелинейно зависящая от u.
В работах [1, 2] при помощи метода С. Ли [3] исследована инвариантность не-

линейного уравнения теплопроводности. Из результатов этих работ следует, что
уравнение (1) может быть инвариантно только относительно следующих опера-
торов:

∂0, ∂1, G=ex0(∂1+mx1u∂u), D=2x0∂0+x1∂1+M(u)∂u, X=ex0u∂u, (2)

где m = const, M(u) — некоторая заданная функция.
В настоящей работе исследована условная инвариантность (более подробно

см. [4]) уравнения (1). Операторы условной инвариантности использованы для
редукции исходного уравнения к обыкновенным дифференциальным уравнени-
ям, а также для нахождения его точных решений.

Пусть

Q = A(x, u)∂0 +B(x, u)∂1 + C(x, u)∂u, (3)

где A, B, C — гладкие функции своих аргументов, дифференциальный оператор
первого порядка, действующий на многообразии (x, u).

Теорема 1. Уравнение (1) Q-условно инвариантно (см. [4]) относительно опе-
ратора (3), если функции A, B, C удовлетворяют следующей системе диффе-
ренциальных уравнений.

Случай I. A 6= 0 (не умаляя общности, можно положить A = 1) :

Buu=0, Cuu=2(B1u+BBu), 3BuF =2(C1u+BuC)−(B0+B11+2BB1),

CFu − (Cu − 2B1)F = C0 + C11 + 2CB1.
(4)

Здесь и везде ниже индекс внизу возле функции означает дифференцирование
по соответствующему аргументу.

Случай II. A = 0, B = 1 :

CFu − CuF = C0 + C11 + 2CC1u + C2Cuu. (5)

Передруковано з Докл. АН УССР. Сер. А, 1990, № 7, С. 24–27 за дозволом
c© 1990 Президiя Нацiональної академiї наук України
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Теорема 2. Уравнение (1) Q-условно инвариантно относительно оператора (3)
в предположении, что A = 1, Bu 6= 0 тогда и только тогда, когда оно локально
эквивалентно уравнению

u0 + u11 = λu3 + λ1u+ λ2, λ, λ1, λ2 = const. (6)

При этом оператор (3) имеет вид

Q = ∂0 +
3

2

√
2λu∂1 +

3

2
(λu3 + λ1u+ λ2)∂u. (7)

Доказательство теоремы 1 аналогично доказательству теоремы 5.7.2 из [4],
а теорема 2 является результатом решения системы (4) при Bu 6= 0.

Используем оператор (7) для нахождения анзацев, редуцирующих уравне-
ние (6) к обыкновенным дифференциальным уравнениям.

Рассмотрим типичные, существенно различные относительно корней правой
части, представители уравнения (6):

1) u0 + u11 = λ(u3 − u); 2) u0 + u11 = λ(u3 − 3u+ 2);

3) u0 + u11 = λu3; 4) u0 + u11 = λ(u3 + u).
(8)

Анзацы, полученные с помощью оператора (7), для каждого из уравнений (8)
соответственно имеют вид:

1) 2 arcthu+
√

2λx1 = ϕ(ω), ω = − ln(1 − u−2) + 3λx0;

2) −4

9
ln
u+ 2

u− 1
− 2

3
(u− 1)−1 −

√
2λx1 = ϕ(ω),

ω =
2

9
ln
u+ 2

u− 1
− 2

3
(u− 1)−1 − 3λx0;

3)
2

u
+
√

2λx1 = ϕ(ω), ω = − 1

u2
− 3λx0;

4) 2 arctg u−
√

2λx1 = ϕ(ω), ω = − ln(1 + u−2) − 3λx0.

(9)

Анзацы (9) редуцируют соответствующие уравнения (8) к следующим обыкно-
венным дифференциальным уравнениям:

1) 2ϕ̈ = ϕ̇3 − ϕ̇; 2) 2ϕ̈ = ϕ̇3 − 3ϕ̇+ 2; 3) 2ϕ̈ = ϕ̇3; 4) 2ϕ̈ = ϕ̇3 + ϕ̇. (10)

Обратим внимание на нелинейности в правых частях уравнений (10) и срав-
ним их с нелинейностями исходных уравнений (8). Видим, что анзацы (9) по-
зволили не только редуцировать уравнения (8), но и существенно изменили их
нелинейные правые части, когда вместо функции u появилась функция ϕ̇. Это
позволяет проинтегрировать уравнения (10) и представить их общие решения с
помощью элементарных функций:

1) ϕ(ω)=−2 arcth
√
c1eω+1+c2; 2) ln

[
c1−

3

2
(ϕ+2ω)

]
=ln c2−

3

2
(ϕ−ω);

3) ϕ(ω) = 2
√
c1 − ω + c2; 4) ϕ(ω) = 2 arctg

√
c1eω − 1 + c2,

(11)

где c1, c2 — постоянные интегрирования.
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Используя формулы (9) и (11), находим решения уравнений (8) соответствен-
но:

1) arcthu+ arcth

√
u2

u2 − 1
c1e3λx0 + 1 =

1

2
(c2 −

√
2λx1);

2) u = −
2c2 exp

(
− 9

2λx0 + 3
2

√
2λx1

)
+ 9λx0 + 3

2

√
2λx1 + c1 − 3

c2 exp
(
− 9

2λx0 + 3
2

√
2λx1

)
− 9λx0 − 3

2

√
2λx1 − c1

;

3) u =

√
2/λ(x1 + c1)

3(x0 + c2) − 1
2 (x1 + c1)2

;

4) arctg u− arctg

√
u2

u2 − 1
c1e−3λx0 − 1 =

1

2
(c2 +

√
2λx1).

(12)

Отметим также, что и в предположении Bu = 0 для уравнения (1) можно
найти операторы вида (3), не входящие в алгебру (2). Эти результаты представим
в виде таблицы.

Таблица

Вид функции

F (u)

F — решение
уравнения

F ′′F = 2

F — решение
уравнения

F ′′F = 2(F ′ − 1)

F (u) = λu3

Оператор Q 2
√

x0∂1 + F (u)∂u x1∂1 + F (u)∂u x2
1∂0 + 3x1∂1 + 3u∂u

Анзац F ′(u) = ϕ(x0) + x1√
x0

F ′(u) = x2
1ϕ(x0) + 1 u = x1ϕ(ω),

ω = x0 − x2
1

6

Редуцирован-
ное уравнение

ϕ′ + 1
2x0

ϕ = 2 ϕ′ − 2ϕ + 2ϕ2 = 0 ϕ′′ = 9λϕ3

Решение реду-
цированного
уравнения

ϕ = c1√
x0

+ 4
3
x0 ϕ = 1

1+c1e−2x0

∫ ω
0

dτ√
c1+τ4

=

= 3
2

√
2λ(ω + c2)

Решение
уравнения (1)

F ′(u) = x1+c1√
x0

+ 4
3
x0 F ′(u) =

x2
1

1+c1e−2x0
+ 1

∫ u/x1

0
dτ√

c1+τ4
=

= 3
2

√
2λ
(
x0− x2

1

6
+c2

)

Замечание. Полученные результаты легко переносятся на случай произвольно-
го количества переменных x = (x0,x) ∈ R1+n в уравнении (1).

В заключение приведем некоторые результаты, полученные нами для уравне-
ния

u0 + u11 = F (u, u1). (13)

Теорема 3. Уравнение

u0 + uu1 + u11 = λ(u)u3
1, (14)

где λ(u) — произвольная дифференцируемая функция, Q-условно инвариантно
относительно оператора

Q = ∂0 + u∂1. (15)
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Теорема 4. Уравнение

u0 + u11 = uu1(1 − uu1)(2 − uu1) (16)

Q-условно инвариантно относительно оператора

Q = ∂0 + u∂1 + ∂u. (17)

При λ(u) = 0 уравнение (14) является уравнением Бюргерса. Анзац

x0u− x1 = ϕ(u), (18)

получаемый с помощью оператора (15), редуцирует уравнение (14) к уравнению

ϕ̈ = λ(u). (19)

Анзац

1

2
u2 − x1 = ϕ(ω), ω = u− x0, (20)

полученный с помощью оператора (17), редуцирует уравнение (16) к уравнению

ϕ̈ = ϕ̇3 + 1. (21)

Общее решение уравнения (21) имеет вид

ln

[
sin

√
3

2
(ϕ+ ω + c2)

]
= −3

2
(ϕ− ω − c1). (22)

Из формул (20) и (22) находим решение уравнения (16)

ln

{
sin

√
3

4

[
(u+1)2−2(x0+x1)+c2

]
}

= −3

4

[
(u−1)2+2(x0−x1)+c1

]
. (23)
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Условная симметрия уравнений

нелинейной математической физики

В.И. ФУЩИЧ

Представлен обзор результатов по исследованию условной симметрии нелиней-
ных уравнений математической и теоретической физики: волнового уравнения,
уравнений Шредингера, Буссинеска, Кортевега–де Фриза, Максвелла, Дирака.
Построены семейства точных решений, которые не могут быть получены в клас-
сическом подходе Ли.

1. Введение. В настоящей статье будут представлены некоторые результаты
по исследованию условной симметрии нелинейных уравнений математической и
теоретической физики, полученные в Институте математики АН Украины.

Термин и концепция “условная симметрия уравнения” или “условная инвари-
антность” введены в [1–10]. Под условной симметрией уравнения понимаем сим-
метрию некоторого подмножества решений. Очевидно, такое общее определение
условной симметрии требует детализации, в противном случае оно неэффектив-
но. Конкретизация этого понятия означает следующее: аналитически описать
условия на решения уравнения, при которых некоторое подмножество решений
имеет более широкие (или другие) симметрийные свойства, чем все множество
решений. Если такое описание осуществлено, то можем получить такие решения
уравнения, которые невозможно получить в классическом подходе Ли, в котором,
как известно, редукция многомерного дифференциального уравнения в частных
производных (ДУЧП) к уравнениям с меньшим числом переменных проводится
с использованием симметрии всего множества решений.

Эйлер, Ли, Бейтмен (1914), В. Смирнов и Л. Соболев (1932) и многие другие
классики использовали в неявном виде симметрию подмножеств решений линей-
ных уравнений Даламбера, Лапласа для построения точных решений.

Сравнительно недавно Блумен, Коул [11] предложили “неклассический метод
решений, инвариантных относительно группы” для линейного теплового уравне-
ния.

Олвер и Розенау [12] построили решения одномерного нелинейного уравнения
акустики

u00 = uu11, u00 =
∂2u

∂t2
, u11 =

∂2u

∂x2
, (1)

которые не могут быть получены с помощью метода Ли. Кларксон и Крускал [13]
предложили “новый метод инвариантной редукции уравнения Буссинеска”

u00 +
1

2
(u2)xx + uxxxx = 0. (2)

Вывод 1. Если воспользоваться концепцией “условная симметрия ДУЧП”, то
все перечисленные результаты получаются с помощью единого симметрийного
подхода.

Передруковано з Укр. мат. журн., 1991, 43, № 11, C. 1456–1470 за дозволом
c© 1991 Iнститут математики НАН України
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Вывод 2. Большинство линейных и нелинейных уравнений математической и
теоретической физики: Даламбера, Максвелла, Шредингера, Дирака, Буссине-
ска, нелинейной теплопроводности и акустики обладают условной симметрией.

Замечание 1. Все решения уравнения Буссинеска (2), построенные Кларксоном
и Крускалом, получены на основе концепции условной симметрии независимо в
работах Леви и Винтернитца [14] и В. Фущича и Н. Серова [10].

Рассмотрим некоторую систему ДУЧП

L(x, u, u
1
, u
2
, . . . , u

s
) = 0, (3)

u = u(x), x ∈ R(n+1), u ∈ R; u
n

— совокупность всевозможных производных n-го
порядка.

Согласно Ли уравнение (3) инвариантно относительно оператора первого по-
рядка

X = ξµ(x, u)
∂

∂xµ
+ η(x, u)

∂

∂u
, (4)

если X — s-раз продолженный оператор удовлетворяет условию

X
s
L = λL, или X

s
L
∣∣∣
L=0

= 0, (5)

где λ = λ(x, u, u
1
, . . .) — некоторое дифференциальное выражение.

Обозначим через символ Q = {Q1, . . . , Qk} совокупность операторов, не при-
надлежащих алгебре инвариантности (AI) уравнения (3), т.е. Ql 6∈ AI, l = 1, 2,
. . . , k.

Определение 1 [2, 5]. Уравнение (3) назовем условно инвариантным относи-
тельно оператора Q, если существует нетривиальное дополнительное условие
на решение уравнения

L1(x, u, u
1
, . . . , u

s
) = 0, (6)

при котором уравнение (3) вместе с уравнением (6) инвариантно относительно
операторов Q. При этом предполагается, что уравнения (3) и (6) совместны.

Дополнительное условие (6) выделяет из всего множества решений уравне-
ния (3) некоторое подмножество. Оказывается, что для многих важных нели-
нейных уравнений математической физики эти подмножества имеют симметрию
более широкую, чем все множество решений. Именно такие подмножества необ-
ходимо научиться выделять.

Пусть действие оператора Q на уравнение (3) задается формулой

Q
s
L = λ0L+ λ1L1, (7)

или

Q
s
L
∣∣∣Lu = 0
L1u = 0

= 0,
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где λ0, λ1 6= 0 — некоторые дифференциальные выражения, зависящие от x, u, u
1
,

. . ., u
s
, Q
s

— s-раз продолженный оператор из Q. В наиболее простейшем случае

условие инвариантности уравнений (3) и (6) означает, что

Q
s
L1 = λ2L+ λ3L1, (8)

где λ2, λ3 — некоторые дифференциальные выражения.
Главная проблема нашего подхода — описать в явном виде дополнительные

уравнения вида (6), которые расширяют симметрию уравнения (3).
Эта общая и трудная проблема существенно упрощается, если в качестве до-

полнительного условия (6) выбрать такое нелинейное уравнение первого порядка:

Qu = 0, (9)

где

Q = Jµ(x, u)∂µ + Z(x, u)∂u, ∂µ ≡ ∂

∂xµ
, ∂u ≡ ∂

∂u
. (10)

При этом условие инвариантности уравнений (3), (9) имеют вид

Q
s
L = λ0L+ λ1(Qu). (11)

Определение 2. Будем говорить, что уравнение (3) Q-условно инвариантно,
если система (3), (9) инвариантна относительно оператора (10).

Остановимся теперь на простейшем одномерном нелинейном уравнении аку-
стики (1).

2. Условная симметрия уравнения (2).

Теорема 1 [8]. Уравнение (1) Q-условно инвариантно относительно оператора
(10), если коэффициентные функции

J0 ≡ A(x), J1 ≡ B(x), Z = h(x)u+ q(x), x = (x0, x1),

удовлетворяют следующим дифференциальным уравнениям.
Случай 1: A 6= 0, B 6= 0; h = 2

(
B1 −A0 + B

AA1

)
, q = 2BAB0;

h00 +
2h

A
h0 −

[
h

A
A00 +

2h

A
A00 + 2

(
h

A

)

1

B0

]
= q11 −

[ q
A
A11 + 2

( q
A

)

1
A1

]
,

h11 =
h

A
A11 + 2

(
h

A

)

1

A1,

h00 + 2
q

A
q0 −−

[ q
A
A00 + 2

( q
A

)

1
B0

]
= 0,

B11 − 2h1 −
[
B

A
A11 + 2

(
B

A

)

1

A1 + 2
h

A
A1

]
= 0,

B00 + 2
B

A
h0 −

[
B

A
A00 + 2

(
B

A

)

1

B0

]
= 0.

(12)

Индексы внизу означают соответствующую производную.
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Случай 2: A = 0, B 6= 0 (не умаляя общности, можно положить B = 1);

h0 = 0, h11 + 3hh1 + h3 = 0,

q11 + hg1 + (3h1 + 2h2)q = 0, q00 − qq1 − hq2 = 0.
(13)

Случай 3: A1 = 1, B = 0;

h1 = 0, h00 + hh0 − h3 = q11,

q(q0 + hq) = 0, q00 + h0q − h2q = 0.
(14)

Итак, задача об Q-условной симметрии уравнения (2) свелась к построению
частных или общих решений уравнений (12)–(14). Подчеркнем, что коэффици-
ентные функции Jµ(x, u), Z(x, u) оператора Q, в отличие от коэффициентных
функций ξµ, η (4), являются решениями нелинейных уравнений. Это обстоятель-
ство существенно затрудняет задачу об описании условной симметрии заданных
уравнений. Однако широкие классы частных решений таких уравнений можно
построить.

Решая систему (12)–(14), мы нашли 12 типов неэквивалентных операторов
условной симметрии уравнения (2). Два из них имеют вид

Q1 = x2
0x1∂1 +

(
x2

0u+ 3x2
1 + b5x

5
0 + b6

)
∂u, (15)

Q2 = ∂1 + [W (x0)x1 + f(x0)∂u], W ′′ = W 2, f ′′ = Wf, (16)

W — функция Вейерштрасса.
Оператор (15) порождает анзац

U = x1ϕ(x0) + 3x−2
0 x1 − b5x

3
0 + b6x

−2
0 . (17)

Анзац (17) редуцирует нелинейное уравнение (2) к линейному ОДУ

x2
0ϕ

′′(x0) = 6ϕ. (18)

Оператор (16) порождает анзац

u =
1

2
W (x0)x

2
1 + f(x0)x1 + ϕ(x0). (19)

Анзац (19) редуцирует уравнение (2) к линейному ОДУ с потенциалом Вейер-
штрасса W

ϕ′′(x0) = Wϕ(x0). (20)

Замечание 2. Аналогичным методом построены семейства точных решений
многомерного уравнения [8]

u00 = u∆u. (21)

Вывод 3. Анзацы, порождаемые операторами условной симметрии, во многих
случаях редуцируют исходное нелинейное уравнение к линейному уравнению.
Лиевская редукция, как правило, не меняет нелинейную структуру уравнения.

3. Условная симметрия уравнения Даламбера. Рассмотрим нелинейное
уравнение

2u = F1(u), u = u(x0, x1, x2, x3), (22)
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lt F1(u) — произвольная гладкая функция. Максимально широкой симметри-
ей уравнения (22) является конформная группа C(1, 3) в том и только в том
случае, когда F1(u) = 0 или F1(u) = λu3. Наложим на решение (22) пуанкаре-
инвариантное условие эйконального типа

∂u

∂xµ

∂u

∂xµ
= F2(u), (23)

где F2(u) — гладкая функция.

Теорема 2 [14]. В том случае, когда F1 = F2 = 0, уравнение (22) при усло-
вии (23) инвариантно относительно бесконечномерной алгебры, коэффициенты
оператора (4) имеют вид

ξµ(x, u) = c00(u)xµ + cµν(u)xν + dµ(u), η(x, u) = η(u),

где c00(u), cµν(u), η(u) — произвольные гладкие функции, зависящие только
от u.

Из этой теоремы видно, что дополнительное условие (23) (F2 = 0) выделяет
из множества всех решений линейного уравнения Даламбера (F1 = 0) подмноже-
ство с уникальными симметрийными свойствами. Кроме того, система (22), (23)
(F1 = F2 = 0) обладает тем свойством, что произвольная гладкая функция от
решения будет снова решением.

Теорема 3 [9]. Система (22), (23) инвариантна относительно конформной
группы C(1, 3) тогда и только тогда, когда

F1 = 3λ(u+ c)−1, F2 = λ, (24)

где λ, c = const.

Итак, дополнительное условие эйконального типа (23) расширяет класс нели-
нейных волновых уравнений, инвариантных относительно конформной группы.
Это означает, что мы можем построить широкие классы точных решений урав-
нения (22), используя подгруппы конформной группы.

Замечание 3. Система (22), (23) [15] полностью проинтегрирована.

Рассмотрим лоренц-неинтегрированное волновое уравнение [4]

Lu ≡ 2u+ F (x, u, u
1
) = 0 (25)

F = −
(
λ0

x0

)2(
∂u

∂x0

)2

+

(
λ1

x1

)2(
∂u

∂x1

)2

+

+

(
λ2

x2

)2(
∂u

∂x2

)2

+

(
λ3

x3

)2(
∂u

∂x3

)2

, xµ 6= 0.

(26)

Максимальной группой инвариантности уравнения (25), (26) является двухпара-
метрическая группа

xµ → xµ = eaxµ, u→ u′ = u+ b,

где a и b — произвольные параметры группы.
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Дополнительное условие типа (6) к уравнению (25) выберем в виде

Iµνu(x) = 0, Iµν = xµ∂ν − xν∂µ, ν, µ = 0, 1, 2, 3. (27)

Непосредственной проверкой условий инвариантности (7) можно убедиться, что
уравнения (25), (27) инвариантны относительно группы Лоренца O(1, 3). Это
означает, что лоренц-инвариантный анзац

u = ϕ(ω), ω = xµx
µ = x2

0 − x2
1 − x2

2 − x2
3 (28)

редуцирует нелинейное волновое уравнение (25) к ОДУ

ω
d2ϕ

dω2
+ 2

dϕ

dω
+ λ2

(
dϕ

dω

)2

= 0, λ2 = λµλ
µ = λ2

0 − λ2
1 − λ2

2 − λ2
3.

Решением этого уравнения являются функции

ϕ(ω) = 2(−λ2)−1/2 arctg[ω(−λ2)−1/2], λ2 < 0,

ϕ(ω) = (λ2)−1/2 ln

{
(λ2)1/2 + ω

(λ2)1/2 − ω

}
, λ2 > 0,

ϕ(ω) =
c1
ω

+ c2, λ2 = 0,

где c1, c2 — константы.
Таким образом, условие (27) выделяет из множества решений лоренц-неин-

вариантного уравнения (25) подмножество, которое инвариантно относительно
шестипараметрической группы Лоренца. Такое существенное расширение сим-
метрии дает возможность построить широкие классы точных решений нелиней-
ного волнового уравнения (25).

4. Условная симметрия нелинейного уравнения Шредингера. Рассмо-
трим нелинейное уравнение вида

Su+ F (|u|)u = 0, S ≡ i
∂

∂x0
+ λ1∆. (29)

Уравнение (29) при произвольной функции F (|u|) инвариантно относительно ал-
гебры Галилея AG(1, n) с базисными элементами

P0 = ∂0, Pa = ∂a, Jab = xaPb − xbPa, a, b = 1, n,

Ga = x0Pa +
1

2λ1
xaR1,

(30)

где

R1 = i

(
u
∂

∂u
+ u∗

∂

∂u∗

)
.

Среди множества нелинейных уравнений (29) только два уравнения имеют
более широкую симметрию, чем уравнение (29) [16, 17]:

Su+ λ2|u|ru = 0, (31)

Su+ λ3|u|4/nu = 0, (32)
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где λ2, λ3, r — произвольные действительные параметры, n — число пространс-
твенных переменных в уравнении (29).

Уравнение (31) инвариантно относительно расширений алгебры Галилея
AG1(1, n) = 〈AG(1, n), D〉 с базисными элементами AG(1, n) (30) и оператора
масштабных преобразований

D = 2x0P0 + xaPa +
2

r
R2, (33)

где единичный оператор имеет вид

R2 = u
∂

∂u
+ u∗

∂

∂u∗
.

Уравнение (32) инвариантно относительно обобщенной алгебры Галилея
AG2(1, n) = 〈AG1(1, n), A〉 с базисными элементами (30), (33) и оператора проек-
тивных преобразований

A = x2
0P0 + x0xaPa +

x2

4λ3
R1 −

n

2
x0R2.

Теорема 4 [18]. Уравнение Шредингера (23) условно инвариантно относитель-
но оператора

Q1 = ln
( u
u∗

)
R1 + xaPa − cR2, c = const, (34)

если

F (|u|) = λ4|u|−4/r + λ5|u|4/r,

где λ4, λ5, r — произвольные параметры, а модуль функции u удовлетворяет
уравнению

λ1∆|u| + λ6|u|
r+4

r = 0. (35)

Теорема 5 [18]. Уравнение (32) вместе с уравнением (35) инвариантно отно-
сительно алгебры AG2(1, n) и оператора Q1 (34).

Итак, налагая на решения линейного уравнения (29) дополнительные усло-
вия (35), мы расширили его симметрию.

5. Условная симметрия нелинейных уравнений теплопроводности.
Для описания нелинейных процессов тепломассопереноса широко используются
одномерные уравнения вида

u0 + u11 = F (u), (36)

u0 + uu11 = 0, (37)

где F (u) — гладкая функция.
Будем искать оператор условной симметрии в виде

Q = A(x, u)∂0 +B(x, u)∂1 + C(x, u)∂u, (38)

где A, B, C — гладкие функции.
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Теорема 6 [19]. Уравнение (36) Q-условно инвариантно относительно опера-
тора (38), если функции A, B, C удовлетворяют следующей системе дифферен-
циальных уравнений.

Случай 1: A = 1;

Buu = 0, Cuu = 2(B1u +BBu),

3BuF = 2(C1u +BuC) − (B0 +B11 + 2BB1),

CFu − (Cu − 2B1)F = C0 + C11 + 2CB1.

(39)

Здесь и ниже индекс внизу возле функции означает дифференцирование по со-
ответствующему аргументу (x0, x1, u).

Случай 2: A = 0, B = 0;

CFu − CuF = C0 + C11 + 2CC1u + C2Cuu. (40)

Если построить общие решения нелинейных систем (39), (40), тогда мы опи-
шем Q-условную симметрию уравнения (36).

Теорема 7 [19]. Уравнение (36) Q-yсловно инвариантно относительно операто-
ра (38) (A = 1, Bu 6= 0) тогда и только тогда, когда оно локально эквивалентно
уравнению

u0 + u11 = b3u
3 + b1u+ b0, b0, b1, b3 = const, (41)

и оператор (38) имеет вид

Q = ∂0 +
3

2

√
2b3u∂1 +

3

2
(b3u

3 + b1u− b0)∂u. (42)

Уравнение (41) можно свести к одному из четырех канонических уравнений

u0 + u11 = λu(u2 − 1), (43)

u0 + uu11 = λ(u3 − 3u+ 2), (44)

u0 + u11 = λu3, (45)

u0 + uu11 = λu(u2 + 1). (46)

Анзацы, построенные с помощью оператора (42) для уравнений (43)–(46), со-
ответственно имеют вид

ϕ(ω) = 2 arctg u+
√

2λx1, ω = − ln(1 − u−2) + 2λx0; (47)

ϕ(ω) = −4

9
ln
u+ 2

u− 1
− 2

3
(u− 1)−1 −

√
2λx1,

ω =
2

9
ln
u+ 2

u− 1
− 2

3
(u− 1)−1 − 3λx0;

(48)

ϕ(ω) = 2u−1 +
√

2λx1, ω = −u−2 − 3λx0; (49)

ϕ(ω) = 2 arctg u−
√

2λx1, ω = − ln(1 + u−2) − 3λx0. (50)
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Анзацы (47)–(50) редуцируют уравнения (43)–(46) к ОДУ

2ϕ̈ = (ϕ̇2 − 1)ϕ̇, 2ϕ̈ = ϕ̇3 − 3ϕ̇+ 2, (51)

2ϕ̈ = ϕ̇3, 2ϕ̈ = ϕ̇(ϕ̇2 + 1). (52)

Из редуцированных уравнений (51), (52) видно, что анзацы, порожденные
оператором условной инвариантности (42), существенно изменили нелинейные
правые части. Это позволило построить общие решения (51), (52) в элементарных
функциях

ϕ(ω) = −2 arctg
(√

c1 expω + 1
)

+ c2, (53)

ln

[
c1 −

3

2
(ϕ+ 2ω)

]
= ln c2 −

3

2
(ϕ− ω), (54)

ϕ(ω) = 2
√
c1 − ω + c2, (55)

ϕ(ω) = 2 arctg
(√

c1 expω − 1
)

+ c2, (56)

где c1, c2 = const.
Итак, подставляя (53)—(56) в (47)—(50), получаем семейство точных решений

уравнений (43)—(46). Эти решения не могут быть получены с помощью метода
Ли.

Теорема 8 [20]. Уравнение (37) условно инвариантно относительно операто-
ра (38) A = 1, если коэффициентные функции B, C удовлетворяют следующей
системе уравнений:

uCuu = 2(BBu + uBu1), Buu = 0, (57)

B0 + uB11 − CBU−1 − 2uCu1 + 2BB1 − 2BuC = 0, (58)

C0 + uC11 − C2u−1 + 2B1C = 0. (59)

Решая систему уравнений (57)–(59), находим явный вид оператора (38)

Q = b1Q1 + b2Q2 + b3D1 + b4D2 + b5∂0 + b6∂1,

Q1 = x1∂0 + u∂1, Q2 = x2
1∂0 + 2x1u∂1 + 2u2∂u,

(60)

D1 = 20∂0 + x1∂1, D2 = x1∂1 + 2u∂u, bi = const, i = 1, 6. (61)

Теорема 9 [20]. Уравнение (37) Q-yсловно инвариантно относительно опера-
тора

Q = ∂1 + C(x, u)∂u, (62)

если C(x, u) удовлетворяет условию

C0 + u
(
C11 + 2CC1u + C2Cuu

)
+ C1C + C2Cu = 0. (63)
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Построив частные или общие решения уравнения (63), получим явные выра-
жения для операторов условной симметрии. Некоторые из таких операторов (62)
имеют вид

Q3 =
√
x0∂1 +

√
2u∂u, (64)

Q4 =
√

2x0∂1 +R(u)∂u, (65)

Q5 = ∂1 + lnu∂u, (66)

Q6 = x0∂1 + x1∂u, (67)

где R(u) — решения дифференциального уравнения

uR̈(u) + Ṙ(u) = R−1.

Приведем несколько анзацев, которые порождают операторы Q1, Q2, Q3:

x0u− 1

2
x2

1 = ϕ(u), (68)

2ux0

x1
− x1 = ϕ

(
u

x1

)
, (69)

u =
1

2

(
x1√
x0

+ ϕ(x0)

)2

. (70)

Редуцированные уравнения имеют весьма простой вид:

ϕ̈(u) = 0 для анзаца (68),

ϕ̈

(
u

x1

)
= 0 для анзаца (69),

2x0ϕ̇(x0) + ϕ = 0 для анзаца (70), x0 6= 0.

Итак, анзацы (68)–(70) редуцируют нелинейное уравнение теплопроводности
к линейным ОДУ.

6. Уравнение типа Кортевега–де Фриза. Рассмотрим нелинейное урав-
нение

u0 + F (u)uk1 + u111 = 0, (71)

u111 = ∂3u
∂x3 , k — произвольный действительный параметр. При F (u) = u, k = 1

уравнение (1) совпадает с классическим уравнением КдФ.

Теорема [23]. Уравнение Q-yсловно инвариантно относительно оператора га-
лилеевского типа

Q = xr0∂1 +H(x, u)∂u, (72)

где r — произвольный действительный параметр, если

1) F (u) = λ1u
2−k

k + λ2u
1−k
2 , H(x, u) =

(
kλ1

2

)−1/k

u1/2; (73)
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2) F (u) = (λ1 lnu)1−k, H(x, u) = (kλ1)
−1/ku; (74)

3) F (u) = (λ1 arcsinu+ λ2)(1 − u2)
1−k
2 ,

H(x1u) = (kλ1)
−1/k(1 − u2)1/2;

(75)

4) F (u) = (λ1 Arshu+ λ2)(1 − u2)
1−k
2 ,

H(x, u) = (kλ1)
−1/k(1 + u2)1/2;

(76)

5) F (u) = λ1u, H(x, u) = (kλ1)
−1/k; (77)

где r 6= k−1, k 6= 0, λ1, λ2 — произвольные постоянные.

С помощью операторов условной инвариантности (72) редуцируем (71) к ОДУ
и построим следующие точные решения:

u =

{
x1

2

(
kλ1x0

2

)−1/k

+ λx
−1/k
0 − λ2

λ1

}2

,

когда F (u) имеет вид (73);

u = exp

{
−k(kλ1)

−3/k

k − 2
x
− 3

k +1
0 + λx

−1/k
0 + (kλ1x0)

−1/kx1 −
λ2

λ1

}
,

при k 6= −2, F (u) имеет вид (74); когда k = 2

u = exp

{
−(2λ1)

−3/2x
−1/2
0 lnx0 + λx

−1/2
0 + (2λ1x0)

−1/2x1 −
λ2

λ1

}
,

u = sin

{
k(kλ1)

−3/k

k − 2
x
− 3

k +1
0 + λx

−1/k
0 + (kλ1x0)

−1/kx1 −
λ2

λ1

}
, k 6= 2,

u = sin

{
(2λ1)

−3/2 lnx0√
x0

+ λx
−1/2
0 + (2λ1x0)

−1/2x1 −
λ2

λ1

}
, k = 2,

когда F (u) имеет вид (75);

u = sh

{
−k(kλ1)

−3/k

k − 2
x
−3/k+1
0 + λx

−1/k
0 + (kλ1x0)

−1/kx1

}
, k 6= 2,

u = sh
{
−(2λ1)

−3/2x
−1/2
0 lnx0 + λx

−1/2
0 + (2λ1x0)

−1/2x1

}
, k = 2,

когда F (u) имеет вид (76). Во всех формулах λ — произвольный параметр. Итак,
изучив условную симметрию уравнения (1), мы построим нетривиальные классы
точных решений.

7. Нелинейное волновое уравнение. Уравнение вида

u00 − (F (u)u1)1 = 0 (78)

широко применяется для описания нелинейных волновых процессов. Групповые
свойства (78) методом Ли детально исследованы в [24]. В зависимости от явного
вида функции F (u) уравнение (78) обладает широкой условной симметрией.
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Теорема [25]. Уравнение (78) Q-условно инвариантно относительно оператора

Q = A(x, u)∂0 +B(x, u)∂1 +H(x, u)∂u,

если функции A(x, u), B(x, u), H(x, u), F (u) удовлетворяют следующей системе
уравнений.

Случай 1: A = 1, D = F −B2;

(BuD
−1)u = 0,

F (H1D
−1)1 − (H0D

−1)0 −H2(HuD
−1)u −H(H0D

−1)u −H(HuD
−1)0 +

+D2{2F (B0D1 −B1H0 +H[BuH1 −B1Hu]) −BHH1F} = 0,

D2Huu +D{(HḞ )u + 2B(BuHu −BuuH) − 2FB1u − 2BB0u} −
−HD2

4 + 2BB0Du + 2BB1(BḞ − 2BuF ) = 0;

D{B00 + 2(B0H)u − 2(BH0u −BuH0) + 2(H1F )u −
−B11F +BuuH

2 + 2BHHuu} −Du{B0H +BuH
2 + 2BHHu} +

+B{B1HḞ + 2B2
0 + 2B0BuH + 4BB0Hu + 4B1HuF − 2B2

1F} = 0.

Случай 2: A = 1, B = F 1/2;

1) ḂH + 2BHu = 0, H0 +HHu −BH1 = 0;

2) ḂH + 2BHu 6= 0, H0 +HHu −BH1 = 0;

[B̈H2 + 2Ḃ(BH1 +HHu) + 2B(H0u +HHuu +BH1u)] =

= (H0 +HHu −HH1) − [H00 +H2Huu −B2H11 + 2HH0u − 2ḂHH1] ×
× (ḂH + 2BHu) = 0.

Случай 3: A = 0, B = 1

H00 −H3Ḟ − (3HH1 + 2H2Hu)Ḟ − (H11 + 2HH1u)F = 0.

Решая эти системы, при конкретных выборах функции F (u) построены явные
виды операторов Q. Приведем только некоторые из полученных операторов и
анзацев:

F (u) = expu, Q1 = x1∂1 + ∂u, u = lnx1 + ϕ(x0),

Q2 = ∂0 + 2 tg x0∂u, expu = ϕ(x1) cos−2 x0;

F (u) = uk, Q1 = ∂0 + exp
(u

2

)
∂1 − 4x−1

0 ∂u,

Q2 = (k + 1)x1∂1 + u∂u;

x0 exp
(u

2

)
+ x1 + ϕ

(
x2

0 exp
u

2

)
= 0;

uk+1 = x1ϕ
k+1(x0);

F (u) = u−1/2, Q1 = ∂0 + x1u
1/2∂u,

Q2 = x2
1∂0 + (4x0 + a1x

5
1)u

1/2∂u;

2u1/2 = x0x1 + ϕ(x1),

u1/2 = x2
0x

−2
1 +

a1

2
x0x

3
1 + ϕ(x1),

где a1, a2, a3 — постоянные.



Условная симметрия уравнений нелинейной математической физики 169

Наиболее простые решения уравнения (78), построенные с помощью анзацев,
имеют вид

expu = (x2
1 + a1) cos−2 x0, expu = x1 expx0, если F (u) = expu;

uk+1 = xk+1
0 x1, если F (u) = uk;

u = x0x1 +
x4

0

12
+ a1, u = W (x0)x

2
1, если F (u) = u;

u1/2 = W (x1)x
2
0, 2u1/2 = x0x1 +

x4
1

24
+ a1,

u1/2 = x2
0x

−2
1 + 3a1x0x

3
1 +

a2
1

6
x8

1 + a2x
−1
1 + a3x

2
1, если F (u) = u−1/2.

Итак, нами проведена классификация и редукция нелинейных волновых урав-
нений (78), обладающих условной симметрией.

8. Трехмерное нелинейное уравнение акустики. Ограниченные звуко-
вые пучки описывают нелинейным уравнением вида

u00 − (F (u)u1)1 − u22 − u33 = 0. (79)

В том случае, когда F (u) = u, оно совпадает с уравнением Хохлова–Заболотской

u01 − (uu1)1 − u22 − u33 = 0. (80)

Положим на решение (79) дополнительное условие в виде нелинейного урав-
нения первого порядка

u0u1 − F (u)u2
1 − u2

2 − u2
3 = 0. (81)

Теорема [26]. Уравнение (80) при условии (81) инвариантно относительно бе-
сконечномерной алгебры с оператором

X = ai(u)Ri, i = 1, 12, (82)

где ai(u) — произвольные гладкие функции зависимой переменной u,

Rµ+1 = ∂µ, µ = 0, 3, R5 = x3∂2 − x2∂3,

R6 = x2∂1 + 2x0∂2, R7 = x3∂1 + 2x0∂3, R8 = xµ∂µ,

R9 = 4x0∂0 + 2x1∂1 + 3x2∂2 + 3x3∂3 − 2
F (u)

F ′(u)
∂u, R10 = F ′(u)x0∂1 − ∂u,

R11 = x2∂0 + 2(x1 + F (u)x0)∂2, R12 = x3∂0 + 2(x1 + 2F (u)x0)∂3.

Операторы 〈R1, . . . , R8〉 являются лиевскими операторами симметрии уравне-
ния (80), 〈R9, . . . , R12〉 операторы условной симметрии уравнения (79). Восполь-
зовавшись операторами условной симметрии уравнения (79) 〈R9, . . . , R12〉, можно
построить широкие классы точных решений. Например, операторX = ∂0+a(u)∂1

порождает следующие анзацы:

u = ϕ(ω1, ω2, ω3), ω1 = a(u)x0 + x3, ω2 = x2, ω3 = x3. (83)
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Анзац (83) редуцирует четырехмерное уравнение (79), (81) к трехмерному

(a(ϕ) − ϕ)ϕ11 − ϕ22 − ϕ33 +

(
da(ϕ)

dϕ
− 1

)
ϕ2

1 = 0,

(a(ϕ) − ϕ)ϕ2
1 − ϕ2

2 − ϕ2
3 = 0 ϕi =

∂ϕ

∂ωi
, i = 1, 3.

(84)

Конкретизируя функцию a(u), в некоторых случаях можно построить общее ре-
шение (84). Пусть a(u) = u+ 1. Тогда имеем систему

ϕ11 − ϕ22 − ϕ33 = 0, (85)

ϕ2
1 − ϕ2

2 − ϕ2
3 = 0. (86)

Систему (85) естественно назвать уравнением Бейтмена (1914 г.) — Соболева —
Смирнова (1932–1933 гг.), поскольку именно они детально изучали ее. Уравнение
(85) имеет общее решение и задается формулой Соболева–Смирнова

ϕ = c1(ϕ)ω1 + c2(ϕ)ω2 + c3(ϕ)ω3, (87)

где c1, c2, c3 — произвольные функции, удовлетворяющие условиям

c21 − c22 − c23 = 0, c22 + c23 6= 0.

Таким образом, формула (87) задает класс точных решений трехмерных не-
линейных уравнений (85), (86).

Итак, анзацы (68)–(70) редуцируют нелинейное уравнение теплопроводности
(37) к линейным ОДУ.

9. Условная симметрия уравнения Дирака. Рассмотрим нелинейное урав-
нение Дирака

{γµpµ − λ(Ψ̄Ψ)}Ψ(x) = 0 (88)

и наложим на его решение условие Ψ̄Ψ = 1. Тогда (71) становится линейным
уравнением с нелинейным дополнительным условием

(γµp
µ − λ)Ψ = 0, Ψ̄Ψ = 1. (89)

Система (72) условно инвариантна относительно операторов [9]

Q1 = p0 − λγ0, Q2 = p3 − λγ3. (90)

В рассматриваемом случае уравнение типа (6) имеет вид

Q1Ψ = 0 и Q2Ψ = 0. (91)

Оператор Q1 порождает анзац

Ψ(x) = exp(−iλγ0x0)ϕ(x1, x2, x3), (92)

где ϕ(x1, x2, x3) — четырехкомпонентная вектор-функция, зависящая только от
трех переменных.
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10. Условная симметрия уравнений Максвелла. Рассмотрим линейную
систему

∂ ~E

∂t
= rot ~H,

∂ ~H

∂t
= −rot ~E. (93)

Можно непосредственно проверить, что система (93) не инвариантна относитель-
но преобразований Лоренца. Однако, если добавить к системе (93) известные
дополнительные условия

div ~E = 0, div ~H = 0,

то система (93), (94) становится лоренц-инвариантной. Приведенная точка зрения
на уравнения Максвелла [1–10, 21] указывает на естественность термина “услов-
ная симметрия” и физическую важность этой концепции для широкого класса
уравнений математической физики [22].

Заключение. Исследование условий симметрии ДУЧП только началось. При-
веденные результаты свидетельствуют о том, что на этом пути следует ожидать
качественно нового понимания симметрии уравнения, симметрийной классифи-
кации ДУЧП, редукции многомерных нелинейных уравнений к уравнениям с
меньшим числом переменных, процесса линеаризации нелинейных уравнений.

Одним из наиболее фундаментальных законов физики, механики, гидроме-
ханики, биофизики является принцип относительности, т.е. равноправие всех
инерциальных систем отсчета. На математическом языке этот принцип означает
инвариантность уравнения движения относительно либо преобразований Гали-
лея, либо преобразований Лоренца. ДУЧП, не удовлетворяющие этому принципу,
обычно не рассматриваются в физических теориях, поскольку они несовместимы
с принципом относительности. Такие уравнения не могут быть использованы для
математического описания движения реальных физических систем.

Понятие условной инвариантности дает возможность существенно расширить
классы уравнений, удовлетворяющих принципу относительности. Уравнения, ко-
торые не совместимы, в обычном смысле, с принципом относительности могут
условно удовлетворять ему, т.е. существуют нетривиальные условия на решения
таких уравнений, выделяющие подмножества решений исходного уравнения, ин-
вариантные относительно либо преобразований Галилея, либо преобразований
Лоренца. Описание и детальное изучение классов уравнений, условно инвари-
антных относительно групп Галилея, Пуанкаре и их подгрупп, представляется
автору весьма важной задачей математической физики.

Условная симметрия, например, скалярного уравнения дает возможность стро-
ить такие анзацы, которые увеличивают (антиредукция) число зависимых пере-
менных. Она позволяет провести не только редукцию по числу независимых пере-
менных, но при этом увеличить число зависимых переменных. Подчеркнем, что
такие анзацы существенно меняют структуру нелинейностей исходного уравне-
ния. И, конечно, они не могут быть построены в рамках классической схемы Ли.
Процесс линеаризации, например, нелинейной системы Навье–Стокса в нашем
подходе следует рассматривать как замену нелинейного уравнения на линейную
систему

∂~u

∂t
+ ∆~u+ ~∇p = 0, div ~u = 0, (94)
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при нелинейном дополнительном условии

(~u~∇)~u = 0, или {(~u~∇)~u}2 = 0. (95)

Линейное уравнение Навье–Стокса при нелинейном дополнительном условии об-
ладает нетривиальной условной симметрией. Очевидно, в качестве дополнитель-
ного условия к нелинейному уравнению Навье–Стокса можно выбрать и такие
уравнения:

(~u~∇)~u+ ~∇p = 0.

Детальному изучению условной линеаризации нелинейных ДУЧП будут по-
священы отдельные публикации.

1. Фущич В.И. О симметрии и частных решениях некоторых многомерных уравнений ма-
тематической физики // Теоретико-алгебраические методы в задачах математической
физики. – Киев: Ин-т математики АН УССР, 1983. — C. 4–23.

2. Фущич В.И. Как расширить симметрию дифференциальных уравнений? // Симметрия
и решения нелинейных уравнений математической физики. — Киев: Ин-т математики
АН УССР, 1987. — C. 4–16.

3. Фущич В.И. О симметрии и точных решениях многомерных нелинейных волновых урав-
нений // Укр. мат. журн. — 1987. — 39, № 1. — C. 116–123.

4. Fushchych W.I., Tsyfra I.M. On a reduction and solutions of non-linear wave equations with
broken symmetry // J. Phys. A: Math. Gen. — 1987. — 20. — L45–L48.

5. Fushchych W.I., Nikitin A.G. Symmetries of Maxwell’s equations. — Dordrecht: D. Reidel,
1987. — 214 p.

6. Fushchych W.I., Zhdanov R.Z. On some new exact solutions of nonlinear d’Allembert and
Hamilton equations — Minnesota, 1988. — 5 p. — (Prepr./Institute for Mathematics and its
Applications, University of Minnesota; N 468).

7. Фущич В.I., Сєров М.I., Чопик В.I. Умовна iнварiантнiсть та нелiнiйнi рiвняння тепло-
провiдностi // Доп. АН УРСР. Сер. А. — 1988. — № 9. — C. 17–20.

8. Фущич В.И., Серов Н.И. Условная инвариантность и точные решения нелинейного урав-
нения акустики // Докл. АН УССР. Сер. А. — 1988. — № 10. — C. 27–31.

9. Fushchych W.I., Zhdanov R.Z. Symmetry and exact solutions of nonlinear spinor equations //
Phys. Rep. — 1989. — 172, N 4. — P. 123–174.

10. Фущич В.И., Серов Н.И. Условная инвариатность и точные решения уравнения Бусси-
неска // Симметрия и решения уравнений математической физики. — Киев: Ин-т мате-
матики АН УССР, 1989. — C. 95–102.

11. Bluman G.W., Cole J.D. The general similarity solution of the heat equation // J. Math.
Mech. — 1969. — 18, N 11. — P. 1025–1042.

12. Olver P., Rosenau Ph. The construction of special solutions to partial differential equations //
Phys. Lett. A. — 1986. — 114, N 3. — P. 107–112.

13. Clarkson P., Kruskal M. New similarity reductions of the Boussinesq equation // J. Math.
Phys. — 1989. — 30, N 10. — P. 2201–2213.

14. Levi D., Winternitz P. Nonclassical symmetry reduction: example of the Boussinesq equati-
on // J. Phys. A. — 1989. — 22. — P. 2915–2924.

15. Шульга M.В. Симметрия и некоторые частные решения уравнения Даламбера с не-
линейным условием // Теоретико-групповые исследования уравнений математической-
физики. — Киев: Ин-т математики АН УССР, 1985. — C. 36–38.

16. Фущич В.И., Жданов Р.З., Ревенко И.В. Совместность и решения нелинейных урав-
нений Даламбера и Гамильтона. — Киев, 1990. — 65 c. — (Препр./ АН УССР. Ин-т
математики; № 90.39).



Условная симметрия уравнений нелинейной математической физики 173

17. Fushchych W.I., Serov N.I. On some exact solutions of the three-dimensional non-linear
Schrödinger equation // J. Phys. A: Math. Gen. — 1987. — 20. — L929–L933.

18. Фущич В.И., Чопик В.И. Условная инвариантность нелинейного уравнения Шрединге-
ра // Докл. АН УССР. Сер. А. — 1990. — № 4. — C. 30–33.

19. Фущич В.И., Серов Н.И. Условная инвариантность и редукция нелинейного уравнения
теплопроводности // Докл. АН УССР. Сер. А. — 1990. — № 7. — С. 24–27.

20. Фущич В.И., Серов Н.И., Амеров Т.К. Условная инвариантность нелинейного уравнения
теплопроводности // Докл. АН УССР. Сер. А. — 1990. — № 11. — C. 16–18.

21. Фущич В.И. Об одном обобщении метода С. Ли // Теоретико-алгебраический анализ
уравнений математической физики. — Киев: Ин-т математики АН УССР, 1990. — C. 4–9.

22. Фущич В.И., Штелень В.М., Серов Н.И. Симметрийный анализ и точные решения не-
линейных уравнений математической физики. — Киев: Наук. думка, 1989. — 336 с.

23. Фущич В.И., Серов Н.И., Амеров Т.К. Об условной симметрии обобщенного уравнения
Кортевега–де Фриза // Докл. АН УССР. — 1991. — № 12. — C. 15–18.

24. Ames W.F., Lohner R.I., Adams E. Group properties of utt = (f(u)ux)x // Intern. J. Non-
Linear Mech. — 1981. — 16, N 5/6. — P. 439–447.

25. Фущич В.И., Серов Н.И., Репета В.К. Условная симметрия, редукция и точные решения
нелинейного волнового уравнения // Докл. АН УССР. — 1991. — № 5. — С. 29–34.

26. Фущич В.И., Чопик В.И., Миронюк П.И. Условная инвариантность и точные решения
трехмерных нелинейных уравнений акустики // Докл. АН УССР. Сер. А. — 1990. —
№ 9. — C. 25–28.



The complete sets of conservation laws

for the electromagnetic field

W.I. FUSHCHYCH, A.G. NIKITIN

We present a compact and simple formulation of zero- and first-order conserved
currents for the electromagnetic field and give the number of independent n-order
currents.

New conservation laws for the electromagnetic field, discovered by Lipkin [1], had
obtained an adequate mathematical and physical interpretation long ago, see e.g. [2–
6]. It happens that these conservation laws are nothing but a small part of the infi-
nite series of conserved quantities which exist for any self-adjoint linear system of
differential equations; among their number are Maxwell’s equations [7]. As to the
physical interpretation of Lipkin’s zilch tensor it can be connected with conservation
of polarization of the electromagnetic field [5, 6].

The aim of the present letter is to establish certain rules in the bewildering
complexity of the conservation laws and to describe complete sets of them for the
electromagnetic field.

We say that an arbitrary bilinear function j(m)
µ = f

(m)
µ (DnF,DkF ) is a conserved

current if it satisfies the continuity equation

∂µj(m)
µ = 0, µ = 0, 1, 2, 3. (1)

Here F = Fµν is the tensor of the electromagnetic field,

Dn =
n∏

λ=0

∂µλ , µλ = 0, 1, 2, 3, m = max(n+ k).

It follows from (1) according to the Ostrogradskii–Gauss theorem that the followi-
ng quantity is conserved in time:

〈j(m)
0 〉 =

∫
d3xj

(m)
0 .

We say conserved currents j(m)
µ and j

′(m)
µ are equivalent if

〈j(m)
0 〉 = 〈j′(m)

0 〉.
Proposition 1. There exist exactly 15 non-equivalent conserved currents of zero order
for Maxwell’s equation. All these currents can be represented in the form

j(0)µ = TµνK
ν , (2)

where Tµν is the traceless energy-momentum tensor of the electromagnetic field and
Kν is a Killing vector satisfying the equations

∂νKµ + ∂µKν − 1

2
gµν∂λK

λ = 0. (3)

Reprinted with permission from J. Phys. A: Math. Gen., 1992, 25, L231–L233
c© 1992 IOP Publishing Ltd
Original article is available at http://www.iop.org/EJ/journal/JPhysA
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Proof. This reduces to finding the general solution of the equation

∂0〈j(0)0 〉 = ∂0

∫
d3xj

(0)
0 (F, F ) = 0, (4)

where j(0)0 (F, F ) is a bilinear combination of components of the tensor of the electro-

magnetic field. It is not difficult to find such a solution, decomposing j
(0)
0 by the

complete set of symmetric matrices of dimension 6 × 6

j
(0)
0 = ϕTQϕ, ϕ = column(F01, F02, F03, F23, F31, F12),

Q = (σ0A
ab
0 + σ1A

ab
1 + σ3A

ab
3 )Zab + δ2SaK

a,

Zab = 2δab + SaSb + SbSa, a, b = 1, 2, 3,

Sa =

(
Sa 0̂

0̂ Sa

)
, σ0 =

(
I 0̂

0̂ I

)
, σ1 =

(
0̂ I

I 0̂

)
,

σ2 =

(
0̂ −I
I 0̂

)
, σ3 =

(
I 0̂

0̂ −I

)
,

S1 =




0 0 0
0 0 −1
0 1 0


 , S2 =




0 0 1
0 0 0
−1 0 0


 , S3 =




0 −1 0
1 0 0
0 0 0


 ,

where 0̂ and I are the zero and unit matrices of dimension 3×3, Aabλ , Ka are unknown
functions of xµ. Indeed substituting (5) into (4) and using the Maxwell equations

∂µF
µν = 0, ∂µεµνρσF

ρσ = 0

we come to the relations Aab1 = Aab3 = 0, Aab2 = −δabK0 and to the equations (3) for
K0 and Ka.

Thus we have found all non-equivalent j
(0)
0 satisfying (4). The corresponding

expressions for j(0)µ with µ 6= 0 can be obtained using Lorentz transformations.
Formula (2) gives an elegant formulation of the classical conservation laws of

Bessel–Hagen [8]. We present a direct (and simple) proof that there are not another
conserved bilinear combination of the electromagnetic field strengths.

In an analogous way it is possible to prove the following assertion.

Proposition 2. There exist exactly 84 conserved currents of first order for the elec-
tromagnetic field. All these currents can be represented in the form

j(1)µ = KσνZσν,µ + 2εµνλσ(∂
λKρν)T σρ, (5)

where T σρ is the energy-momentum tensor, Zσν,µ is Lipkin’s zilch tensor, εµνρσ is the
completely antisymmetric unit tensor, Kσν is a conformal Killing tensor of valence 2,
satisfying the equations

∂(µKσν) =
1

3
∂λK

λ(µgσν), Kσν = Kνσ, Kµ
µ = 0, (6)

where symmetrization is imposed over the indices in brackets.

Using the relations

∂µZλσ,µ = 0, Zµν,
ν = 0, ∂λT

λµ = 0, Tλλ = 0,

∂ρ(ερλνσT
σµ + ερµνσT

σλ) = Zλν,
µ + Zµν,

λ
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and the equations (7) we can ensure that the currents (6) really satisfy the continuity
equation (1).

Thus all non-equivalent conserved currents of first order are given by formula (6).
The general solution of the equation (7) is a fourth-order polynomial of xµ depending
on 84 parameters; for the explicit expression of Kσν see e.g. [9]. Formula (6) describes
well known and also ‘new’ conserved currents; the latter depend on the fourth degree
of xµ.

In conclusion we note that in an analogous way it is possible to describe conserved
currents for the electromagnetic field of an arbitrary order m. For m > 1 such currents
are defined by two fundamental quantities i.e. by the conformal Killing tensor of
valence m+ 1 and the Floyd–Penrose tensor of valence R1 + 2R2 where R1 = m− 1,
R2 = 2. The higher order conserved currents will be considered in a separate paper;
here we present only the number of linearly independent currents of order m:

Nm =
1

2
(2m+ 5)

[
2m(m+ 1)(m+ 4)(m+ 5) + (m+ 2)2(m+ 3)2

]
, m > 1.

For the details about generalized Killing and Floyd–Penrose tensors in application
to higher symmetries of Poincaré- and Galilei-invariant wave equations see the exten-
ded version of our book [10]. Non-Lie symmetries and conservation laws for Maxwell’s
equations are discussed in [11].
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Q-conditional symmetry

of the linear heat equation

W.I. FUSHCHYCH, W.M. SHTELEN, M.I. SEROV, R.O. POPOVYCH

Исследована Q-условная симметрия одномерного линейного уравнения тепло-
проводности. Получены определяющие уравнения для коэффициентов оператора
Q-условной симметрии, изучена их лиевская симметрия, получены некоторые их
точные решения. Найдены нелокальные замены, сводящие определяющие урав-
нения к исходному уравнению теплопроводности. Показано, как можно исполь-
зовать операторы Q-условной симметрии для линеаризации нелинейных ДУЧП
и размножения решений уравнения теплопроводности.

In this article we consider in full detail, as a simple but non-trivial example, how
to find and use Q-conditional symmetry of the one-dimensional linear heat equation

u0 = u11 (1)

(u = u(x0, x1), u0 = ∂u/∂x0, u1 = ∂u/∂x1 and so on).
It is known [1] that the maximal in Lie sense invariance algebra of equation (1) is

an algebra with the basis elements

∂0 =
∂

∂x0
, ∂1 =

∂

∂x1
, G = x0∂1 −

1

2
x1u∂u, I = u∂u,

D = 2x0∂0 + x1∂1, Π = x0

(
x0∂0 + x1∂1 −

1

2
u∂u

)
− x2

1

4
u∂u,

L = f(x0, x1)∂u (f0 = f11).

(2)

The problem of finding non-classical symmetry (in our terminology Q-conditional
symmetry) was firstly put forward by Bluman and Cole [5]. However, in this im-
portant paper the authors did not give explicitly none of operators which would be
different from those of (2). Below we will present quite complete investigation of this
problem. All notions used without explanations are defined in [1–4].

Definition 1 [2, 4]. A differential equation of order m

S1(x, u, u
1
, u
2
, . . . , u

m
) = 0 (3)

for a function u = u(x) where u
k

denotes all partial derivatives of order k is called

conditionally invariant under an operator Q if there is an additional condition of the
form

S2(x, u, u
1
, u
2
, . . . , u

m
) = 0 (4)

compatible with (3), that

Q̃Sα

∣∣∣S1 = 0
S2 = 0

= 0, α = 1, 2, (5)

In the formula (5) Q̃ is the standard prolongation of Q.

Передруковано з Докл. АН Украины, 1992, № 12, С. 28–33 за дозволом
c© 1992 Президiя Нацiональної академiї наук України
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In that particular case when equation (4) has the form

Qu = 0 (6)

equation (3) is called Q-conditionally invariant under the operator Q. The notion
of Q-conditional invariance coincides with the notion of “non-classical” invariance
introduced by Bluman and Cole in the work [5].

The general form of a first-order operator is

Q = A(x0, x1, u)∂0 +B(x0, x1, u)∂1 + C(x0, x1, u)∂u, (7)

where A, B, C are some differentiable functions of x0, x1, u to be determined from the
invariance condition (5). It will be noted that because of the imposed condition (6)

Qu = 0 ⇔ Au0 +Bu1 = C (8)

there are really only two independent cases of operator (7).

Theorem 1. The heat equation (1) is Q-conditionally invariant under operator (7)
if and only if its coordinates are as follows:

Case 1.

A = 1, B = W 1(x0, x1), C = W 2(x0, x1)u+W 3(x0, x1) (9)

and functions ~W = ~W (x0, x1) = {W 1,W 2,W 3} satisfy equations

(∂0 + 2W 1
1 − ∂11) ~W = ~F , ~F = {−2W 2

1 , 0, 0}. (10)

Case 2.

A = 0, B = 1, C = v(x0, x1, u) (11)

and function v = v(x0, x1, u) satisfies the PDE

v0 = v11 + 2vv1u + v2vuu. (12)

Proof. From the criterion of invariance

Q
2
(u0 − u11)

∣∣∣u0 = u11,
Qu = 0

= 0, (13)

absolutely analogously to the standard Lie’s algorithm one finds the defining equations
for the coordinates of operator (7) which can be reduced to (9)–(12). It is to be pointed
out that unlike Lie’s algorithm, in the cases considered above the defining equations
(10), (12) are nonlinear ones and it is a typical feature of Q-conditional invariance.

It goes without saying that Q-conditional invariance includes Lie’s invariance in
particular. So, in our case of the heat equation, we obtain infinitesimals (2) as simplest
solutions of (10), (12):

A = 1, ~W = 0 ⇒ Q = ∂0,

A = v = 0, B = 1 ⇒ Q = ∂1,

A = 0, B = 1, v = −x1u

2x0
⇒ Q = G,

A = 1, W 1 =
x1

2x0
, W 2 = W 3 = 0 ⇒ Q = D,

A = 1, W 1 =
x1

x0
, W 2 = −(2x0 + x2

1)/4x
2
0, W 3 = 0 ⇒ Q = Π.

(14)
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Remark 1. System of defining equations (10) was firstly obtained by Bluman and
Cole [5]. Further investigation of system (10) was continued in [6], where the question
of linearization of the first two equations of (10) had been studied. The general solution
of the problem of linearization of equations (10), (12) will be given after a while.

Now let us list some concrete operators (7) of Q-conditional invariance of equa-
tion (1) obtained as partial solutions of the defining equations (10), (12). In the
following Table we also give corresponding invariant ansätze and the reduced equa-
tions.

Of course, operators 1–10 from Table do not exhaust all possible operators of
Q-conditional invariance.

N Operator Q Ansatz Reduced equation

1 −x1∂0 + ∂1 u = ϕ
(
x0 +

x2
1

2

)
ϕ′′ = 0

2 −x1∂0 + ∂1 + x3
1∂u u = ϕ

(
x0 +

x2
1

2

)
+

x4
1

4
ϕ′′ = −3

3 x2
1∂0 − 3x1∂1 − 3u∂u u = x1ϕ

(
x0 +

x2
1

6

)
ϕ′′ = 0

4 x2
1∂0 − 3x1∂1 − (3u + x5

1)∂u u = x1ϕ
(
x0 +

x2
1

6

)
+

x5
1

12
ϕ′′ = −15

5 x1∂1 + u∂u u = x1ϕ(x0) ϕ′ = 0

6 cth x1∂1 + u∂u u = ϕ(x0) ch x1 ϕ′
− ϕ = 0

7 − ctg x1∂1 + u∂u u = ϕ(x0) cos x1 ϕ′ + ϕ = 0

8 ∂1 − u∂u −
u

2x0−x1
∂u u = (2x0 − x1)e

−x1ϕ(x0) ϕ′
− ϕ = 0

9 ∂1 −
√

−2(x0 + u)∂u u = −x0 −
1
2
[x1 + ϕ(x0)]

2 ϕ′ = 0

10
(
x0 +

x2
1

2

)
∂0 − x1∂1 u = ϕ

(
x0x1 +

x2
1

3!

)
ϕ′′ = 0

Next we study Lie symmetry of the defining equations (10), (12).

Theorem 2. The Lie maximal invariance algebra of system (10) is given by the
operators

∂0, ∂1, G(1) = x0∂1 + ∂W 1 − 1

2
W 1∂W 2 − 1

2
x1W

3∂W 3 ,

D(1) = 2x0∂0 + x1∂1 −W 1∂W 1 − 2W 2∂W 2 , I(1) = W 3∂W 3 ,

Π(1) = x0

(
x0∂0 + x1∂1 −W 1∂W 1 − 2W 2∂W 2 − 5

2
W 3∂W 3

)
+

+ x1

(
∂W 1 − 1

2
W 1∂W 2

)
− 1

2
∂W 2 − x2

1

4
W 3∂W 3 ,

X = (f0 + f1W
1 − fW 2)∂W 3 .

(15)

where f = f(x0, x1) is an arbitrary solution of (1), that is f0 = f11.

Theorem 3. The Lie maximal invariance algebra of equation (12) is given by the
operators

∂0, ∂1, D(2) = 2x0∂0 + x1∂1 + u∂u, D(3) = u∂u + v∂v,

G(2) = x0∂1 −
1

2
x1(u∂u + v∂v) −

1

2
u∂v,

Π(2) = x0

(
x0∂0 + x1∂1 −

1

2
u∂u −

3

2
v∂v

)
− x2

1

4
(u∂u + v∂v) −

x1

2
u∂v,

R = f∂u + f1∂v (f0 = f11).

(16)
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One can get the proofs of these two theorems by means of the standard Lie’s
algorithm.

Operators (15), (16) can be used to find exact solutions of equations (10), (12).
In particular, using the formula of generating solutions at the expense of invariance
under Π(2)

vII(x0, x1, u) = (1 − θx0)
−3/2 exp

{
θx2

1

4(1 − θx0)

}
v1(x′0, x

′
1, u

′) +
θ

1 − θx0

x1u

2
,

x′0 =
x0

1 − θx0
, x′1 =

x1

1 − θx0
,

u′ = (1 − θx0)
1/2 exp

{
−1

4

θx2
1

1 − θx0

}
u (θ = const)

(17)

one can construct new solutions of equations (12) starting from known ones.
Solutions of equations (10), (12) can be obtained by the use of reduction on

subalgebras of the invariance algebras (15), (16). For example, using the subalgebra
〈∂0 + a

(1)
i 〉 of the algebra (15) we find the following solution of the system (10)

W 1 =
C2

1 − C2
3

−C1 tg(C1x1 + C2) + C3 tg(C3x1 + C4)
,

W 2 = −C1C3
C1 tg(C3x1 + C4) − C3 tg(C1x1 + C2)

−C1 tg(C1x1 + C2) + C3 tg(C3x1 + C4)
,

W 3 = (ϕ11 −W 1ϕ1 −W 2ϕ)eax0 ,

(18)

where C1, . . . , C4 are arbitrary constants, ϕ = ϕ(x1), ϕ11 = aϕ.

Theorem 4. The system (10) is reduced to the system of disconnected heat equations

~z0 = ~z11 (~z = ~z(x0, x1) = {z1, z2, z3}) (19)

with the help of the nonlocal transformation

W 1 = −z
1
11z

2 − z1z2
11

z1
1z

2 − z1z2
1

, W 2 = −z
1
11z

2
1 − z1

1z
2
11

z1
1z

2 − z1z2
1

,

W 3 = z3
11 +W 1z3

1 −W 2z3.

(20)

Expressions (20) result in (after using the corresponding operator (7), (9)) the
ansatz

u = z1ϕ(ω) + z3, ω =
z2

z1
(21)

(z1, z2, z3 are solutions of (19)), and the reduced equation is ϕ′′ = 0. This means
that

u = C1z
1 + C2z

2 + z3. (22)

So, we get just the well-known superposition principle for the heat equation.
Letting W 2 = W 3 = 0 we get from (10) the Burgers equation

W 1
0 + 2W 1W 1

1 = W 1
11. (23)
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Using Hopf–Cole transformation one obtains solutions of equation (23) in the form

W 1 = −∂1 ln f = −f1
f

(f0 = f11). (24)

This result in the operator

Q = f∂0 − f1∂1. (25)

Q-conditional symmetry of equation (1) under the operator (25) lead to the following
statement.

Theorem 5. If function f is an arbitrary solution of the heat equation (1) and u is
the general integral of the ODE

f1dx0 + fdx1 = 0, (26)

then u satisfies equation (1).

Proof. We note that equation (26) is a perfect differential equation and therefore its
general solution u(x0, x1) = C possesses the following property

u0 = f1, u1 = f. (27)

Having used (27) we obtain

u0 − u11 = f1 − f1 = 0

and the theorem is proved.

Theorem 5 may be considered as another algorithm of generating solutions of
equation (1). Indeed, even starting from a rather trivial solution of the heat equation
u = 1 we get the chain of quite interesting solutions

1 → x1 → x0 +
x2

1

2!
→ x0x1 +

x3
1

3!
→ · · · , (28)

and among them the solutions

x2m
1

(2m)!
+
x0

1!

x2m−2
1

(2m− 2)!
+
x2

0

2!

x2m−4
1

(2m− 4)!
+ · · · + xm−1

0

(m− 1)!

x2
1

2!
+
xm0
m!

, (29)

x2m+1
1

(2m+ 1)!
+
x0

1!

x2m−1

(2m− 1)!
+
x2

0

2!

x2m−3
1

(2m− 3)!
+ · · · + xm−1

0

(m− 1)!

x3
1

3!
+
xm0
m!

x1

1!
. (30)

It will be also noted that supposing function v in (12) to be independent on x1

and denoting

v =
1

w(x0, u)
(31)

we get instead of (12) the following remarkable nonlinear heat equation

w0 = ∂u(w
−2wu). (32)

One easily sees that the operator

Q = w(x0, u)∂1 + ∂u (33)
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sets the connection between equations (32) and (1):

w0 − ∂u(w
−2wu) =

1

u1
∂1

(
u0 − u11

u1

)
,

u0 − u11 =
1

w

∫
[w0 − ∂u(w

−2wu)]du

(34)

by means of the change of variables

w(x0, u) =
∂x1(x0, u)

∂u
,

∂u(x0, x1)

∂x1
=

1

w(x0, u)
. (35)

This result has been obtained differently in [7, 8].
If v from (12) has the form

v = ϕ(x0, x1)u (36)

then (12) is reduced to the Burgers equation for ϕ

ϕ0 = 2ϕϕ1 + ϕ11 (37)

and one may say that operator

Q = ∂1 + ϕu∂u (38)

sets the connection between equation (37) and (1) via the substitution

ϕ =
f1
f
. (39)

Letting

v = ϕ(x0, x1)u+ h(x0, x1) (40)

and substituting it into (12) one finds the Burgers equation (37) for function ϕ and
the following equation for h

h0 = 2hϕ1 + h11. (41)

System of equation (37), (41) was also obtained in [6] when considering the sys-
tem (10). Having made the change of variables

ϕ =
f1
f
, h =

f1
f
g − g1 (42)

we reduced (37), (41) to two disconnected heat equations

f0 = f11, g0 = g11. (43)

Now we consider how to linearise the equation (12) in general case. Let us introduce
the notations

S1(x0, x1, u, v) = v0 − (v11 + 2vv1u + v2vuu). (44)

After changing the variables

v = − z1
zu
, z = z(x0, x1, u) (45)



Q-conditional symmetry of the linear heat equation 183

we get

S1(x0, x1, u, v) = − 1

zu
(∂1 + v∂u)S

2(x0, x1, u, z), (46)

where

S2(x0, x1, u, v) = z0 − z11 + 2
z1
zu
z1u −

z2
1

z2
u

zuu. (47)

Having applied the hodograph transformation

y0 = x0, y1 = x1, y2 = z, R = u (48)

we get

S2(x0, x1, u, z) = − 1

R2
(R0 −R11), (49)

where R = R(y0, y1, y2).
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Second-order differential invariants

of the rotation group O(n)

and of its extensions: E(n), P (1, n), G(1, n)

W.I. FUSHCHYCH, I.A. YEGORCHENKO

Functional bases of second-order differential invariants of the Euclid, Poincaré, Galilei,
conformal, and projective algebras are constructed. The results obtained allow us to
describe new classes of nonlinear many-dimensional invariant equations.

0. Introduction

The concept of the invariant is widely used in various domains of mathematics. In
this paper, we investigate the differential invariants within the framework of symmetry
analysis of differential equations.

Differential invariants and construction of invariant equations were considered by
S. Lie [1] and his followers [2, 3]. Tresse [2] had proved the theorem on the existence
and finiteness of a functional basis of differential invariants. However, there exist few
papers devoted to the construction in explicit form of differential invariants for specific
groups involved in mechanics and mathematical physics.

Knowledge of differential invariants of a certain algebra or group facilitates clas-
sification of equations invariant with respect to this algebra or group. There are also
some general methods for the investigation of differential equations which need the
explicit form of differential invariants for these equations’ symmetry groups (see, e.g.,
[3, 4]).

A brief review of our investigation of second-order differential invariants for the
Poincaré and Galilei groups is given in [5, 6]. Our results on functional bases of di-
fferential invariants are founded on the Lemma about functionally independent invari-
ants for the proper orthogonal group and two n-dimensional symmetric tensors of the
order 2.

We should like to stress that we consider functionally independent invariants of
but not irreducible ones, as in the classical theory of invariants.

Bases of irreducible invariants for the group O(3) and three-dimensional symmetric
tensors and vectors are adduced in [7].

The definitions of differential invariants differ in various domains of mathematics,
e.g. in differential geometry and symmetry analysis of differential equations. Thus,
we believe that some preliminary notes are necessary, though these formulae and
definitions can be found in [8, 9, 10].

We deal with Lie algebras consisting of the infinitesimal operators

X = ξi(x, u)∂xi
+ ηr(x, u)∂ur . (0.1)

Here x = (x1, x2, . . . , xn), u = (u1, . . . , um). We usually mean the summation over
the repeating indices.

Reprinted with permission from Acta Appl. Math., 1992, 28, P. 69–92
c© 1992 Kluwer Academic Publishers, with kind permission of Springer Science and Business Media
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Definition 1. The function

F = F (x, u, u
1
, . . . , u

l
),

where u
k

is the set of all kth-order partial derivatives of the function u is called a dif-

ferential invariant for the Lie algebra L with basis elements Xi of the form (0.1)
(L = 〈Xi〉) if it is an invariant of the lth prolongation of this algebra:

l

XsF (x, u, u
1
, . . . , u

l
) = λs(x, u, u

1
, . . . , u

l
)F, (0.2)

where the λs are some functions; when λi = 0, F is called an absolute invariant; when
λi 6= 0, it is a relative invariant.

Further, we deal mostly with absolute differential invariants and when writing
‘differential invariant’ we mean ‘absolute differential invariant’.

Definition 2. A maximal set of functionally independent invariants of order r ≤ l
of the Lie algebra L is called a functional basis of the lth-order differential invariants
for the algebra L.

We consider invariants of order 1 and 2, and need the first and second prolongations
of the operator X (0.1) (see, e.g., [8–11])

1

X = X + ηri ∂ur
i
,

2

X =
1

X +ηrij∂ur
ij

the coefficients ηri and ηrij taking the form

ηri = (∂xi
+ usi∂us)ηr − urk(∂xi

+ usi∂us)ξk,

ηrij = (∂xi
+ usj∂us + usjk∂us

k
)ηri − urik(∂xj

+ usj∂us)ξk.

While writing out lists of invariants, we shall use the following designations

ua ≡ ∂u

∂xa
, uab ≡

∂2u

∂xa∂xb
,

Sk(uab) ≡ ua1a2
ua2a3

· · ·uak−1ak
uaka1

,

Sjk(uab, vab) ≡ ua1a2
· · ·uaj−1aj

vajaj+1
· · · vaka1

,

Rk(ua, uab) ≡ ua1
uak

ua1a2
ua2a3

· · ·uak−1ak
.

(0.3)

Here and further we mean summation over the repeated indices from 1 to n. In all
the lists of invariants, k takes on the values from 1 to n and j takes the values from
0 to k. We shall not discern the upper and lower indices with respect to summation:
for all Latin indices

xaxa ≡ xax
a ≡ xaxa = x2

1 + x2
2 + · · · + x2

n.

1. Differential invariants for the Euclid algebra

The Euclid algebra AE(n) is defined by basis operators

∂a ≡ ∂

∂xa
, Jab = xa∂b − xb∂a. (1.1)
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Here and further, the letters a, b, c, d, when used as indices, take on the values from
1 to n, n being the number of space variables (n ≥ 3).

The algebra AE(n) is an invariance algebra for a wide class of many-dimensional
scalar equations involved in mathematical physics — the Schrödinger, heat, d’Alem-
bert equations, etc.

In this section, we shall explain in detail how to construct a functional basis of the
second-order differential invariants for the algebra AE(n). This basis will be further
used to find invariant bases for various algebras containing the Euclid algebra as
a subalgebra — the Poincaré, Galilei, conformal, projective algebras, etc.

1.1. The main results. Let us first formulate the main results of the section in
the form of theorems.

Theorem 1. There is a functional basis of second-order differential invariants for
the Euclid algebra AE(n) with the basis operators (1.1) for the scalar function u =
u(x1, . . . , xn) consisting of these 2n+ 1 invariants

u, Sk(uab), Rk(ua, uab). (1.2)

Theorem 2. The second-order differential invariants of the algebra AE(n) (1.1) for
the set of scalar functions ur, r = 1, . . . ,m, can be represented as functions of the
following expressions:

ur, Sjk(u
1
ab, u

r
ab), Rk(u

r
a, u

1
ab). (1.3)

1.2. Proofs of the theorems. Absolute differential invariants are obtained as
solutions of a linear system of first-order partial differential equations (PDE). Thus,
the number of elements of a functional basis is equal to the number of independent
integrals of this system. This number is equal to the difference between the number
of variables on which the functions being sought depend, and the rank of the corres-
ponding system of PDE (in our case, this rank is equal to the generic rank of the
prolonged operator algebra [8, 9].

To prove the fact that N invariants which have been found, F i = F i(x, u, u
1
, . . . , u

l
),

form a functional basis, it is necessary and sufficient to prove the following statements:

(1) the F i are invariants;

(2) the F i are functionally independent;

(3) the set of invariants F i is complete or N is equal to the difference of the number
of variables (x, u, u

1
, . . . , u

l
) and the rank of the system of defining operators.

We seek second-order differential invariants in the form

F = F (x, u, u
1
, u
2
).

It follows from the condition of invariance with respect to translation operators ∂a
that F does not depend on xa; evidently, u is an invariant of the operators (1.1).
Thus, it is sufficient to seek invariants depending on u

1
and u

2
only. The criterion of

the absolute invariance (0.1) in this case has the form

ĴabF (u
1
, u
2
) = 0, (1.4)
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where

Ĵab = ura∂ur
b
− urb∂ur

a
+ 2(urac∂ur

bc
− urbc∂ur

ac
), (1.5)

the summation over r from 1 to m being implied.
In that way, the problem of finding the second-order differential invariants of the

algebra AE(n) is reduced to the construction of a functional basis for the rotational
algebra AO(n) with the basis operators (1.5) for m vectors and m symmetric tensors
of order 2.

Lemma 1. The rank of the algebra AO(n) is equal to (n(n− 1))/2.

Proof. It is sufficient to prove the lemma for m = 1. The basis of the algebra (1.5)
consists of (n(n− l))/2 operators. According to definition [8], its rank is equal to the
generic rank of the coefficient matrix of these operators. Let us put uab = 0 when
a 6= b and write down the coefficient columns by ∂uab

of the operators (1.5):



u11 − u22 0 · · · 0
0 u11 − u33 · · · 0
· · · · · · · · · · · ·
0 0 · · · un−1,n−1 − unn


 . (1.6)

When uaa 6= ubb for a 6= b and all uaa 6= 0, the determinant of the matrix (1.6)
does not vanish, therefore its generic rank (that is, the generic rank the algebra being
considered) cannot be less than (n(n− 1))/2. The lemma is proved.

Lemma 2. The expressions

Sk(uab), Rk(ua, uab) (1.7)

are functionally independent.

Proof. To establish independence of expressions (1.7), it is sufficient to consider the
case when uab = 0 if a 6= b and uaa 6= 0. Let us write down the Jacobian of the
invariants

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 · · · 1
2u11 · · · 2unn 0
· · · · · · · · ·

nun−1
11 · · · nun−1

rr

2u1 · · · 2un
· · · · · · · · · · · ·

2u1u
n−1
11 · · · 2unu

n−1
nn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(1.8)

The Jacobian (1.8) is equal up to a coefficient to the product of two Vandermonde
determinants and is not equal to zero if uaa 6= ubb whenever a 6= b. Thus, the expressi-
ons (1.17) are functionally independent.

Proof of Theorem 1. The fact that expressions (1.2) are invariants of AO(n) can be
easily proved by direct substitution of these expressions into the invariance conditions.
Nevertheless, it is useful to note that Sk(uab) are traces of the symmetric matrix
(uab) = U and its powers, Rk(ua, uab) are the scalar products of the vector (ua) =
(u1, . . . , un), the matrix Uk−1 and the vector (ua)

T .
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The invariants for the vector (ua) and the symmetric tensor (uab) depend on their
(n(n + 3))/2 elements. Thus, it follows from Lemma 1 that a functional basis of the
algebra AO(n) for (ua) and (uab) must consist of

n(n+ 3)

2
− n(n− 1)

2
= 2n

invariants.
Therefore the set (1.7) is a complete set of functionally independent invariants

of the form F = F (u
1
, u
2
) and (1.2) represents a functional basis of the second-order

invariants for the algebra AE(n). The theorem is proved.

Let us consider the case of two vectors (ua), (va) and two symmetric tensors of the
second order (uab), (vab). The operators of the rotation algebra have the form (1.5),
u ≡ u1, v ≡ u2.

In this case, a functional basis of invariants contains

2

(
n(n− 1)

2
+ 2n

)
− n(n− 1)

2
=
n(n+ 7)

2

elements for which we take the following expressions

Rk(ua, uab), Rk(va, uab), Sjk(uab, vab). (1.9)

The invariance of expressions (1.9) with respect to the operators (1.5) can be easily
proved by their direct substitution to (1.4). To establish their functional independence,
we shall use the following lemma.

Lemma 3. Let

U = (uab)a,b=1,...,n, V = (vab)a,b=1,...,n

be symmetric matrices. Then the expressions

Sjk(uab, vab) = trU jV k−j , j = 0, . . . , k; k = 1, . . . , n, (1.10)

are functionally independent.

Proof. To prove Lemma 3, it is sufficient to show that the generic rank of the Jacobi
matrix of expressions (1.10) is equal to (n(n+3))/2 that is the difference between the
number of independent elements of U and V and the rank of the operators (1.5). We
shall limit ourselves to the case when uab = 0 if a 6= b. Then equations (1.10) depend
on (n(n+ 3))/2 variables and their independence is equivalent to the nonvanishing of
the Jacobian.

Let us write down the elements of the Jacobian which are needed for further
reasoning

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 · · · 1
2u11 · · · 2un 0
· · · · · · · · ·

nun−1
11 · · · nun−1

nn

1 0 · · · 0 1 · · · 1
· · · 2v11 4v12 · · · 4v1n 2v22 · · · 2vnn

· · ·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (1.11)
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Since, in the first n rows, all the elements besides the first n columns are equal
to j zero, the Jacobian (1.11) is equal to the product of the Jacobian of the elements
trUk, k = 1, . . . , n, and the Jacobian of all other elements. According to Lemma 2,
the expressions trUk, k = 1, . . . , n, are independent and their Jacobian is not equal
to zero; thus, it remains to show the nonvanishing of the Jacobian and the functional
independence only for the elements

trU jV k−j , j = 0, . . . , k − 1; k = 1, . . . , n.

It follows from (1.11) that it is sufficient to show the nonvanishing of this Jacobian
without the (n + 1)th rows and columns. Thus, to prove the lemma, it is enough to
show that the following expressions are independent

trU jV k−jV, j = 0, . . . , k; k = 1, . . . , n− 1. (1.12)

The above reasoning allows us to make use of the principle of mathematical induc-
tion.

When n = 1, u11 and v11 are independent and the lemma is true. Let us suppose
that it is true for n − 1 and then prove from this that it is valid for n. Let the
expressions

trU jV k−j , j = 0, . . . , k; k = 1, . . . , n− 1, (1.13)

where U , V are symmetric (n − 1) × (n − 1) matrices and are independent. Then,
we shall prove the independence of (1.12) for the same matrices. The sets (1.12) and
(1.13) coincide with the exception of the following subsets

trU jV n−j , j = 0, . . . , n− 1 (1.14)

belong only to (1.12) and

trU j , j = 1, . . . , n− 1 (1.15)

belong only to (1.13).
The assumption of validity of the lemma for n− 1 means that for two symmetric

tensors of order 2, the set (1.13) is a functional basis of invariants of the rotation
algebra. Thus, all the invariants of this algebra can be represented as functions of
(1.13). To prove the functional independence of (1.12), it is sufficient to prove the
nondegeneracy of the Jacobi matrix of the functions expressing the invariants (1.12)
with (1.13). This matrix has the form




1 0
1 · · ·

. . .
0 1

W

0 ∂(trUjV n−j)
∂(trUj)




, (1.16)

W being the derivative by trV of the expression

trV n = F (trV k, k = 1, . . . , n− 1).

(We know that from the Hamilton–Cayley theorem); W 6= 0.
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We have only to prove the nonvanishing of the Jacobian of the expressions

tr (U jV n−j) = F (trUk, k = 1, . . . , n− 1, . . .). (1.17)

When V = E, the corresponding quadrant of the matrix (1.16) is the unit matrix and
its determinant does not vanish identically. This fact proves the nondegeneracy of
the matrix (1.16). The expressions (1.17) can be obtained from the Hamilton–Cayley
theorem. They are polynomials and, thus, continuous functions of their arguments.

The functional independence of the expressions (1.12) for (n−1)×(n−1) matrices
implies their independence for n × n matrices. From the above, it follows that the
expressions (1.10) are independent, thus Lemma 3 is proved.

Proof of Theorem 2. It is easy to see from the structure of the set (1.3) that
the invariants involving (u1

a), . . . , (u
m
a ), (u2

ab), . . . , (u
m
ab) depend on the components

of (u1
ab) and of the corresponding vector or tensor, thus it is sufficient to prove the

functional independence of each of the following sets:

Rk(u
r
a, u

1
ab) for every r = 1, . . . ,m;

Sjk(u
1
ab, u

r
ab) for every r = 2, . . . ,m;

The functional independence of each set of Rk(ura, u
1
ab) can be proved similarly

to the proof of Lemma 2. The functional independence of the set Sjk(u1
ab, u

r
ab) easily

follows from Lemma 3, ur are evidently independent of other elements of (1.3).
To make sure that expressions (1.3) are invariants of AO(n), it is sufficient to

substitute them into the condition (1.4).
The set (1.3) consists of

2mn+m+ (m− 1)
n(n− 1)

2
= m

(
n(n+ 1)

2
+ n+ 1

)
− n(n− 1)

2

elements and, thus, it is complete.
So we have proved that this set forms a basis of invariants for the algebra AE(1.n)

(1.1).

1.3. Bases of invariants for the extended Euclid algebra and for the
conformal algebra. The extended Euclid algebra AE1(n) for one scalar function is
defined by the basis operators ∂a, Jab (1.1) and D depending on a parameter λ:

D = xa∂a + λu∂u (∂u = ∂/∂u). (1.18)

The basis of the conformal algebra AC(n) consists of the operators ∂a, Jab (1.1)
and D (1.18) and

Ka = 2xaD − xaxb∂b. (1.19)

Theorem 3. There is a functional basis for the extended Euclid algebra that has the
following form

(1) when λ 6= 0:

Rk(ua, uab)

uk(1−2/λ)+1
,

Sk(uab)

uk(1−2/λ)
; (1.20)
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(2) when λ = 0:

u,
Rk(ua, uab)

(uaa)k
,

Sk(uab)

(uaa)k
(k 6= 1); (1.21)

a functional basis for the conformal algebra has the following form:
(1) when λ 6= 0:

Sk(θab)u
k(2/λ−1); (1.22)

(2) when λ = 0:

u, Sk(wab)(uaua)
−2k (k 6= n), (1.23)

where

θab = λuab + (1 − λ)
uaub
u

− δab
ucuc
2u

,

wab = ucuc

(
uab +

δab
2 − n

udd

)
− uc(uaubc + ubuac),

(1.24)

δab being the Kronecker symbol.

Proof. To find absolute differential invariants of the algebra AE1(n), it is necessary
to add to (1.4) the following condition

2

DF ≡ xaFxa
+ λuFu + (λ− 1)uaFua

+ (λ− 2)uabFuab
= 0. (1.25)

Solving equation (1.25) for

F = F (u,Rk(ua, uab), Sk(uab)),

we obtain functional bases (1.20), (1.21) for the extended Euclid algebra.
The second-order differential invariants of the algebra AC(n) are defined by the

conditions (1.4), (1.25) and

ka
2

KaF = 0, (1.26)

where ka are arbitrary real numbers,
2

Ka are the second prolongations of the operators
Ka (1.19):

2

Ka = 2xa
2

D + xb
2

Jab + 2λ[u∂ua
+ 2ub∂uab

] + 2ua∂ucc
− 4ub∂uab

.

Solving this system for an arbitrary n requires a lot of cumbersome computations.
It is simpler to construct conformally covariant tensors from u, ua, uab and then to
construct invariants of the rotation algebra.

Definition 3. Tensors θa and θab of order 1 and 2 are called covariant with respect
to some algebra L = 〈Jab, Xi〉 if

Xiθa = σiabθb + σiθa,

Xiθab = ρiacθcb + ρibcθac + ρiθab,
(1.27)

Xi are operators of the form (0.1), ρi, σi are some functions, σiab, ρ
i
ab are some

skew-symmetric tensors.
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It is easy to show that the expressions Sk(θab), Rk(θa, θab), where θa, θab are
tensors covariant with respect to the algebra L are relative invariants of this algebra.

The fact that θab and wab (1.24) are covariant with respect to the conformal algebra
AC(n) can be verified by direct substitution of these tensors into the conditions (1.27)

for the operators
2

D and
2

Ka.
The rank of the second prolongation of the algebra AC(n) is equal to the number

of its operators

n(n− 1)

2
+ n+ n+ 1 =

n(n+ 3)

2
+ 1

and, therefore, a functional basis of second-order differential invariants must contain
n invariants.

The functional independence of the expressions (1.22) follows from Lemma 2 if we
notice that the transformation uab → θab is nondegenerated. The same is true for the
set (1.23).

The expressions (1.22) and (1.23) satisfy (1.25) and (1.26) for the corresponding λ
and they are invariants of the conformal algebra.

All that is stated above leads to the conclusion that (1.22) and (1.23) form functi-
onal bases for the conformal algebra AC(n) with λ 6= 0 and λ = 0, respectively.

Note 1. Using condition (1.26), it is easy to show that when λ 6= 0 covariant tensors
exist for AC(n) of order 2 only; when λ = 0, the tensors wab (l.24) and ua are
conformally covariant but Sk(wab) and Rk(ua, wab) are dependent.

Theorem 4. The second-order differential invariants for a vector function u =
(u1, . . . , um) and for the algebra AE1(n) = 〈∂a, Jab, D〉, the operator D having the
form

D = xa∂a + λur∂ur (1.28)

with a summation over r from 1 to m, can be represented as the functions of the
following expressions:

(1) when λ 6= 0:

ur

u1
(r = 2, . . . ,m),

Sjk(u
1
ab, u

r
ab)

(u1)k(1−2/λ)
,

Rk(u
r
a, u

1
ab)

(u1)k(1−2/λ)+1
;

(2) when λ = 0:

ur, Rk(u
r
a, u

1
ab)(u

1
aa)

−k, Sjk(u
1
ab, u

r
ab)(u

1
aa)

−k

(when r = 1 then k 6= 1);

the corresponding basis for the conformal algebra AC(n) = 〈∂a, Jab, D,Ka〉 (Ka =
2xaD − xbxb∂a) has the following form:

(1) when λ 6= 0:

Sjk(θ
r
ab, θ

1
ab)(u

1)k(2/λ−1),
ur

u1
,

Rk(θ
r
a, θ

1
ab)

k(2/λ−1)−1 (r = 2, . . . ,m);
(1.29a)
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(2) when λ = 0:

ur (r = 1, . . . ,m), (u1
du

1
d)

−2kSjk(w
1
ab, w

r
ab),

(u1
du

1
d)

1−2kRk(u
r
a, w

1
ab) (r = 2, . . . ,m)

(1.29b)

(for the set of invariants (u1
du

1
d)

−2kSk(wab), k does not take the value n); the tensors
θrab, w

r
ab are constructed similarly to (1.24) and

θra =
ura
ur

− u1
a

u1
.

Theorem 4 is proved similarly to Theorem 3.
The functional independence of the sets of invariants follows from Lemmas 2 and 3

taking into account the fact that transformations urab → θrab, u
r
ab → wrab (r = 1, . . . ,m)

and ura → θra (r = 2, . . . ,m) are nondegenerate.

1.4. Differential invariants of the rotation algebra. The rotation algebra is
defined by the basis operators Jab (1.1).

The second-order invariants of this algebra for m scalar functions ur are construc-
ted with xa, ur, ura, w

r
ab similarly to invariants of the Euclid algebra.

Theorem 5. There is a functional basis of the second-order differential invariants
for the algebra AO(n) that has the form

ur, Sjk(u
1
ab, u

r
ab), Rk(u

r
a, u

1
ab), Rk(xa, u

1
ab), r = 1, . . . ,m;

the corresponding basis of invariants for the algebra 〈Jab, D〉, where D is defined by
(1.28), consists of the expressions

ur

u1
(r = 2, . . . ,m),

Sjk(u
1
ab, u

r
ab)

(u1)k(1−2/λ)
, Rk(u

r
a, u

1
ab)(u

1)2k/λ−1−k,

Rk(xa, u
1
ab)(u

1)2/λ(k−2)−k+1, when λ 6= 0;

ur, Rk(u
r
a, u

1
ab)(u

1
aa)

−k, Sjk(u
1
ab, u

r
ab)(u

1
aa)

−k (k 6= 1 when r = 1),

Rk(xa, u
1
ab)(u

1
aa)

2−k when λ = 0.

A basis of invariants for the algebra 〈Jab, D,Ka〉 when λ 6= 0, consists of the expres-
sions (1.29a) and

Rk(xa, θ
1
ab)

x2(u1)(k−1)(1−2/λ)
, k = 2, . . . , n+ 1;

when λ = 0 it consists of the expressions (1.29b) and

Rk(xa, w
1
ab)

x2(w1
aa)

k−1
(x2 = xaxa).

The proof of this theorem is similar to the proofs of Theorems 2 and 3; notice that
(xa) is a co variant tensor with respect to the conformal operators.
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2. Differential invariants of the Poincaré
and conformal algebra

In this section, we consider differential invariants of the second order for a set of m
scalar functions

ur = ur(x0, x1, . . . , xn), n ≥ 3. (2.1)

The Poincaré algebra AP (1, n) is defined by the basis operators

pµ = igµν
∂

∂xµ
, Jµν = xµpν − xνpµ, (2.2)

where µ, ν take the values 0, 1, . . . , n; the summation is implied over the repeated
indices (if they are small Greek letters) in the following way:

xνx
ν ≡ xνx

ν ≡ xνxν = x2
0 − x2

1 − · · · − x2
n, gµν = diag (1,−1, . . . ,−1). (2.3)

We consider xν and xν equal with respect to summation not to mix signs of
derivatives and numbers of functions.

The quasilinear second-order invariants of the Poincaré algebra were described
in [12].

Theorem 6. There is a functional basis of the second-order differential invariants of
the Poincaré algebra AP (l, n) for a set of m scalar functions ur consisting of

m(2n+ 3) + (m− 1)
n(n+ 1)

2

invariants

ur, Rk(u
r
µ, u

1
µν), Sjk(u

r
µν , u

1
µν).

In this section, everywhere k = 1, . . . , n+ 1; j = 0, . . . , k; r = 1, . . . ,m.
For the extended Poincaré algebra AP̃ (l, n) = 〈pµ, Jµν , D〉, where

D = xµpµ + λurpur (2.4)

(pur = i(∂/∂ur), the summation over r from 1 to m is implied) the corresponding
basis has the following form:

(1) when λ = 0:

ur, Sjk(u
r
µν , u

1
µν)(u

1
αα)−k, Rk(u

r
µ, u

1
µν)(u

1
αα)−k;

(2) when λ 6= 0:

ur

u1
, Sjk(u

r
µν , u

1
µν)(u

1)k(2/λ−1), Rk(u
r
µ, u

1
µν)(u

1)2k/λ−k−1,

where Sjk, Rk are defined similarly to (0.3) and the summation over small Greek
indices is of the type (2.2).

For the conformal algebra AC(1, n) = 〈pµ, Jµν , D,Kµ〉, where

Kµ = 2xµD − xνxνpµ
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(D being the dilation operator (2.3)), the corresponding basis consists of the expres-
sions

Sjk(θ
r
µν , θ

1
µν)(u

1)k(2/λ−1),
ur

u1
, Rk(θ

r
µ, θ

1
µν)(u

1)k(2/λ−1)−1;

when λ 6= 0; r = 2, . . . ,m, there is no summation over r; the conformally covariant
tensors have the form

θrµ =
urµ
ur

−
u1
µ

u1
, θrµν = λurµν + (1 − λ)

urµu
r
ν

ur
− gµν

urβu
r
β

2ur
.

When λ = 0, the corresponding basis of invariants for the conformal algebra has
the form

ur, Sjk(wµν , w
1
µν)(u

1
αu

1
α)−2k, Rk(u

r
µ, w

1
µν)(u

1
αu

1
α)1−2k, r = 2, . . . ,m;

the tensors (wrµν),

wrµν = urαu
r
α

(
urµν −

gµν
1 − n

urββ

)
− urβ(u

r
µu

r
βν + urνu

r
βµ)

are conformally invariant (there is no summation over r).

The proof of Theorem 6 follows from those of Theorems 2, 3 for x = (x1, . . . , xn+1)
if we substitute ix0 instead of xn+1.

Similarly to the results of Paragraph 1.4, it is possible to construct the invariants
of the algebras 〈Jµν〉, 〈Jµν , D〉, 〈Jµν , D,Kµ〉.

The obtained results allow us to construct new nonlinear many-dimensional equa-
tions, e.g. the equation

uαuα
1 − n

uνν − uµuνuµν = (uνuν)
2F (u),

where F is an arbitrary function, is invariant under the algebra AC(1, n), λ = 0. The
left member of the above equation is equal to wµµ.

There is another quasi-linear relativistic equation with rich symmetry properties

(1 − uαuα)uµµ − uαuµuαµ = 0,

that is, the Born–Infeld equation. The symmetry and solutions of this equation were
investigated in [10, 13]. This equation is invariant under the algebra AP (1, n+1) with
the basis operators

JAB = xApB − xBpA,

A,B = 1, . . . , n+ 1, xn+1 ≡ u.
Let us consider the class of equations

uµνuµν = F (uµµ, uµuνuµν , uµuµ, u).

It is evident that they are invariant with respect to the Poincaré algebra AP (1, n)
out the straightforward search the conformally invariant equations from this class
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with the standard Lie technique requires a lot of cumbersome calculations. The use of
differential invariants turns this problem into one of elementary algebra, e.g. if λ 6= 0

F − uµνuµν = − 1

λ
S2(θµν) + u2(1−2/λ)φ(S1(θµν)u

2/λ−1),

where θµν is of the form (1.24) and φ is an arbitrary function. Whence

F = u2(1−2/λ)φ

(
u2/λ−1

(
uµµ − λ+ n

λ

uαuα
u

))
−

− 1

λ2u2
(λ2 + n2)(uαuα)2 − 2(1 − λ)

λu
uµuνuµν +

2uµµuαuα
λu

.

It is useful to note that besides the traces of matrix powers (0.3), one can utilize
all possible invariants of covariant tensors θrµν , w

r
µν to construct conformally invariant

equations.

3. Differential invariants
of an infinite-dimensional algebra

It is well-known that the simplest first-order relativistic equation — the eikonal or
Hamilton equation

uαuα ≡ u2
0 − u2

1 − · · · − u2
n = 0 (3.1)

is invariant under the infinite-dimensional algebra AP∞(1, n) generated by the opera-
tors [10, 14]

X = (bµνxν + aµ)∂µ + η(u)∂u, (3.2)

−bµν = bνµ, aµ, η being arbitrary differentiate functions on u. Equation (3.1) is widely
used in geometrical optics.

In this section, we describe a class of second-order equations invariant under the
algebra (3.2).

It is easy to show that the tensor of the rank 2

θµν = uµuλνuλ + uνuλµuλ − uµuνuλλ − uλuλuµν (3.3)

is covariant under the algebra AP∞(1, n) (3.2).

Theorem 7. The equations of the form

Sk(θµν) = 0, k = 1, 2, . . . , (3.4)

Sk being defined as (0.3), are invariant with respect to the algebra AP∞(1, n) (3.2).

The problem of the description of all such equations is more difficult and we do
not consider it here.

Let us investigate in more detail the quasi-linear second-order equation of the form

uµuµνuν − uµuµuαα = 0. (3.5)
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Theorem 8. When n ≥ 2, equation (3.5) is invariant with respect to the algebra
AP̃∞(1, n) with generators of the form

X + d(u)xµ∂µ,

X is of the form (3.2), d(u) is an arbitrary function on u.

The proofs of Theorems 7 and 8 can be easily obtained with the Lie technique
using the criterion of invariance

2

X Sk(θµν)
∣∣∣
Sk(θµν)=0

= 0,

where
2

X is the second prolongation of the operator X [8–10].

4. Differential invariants of the Galilei algebra

4.1. It is well-known that the heat equation

2µut + ∆u = 0, ∆u ≡ uaa,

u = u(t,x), x = (x1, . . . , xn), n ≥ 3
(4.1)

is invariant under the generalized Galilei algebra AGI2(1, n) with the basis operators

∂t =
∂

∂t
, ∂a =

∂

∂xa
, Jab = xa∂b − xb∂a,

Ga = t∂a + µxau∂u

(
∂u =

∂

∂u

)
, u∂u, D = 2t∂t + xa∂a + λu∂u,

A = tD − t2∂t +
µx2

2
u∂u

(
λ = −n

2

)
.

(4.2)

The Schrödinger equation

2imψt + ψaa = 0, (4.3)

ψ = ψ(t,x) being a complex-valued function, is also invariant [16] under the genera-
lized Galilei algebra with the basis operators

p0 = i
∂

∂t
, pa = −i ∂

∂xa
, Jab = xapb − xbpa, J = i(ψ∂ψ − ψ∗∂ψ∗),

Ga = tpa −mxaJ, D = 2tp0 − xapa + λI (I = ψ∂ψ + ψ∗∂ψ∗),

A = t2p0 − txapa + λtI +
mx2

2
J

(
λ = −n

2

)
.

(4.4)

The asterisk means the complex conjugation.
We shall designate the algebra (4.4) with the symbol AGII2 (1, n). Besides,

AGI(1, n) = 〈∂t, ∂a, u∂u, Ga, Jab〉,

the operators being of the form (4.2). A basis of the algebra AGI1(1, n) consists of
the basis operators or AGI(1, n) and of the operator D. Furthermore AGII(1, n) =
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〈p0, pa, J, Jab, Ga〉 (4.4). A basis of the algebra AGII1 (1, n) consists of the previous
operators and also D (4.4).

To simplify the form of invariants, we introduce the following change of dependent
variables:

u = expϕ, ψ = expφ

(
Imφ = arctg

Imψ

Reψ

)
. (4.5)

All the indices k in the expressions of the type (0.3) here will take on values from
1 to n, the indices j will take on values from 0 to k.

We seek invariants of the algebra AGI2(1, n) in the form

F = F (ϕt, ϕa, ϕtt, ϕat, ϕab). (4.6)

Obviously, they do not include ϕ, xa, and t because the basis (4.2) contains operators
∂ϕ, ∂a, ∂t.

Using the definition of an absolute differential invariant (0.2) we get the following
conditions on the function F (4.6):

2

JabF = ϕaFϕb
− ϕbFϕa

+ Fϕbt
ϕat − ϕbtFϕat

+ 2ϕacFϕbc
− 2ϕbcFϕac

= 0, (4.7)

2

GaF = −ϕaFϕt
+ µFϕa

− 2ϕatFϕtt
− ϕabFϕbt

= 0, (4.8)

2

DF = −2ϕtFϕt
− ϕaFϕa

− 4ϕttFϕtt
− 3ϕatFϕat

− 2ϕabFϕab
= 0, (4.9)

2

AF = t
2

DF + xa
2

GaF − λFϕt
− 2ϕtFϕtt

− ϕaFϕat
+ µδabFϕab

= 0. (4.10)

From equations (4.8), we can see that the tensors

θa = µϕat + ϕbϕab, ϕab (4.11)

are covariant with respect to the algebra AGI(1, n) (µ 6= 0).

Theorem 9. There is a functional basis of absolute differential invariants for the
algebra AGI(1, n), when µ 6= 0, consisting of these 2n+ 2 invariants:

M1 = 2µϕt + ϕaϕa, M2 = µ2ϕtt + 2µϕaϕat + ϕaϕbϕab,

Rk = Rk(θa, θab), Sk = Sk(ϕab).
(4.12)

For the algebra AGI1(1, n) (µ 6= 0) such a basis has the form

M2

M2
1

,
Rk

M2+k
1

,
Sk
Mk

1

. (4.13)

For the algebra AGI2(1, n) (µ 6= 0), there is a basis of the form

N2

N2
1

,
R̂k

N2+k
1

,
Ŝk
Nk

1

(k = 2, . . . , n), (4.14)
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where

N1 = 2µϕt + ϕaϕa + ϕaa,

N2 = µ2ϕtt + 2µ

(
1

n
ϕtϕaa + ϕaϕat

)
+ ϕaϕbϕab +

1

n
ϕaϕaϕbb +

1

n
ϕ2
bb,

R̂k =

k∑

l=0

Rl(ϕaa)
k−1 (−n)lk!

l!(k − l)!
,

Ŝk =
k∑

l=0

(−n)l(k − 1)!(k + 1)

(l + 1)!(k − l)!
Sl(ϕaa)

k−l,

(4.15)

Sk, Rk are defined by (4.12) and θa has the form (4.11).

The proof of this theorem is similar to the proof of Theorems 2 and 3. We shall
present here only some hints to the proof.

It is evident that the function F must depend on the invariants of the Euclid
algebra

F = F (ϕt, ϕtt, Rk(ϕa, ϕab), Rk(ϕat, ϕab), Sϕab
)).

First we construct two invariants of AGI(1, n) M1 and M2 (4.12) which depend on ϕt
and ϕtt respectively. The other invariants of the adduced basis (4.12) do not depend on
ϕt or ϕtt and the sets {M1,M2} and {Rk, Sk} are independent. The invariants Rk, Sk
are constructed with the covariant tensors θa, ϕab (4.11) similarly to invariants of the
conformal algebra investigated above, and it is easy to see that they are independent.

The generic ranks of the prolonged algebras AGI(1, n), AGI1(1, n), AGI2(1, n) are
equal to the numbers of their operators and from this fact we can compute the number
of elements in the bases for these algebras.

Adding to (4.7) and (4.8) the condition (4.9), we obtain from the invariants (4.12)
the basis (4.13) for the algebra AGI1(1, n).

Relative invariants R̂k, Ŝk (4.15) of the algebra AGI2(1, n) were found from the
equation

λFϕt
− 2ϕtFϕtt

− ϕaFϕat
+ µδabFϕab

= 0,

F = F (Rk, Sk), and then we constructed absolute invariants using (4.9). Besides, it is
possible to construct analogues to R̂k, Ŝk with AGI2(1, n)-covariant tensors θa (4.11)
and

θab = ϕab −
2δab
n

(ϕcϕc + µϕt).

Considering (ϕat), (ϕa), (ϕab) as independent vectors and tensors and putting
ϕab = 0 whenever a 6= b, ϕa = 0, we see from Lemma 2 that the adduced sets of
invariants are independent.

Note 2. A basis of invariants for the Galilei algebra without translations contains
expressions (4.12) and

Rk(ha, φab),
1

2
µx2 − ϕt,
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the Galilei-covariant vector ha having the form

ha = µxa − tϕa.

Let us also adduce an A-covariant tensor

ĥa =
µxa
t

− ϕa

depending on xa, and a relative invariant of the operators A and D (4.2)

exp

{
ϕ− µx2

2t

}

with which it is possible to construct a basis of invariants for the algebra 〈Ga,Jab,D,A〉.
We have presented a method to find the bases of invariants for Lie algebras for

which Jab (1.1) are basis operators. Further, we shall adduce functional bases for the
algebras AGI2(1, n) where µ = 0 and AGII2 (1, n) where µ = 0 or µ 6= 0. We omit
proofs because they are similar to proofs of the previous theorems.

It is evident from the conditions (4.7)–(4.10) that the case µ = 0 for the algebra
AGI2(1, n) has to be specially considered. The tensors (ϕa) and (ϕab) are covariant
with respect to this algebra; the tensor (θa) involved in invariants is defined by an
implicit correlation

ϕbt = θaϕab. (4.16)

Theorem 10. There is a functional basis of the second-order differential invariants
for the algebra AGI(1, n), where µ = 0, that has the form

M1 = ϕt− ϕaθa, M2 = ϕtt− ϕatθa, Rk = Rk(ϕa, ϕab), Sk = Sk(ϕab). (4.17)

The corresponding basis for the algebra AGI1(1, n), where µ = 0 has the form

M2
1

M2
,

Rk
Mk

1

,
Sk
Mk

1

;

for the algebra AGI2(1, n), when µ = 0, it has the form

Rk
M1/2k

,
Sk

M1/2k
,

where Rk, Sk are defined by (4.17) and

M = (ϕt − θaϕa)
2 + (ϕtt − ϕatθa)(λ+ ϕaϕbrab).

Here, the matrix {rab} = {ϕab}−1; θa = rabϕbt are the same as in (4.16).

Note 3. It is possible to use, instead of M1, M2, the invariants

M̂1 =

∣∣∣∣∣∣∣∣

ϕt ϕ1 · · · ϕn
ϕ1t ϕ11 · · · ϕ1n

· · · · · · · · · · · ·
ϕnt ϕn1 · · · ϕnn

∣∣∣∣∣∣∣∣
, M̂2 =

∣∣∣∣∣∣∣∣

ϕtt ϕ1t · · · ϕnt
ϕ1t ϕ11 · · · ϕ1n

· · · · · · · · · · · ·
ϕnt ϕn1 · · · ϕnn

∣∣∣∣∣∣∣∣
,

which have been found in [17] as the solution of the problem of finding the equations
invariant under the Galilei algebra when µ = 0.
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Note 4. The invariants for the algebra 〈Jab, Ga, J,D,A〉 (4.2), where µ = 0, which
depend on xa, t, can be constructed with ϕa, ϕab and the following covariant vector

ĥa =
ha
t

+
2

n
tϕaϕt +

4

n

xbϕbϕa
t

,

where ha = xbϕab + tϕat is covariant with respect to the operators Ga when µ = 0.

4.2. Let us proceed to describe the basis of the invariants for the algebra AGII2 (1, n).

Theorem 11. Any absolute differential invariant of order ≤ 2 for the algebras listed
below is a function of the following expressions:

(1) AGII(1, n), m 6= 0:

φ+ φ∗, M1 = 2imφt + φaφa, M∗
1 ,

M2 = −m2φtt + 2imφaφat + φaφbφab, M∗
2 ,

Sjk = Sjk(φab, φ
∗
ab), R1

k = Rk(θa, φab),

R2
k = Rk(θ

∗
a, φab), R3

k = Rk(φa + φ∗a, φab),

the covariant tensors being θa = −imφat + φbφab;
(2) AGII1 (1, n), m 6= 0:

M∗
1

M1
,

M2

M2
1

,
M∗

2

M2
1

,
Rlk

M2+k
1

(l = 1, 2),
R3
k

Mk
1

,
Sjk
Mk

1

,

φ+ φ∗ when λ = 0, M1e
(2/λ)(φ+φ∗) when λ 6= 0;

(3) AGII2 (1, n), m 6= 0, λ = −n
2 :

N1e
(−4/n)(φ+φ∗),

N1

N∗
1

,
N2

N2
1

,
N∗

2

N2
1

,
R̂lk
N2+k

1

(l = 1, 2),
R̂3
k

Nk
1

,
Ŝjk
Nk

1

,

where

N1 = 2imφt + φaa + φaφa,

N2 = −m2φtt + 2im

(
φaφat +

1

n
φtφaa

)
+ φaφbφab +

1

n
φaφaφbb +

1

n
φ2
aa,

Ŝjk =
k∑

l=0

j∑

r=0

Srl(−n)lCrjC
l+1−r
k (φaa)

j−r(φ∗aa)
k−l−j+r + k(φaa)

j(φ∗aa)
k−j−1,

R̂lk =

k∑

j=0

Rlj(φaa)
k−j (−n)jk!

j!(k − j)!
(l = 1, 2, 3).

The invariants for the algebras AGII(1, n), AGII1 (1, n) (m = 0) can be constructed
similarly to the case of real function. Let us adduce a functional basis for the algebra
AGII2 (1, n).

(1) when λ = 0, then there is a basis consisting of the following expressions:

φ+ φ∗,
N2

1

N2
2

,
N∗2

1

N2
,

(Sjk)
2

Nk
1

, (Rlk)
2N−k−1

1 (l = 1, 2, 4);
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(2) λ 6= 0:

N1e
(4/λ)(φ+φ∗),

N∗
1

N1
, N3e

(3/λ)(φ+φ∗),
(Rlk)

2

Nk
1

(l = 1, 2, 3),
(Sjk)

2

Nk
1

,

where

N1 = (φt − θaφa)
2 + (φtt − θaφat)(λ+ φaφabrab)

(with {rab} = {φab}−1 and θa = rabφbt),

N2 = (φt − φcθc)φ
∗
aφ

∗
br

∗
ab − (φ∗t − φ∗cθ

∗
c )φaφbrab,

N3 = (φt − φ∗t ) − τa(φa − φ∗a) (τa(λφab + φaφb) = φbφt + λφbt),

R1
k = Rk(φa, φab), R2

k = Rk(φ
∗
a, φab), R3

k = Rk(θa − θ∗a, φab),

R4
k = Rk(ρa, φab) (ρa = (φt − θbφb)(φ

∗
crac − φcr

∗
ac) − φbφdrbd(θa − θ∗a)).

The proof of this theorem will be easier if we notice that by putting µ = im
in (4.4), we obtain operators similar to the operators (4.2).

The change of variables (4.5) in the adduced invariants allows us to obtain bases
for the algebras AGI2 and AGII2 in the representations (4.2) and (4.4). These results
can also be generalized for the case of several scalar functions.

4.3. Let us present some examples of new invariant equations

φtt +
1

µ2

{
2µ

(
1

n
φtφaa + φaφt

)
+ φaφbφab +

1

n
φaφaφbb +

1

n
φ2
bb

}
=

= (2µφt + φaφa + φaa)
2F,

(4.18)

−m2φtt + 2im

(
φaφat +

1

n
φtφaa

)
+ φaφbφab +

1

n
φaφaφbb +

1

n
φ2
aa =

= (2imφt + φaφa + φaa)
2F.

(4.19)

Equations (4.18) and (4.19) are invariant, respectively, under the algebras
AGI2(1, n), µ 6= 0 (4.2), and AGII2 (1, n), m 6= 0 (4.4). The F ’s are arbitrary functions
of the invariants for corresponding algebras.

Evidently, wide classes of invariant equations can be constructed with the adduced
invariants.

5. Conclusion

It is well-known that a mathematical model of physical or some other phenomena must
obey one of the relativity principles of Galilei or Poincaré. Speaking the language of
mathematics, it means that the equations of the model must be invariant under the
Galilei or the Poincaré groups. Having bases of differential invariants for these groups
(or for the corresponding algebras), we can describe all the invariant scalar equations,
or sort the invariant ones out of a set of equations.

The construction of differential invariants for vector and spinor fields presents
more complicated problems. The first-order invariants for a four-dimensional vector
potential had been found in [18]. The cases of spinor and many-dimensional vector
Poincaré-invariant equations and corresponding bases of invariants are still to be
investigated.
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Note 5. After having prepared the present paper, we became acquainted with the
article [19] where realizations of the Poincaré group P (1, 1) and the corresponding
conformal group were investigated, and all second-order scalar differential equations
invariant under these groups were obtained. Reference [19] contains bases of absolute
differential invariants of the order 2 for the Poincaré, the similitude, and the conformal
groups in (1 + 1)-dimensional Minkowski space for various realizations of the corres-
ponding Lie algebras.

Note 6. It was noticed by the referee that an essential misunderstanding arose in the
calculation of second prolongations for differential operators, e.g. in formulae (1.5)
and (1.25).

When we calculate such prolongations with the usual Lie technique (see, e.g., [8]),
we imply that action of an operator of the form Xab∂uab

, where Xab are some func-
tions, is as follows

Xab∂uab
(ucducd) = 2Xabuab, ∂uab

ucd = δacδbd.

With this assumption, ∂uab
uba = 0, a 6= b.

Otherwise, the second prolongation of the operator Jab (1.1) will be of the form
2

Jab = Jab + Ĵab, Ĵab = ua∂ub
− ub∂ua

+ uac∂ubc
− ubc∂uac

+ uab(∂ubb
− ∂uaa

).

Note 7. The equations which are conditionally invariant with respect to the Poincaré
and Galilei algebras were investigated in [20, 21].
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Conditional symmetry and reduction

of partial differential equations

W.I. FUSHCHYCH, R.Z. ZHDANOV

Sufficient reduction conditions for partial differential equations possessing nontrivial
conditional symmetry are established. The results obtained generalize the classical
reduction conditions of differential equations by means of group-invariant solutions.
A number of examples illustrating the reduction in the number of independent and
dependent variables of systems of partial differential equations are considered.

An analysis of well-known methods for the construction of exact solutions of nonli-
near partial differential equations (PDE) (e.g., method of group-theoretic reduction [1,
2], method of differential constraints [3], method of ansatz [4–6]) led us to conclude
that most of these methods involve narrowing the set of solutions, i.e., out of the
whole set of solutions of the particular equations specific subsets are selected that
admit analytic description. In order to implement this approach, certain additional
constraints (expressed in the form of equations) that enable us to distinguish these
subsets must be imposed on the solution set. For obvious reasons, these additional
equations are assumed to be simpler than the initial equations. By complementing the
initial equation with additional constraints, we are usually led to an over-determined
system of PDE. Consequently, there arises the problem of investigating the consi-
stency of a system of PDE. A second restriction on the choice of these additional
constraints is that the resulting system of PDE possesses broader symmetry than the
initial system of PDE (or simply a different type of symmetry).

In the present paper we establish sufficient conditions for the reduction of differen-
tial equations that generalize the classical reduction conditions of PDE possessing
a nontrivial Lie transformation group. Our concern will be with the following:

UA(x, u, u
1
, . . . , u

r
) = 0, A = 1,M, (1)

ξaµ(x, u)u
α
xµ

− ηαa (x, u) = 0, a = 1, N, (2)

where x = (x0, x1, . . . , xn−1), u(x) = (u0(x), . . . , um−1(x)), u
s

= {∂suα/∂xµ1
. . . ∂xµs

,

0 ≤ µi ≤ n− 1}, s = 1, r, UA, ξaµ, ηαa are sufficiently smooth functions, N ≤ n− 1.
Below summation over repeated indices is understood. Let us introduce the nota-

tion

R1 = rank ‖ξaµ(x, u)‖N n−1
a=1 µ=0, R2 = rank ‖ξaµ(x, u), ηαa (x, u)‖N n−1 m−1

a=1 µ=0 α=0.

It is self-evident that R1 ≤ R2. We shall prove that the case R1 = R2 leads to
a reduction in the number of independent variables of the PDE (1), while the case
R1 < R2 leads to a reduction in the number of independent and the number of
dependent variables of the PDE (1).

Передруковано з Укр. мат. журн., 1992, 44, № 7, С. 875–886 за дозволом
c© 1992 Iнститут математики НАН України
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1. Reduction of number of independent variables of PDE. In this section
we assume that R1 = R2.

Definition 1. The set of first-order differential equations

Qa = ξaµ(x, u)∂xµ
+ ηαa (x, u)∂uα , (3)

where ∂xµ
= ∂/∂xµ

, ∂uα = ∂/∂uα; ξaµ, η
α
a are smooth functions, is said to be involuti-

ve if there exist function f cab(x, u) such that:

[Qa, Qb] = f cabQc, a, b = 1, N. (4)

Here [Q1, Q2] = Q1Q2 −Q2Q1.

The simplest example of an involutive set of operators is a Lie algebra.
It is well-known that conditions (4) ensure that the over-determined system of

PDE (2) is consistent (Frobenius theorem [7]). The general solution of the system (2)
is given by the formulas

Fα(ω1, ω2, . . . , ωn+m−R1
) = 0, α = 0,m− 1, (5)

where ωj = ωj(x, u) are functionally independent first integrals of the system of
PDE (2) and Fα are arbitrary smooth functions.

By virtue of the condition R1 = R2, first integrals (say, ω1, . . . , ωm) may be chosen
that satisfy the condition

det ‖∂ωj/∂uα‖m m−1
j=1 α=0 6= 0. (6)

By solving (5) with respect to ωj , j = 1, . . . ,m, we have

ωj = ϕj(ωm+1, ωm+2, . . . , ωm+n−R1
), j = 1,m, (7)

where ϕj are arbitrary smooth functions

Definition 2. Formula (7) is called the ansatz of the field uα = uα(x) invariant with
respect to the involutive set of operators (3) provided (6) is satisfied.

Formula (7) become especially simple and self-evident if

∂ξaµ/∂u
α = 0, ηαa = fαβa (x)uβ ,

a = 1, N, µ = 0, n− 1, α, β, γ = 0,m− 1.
(8)

Under conditions (8) the operators in (3) may be rewritten in the following non-Lie
form [8]:

Qa = ξaµ(x)∂xµ + ηa(x), a = 1, N, (9)

where ηa = ‖ − ∂ηαa /∂u
β‖m−1
α,β=0 are (m ×m) matrices and the system (2) takes the

form

ξaµ(x)uxµ
+ ηa(x)u = 0, a = 1, N. (10)

Here u = (u0, u1, . . . , um−1)T is a column function.
In this case, the set of functionally independent first integrals of the system (2)

with R1 = R2 may be chosen as follows [7]:

ωj = bjα(x)uα, j = 1,m,

ωi = ωi(x), i = m+ 1,m+ n−R1

(11)

and, moreover, det ‖bjα(x)‖m m−1
i=1 α=0 6= 0.
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Substituting (11) in (7) and solving for the variables uα, α = 0, . . . ,m−1, we have

uα = Aαβ(x)ϕβ(ωm+1, ωm+2, . . . , ωm+n−R1
)

or (in matrix notation)

u = A(x)ϕ(ωm+1, ωm+2, . . . , ωm+n−R1
). (12)

It is easily verified that the matrix

(x) =
(
‖bjα(x)‖m m−1

j=1 α=0

)−1

satisfies the following system of PDE:

QaA ≡ ξaµ(x)Axµ
+ ηa(x)A = 0, a = 1, N, (13)

and that the functions ωm+1(x), ωm+2(x), . . . , ωm+n−R1
(x) form a complete set of

functionally independent first integrals of the system of PDE

ξaµ(x)ωxµ
= 0, a = 1, N. (14)

The ansatz (7) is said to reduce the system of PDE (1) if substitution of (7) in (1)
yields a system of PDE for the functions ϕ0, ϕ1, . . . , ϕm−1 that contains only the new
independent variables ωm+1, ωm+2, . . . , ωm+1−R1

.

Definition 3. The system of PDE (1) is conditionally invariant with respect to
the involutive set of differential operators (3) if the over-determined system of PDE
(1), (2) is Lie invariant with respect to a one-parameter transformation group with
generators Qa, a = 1, . . . , N .

Before stating the reduction theorem, we prove several auxiliary assertions.

Lemma 1. Suppose that the operators (3) form an involutive set. Then the set of
differential operators

Q′
a = λab(x)Qb, a = 1, N (15)

with det ‖λab(x, u)‖Na,b=1 6= 0 is also involutive.

We prove the assertion by direct computation. In fact,

[Q′
a, Q

′
b] = [λacQc, λbdQd] = λac(Qcλbd)Qd − λbd(Qdλac)Qc + λacλbdf

d1
cdQd1 =

= f̃ cabQc = f̃ cabλ
−1
cd Q

′
d.

Here λ−1
cd are the elements of the inverse of the matrix ‖λab(x, u)‖Na,b=1.

Lemma 2. Suppose that the differential operators (3) satisfy the condition R1 = R2

and that the conditions

[Qa, Qb] = 0, a, b = 1, N (16)

are satisfied. Then there exists a change of variables

x′µ = fµ(x, u), µ = 0, n− 1, u′α = gα(x, u), α = 0,m− 1 (17)

that reduces the operators Qa to the form Q′
a = ∂x′

a−1
.
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Proof. It is known that for any first-order differential operator

Q = ξµ(x, u)∂xµ
+ ηα(x, u)∂uα ,

where ξµ and ηα are sufficiently smooth functions, there exists a change of variab-
les (17) that reduces the operator Q to the form Q′ = ∂x′

0
(cf. [1]). Consequently, the

operator Q1 from the set (3) is reduced to the form Q′
1 = ∂x′

0
by means of the change

of variables (17). From the condition [Q1, Qa] = 0, a = 2, . . . , N , it follows that the
coefficients of the operators Q′

2, Q
′
3, . . . , Q

′
N do not depend on the variable x′0, whence

the operator Q′
2 reduces to the operator Q′′

2 = ∂x′′

1
under the change of variables

x′′0 = x′0, x′′µ = f ′µ(x
′
1, . . . , x

′
n−1, u

′), µ = 1, n− 1,

u′′α = g′α(x′1, . . . , x
′
n−1, u

′), α = 0,m− 1,

without the form of the operator Q′
1 changing.

Repeating the above procedure N − 2 times completes the proof.

Lemma 3. A system of PDE of the form (1) that is conditionally invariant with
respect to a set of differential operators ∂x′

µ
, µ = 0, N − 1, possesses the structure

UA = FABWB(xN , xN+1, . . . , xn−1, u, u
1
, . . . , u

r
) + FαAµu

α
xµ
,

A = 1,M, α = 0,m− 1, µ = 0, N − 1,
(18)

where FAB and FαAµ are arbitrary smooth functions of x and u, u
1
, . . . , u

r
, WB are

arbitrary smooth functions, and, moreover, ‖FAB‖MA,B=1 6= 0.

We shall prove the lemma with N = 1. By Definition 3, the system (1) is condi-
tionally invariant under the operator Q = ∂x0

if the system

UA(x, u, u
1
, . . . , u

r
) = 0, A = 1,M,

uαx0
= 0, α = 1,m− 1

(19)

is Lie invariant with respect to a one-parameter translation group with respect to the
variable x0. Denoting by Q̃ the r-th extension of Q, the Lie invariant criteria for the
system of PDE (19) under this group assume the form (cf. [1, 2])

Q̃UA

∣∣∣UB = 0
uα

x0
= 0

= 0, A,B = 1, N, α = 0,m− 1, (19a)

Q̃uαx0

∣∣∣UB = 0

uβ
x0

= 0

= 0, B = 1, N, α, β = 0,m− 1. (19b)

Direct computation shows that the relations

Q̃ ≡ ∂x0
, Q̃uαx0

≡ ∂x0
(uαx0

) = 0

hold (recall that in the extended space of the variables x, u, u
1
, . . . , u

r
variables x0 and

uαx0
are independent), whence, using the method of undetermined coefficients, we may

rewrite (19a) and (19b) in the form

∂UA/∂x0 = RABUB + PαAu
α
x0
, A = 1,M, (19c)

where RAB and PαA are arbitrary smooth functions of x, u, u
1
, . . . , u

r
.
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The system (19c) may be considered a system of inhomogeneous ordinary diffe-
rential equations for the functions UA, A = 1, . . . ,M . Integrating (19c) with respect
to PαA = 0, we have

U
(0)
A = FABWB , A = 1,M,

where WB , B = 1, . . . ,M , are arbitrary smooth functions of the variables x1, x2, . . .,
xn−1, u, u

1
, . . . , u

r
; F = ‖FAB‖MA,B=1 is the fundamental matrix of the system (19c)

(which is known to satisfy the condition detF 6= 0).
Further, by applying the method of variation of an arbitrary parameter, we deduce

(18) with N = 1, where

FαA0 = FAB

∫
(F )−1

BCP
α
c dx0, A = 1,M, α = 0,m− 1.

The lemma is proved.

Theorem 1. Suppose that the system of PDE (1) is conditionally invariant with
respect to the involutive set of operators (3). Then the ansatz invariant with respect
to the set of operators (3) reduces this system.

Proof. By the definition of the quantity R1, R1 ≤ N . We denote by δ the difference
N − R1. Then R1 equations of the system (2) are linearly independent (without
loss of generality, we may assume that it is the first R1 equations which are linearly
independent), and the other δ equations are linear combinations of these first R1

equations.
By the condition that R1 = R2, there exists a nonsingular (R1 × R1) matrix

||λab(x, u)||R1

a,b=1 such that

λab(ξbµu
α
xµ

− ηαb ) = uαxa−1
+

n−1∑

µ=R1

ξ̃aµu
α
xµ

− η̃αa , a = 1, R1 α = 0,m− 1.

By the definition of conditional invariance, the system of PDE (1), (2) is invariant
with respect to one-parameter transformation groups with generators (3), whence the
equivalent system of PDE

UA(x, u, u
1
, . . . , u

r
) = 0, A = 1,M,

uαxa−1
+

n−1∑

µ=R1

ξ̃aµu
α
xµ

− η̃αa = 0, a = 1, R1, α = 0,m− 1
(20)

is invariant with respect to a one-parameter group with generators

Q′
a = λabQb = ∂xa−1

+
n−1∑

µ=R1

ξ̃aµ∂xµ
+ η̃αa ∂uα . (21)

In fact, the action of a one-parameter transformation group with infinitesimal
operator Qa on the solution manifold of the system (20) is equivalent to an identity
transformation.
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Since the set of operators (21) is involutive (Lemma 1), there exist functions
f cab(x, u) such that

[Q′
a, Q

′
b] = f cabQ

′
c, a, b, c = 1, R1. (22)

Computing the commutators on the left side of (22) and equating the coefficients
of the linearly independent operators ∂x0

, ∂x1
, ∂xR1−1

gives us f cab = 0, with a, b, c =
1, . . . , R1. Consequently, the operators Q′

a commute. Hence, by Lemma 2, there exists
a change of variables (17) that reduces these operators to the form Q′′

a = ∂/∂x′a−1.
Expressed in terms of the new variables x′ and u′(x′), the system (20) takes the

form

U ′
A(x′, u′, u′

1
, . . . , u′

r
) = 0, A = 1,M,

u′αxa−1
= 0, α = 0,m− 1, a = 1, R1.

(23)

Moreover, the system of PDE (23) is conditionally invariant with respect to the set
of operators Q′′

a = ∂′xa−1
, a = 1, . . . , R1, whence, by Lemma 3, the system (23) may

be rewritten in the form

U ′
A = FABWB(x′R1

, . . . , x′n−1, u
′, u′

1
, . . . , u′

r
) + FαAµu

′α
x′

µ
,

A = 1,M, α = 0,m− 1, µ = 0, R1 − 1,

u′αx′

a−1

= 0, α = 0,m− 1, a = 1, R1,

where det ‖FAB‖R1

A,B=1 6= 0, whence

WA(x′R1
, . . . , x′n−1, u

′, u′
1
, . . . , u′

r
) = 0,

u
′α
x′

a−1

= 0, A = 1, R1, α = 0,m− 1, a = 1, R1.
(24)

The ansatz of the field u′α = u′α(x′) invariant under the involutive set of operators
Q′′
c = ∂x′

a−1
, a = 1, . . . , R1, is given by the formulas

u′α = ϕα(x′R1
, x′R1+1, . . . , x

′
n−1), α = 0,m− 1. (25)

Here ϕα are arbitrary sufficiently smooth functions.
Substituting (25) in (24), we obtain

WA(x′R1
, . . . , x′n−1, u

′, u′
1
, . . . , u′

r
) ≡W ′

A(x′R1
, . . . , x′n−1, ϕ, ϕ

1
, . . . , ϕ

r
) = 0, (26)

where ϕ
s

is the set of partial derivatives of the functions ϕα = ϕα(x′R1
, . . . , x′n−1) of

order s.
Rewriting ansatz (25) in terms of the initial variables x and u(x)

gα(x, u) = ϕα(fR, (x, u), . . . , fn−1(x, u)), α = 0,m− 1, (27)

yields the ansatz for the field uα = uα(x), α = 0, . . . ,m− 1, invariant with respect to
the involutive set of operators (3) that reduces the system (1) to a system of PDE
with n−R1 independent variables. The theorem is proved.

Corollary. Suppose that the operators

Qa = ξaµ(x, u)∂xµ
+ ηαa (x, u)∂uα , a = 1, N, N ≤ n− 1
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are the basis elements of a subalgebra of the invariance algebra of the system of equati-
ons (1) and, moreover, that R1 = R2. Then the ansatz invariant in the Lie algebra
〈Q1, Q2, . . . , QN 〉 reduces the system (1) to a system of PDE having n−N independent
variables.

Proof. From the definition of a Lie algebra it follows that the operators Qa satisfy (4)
with f cab = const. Consequently, they form an involutive set of first-order differential
operators, which renders the above assertion a direct consequence of Theorem 1.

By the above assertion, the classical reduction theorem for differential equations by
means of group-invariant solutions [1, 2, 9] is a special case of Theorem 1. If any one of
the operators Qa does not belong to the invariance algebra of the given equation and if
the conditions of Theorem 1 hold, a reduction via Qa-conditionally invariant ansätzes
is obtained (numerous examples of conditionally invariant solutions are constructed
in [4–6, 10–14]).

We shall now consider several examples.

Example 1. The Lie-maximal invariance algebra of the Schrödinger equation

∆3u+ U(~x 2)u = 0 (28)

with arbitrary function U is the Lie algebra of the rotation group having basis elements

Jab = xa∂xb
− xb∂xa, a, b = 1, 3. (29)

To obtain the ansatz invariant relative to the set of operators (29), the complete
set of first integrals of the following system of PDE must be constructed:

xauxb
− xbuxa

= 0, a, b = 1, 3. (30)

This set contains 3 −R1 functionally invariant first integrals, where

R1 = rank ‖ξab(x)‖3
a,b=1 = rank

∥∥∥∥∥∥

0 −x3 x2

x3 0 −x1

−x2 x1 0

∥∥∥∥∥∥
= 2.

Consequently, the ansatz for the field u = u(~x) invariant with respect to a Lie
algebra having basis elements (29) has the form

u(~x) = ϕ(ω), (31)

where ϕ ∈ C2(R1,C1) is an arbitrary smooth function and ω = ω(~x) is the first
integral of the system of PDE (30). It is not hard to see that ω = ~x 2 satisfies (30)
and, consequently, is the first integral. Substitution of (31) in (28) yields an ordinary
differential equation for the function ϕ(ω):

4ωϕ̈+ 6ϕ̇+ U(ω)ϕ = 0.

Thus, the ansatz for the field u = u(~x) invariant with respect to a three-dimensio-
nal Lie algebra with basis elements (29) reduces (28) to a (3−R1)-dimensional PDE
(in this case, to an ordinary differential equation).

Example 2. Consider the nonlinear eikonal equation

u2
x0

− u2
x1

− u2
x2

− u2
x3

+ 1 = 0. (32)
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As shown in [15], the maximal invariance algebra of (32) is the 21-parameter
conformal algebra AC(2, 3). This algebra contains, in particular, a one-dimensional
subalgebra generated by the operator Q = x0∂u − u∂x0

.
To obtain the ansatz invariant under the operator Q, the complete set of first

integrals of the following PDE must be constructed:

uux0
+ x0 = 0. (33)

The solution of (33) is sought for in the implicit form f(x, u) = 0, whence ufx0
−

x0fu = 0.
The complete set of first integrals of the latter PDE is ω0 = u2 + x2

0, ω1 = x1,
ω2 = x2, ω3 = x3. Solving f(ω0, ω1, ω2, ω3) = 0 with respect to ω0, we have

u2 + x2
0 = ϕ(ω1, ω2, ω3) (34)

Consequently, (34) gives the ansatz of the field uα = uα(x) invariant under the
operator Q. Solving (34) for u yields

u = {−x2
0 + ϕ(ω1, ω2, ω3)}1/2. (35)

Let us emphasize that ansatz (34) cannot be represented in the form (12), since
the coefficients of Q do not satisfy condition (8).

Substituting (35) in (32) gives us a three-dimensional PDE for the function ϕ =
ϕ(~ω):

ϕ2
ω1

+ ϕ2
ω2

+ ϕ2
ω3

− ϕ2 = 0.

Example 3. A detailed group-theoretic analysis of the nonlinear wave equation

utt = (a2(u)ux)x, (36)

where a(u) is some smooth function, was performed in [16]. It was established that
the maximal invariance algebra of (36) has the basis operators

Q1 = ∂t, Q2 = ∂x, Q3 = t∂t + x∂x, (37)

whence the most general group-invariant ansatz for the PDE (36) is given by the
formula u = ϕ(ω), where ω = ω(t, x) is the first integral of the PDE

{α∂t + β∂x + δ(t∂t + x∂x)}ω(t, x) = 0. (38)

Here α, β, and δ are arbitrary real constants. Using transformations from the group G
with generators of the form (37), Eq. (38) may be reduced to either one of the following
equations:

1) αωt + βωx = 0 (under δ = 0);

2) tωt + xωx = 0 (under δ 6= 0).

The first integrals of these equations are given by the formulas ω = αx − βt and
ω = xt−1, respectively.

Thus, there are two distinct group-invariant ansätzes of the PDE (36) with arbit-
rary function a(u):

1) u(t, x) = ϕ(αx− βt);

2) u(t, x) = ϕ(xt−1).
(39)
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Substitution of the above ansätzes in (36) yields the ordinary differential equations

1) (β2 − α2a2(ϕ))ϕ̈− 2α2a(ϕ)ȧ(ϕ)ϕ̇2 = 0;

2) (ω2 − a2(ϕ))ϕ̈− 2ωϕ̇− 2a(ϕ)ȧ(ϕ)ϕ̇2 = 0.

It was established recently [17] that ansätzes (39) do not exhaust the complete
set of ansätzes reducing the PDE (36) to ordinary differential equations. This result
is a consequence of conditional symmetry, a property that is not found within the
framework of the infinitesimal Lie method.

Let us show, following [17], that (36) is conditionally invariant under the operator

Q = ∂t − εa(u)∂x, (40)

where ε = ±1.
Proceeding on the basis of the second extension of Q in (36), we have

Q̃{utt − (a2(u)ux)x} = εȧux{utt − (a2ux)x} + ε(ȧu̇x + ȧ∂x)(u
2
t − a2u2

x), (41)

whence it follows that the PDE (36) is Lie-noninvariant with respect to a group with
infinitesimal operator (40). But if the additional constraint

Qu ≡ ut − εa(u)ux = 0 (42)

is imposed on u(t, x), the right side of (41) vanishes. Consequently, the system (36),
(42) is Lie-invariant with respect to a group with generator (40), whence we conclude
that the initial PDE (36) is conditionally invariant under the operator Q.

The complete set of functionally independent first integrals of (42) may be chosen
in the form ω1 = u, ω2 = x+ εa(u)t.

Consequently, the ansatz invariant under the operator Q is given by the formula
ω2 = ϕ(ω1), or

x+ εa(u)t = ϕ(u), (43)

where ϕ(u) is an arbitrary sufficiently smooth function.
Substituting (43) in (36) leads us to conclude that the PDE (36) is satisfied identi-

cally. Put differently, (43) gives a solution of the nonlinear equation (36) for an arbi-
trary function ϕ(u). Recall that solutions that are obtained by means of the group-
invariant ansätzes (39) contain two arbitrary constants of integration, and cannot, in
theory, contain arbitrary functions.

Thus, the conditional symmetry of PDE enlarges the range of possibilities for
reduction of PDE in an essential way.

Example 4. Consider the system of nonlinear Dirac equations

{iγµ∂µ − λ(ψ̄ψ)1/2k}ψ = 0, (44)

where γµ, µ = 0, . . . , 3, are (4 × 4) Dirac matrices, ψ = ψ(x0, x1, x2, x3) a four-
dimensional complex column function, ψ̄ = (ψ∗)T γ0, λ, k real constants, and ∂µ =
∂/∂xµ, µ = 0, . . . , 3.

It is well known (cf. [5]) that the Lie-maximal invariance group of the system
of PDE (44) is the 11-parameter extended Poincaré group complemented with the
3-parameter group of linear transformations in the space ψα, ψ∗α. In [5, 10] it is
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established that the conditional symmetry of the nonlinear Dirac equation is essen-
tially broader. From [10], it follows that the system: (44) is conditionally invariant
with respect to the involutive set of operators

Q1 =
1

2
(∂0 − ∂3), Q2 = ω1∂2 − {B1ψ}α∂ψα ,

Q3 =
1

2
(∂0 + ∂3) − ω̇1(x1∂1 + x2∂2) − ω̇2∂1 − {B2ψ}α∂ψα ,

(45)

where B1 and B2 are (4 × 4) matrices of the form

B1 =
1

2
(1 − 2k)ω̇1γ2(γ0 + γ3),

B2 = −kω̇1 + (2ω1)(2ω̇
2
1 − ω1ω̈1)(γ1x1 + 2(k − 1)γ2x2)(γ0 + γ3) + (2ω1)

−1 ×
× ((2ω̇1ω̇2 − ω1ω̈2)γ1 + 2(ω3ω̇1 − ω1ω̇3)γ2)(γ0 + γ3),

ω1, ω2, and ω3 are arbitrary smooth functions of x0 + x3, and {ψ}α denotes the α-
th component of the function ψ. Since the coefficients of the operators (45) satisfy
conditions (8), they may be rewritten in non-Lie form:

Q1 =
1

2
(∂0 − ∂3), Q2 = ω1∂2 +B1,

Q3 = 1
2 (∂0 + ∂3) − ω̇1(x1∂1 + x2∂2) − ω̇2∂1 +B2.

Consequently, the ansatz of the field ψ(x) invariant with respect to the set of
operators Q1, Q2, Q3 must be found in the form (12), where A(x) is a (4× 4) matrix
and ω = ω(x) a real function satisfying the following system of PDE

1

2
(Ax0

−Ax2
) = 0, ω1Ax2

+B1A = 0,

1

2
(Ax0

+Ax3
) − (ω̇1x1 + ω̇2)Ax1

− ω̇1x2Ax2
−B2A = 0,

ωx0
− ωx3

= 0, ωx2
= 0,

ωx0
+ ωx3

− 2(ω̇1x1 + ω̇2)ωx1
− 2ω̇1x2ωx2

= 0.

Omitting the steps in integration of the above system, let us write down the final
result, the ansatz for the field ψ = ψ(x) invariant with respect to the involutive set
of operators (45):

ψ(x) = ωk1 exp{(2ω1)
−1(ω̇1x1 + ω̇2)γ1(γ0 + γ3) +

+ (2ω1)
−1((2k − 1)ω̇1x2 + ω3)γ2(γ0 + γ3)}ϕ(ω1x1 + ω2).

(46)

This ansatz reduces the system of PDE (44) to a system of ordinary differential
equations for the 4-component function ϕ = ϕ(ω),

iγ1ϕ̇− λ(ϕ̄ϕ)1/2kϕ = 0. (47)

The general solution of the system (47) has the form [5]

ϕ = exp{iλγ1(χ̄χ)1/2kω}χ,
where χ is an arbitrary constant 4-component column. Substituting the resulting
expression for ϕ = ϕ(ω) in (46) gives us the class of exact solutions of the nonlinear
Dirac equation containing three arbitrary functions.
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Nonlinear equations of mathematical and theoretical physics that admit nontrivial
conditional symmetry have been analyzed in [14].

3. Reduction of number of independent and number of dependent va-
riables of PDE. Suppose (3) is an involutive set of operators that satisfy the condi-
tion R2 −R1 = δ > 0. In this case we have to modify somewhat the above technique
of reducing PDE by means of ansätzes invariant with respect to the involutive set (3).
Note that the case in which (3) are basis operators of a subalgebra of the Lie invari-
ance algebra of a given equation satisfying the condition R1 < R2 leads to “partially
invariant” solutions [18].

We wish to solve the initial system of PDE in implicit form:

ωα(x, u) = 0, α = 0,m− 1, (48)

where ωα are smooth functions satisfying the condition

det ‖∂ωα/∂uβ‖m−1
α,β=0 6= 0. (49)

As a result, (1) and (2) assume the form

HA(x, u, ω, ω
1
, . . . , ω

r
) = 0, A = 1,M, (50)

ξaµ(x, u)ω
α
xµ

+ ηβa (x, u)ωαuβ = 0, a = 1, N, (51)

where ω
s

= {∂sω/∂xµ1
· · · ∂xµp

∂uα1 · · · ∂uαq , p+ q = s}.
It is clear that, as they are defined in the space of the variables x, u, ω(x, u), the

operators (3) satisfy the condition R′
1 = R′

2 (since the coefficients of ∂ωα are all zero).
By means of the same reasoning as in the proof of Theorem 1, we may establish the
following result. There exists a change of variables (17) that reduces the system (51)
to the form

ωαx′

µ
= 0, µ = 0, R1 − 1, ωαu′β = 0, β = 0, δ − 1. (52)

If the system (48), (50) is conditionally invariant with respect to the set of opera-
tors (3) and if condition (52) holds, it may be rewritten as follows:

ωa(x′, u′) = 0, α = 0,m− 1,
H ′
A(x′R1

, . . . , x′n−1, u
′δ, . . . , u′m−1, ω, ω

1
, . . . , ω

r
) = 0, (53)

where the symbol ω
s

denotes the collection of partial derivatives of the function ω of

order s with respect to the variables x′R1
, . . . , x′n−1, u

′δ, . . . , u′m−1.
Integrating (52) yields the ansatz of the field wα:

ωα = Fα(x′R1
, . . . , x′n−1, u

′δ, . . . , u′m−1), α = 0,m− 1, (54)

where Fα are arbitrary smooth functions. But the ansatz of the field u′α(x′) cannot
be obtained by substituting (54) in the relations ωα(x′, u′(x′)) = 0, α = 0, . . . ,m− 1,
since the inequality R2 −R1 = δ > 0 violates the condition (49) (if δ > 0, the matrix
‖∂ωα/∂uiβ‖m−1

α,β=0 has null columns).
To overcome this problem, we shall, by definition, let the expressions

Fα(x′R1
, . . . , x′n−1, u

′δ, . . . , u′m−1) = 0, α = δ,m− 1,

u′j = Cj , j = 0, δ − 1
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be the ansatz of the field u′α = u′α(x′) invariant with respect to the set of operators

Qj = ∂x′

j−1
, j = 1, R1, Xi = ∂u′i−1 , i = 1, δ. (55)

The latter ansatz may be rewritten in the form

u′α = Cα, α = 0, δ − 1,

u′α+β = ϕβ(x′R1
, . . . , x′n−1), β = 0,m− δ − 1,

(56)

where ϕβ are arbitrary smooth functions and Cα are arbitrary constants.
Rewriting (56) in terms of the initial variables gives us

gα(x, u) = Cα, α = 0, δ − 1,

gβ+δ(x, u) = ϕβ(fR1
(x, u), . . . , fn−1(x, u)), β = 0,m− δ − 1.

(57)

Moreover, substituting (57) in the initial system of PDE (1) or, equivalently,
substituting the expressions ωα = gα − Cα, α = 0, . . . , δ − 1, ωβ = gβ+δ − ϕβ ,
0 ≤ β ≤ m − δ − 1 in the PDE (50) yields a system of M differential equations
for m − δ functions. Consequently, the dimension of the system (1) decreases by R1

independent and δ dependent variables.
Let us rewrite (57) in a form more convenient in applications. For this purpose,

note that, without loss of generality, we may renumber the operators (3) satisfying
the condition R2 − R1 = δ > 0 in such a way that the first R1 operators satisfy the
condition

rank ‖ξaµ‖R1 n−1
a=1 µ=0 = rank ‖ξaµ, ηαa ‖R1 m−1 n−1

a=1 α=0 µ=0

and the last N −R2 operators are linear combinations of the previous R2 operators.
Let ωj(x, u), j = 1, . . . ,m+n−R2, be the complete set of functionally independent

first integrals of the system (51) and, moreover,

rank ‖∂ωj/∂uα‖m−δ m−1
j=1 α=0 = m− δ

and let ρj(x, u) be the solutions of the equations Q1+R1
ρ(x, u) = 1 with i = 1, 2, . . . , δ.

Then (57) may be expressed in the following equivalent form:

ρi(x, u) = Ci, i = 1, δ,

ωj(x, u) = ϕj(ωR1
(x, u), . . . , ωn−1(x, u)), j = 1,m− δ.

(58)

Definition 4. Expressions (58) are called the ansatz of the field uα = uα(x) invariant
with respect to the involutive set of operators (3) provided R2 −R1 ≡ δ > 0.

The above reasoning may be summarized in the form of a theorem.

Theorem 2. Suppose that the system of PDE (1) is conditionally invariant with
respect to the involutive system of operators (3) and, moreover, that R1 < R2. Then
the system (1) is reduced by the ansatz invariant with respect to the set of operators (3).

Example 1. The system of two wave equations

2u = 0, 2v = 0 (59)



216 W.I. Fushchych, R.Z Zhdanov

is invariant with respect to a one-parameter group with infinitesimal operator Q = ∂v.
Since R1 = 0 and R2 = 1, the parameter δ is equal to 1. The complete set of first
integrals of the equation ∂ω(x, u, v)/∂v = 0 is given by the functions

ωµ = xµ, µ = 0, 3, ω4 = u,

whence the ansatz for the field u(x), v(x) invariant under the operator Q has the
form (58)

u = ϕ(ω0, ω1, ω2, ω3), v = C, C = const.

Substituting the above expressions in (59) yields

ϕω0ω0
− ϕω1ω1

− ϕω2ω2
− ϕω3ω3

= 0

i.e., the number of dependent variables of the initial system (59) is reduced.

Example 2. Consider the system of nonlinear Thirring equations

ivx = mu+ λ1|u|2v, iuy = mv + λ2|v|2u, (60)

where u, v are complex functions of x, y and λ1, λ2 are real constants.
The above system admits a one-parameter transformation group with generator

Q = iu∂u + iv∂v − iu∗∂u∗ − iv∗∂v∗ .

Following the change of variables

u(x, y) = H1(x, y) exp{iZ1(x, y) + iZ2(x, y)},
v(x, y) = H2(x, y) exp{iZ1(x, y) − iZ2(x, y)},

where Hj and Zj are the new dependent variables, Q assumes the form Q′ = ∂Z1
.

Consequently, the ansatz invariant under Q has the form

u(x, y) = H1(x, y) exp{iC + iZ2(x, y)},
v(x, y) = H2(x, y) exp{iC − iZ2(x, y)}.

(61)

Substitution of (61) in (60) yields a system of four PDE for the three functions
H1, H2, and Z2,

H2x = mH1x sin 2Z2, H1y = −mH2 sin 2Z2,

H2Z2x = mH1 cos 2Z2 + λ1H1H
2
2 , −H1Z2y = mH2 cos 2Z2 + λ2H2H

2
1 .

Example 3. A group analysis of the one-dimensional gas dynamics equations

ut + uux + ρ−1px = 0, ρt + (uρ)x = 0, pt + (up)x + (γ − 1)pux = 0 (62)

has been carried out by Ovsyannikov [1], who established, in particular, that the
invariance algebra of the system of PDE (62) contains the basis element

Q = p∂p + ρ∂ρ. (63)

The complete set of functionally independent first integrals of the equation Qw(t,
x, u, p, ρ) = 0 is: ω1 = u, ω2 = pρ−1, ω3 = t, and ω4 = x. Consequently, the ansatz
invariant under Q (63) may be chosen in the form

u = ϕ1(t, x), pρ−1 = ϕ2(t, x), ln ρ+ F (pρ−1) = C, (64)

where C = const and F is some smooth function.
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Substituting the ansatz (64) in the system of PDE (62) yields a system of three
differential equations for the two unknown functions ϕ1(t, x) and ϕ2(t, x):

ϕ1
t + ϕ1ϕ1

x − ϕ2Ḟ (ϕ2)ϕ2
x = 0, ϕ2

t + ϕ1ϕ2
x + (γ − 1)ϕ2ϕ1

x = 0,

ϕ1
x((1 − γ)ϕ2Ḟ (ϕ2) − 1) = 0,

(65)

Thus we have achieved a reduction of the number of dependent variables of the
gas dynamics equations.

It is of interest that if ϕ1
x 6= 0, it follows from the third equation of the system (65)

that F = λ+ (1 − γ)−1 ln(ρ−1p). Substituting this expression in (62) yields p = kργ ,
k ∈ R

1, which is the relation that characterizes a polytropic gas.
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Hodograph transformations and generating of

solutions for nonlinear differential equations

W.I. FUSHCHYCH, V.A. TYCHYNIN

Перетворення годографа однiєї скалярної функцiї в R(1, 1) та R(1, 3), а також
двох скалярних функцiй в R(1, 1) використанi для розмноження розв’язкiв нелi-
нiйних piвнянь; побудованi класи годограф-iнварiантних piвнянь другого поряд-
ку.

The results of using the hodograph transformations for solution of applied problems
are well-known. One can find them for example in [1, 2, 3]. We note also the paper [4],
in which a number of invariants for hodograph transformation as well as hodograph-
invariant equations were constructed.

1. Hodograph-invariant and -linearizable equations in R(1, 1). Let us
consider the hodograph transformation for one scalar function (M = 1) of two
independent variables x = (x0, x1), n = 2:

u(x) = y1, x0 = y0, x1 = v(y),

δ = v1 = ∂1v =
∂v

∂y1
6= 0, y = (y0, y1).

(1)

Differential prolongations of the transformation (1) generate such expressions for the
first and second order derivatives:

u1 = v−1
1 , u0 = −v0v−1

1 , (2)

u11 = −v−3
1 v11, u10 = −v−3

1 (v1v10 − v0v11),

u00 = −v−3
1 [v2

0v11 − 2v0v1v10 + v2
1v00].

(3)

It is clear that (1) is an involutory transformation. This allows to write a set of
differential expressions of order ≤ 2, which are absolutely invariant under the trans-
formation (1):

f0(x0), f1(x1, u), f2(u1, u
−1
1 ), f3(u0,−u0u

−1
1 ), f4(u11,−u−3

1 u11),

f5(u10,−u−3
1 (u1u10 − u0u11)), f6(u00,−u−3

1 [u2
0u11 − 2u0u1u10 + u2

1u00]).
(4)

Here f0 is an arbitrary smooth function, f i, i = 1, 6 are arbitrary functions symmetric
on arguments, i.e. f i(x, z) = f i(z, x). So, the second order PDE invariant under the
transformation (1) has the form

F ({fσ}) = 0, {fσ} = {f0, f1, . . . , f6}, σ = 0, 6, (5)

F is an arbitrary smooth function.
Such well-known equations are contained in the class (5):

1) u2
0 − u2

1 − 1 = 0 — the eikonal equation; (6)

Передруковано з Доп. АН України, 1993, № 10, С. 52–58 за дозволом
c© 1993 Президiя Нацiональної академiї наук України
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2) u11 − u00[u
2
0u11 − 2u0u1u10 + u2

1u00] = 0 — the Born–Infeld equation; (7)

3) u00u11 − u2
10 = 0 — the Monge–Amperé equation; (8)

4) u0 = f(u1)u11, f(u1) = f(u−1
1 )u−2

1 — the nonlinear heat equation [5]. (9)

Particularly, such equation as

u0 − u−1
1 u11 = 0 (10)

is contained in the last class (9).

Let
(1)
u (x0, x1) be a known solution of Eq. (5). To construct a new solution

(2)
u (x0, x1)

let us write the first solution replacing in it an argument x1 for parameter τ :
(1)
u (x0, τ)

and substitute it to the hodograph transformation formula (1). So, we obtain the
solutions generating formula for Eq. (5).

(2)
u (x0, x1) = τ, x1 =

(1)
u (x0, τ). (11)

Let us now describe some class of (1)-linearizable equations. Making use of formu-
lae (1) to transform general linear second order PDE

bµν(y)vµν + bµ(y)vµ + b(y)v + c(y) = 0, y = (y0, y1), µ, ν = 0, 1, (12)

we obtain

b00(x0, u)u
−3
1 (u2

0u11 − 2u0u1u10 + u2
1u00) −

− 2b10(x0, u)u
−3
1 (u1u10 − u0u11) + b11(x0, u)u

−3
1 u11 +

+ b0(x0, u)u
−1
1 u0 + b1(x0, u)u

−1
1 − b(x0, u)x1 − c(x0, u) = 0.

(13)

bµν , bµ, c are arbitrary smooth functions, b10 = b01. Summation over repeated indices
is understood in the space R(1, 1) with the metric gµν = diag (1,−1). The repeated
use of this transformation to Eq. (12) turn us again to the Eq. (11).

For any equation of the class (12) the principle of nonlinear superposition is sati-
sfied

(3)
u (x0, x1) =

(1)
u (x0, τ),

(1)
u (x0, x1) =

(2)
u (x0, x1 − τ), (14)

Here
(k)
u (x0, x1), k = 1, 2 are known solutions of Eq. (12),

(3)
u (x0, x1) is a new solution

of this equation. Parameter τ must be eliminated due to second equality of the sys-
tem (13). For example, such equations important for applications are contained in
this class (12):

u0 − u−2
1 u11 = 0, u0u11 − u1u10 = 0,

u2
0u11 − 2u0u1u10 + u2

1u00 = 0, u0 − c(x0, u)u1 = 0.

Let us consider now an example of constructing new solutions from two known ones
by means of solutions superposition formula (13).

Example 1. A nonlinear heat equation

u0 − u−2
1 u11 = 0
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is reduced to the linear equation

v0 − v11 = 0 (15)

Therefore, the formula (13) is true for (14). The functions

(1)
u = x1,

(2)
u =

√
x1 − 2x0 (16)

are both partial solutions of Eq. (14). We construct a new solution
(3)
u of this Eq. (14)

via
(1)
u and

(2)
u . It has the form

(3)
u (x0, x1) = −1

2
±
√

1

4
+ x1 − 2x0, (17)

2. Hodograph-invariant and -linearizable equations in R(1, 3). The ho-
dograph transformation of a scalar function u(x) of four independent variables x =
(x0, x1, x2, x3) has the form

v(x) = y1, x1 = v(y), xθ = yθ, θ = 0, 2, 3. (18)

Prolongation formulae for (18) are obtained via calculations [6, 7]:

u1 = v−1
1 , uθ = −v−1

1 vθ, u11 = −v−3
1 v11,

u1θ = −v−3
1 (v1v1θ − vθv11), vθθ = −v−3

1 (v2
1vθθ − 2vθv1v1θ + v2

θv11),

uθγ = −v−3
1 [v1(v1vθγ − vγv1θ) − vθ(v1v1γ − vγv11)].

(19)

Here θ, γ = 0, 2, 3, θ 6= γ. Making use of involutivity of the transformation (18) we
list for it a such set of absolute differential invariant expressions of order ≤ 2:

f0(x0, x2, x3), f1(x1, u), f2(u1, u
−1
1 ), f3(uθ,−u−1

1 uθ),

f4(u11,−u−3
1 u11), f5(u1θ,−u−3

1 (u1u1θ − uθu11)),

f6(uθθ,−u−3
1 (u2

1uθθ − 2u1uθu1θ + u2
θu11)).

f7(uθγ ,−u−3
1 [u1(u1uγθ − uγu1θ) − uθ(u1u1γ − uγu11)]).

(20)

There is no summation over θ here, as before, f 0 is an arbitrary smooth function, f j ,
j = 1, 7 are arbitrary symmetric.

An equation invariant under transformation (18) has the form

F ({fλ}) = 0 (λ = 0, 7). (21)

The solutions generating formula has the same form as (10)

(2)
u (x0, x1, x2, x3) = τ, x1 =

(1)
u (x0, τ, x2, x3). (22)

Here
(1)
u (x) is a known solution of Eq. (21),

(2)
u (x) is its new solution. The following

well-known equations are contained in this class (21):

1) u2
0 − uaua − 1 = 0, a = 1, 3, the eikonal equation;

2) (1 − uνu
ν)2u− uµuνuµν = 0, µ, ν = 0, 3, the Born–Infeld equation [8];

3) det(uµν) = 0 the Monge–Amperé equation.
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Here summation over repeated indices is understood in the space R(1, 3) with the
metric gµν = diag (1,−1,−1,−1).

2u = ∂µ∂
µu = u00 − u11 − u22 − u33

is the d’Alembert operator,

uaua = u2
1 + u2

2 + u2
2 + u2

3 = (∇u)2.

The class of hodograph-linearizable equations in R(1, 3) is constructed analogously
as above. Making use of transformation (18) for linear equation (11), written in R(1, 3),
we get

b11(xδ, u)u
−3
1 u11 + bθθ(xδ, u)u

−3
1 (u2

1uθθ − 2u1uθu10 + u2
θu11) +

+ bγθ(xδ, u)u
−3
1 [u1(u1uγθ − uγu10) − uθ(u1u1γ − uγu11)] +

+ b1(xδ, u)u
−1
1 uθ − b(xδ, u)x1 − c(xδ, u) = 0, xδ = (x0, x2, x3).

(23)

Here δ, θ = 0, 2, 3 and summation over θ is understood in the space R(1, 2) with metric
g̃θγ = diag (1,−1,−1).

Note, that multidimensional nonlinear heat equation

u0 − u−2
1 (1 + u2

2 + u2
3)u11 − u22 − u33 + 2u−1

1 (u2u12 + u3u13) = 0 (24)

reduces due to transformation (18) to linear equation v0 = ∆(3)v, where ∆(3) ≡
∂2
1 + ∂2

2 + ∂2
3 is the Laplace operator.

So, the solutions superposition formula for the equations (23) and (24) is

(3)
u (x0, x1, x2, x3) =

(1)
u (x0, τ, x2, x3), (25)

(1)
u (x0, τ, x2, x3) =

(2)
u (x0, x1 − τ, x2, x3). (26)

Example 2. Let partial solutions of Eq. (24)

(1)
u = x0 − x2 − x3 − ln

x1 − c2
c1

,
(2)
u =

[
9

4
c23(x1 − c4)

2 − x2
2 − x2

3

] 1
2

be initial for generating a new solution
(3)
u . Then this new solution of Eq. (24) is

determined via (25), (26) by the equality

(3)
u 2(x) + x2

2 + x2
3 = c3

[
x1 − c2 − c1 exp{x0 − x2 − x3 −

(3)
u (x)}

]2
,

c3 =
9

4
c23, c2 = c4 + c2.

(27)

Thus, the formula (27) gives us a new solution of Eq. (24) in the implicit form.
3. Hodograph-invariant and -linearizable systems of PDE in R(1, 1). Let

us consider two functions uµ(x0, x1), µ = 0, 1 of independent variables x0, x1. The
hodograph transformation in this case, as is known [2], has the form

u0(x0, x1) = y0, u1(x0, x1) = y1, x0 = v0(y0, y1), x1 = v1(y0, y1),

δ = u1
1u

0
0 − u1

0u
0
1 6= 0, δ∗ = v1

1v
0
0 − v1

0v
0
1 6= 0.

(28)
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The first and second order derivatives are changing as

u1
1 = δ∗−1v0

0 , u1
0 = −δ∗−1v1

0 , u0
1 = −δ∗−1v0

1 , u0
0 = δ∗−1v1

1 , (29)

u1
11 = −δ∗−3[(v0

0)2(v1
0v

0
11 − v0

0v
1
11) + (v0

1)2(v1
0v

0
00 − v0

0v
1
00) −

− 2v0
1v

0
0(u1

0v
0
10 − v0

0v
1
10)],

u1
00 = −δ∗−3[(v1

0)2(v1
0v

0
11 − v0

0v
1
11 + (v1

1)2(v1
0v

0
00 − v0

0v
1
00) −

− 2v1
0v

1
1(v1

0v
0
10 − v0

0v
1
10)],

u1
10 = δ∗−3[v0

0v
1
0(v1

0v
0
11 − v0

0v
1
11) + v0

1v
1
1(v1

0v
0
00 − v0

0v
1
00) −

− (v1
0v

0
10 − v0

1v
1
10)(v

1
1v

0
0 + v1

0v
0
1)],

u0
11 = −δ∗−3[(v0

0)2(v0
1v

1
11 − v1

1v
0
11) + (v0

1)2(v0
1v

1
00 − v1

1v
0
00) −

− 2v0
1v

0
0(v0

1v
1
10 − v1

1v
0
10)],

u0
00 = −δ∗−3[(v1

0)2(v0
1v

1
11 − v1

1v
0
11) + (v1

1)2(v0
1v

1
00 − v1

1v
0
00) −

− 2v1
1v

1
0(v0

1v
1
10 − v1

1v
0
10)],

u0
10 = −δ∗−3[v0

0v
1
0(v0

1v
1
11 − v1

1v
0
11) + v0

1v
1
1(v0

1v
1
00 − v1

1v
0
00) −

− (v0
1v

1
10 − v1

1v
0
10)(v

1
1v

0
0 + v1

0v
0
1)].

(30)

Let us now construct the absolute differential invariants with respect to (28)–(30) of
order ≤ 2. Making use of involutivity of this transformation we get

f1(xµ, u
µ), µ = 0, 1, f2(uµµ, δu

ν
ν), µ 6= ν, µ, ν = 0, 1,

there is no summation over repeated indices here,

f3(uµν ,−δ−1uµν ), µ 6= ν, µ, ν = 0, 1;

f4(u1
11,−δ−3[(u0

0)
2(u1

0v
0
11 − u0

0u
1
11) + (u0

1)
2(u1

0u
0
00 − u0

0u
1
00) −

− 2u0
1u

0
0(u

1
0u

0
10 − u0

0u
1
10)]),

f5(u1
00,−δ−3[(u1

0)
2(u1

0u
0
11 − u0

0u
1
11) + (u1

1)
2(u1

0u
0
00 − u0

0u
1
00) −

− 2u1
0u

1
1(u

1
0v

0
10 − u0

0u
1
10)]),

f6(u1
10,−δ−3[u0

0u
1
0(u

1
0u

0
11 − u0

0u
1
11) + u0

1u
1
1(u

1
0u

0
00 − u0

0u
1
00 −

− (u1
0u

0
10 − u0

0u
1
10)(u

1
1u

0
0 + u1

0u
0
1)]),

f7(u0
11,−δ−3[(u0

0)
2(u0

1u
1
11 − u1

1u
0
11) + (u0

1)
2(u0

1u
1
00 − u1

1u
0
00) −

− 2u0
1u

0
0(u

0
1u

1
10 − u1

1u
0
10)]),

f8(u0
00,−δ−3[(u1

0)
2(u0

1u
1
11 − u1

1u
0
11) + (u1

1)
2(u0

1u
1
00 − u1

1u
0
00) −

− 2u1
1u

1
0(u

0
1u

1
10 − u1

1u
0
10)]),

f9(u0
10,−δ−3[u0

0u
1
0(u

0
1u

1
11 − u1

1u
0
11) + u0

1u
1
1(u

0
1u

1
00 − u1

1u
0
00) −

− (u0
1u

1
10 − u1

1u
0
10)(u

1
1u

0
0 + u1

0u
0
1)]).

(31)

All functions fk, k = 1, 9 are arbitrary smooth and symmetric.
So, we now are able to construct the hodograph-invariant system of second order

PDEs

F σ({fk}) = 0, k = 1, 9, σ = 1, 2, . . . , N. (32)
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We construct a new solution
(2)
u = (

(2)
u 0,

(2)
u 1) of system (32) via known solution

(1)
u =

(
(1)
u 0,

(1)
u 1) according to the formula

(2)
u (x) = τ, x =

(1)
u (τ). (33)

Here x = (x0, x1), τ = (τ0, τ1), τµ are parameters to be eliminated out of system (33).

Example 3. Let us consider the simplest hodograph-invariant system of first order
PDE

u1
0 − u0

1 = 0, u1
1 − u0

0 = 0. (34)

It is easily to verify, that pair of functions

(1)
u 0 = 2x0x1 + c,

(1)
u 1 − x2

0 + x2
1

is the solution of system (34). Making use of formula (33) one obtains the new solution
of this system

(2)
u 1 = ± 1√

2

[
x1 ±

√
x2

1 + (x0 − c)2
] 1

2

,

(2)
u 0 = ±x0 − c√

2

[
x1 ±

√
x2

1 + (x0 − c)2
]− 1

2

.

(35)

Let us consider the linear system of first order PDEs

bσνµ (y)vνµ + bσν(y)vν + cσ(y) = 0. (36)

Here bσνµ , bσν , cσ are arbitrary smooth functions of y = (y0, y1), summation over
repeated indices is understood in the space with metric g∗µν = diag (1, 1). This sys-
tem (36) under transformation (28) reduces into system of nonlinear PDEs

bσ0(u)δ−1u1
1 − bσ0

1 (u)δ−1u0
1 − bσ1

0 (u)δ−1u1
0 +

+ bσ1
1 (u)δ−1u0

0 + bσ0(u)x0 + bσ1(u)x1 + cσ(u) = 0.
(37)

The solutions superposition formula for the system (37) has the form

(3)
u 0(x0, x1) =

(1)
u 0(τ0, τ1),

(1)
u 0(τ0, τ1) =

(2)
u 0(x0 − τ0, x1 − τ1),

(3)
u 1(x0, x1) =

(1)
u 1(τ0, τ1),

(1)
u 1(τ0, τ1) =

(2)
u 1(x0 − τ0, x1 − τ1).

(38)

Making use of designations u = (u0, u1), x = (x0, x1), τ = (τ0, τ1), one can rewrite
the formula (38) in another way:

(3)
u (x) =

(1)
u (τ),

(1)
u (τ) =

(2)
u (x− τ). (38a)

Example 4. It is obvious, that two pairs of functions

(1)
u =

1

2
x0,

(1)
ρ = (2λ)−1

√
1

4
x2

0 − x1,

(2)
u = x−1

0

[
1

2
c1 + x1

]
,

(2)
ρ = (2λx0)

−1c0

(39)
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give two partial solutions of the system

u0 + uu1 + 4λ2ρρ1 = 0,

ρ0 + u1ρ+ uρ1 = 0.
(40)

Let us apply the formula (38) to construct a new solution
(3)
u ,

(3)
ρ via (39). Finally we

get

(3)
u 2(x0, x1) − c22(x0 − 2

(3)
u (x0, x1))

−2 − x0

(3)
u (x0, x1) + x1 +

1

2
c1 = 0,

(3)
ρ (x0, x1) = (2λ)−1

[
x0

(3)
u (x0, x1) −

(3)
u 2(x0, x1) − x1 −

1

2
c1

] 1
2

.
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Orthogonal and non-orthogonal separation

of variables in the wave equation

utt − uxx + V (x)u = 0

R.Z. ZHDANOV, I.V. REVENKO, W.I. FUSHCHYCH

We develop a direct approach to the separation of variables in partial differential
equations. Within the framework of this approach, the problem of the separation of
variables in the wave equation with time-independent potential reduces to solving
an over-determined system of nonlinear differential equations. We have succeeded in
constructing its general solution and, as a result, all potentials V (x) permitting vari-
able separation have been found. For each of them we have constructed all inequivalent
coordinate systems providing separability of the equation under study. It should be
noted that the above approach yields both orthogonal and non-orthogonal systems of
coordinates.

1. Introduction

Separation of variables (SV) in two- and three-dimensional Laplace, Helmholtz,
d’Alembert and Klein–Gordon–Fock equations has been carried out in classical works
by Bocher [1], Darboux [2], Eisenhart [3], Stepvanov [4], Olevsky [5], and Kalnins
and Miller (see [6] and references therein). Nevertheless, a complete solution to the
problem of sv in a two-dimensional wave equation with time-independent potential

(2 + V (x))u ≡ utt − uxx + V (x)u = 0 (1)

has not been obtained yet. In (1) u = u(t, x) ∈ C2(R2,R1), V (x) ∈ C(R1,R1).
Equations belonging to the class (1) are widely used in modern mathematical

physics and can be related to other important linear and nonlinear partial differential
equations (PDE). First, we mention the Lorentz-invariant wave equation

uy0y0 − uy1y1 + U(y2
0 − y2

1)u = 0. (2)

The above equation can be reduced to the form (1) with the change of variables [7]

t = exp(y1/2) cosh y0, x = exp(y1/2) sinh y0

and what is more, potentials V (τ), U(τ) are connected by the following relation:

U(τ) = (4τ)−1V (τ).

Another related equation is the hyperbolic type equation

vx0x0
− c2(x1)vx1x1

= 0 (3)

that is widely used in various areas of mathematical physics.

Reprinted with permission from J. Phys. A: Math. Gen., 1993, 26, P. 5959–5972
c© 1993 IOP Publishing Ltd
Original article is available at http://www.iop.org/EJ/journal/JPhysA



226 R.Z. Zhdanov, I.V. Revenko, W.I. Fushchych

Equation (3) is reduced to the form (1) by the change of variables

u(t, x) = [c(x0)]
−1/2v(x0, x1), t = x0, x =

∫
[c(x1)]

−1dx1

and what is more

V (x) = −c3/2(x1)[c
1/2(x1)], (4)

where x =
∫

[c(x1)]
−1dx1.

The third related equation is the nonlinear wave equation

Wtt − [c−2(W )Wx]x = 0. (5)

By substitution W = Rx, equation (5) is reduced to the form

Rtt − c−2(Rx)Rxx = 0.

Applying to the above equation the Legendre transformation

x0 = Rt, x1 = Rx, vx0
= t, vx1

= x, v = tRt + xRx −R,

we obtain (3). Consequently, the method of SV in the linear equation (1) makes it
possible to construct exact solutions of the nonlinear wave equation (5).

Let us also mention the Euler–Poisson–Darboux equation

vtt − vxx − x−1vx +m2x−2v = 0 (6)

that is reduced to an equation of the form (1)

utt − uxx + (m2 − 1/4)x−2u = 0

by the change of dependent variable v(t, x) = x−1/2u(t, x).
For the solution of (1) with separated variables ω1(t, x), ω2(t, x), we use the ansatz

u(t, x) = Q(t, x)ϕ1(ω1)ϕ2(ω2) (7)

which reduces PDE (1) to two ordinary differential equations (ODE) for functions
ϕ1, ϕ2.

There exist three possibilities for SV in (1). The first is to separate it into two
second-order ODE. The second possibility is to separate (1) into first-order and
second-order ODE, and the third possibility is to separate (1) into two first-order
ODE. In the present paper we shall investigate in detail the first two possibilities.
The third possibility requires special separate consideration and will be the topic of
future publications.

Consider the following ODE:

ϕ̈i = Ai(ωi, λ)ϕ̇i +Bi(ωi, λ)ϕi, i = 1, 2, (8)

where Ai, Bi ⊂ C2(R1 × Λ,R1) are some unknown functions, λ ∈ Λ ⊂ R
1 is a real

parameter (separation constant).

Definition 1 [7, 8]. Equation (1) separates into two ODE if substitution of the
ansatz (7) into (1) with subsequent exclusion of the second derivatives ϕ̈1, ϕ̈2 according
to (8) yields an identity with respect to the variables ϕ̇i, ϕi, λ (considered as indepen-
dent).
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On the basis of the above definition one can formulate a constructive procedure
of SV in (1), suggested for the first time in [7]. At the first step, one has to substitute
expression (7) into (1) and to express the second derivatives ϕ̈1, ϕ̈2 via functions ϕ̇i, ϕi
according to (8). At the second step, the equality obtained is split with respect to the
independent variables ϕ̇i, ϕi, λ. As a result, one obtains an over-determined system
of partial differential equations for functions Q, ω1 and ω2 with undefined coefficients.
The general solution of this system gives rise to all systems of coordinates providing
separability of (1).

Definition 2. Equation (1) separates into first- and second-order ODE

ϕ̇1 = A(ω1, λ)ϕ1,

ϕ̈2 = B1(ω2, λ)ϕ̇2 +B2(ω2, λ)ϕ2

(9)

if substitution of the ansatz (7) into (1) with subsequent exclusion of derivatives ϕ̇1,
ϕ̈2 according to (9) yields an identity with respect to the variables ϕ1, ϕ̇2, ϕ2, λ
(considered as independent).

Let us emphasize that the above approach to SV in (1) has much in common
with the non-Lie method of reduction of nonlinear PDE suggested in [9–11]. It is also
important to note that the idea to represent solutions of linear differential equations
in the “separated” form (7) goes as far as the classical works by Fourier and Euler (for
a modern exposition of the problem of SV, see Miller [12] and Koornwinder [13]).

2. Orthogonal separation of variables in equation (1)

It is evident that (1) admits SV in Cartesian coordinates ω1 = t, ω2 = x under
arbitrary V = V (x).

Definition 3. Equation (1) admits non-trivial SV if there exist at least one coordinate
system ω1(t, x), ω2(t, x) different from the Cartesian system providing its separability.

Next, if one makes in (1) the following transformations:

t→ C1t, x→ C1x,

t→ t, x→ x+ C2, Ci ∈ R
1

(10)

then the class of equations (1) transforms into itself and what is more

V (x) → V ′(x) = C2
1V (C1x),

V (x) → V ′(x) = V (x+ C2).
(10a)

That is why potentials V (x) and V ′(x), connected by one of the above relations,
are considered as equivalent ones.

When separating variables in (1) one has to solve an intermediate problem of
description of all inequivalent potentials such that the equation admits non-trivial
SV (classification problem). The next step is to obtain a complete description of the
coordinate systems providing SV in (1) with these potentials.

First, we adduce the principal results on separation of (1) into two second-order
ODE and then give an outline of the proof of the corresponding theorems.
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Theorem 1. Equation (1) admits non-trivial SV in the sense of Definition 1 iff the
function V (x) is given, up to equivalence relations (10a), by one of the following
formulae:

(1) V = mx;

(2) V = mx−2;

(3) V = m sin−2 x;

(4) V = m sinh−2 x;

(5) V = m cosh−2 x;

(6) V = m expx;

(7) V = cos−2 x(m1 +m2 sinx);

(8) V = cosh−2 x(m1 +m2 sinhx);

(9) V = sinh−2 x(m1 +m2 coshx);

(10) V = m1 expx+m2 exp 2x;

(11) V = m1 +m2x
−2;

(12) V = m.

(11)

Here m, m1, m2 are arbitrary real parameters, m2 6= 0.

Note 1. Equation (1) having the potential (6) from (11) is transformed with the
change of variables [7]

x′ = exp(x/2) cosh t, t′ = exp(x/2) sinh t

into (1) with V (x) = m.

Note 2. Equations (1) having the potentials (3), (4), (5) from (11) are transformed
into (1) with V (x) = mx−2 by means of changes of variables [7]

x′ = tan ξ + tan η, t′ = tan ξ − tan η,

x′ = tanh ξ + tanh η, t′ = tanh ξ − tanh η,

x′ = coth ξ + tanh η, t′ = coth ξ − tanh η.

Hereafter ξ = 1
2 (x+ t), η = 1

2 (x− t) are cone variables.

By virtue of the above remarks, the validity of the assertion follows from Theo-
rem 1.

Theorem 2. Provided equation (1) admits non-trivial SV in the sense of Definition 1,
it is locally equivalent to one of the following equations:

(1) 2u+mxu = 0;

(2) 2u+mx−2u = 0;

(3) 2u+ cos−2 x(m1 +m2 sinx)u = 0;

(4) 2u+ cosh−2 x(m1 +m2 sinhx) = 0;

(5) 2u+ sinh−2 x(m1 +m2 coshx) = 0;

(6) 2u+ expx(m1 +m2 expx)u = 0;

(7) 2u+ (m1 +m2x
−2)u = 0;

(8) 2u+mu = 0.

(12)
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Thus, there exist eight inequivalent types of equations of the form (1) admitting
non-trivial SV.

It is well known that there are 11 coordinate systems providing separability of the
Klein–Gordon–Fock equation 2u + mu = 0 into two second-order ODE [6]. Besides
that, in [14] it was established that the Euler–Poisson–Darboux equation (6), which is
equivalent to the second equation of (12), separates in nine coordinate systems. That
is why cases V (x) = m and V (x) = mx−2 are not considered here.

As is shown below, the general form of solution with separated variables of (12) is
as follows:

u(t, x) = ϕ1(ω1(t, x))ϕ2(ω2(t, x)), (13)

where ϕ1(ω1), ϕ2(ω2) are arbitrary solutions of the separated ODE

ϕ̈i = (λ+ gi(ωi))ϕi, i = 1, 2 (14)

and explicit forms of the functions ωi(t, x), gi(ωi) are given below.

Theorem 3. Equation 2u+mxu = 0 separates in two coordinate systems

(1) ω1 = t ω2 = x, g1 = 0, g2 = mω2;

(2) ω1 = (x+ t)1/2 + (x− t)1/2, ω2 = (x+ t)1/2 − (x− t)1/2,

g1 = −1

4
mω4

1 , g2 = −1

4
mω4

2 .

(15)

Theorem 4. Equation 2u+sin−2 x(m1 +m2 cosx)u = 0 separates in four coordinate
systems

(1) ω1 = t, ω2 = x, g1 = 0, g2 = cos−2 ω2(m1 +m2 sinω2);

(2)

{
x
t

}
= arctan sinh(ω1 + ω2) ± arctan sinh(ω1 − ω2),

g1 = (m1 +m2) sinh−2 ω1, g2 = −(m1 −m2) cosh−2 ω2;

(3)

{
x
t

}
= arctan

sn (ω1 + ω2)

cn (ω1 + ω2)
± arctan

sn (ω1 − ω2)

cn (ω1 − ω2)
,

g1 = m1 dn2ω1 cn−2ω1 sn−2ω1 +m2[cn
−2ω1 − dn2ω1 cn−2ω1],

g2 = m1k
4 sn2ω2 cn2ω2 dn−2ω2 +m2k

2[cn2ω2 dn−2ω2 − sn2ω2];

(4)

{
x
t

}
= arctan

(
k

k′

)1/2

cn (ω1 + ω2) ± arctan

(
k

k′

)1/2

cn (ω1 − ω2),

g1 = m1[dn2ω1 cn−2ω1 + k2 sn2ω1] +m2[(k
′)2 cn−2ω1 + k2 cn2ω1],

g2 = m1[dn2ω2 cn−2ω2 + k2 sn2ω2] +m2[(k
′)2 cn−2ω2 + k2 cn2ω2].

(16)

In the above formulae (16) k, k′ = (1−k2)1/2 are the moduli of corresponding elliptic
Jacobi functions, and k is an arbitrary constant satisfying the inequality 0 < k < 1.

Theorem 5. Equation 2u+ cosh−2 x(m1 +m2 sinhx)u = 0 separates in four coordi-
nate systems

(1) ω1 = t, ω2 = x, g1 = 0, g2 = cosh−2 ω2(m1 +m2 sinhω2);
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(2)

{
t
x

}
= − ln

[(
k′

k

)1/2

cn (ω1 + ω2)

]
± ln

[(
k′

k

)1/2

cn (ω1 − ω2)

]
,

g1 = m1(k
′)2 dn−22ω1 +m2 cn 2ω1 dn−22ω1,

g2 = m1(k
′)2 dn−22ω2 +m2 cn 2ω2 dn−22ω2;

(3)

{
x
t

}
= − ln sinh

1

2
(ω1 + ω2) ± ln cosh

1

2
(ω1 − ω2),

g1 = cosh−2 ω1(m1 −m2 sinhω1), g2 = cosh−2 ω2(m1 −m2 sinhω2);

(4)

{
x
t

}
= ln

sn 1
2 (ω1 + ω2)

cn 1
2 (ω1 + ω2)

± ln dn
1

2
(ω1 + ω2),

g1 = −m1k
2 sn2ω1 + k2m2 snω1 cnω1,

g2 = −m1k
2 sn2ω2 + k2m2 snω2 cnω2.

(17)

Here k, k′ = (1−k2)1/2 are the moduli of corresponding elliptic functions, 0 ≤ k ≤ 1.

Theorem 6. Equation 2u+sinh−2 x(m1+m2 coshx)u = 0 separates in eleven coordi-
nate systems:

(1) ω1 = t, ω2 = x, g1 = 0, g2 = sinh−2 ω2(m1 +m2 coshω2);

(2)

{
x
t

}
= − ln

1

2
(ω1 + ω2) ± ln

1

2
(ω1 − ω2),

g1 = (m1 −m2)ω
−2
1 , g2 = (m1 +m2)ω

−2
2 ;

(3)

{
x
t

}
= − ln sin

1

2
(ω1 + ω2) ± ln sin

1

2
(ω1 − ω2),

g1 = (m1 −m2) sin−2 ω1, g2 = (m1 +m2) sin−2 ω2;

(4)

{
t
x

}
= − ln sinh

1

2
(ω1 + ω2) ± ln sinh

1

2
(ω1 − ω2),

g1 = sinh−2 ω1(m1 +m2) coshω1), g2 = sinh−2 ω2(m1 −m2 coshω2);

(5)

{
t
x

}
= − ln cosh

1

2
(ω1 + ω2) ± ln cosh

1

2
(ω1 − ω2),

g1 = sinh−2 ω1(m1 −m2 coshω1), g2 = sinh−2 ω2(m1 −m2 coshω2);

(6)

{
x
t

}
= ln tanh

1

2
(ω1 + ω2) ± ln tanh

1

2
(ω1 − ω2),

g1 = cosh−2 ω1(m1 −m2), g2 = − cosh−2 ω2(m1 +m2);

(7)

{
x
t

}
= ln tan

1

2
(ω1 + ω2) ± ln tan

1

2
(ω1 − ω2),

g1 = cos−2 ω1(m1 +m2), g2 = cos−2 ω2(m1 −m2);

(8)

{
x
t

}
= arctanh cn (ω1 + ω2) ± arctanh cn (ω1 − ω2),

g1 = (m1 +m2) dn2ω1 cn−2ω1 + (m1 −m2)k
2 sn2ω1,

g2 = (m1 −m2) dn2ω2 cn−2ω2 + (m1 +m2)k
2 sn2ω2;

(9)

{
x
t

}
= arctanh dn (ω1 + ω2) ± arctanh dn (ω1 − ω2),
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g1 = (m1 +m2)k
2 cn2ω1 dn−2ω1 + (m−m2)k

2 sn2ω1,

g2 = (m1 −m2)k
2 cn2ω2 cn−2ω2 + (m1 +m2)k

2 sn2ω2;

(10)

{
x
t

}
= arctanh sn (ω1 + ω2) ± arctanh sn (ω1 − ω2),

g1 = (m1 +m2) sn−2ω1 + (m1 −m2)k
2 sn2ω1,

g2 = (m1 +m2)k
2 cn2ω2 dn−2ω2 + (m1 −m2)k

2 dn2ω2 cn−2ω2;

(11)

{
x
t

}
= ± ln cn (ω1 + ω2) ± ln cn (ω1 − ω2),

g1 = −m1 sn−2ω1 −m2 cnω1 sn−2ω1,

g2 = −m1 sn−2ω2 −m2 cnω2 sn−2ω2.

(18)

Here k are the moduli of corresponding elliptic functions, 0 < k < 1.

Theorem 7. Equation 2u + expx(m1 + m2 expx)u = 0 separates in six coordinate
systems:

(1) ω1 = t, ω2 = x, g1 = 0, g2 = expω2(m1 +m2 expω2);

(2)

{
x
t

}
= − ln cos(ω1 + ω2) ± ln cos(ω1 − ω2),

g1 = −2m1 cos 2ω1 −
1

2
m2 cos 4ω1,

g2 = −2m1 cos 2ω2 −
1

2
m2 cos 4ω2;

(3)

{
x
t

}
= ln sinh(ω1 + ω2) ± ln sinh(ω1 − ω2),

g1 = −2m1 cosh 2ω1 −
1

2
m2 cosh 4ω1,

g2 = −2m1 cosh 2ω2 −
1

2
m2 cosh 4ω2;

(4)

{
x
t

}
= ln cosh(ω1 + ω2) ± ln cosh(ω1 − ω2),

g1 = −2m1 cosh 2ω1 −
1

2
m2 cosh 4ω1,

g2 = −2m1 cosh 2ω2 −
1

2
m2 cosh 4ω2;

(5)

{
x
t

}
= ln cosh(ω1 + ω2) ± ln sinh(ω1 − ω2),

g1 = −2m1 sinh 2ω1 −
1

2
m2 cosh 4ω1,

g2 = −2m1 sinh 2ω2 −
1

2
m2 cosh 4ω2;

(6)

{
x
t

}
= ln(ω1 + ω2) ± ln(ω1 − ω2),

g1 = 2m1 + 2m2ω
2
1 , g2 = −2m1 + 2m2ω

2
2 .

(19)

Theorem 8. Equation 2u+(m1 +m2x
−2)u = 0 separates in six coordinate systems:

(1) ω1 = t, ω2 = x, g1 = 0, g2 = m1 +m2ω
−2
2 ;
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(2)

{
x
t

}
= exp(ω1 + ω2) ± exp(ω1 − ω2),

g1 = 4m1 exp 2ω1, g2 = m2 cosh−2 ω2;

(3)

{
x
t

}
= sin(ω1 + ω2) ± sin(ω1 − ω2),

g1 = 2m1 cos 2ω1 +m2 sin−2 ω1, g2 = −2m1 cos 2ω2 +m2 cos−2 ω2;

(4)

{
x
t

}
= sinh(ω1 + ω2) ± sinh(ω1 − ω2),

g1 = 2m1 sinh 2ω1 +m2 sinh−2 ω1,

g2 = −2m1 sinh 2ω2 −m2 sinh−2 ω2;

(5)

{
x
t

}
= cosh(ω1 + ω2) ± cosh(ω1 − ω2),

g1 = 2m1 cosh 2ω1 −m2 cosh−2 ω1, g2 = 2m1 cosh 2ω2 −m2 cosh−2 ω2;

(6)

{
x
t

}
= (ω1 + ω2)

2 ± (ω1 − ω2)
2,

g1 = −16m1ω
2
1 +m2ω

−2
1 , g2 = −16m1ω

2
2 +m2ω

−2
2 .

(20)

We now give a sketch of the proof of the above assertions. Substituting ansatz (7)
into (1), expressing functions ϕ̈i via functions ϕ̇1, ϕi by means of equalities (8) and
splitting the equation obtained with respect to independent variables ϕ̇i, ϕi we obtain
the following system of nonlinear PDE:

(1) Q2ωi + 2(Qtωit −Qxωix) +QAi(ωi, λ)(ω2
it − ω2

ix) = 0, i = 1, 2; (21)

(2) 2Q+Q[B1(ω1, λ)(ω2
1t − ω2

1x) +B2(ω2, λ)(ω2
2t − ω2

2x)] +QV (x) = 0; (22)

(3) ω1tω2t − ω1xω2x = 0. (23)

Here 2 = ∂2
t − ∂2

x.
Thus, to separate variables in the linear PDE (1) one has to construct the general

solution of the system of nonlinear equations (21)–(23). The same assertion holds true
for any general linear differential equation, i.e. the problem of SV is an essentially
nonlinear one.

It is not difficult to become convinced of the fact that, from (23), it follows that

(ω2
1t − ω2

1x)(ω
2
2t − ω2

2x) 6= 0. (24)

Differentiating (21) with respect to λ and using (24) we obtain

A1λ = A2λ = 0,

whence B1λB2λ 6= 0. Differentiating (22) with respect to λ, we have

B1λ(ω
2
1t − ω2

1x) +B2λ(ω
2
2t − ω2

2x) = 0

or

B1λ

B2λ
= −ω

2
2t − ω2

2x

ω2
1t − ω2

1x

.
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Differentiation of the above equality with respect to λ yields

B1λλB2λ −B1λB2λλ = 0

or

B1λλ

B1λ
=
B2λλ

B2λ
.

Since functions B1 = B1(ω1), B2 = B2(ω2) are independent, there exists a func-
tion κ(λ) such that

Biλλ = κ(λ)Biλ, i = 1, 2.

Integrating the above differential equation with respect to λ we obtain

Bi(ωi) = Λ(λ)fi(ωi) + gi(ωi), i = 1, 2,

where fi, gi are arbitrary smooth functions.
On redefining the parameter λ→ Λ(λ), we have

Bi(ωi) = λfi(ωi) + gi(ωi). (25)

Substitution of (25) into (22) with subsequent splitting with respect to λ yields the
following equations:

2Q+Q[g1(ω
2
1t − ω2

1x) + g2(ω
2
1t − ω2

1x)] + V (x)Q = 0, (26)

f1(ω
2
1t − ω2

1x) + f2(ω
2
2t − ω2

2x) = 0. (27)

Thus, system (21)–(23) is equivalent to the system of equations (21), (23), (26), (27).
Before integrating, we make a remark: it is evident that the structure of ansatz (7) is
not altered by transformation

Q→ Q′ = Qh1(ω1)h2(ω2), ωi → ω′
i = Ri(ωi), i = 1, 2, (28)

where hi, Ri are smooth-enough functions. This is why solutions of the system under
study connected by relations (28) are considered to be equivalent.

Choosing the functions hi, Ri in a proper way, we can put in (21) and (27)

f1 = f2 = 1, A1 = A2 = 0.

Consequently, functions ω1, ω2 satisfy equations of the form

ω1tω2t − ω1xω2x = 0, ω2
1t − ω2

1x + ω2
2t − ω2

2x = 0,

whence

(ω1 ± ω2)
2
t − (ω1 ± ω2)

2
x = 0.

Integrating the above equations, we obtain

ω1 = F (ξ) +G(η), ω2 = F (ξ) −G(η), (29)

where F,G ⊂ C2(R1,R1) are arbitrary functions, ξ = (x+ t)/2, η = (x− t)/2.
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Substitution of (29) into (21) with A1 = A2 = 0 yields the following equations:

(lnQ)t = 0, (lnQ)x = 0,

whence Q = 1.
Finally, substituting the results obtained into (26), we have

V (x) = [g1(F +G) − g2(F −G)]
dF

dξ

dG

dη
. (30)

Thus, the problem of integrating an over-determined system of nonlinear differen-
tial equations (21)–(23) is reduced to integration of the functional-differential equa-
tion (30).

Let us summarize the results obtained. The general form of solution of (1) with
separated variables is as follows

u = ϕ(F (ξ) +G(η))ϕ2(F (ξ) −G(η)) (31)

where ϕi are arbitrary solutions of (14), functions F (ξ), G(η), g1(F +G), g2(F −G)
being determined by (30).

To integrate Eq. (31) we make the hodograph transformation

ξ = P (F ), η = R(G), (32)

where Ṗ 6≡ 0, Ṙ 6≡ 0.
After making the transformation (32), we obtain

g1(F +G) − g2(F −G) = Ṗ (F )Ṙ(G)V (P +R). (33)

Evidently, equation (33) is equivalent to the following equation:

(∂2
F − ∂2

G)[Ṗ (F )Ṙ(G)V (P +R)] = 0

or

(
...

P Ṗ
−1 −

...

R Ṙ
−1)V + 3(P̈ − Ṙ)V̇ + (Ṗ 2 − Ṙ2)V̈ = 0. (34)

Thus, to integrate (30) it is enough to construct all functions P (F ), R(G), V (P +R)
satisfying (34) and to substitute them into (33).

In [8] we have proved the following assertion:

Lemma. The general solution of (34) determined up to transformation (10) is given
by one of the following formulae:

(1) V = V (x) is an arbitrary function, Ṗ = α, Ṙ = α;

(2) V = mx, Ṗ 2 = αP + β, Ṙ2 = αR+ γ;

(3) V = mx−2, P = Q1(F ), R = Q2(G),

Q̇2
1 = αQ4

1 + βQ3
1 + γQ2

1 + δQ1 + ρ,

Q̇2
2 = αQ4

2 − βQ3
2 + γQ2

2 − δQ2 + ρ;
(35)

(4) V = m sinh−2 x, P = arctanhQ1(F ), R = tanQ2(G)
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and Q1, Q2 are determined by (35);

(5) V = m sinh−2 x, P = arctanhQ1(F ), R = arctanhQ2(G)

and Q1, Q2 are determined by (35);

(6) V = m cosh−2 x, P = arccothQ1(F ), R = arctanhQ2(G)

and Q1, Q2 are determined by (35);

(7) V = m expx,

Ṗ 2 = α exp 2P + β expP + γ, Ṙ2 = α exp 2R+ δ expR+ ρ;

(8) V = cos−2 x(m1 +m2 sinx),

Ṗ 2 = α sin 2P + β cos 2P + γ, Ṙ2 = α sin 2R+ β cos 2R+ γ;

(9) V = cosh−2 x(m1 +m2 sinhx),

Ṗ 2 = α sinh 2P + β cosh 2P + γ, Ṙ2 = α sinh 2R− β cosh 2R+ γ;

(10) V = sinh−2 x(m1 +m2 coshx),

Ṗ 2 = α sinh 2P + β cosh 2P + γ, Ṙ2 = −α sinh 2R+ β cosh 2R+ γ;

(11) V = (m1 +m2 expx) expx,

P̈ = −Ṗ 2 + β, R̈ = −Ṙ2 + β;

(12) V = m1 +m2x
−2,

Ṗ 2 = αP 2 + βP + γ, R̈2 = αR2 − βR+ γ,

(13) V = m,

Ṗ 2 = αP 2 + βP + γ, Ṙ2 = αR2 + δR+ ρ.

Here α, β, γ, δ, ρ, m1, m2, m are arbitrary real parameters; x = ξ + η = P +R.

Theorems 1 and 2 are direct consequences of the above Lemma. To prove Theo-
rems 3–8 one has to integrate the ODE for P (F ), R(G) and substitute the expressions
obtained into formulae (32)

1

2
(x+ t) = P (F ) ≡ P ((ω1 + ω2)/2),

1

2
(x− t) = R(G) ≡ R((ω1 − ω2)/2)

and into (33).
Thus, the problem of separation of the wave equation (1) into two second-order

differential equations is completely solved.
Since all coordinate systems ω1, ω2 satisfy equation (23), we have orthogonal

separation of variables. To obtain non-orthogonal coordinate systems providing sepa-
rability of (1) one has to carry out SV following Definition 2.

3. Non-orthogonal separation of variables
in equation (1)

Utilizing the SV procedure in (1) determined by Definition 2, we come to the following
assertions (corresponding computations are omitted).
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Theorem 9. Equation (1) admits SV in the sense of Definition 2 iff it is locally-
equivalent to one of the following equations:

(1) 2u+mu = 0; (2) 2u+mx−2u = 0,

where m is an arbitrary real constant.

Theorem 10. Equation 2u+mu = 0 separates in two coordinate systems

(1) ω1 = ξ, ω2 = ξ + η,

ϕ̇1 = −λϕ1, ϕ̈2 = λϕ̇2 +mϕ2;

(2) ω1 = ξ, ω2 = ln ξ + ln η,

ϕ̇1 = −λω−1
1 ϕ1, ϕ̈2 = λϕ̇2 +m exp(ω2)ϕ2.

Theorem 11. Equation 2u+mx−2u = 0 separates in eight coordinate systems

(1) ω1 = ξ, ω2 = ξ + η,

ϕ̇1 = −λϕ1, ϕ̈2 = λϕ̇2 +mω−2
2 ϕ2;

(2) ω1 = ξ, ω2 = arctan ξ + arctan η,

ϕ̇1 = −λ(1 + ω2
1)ϕ1, ϕ̈2 = λϕ̇2 +m sin−2 ω2ϕ2;

(3) ω1 = ξ, ω2 = arctanh ξ + arctanh η,

ϕ̇1 = −λ(1 − ω2
1)−1ϕ1, ϕ̈2 = λϕ̇2 +m sinh−2 ω2ϕ2;

(4) ω1 = ξ, ω2 = arccoth ξ + arccoth, η,

ϕ̇1 = λ(1 − ω2
1)−1ϕ1, ϕ̈2 = λϕ̇2 +m sinh−2 ω2ϕ2;

(5) ω1 = ξ, ω2 = arctanh ξ + arctanh η,

ϕ̇1 = −λ(1 − ω2
1)−1ϕ1, ϕ̈2 = λϕ̇2 −m cosh−2 ω2ϕ2,

(6) ω1 = ξ, ω2 = arccoth ξ + arccoth η,

ϕ̇1 = λ(1 − ω2
1)−1ϕ1, ϕ̈2 = λϕ̇2 −m cosh−2 ω2ϕ2;

(7) ω1 = ξ, ω2 =
1

2
(ln ξ − ln η),

ϕ̇1 = −λ(2ω1)
−1ϕ1, ϕ̈2 = λϕ̇2 −m cosh−2 ω2ϕ2;

(8) ω1 = ξ, ω2 = ξ−1 + η−1,

ϕ̇1 = λω−2
1 ϕ1, ϕ̈2 = λϕ̇2 +mω−2

2 ϕ2.

In the above formulae λ is a separation constant, ξ = 1
2 (x+ t), η = 1

2 (x− t).

As a direct check shows, the above coordinate systems do not satisfy (23). Conse-
quently, they are non-orthogonal.

4. Conclusion

Let us say a few words about the intrinsic characterization of SV in (1). It is well
known that the solution of the second-order linear PDE with separated variables
is a joint eigenfunction of mutually-commuting symmetry operators of the equation
under study (for more detail, see [13, 14]). Below, we construct the second-order
symmetry operator of (1) such that solution with separated variables is its eigenfunc-
tion and parameter λ is an eigenvalue.
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Making in (1) the change of variables (29), we obtain

uω1ω1
− uω2ω2

= V (ξ + η)[Ḟ (ξ)Ġ(η)]−1u.

Provided (1) admits SV, by virtue of (33) there exist functions g1(F+G), g2(F−G)
such that

V (ξ + η)[Ḟ (ξ)Ġ(η)]−1 = g1(F +G) − g2(F −G).

Since F +G = ω1, F −G = ω2, equation (36) takes the form

uω1ω1
− uω2ω2

= [g1(ω1) − g2(ω2)]u

or

Xu = 0, X = ∂2
ω1

− ∂2
ω2

− g1(ω1) + g2(ω2).

Clearly, the operators Qi = ∂2
ωi

− gi(ωi), i = 1, 2 commute with the operator X,
i.e. they are symmetry operators of (1) and, what is more, the relations

Qiu = Qiϕ1(ω1)ϕ2(ω2) = λϕ1(ω1)ϕ2(ω2) = λu, i = 1, 2

hold.
It should be noted that V.N. Shapovalov carried out classification of potentials V (x)

such that (1) admitted a non-trivial second-order symmetry operator [15] but he lost
cases (4) and (9) from Theorem 1.

It was shown by Osborne and Stuart [16] that the method of SV could be applied
to nonlinear PDE. In [8] we suggested a regular approach to SV in nonlinear par-
tial differential equations. In future publications we intend to apply this approach to
separate variables in the nonlinear wave equation utt − uxx = F (u).
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Symmetry reduction and exact solutions

of the Navier–Stokes equations

W.I. FUSHCHYCH, R.O. POPOVYCH

Ansatzes for the Navier–Stokes field are described. These ansatzes reduce the Navier–
Stokes equations to system of differential equations in three, two, and one independent
variables. The large sets of exact solutions of the Navier–Stokes equations are con-
structed.

1. Introduction

The Navier–Stokes equations (NSEs)

~ut + (~u · ~∇)~u−4~u+ ~∇p = ~0,

div ~u = 0
(1.1)

which describe the motion of an incompressible viscous fluid are the basic equations
of modern hydrodynamics. In (1.1) and below ~u = {ua(t, ~x)} denotes the velocity
field of a fluid, p = p(t, ~x) denotes the pressure, ~x = {xa}, ∂t = ∂/∂t, ∂a = ∂/∂xa,
~∇ = {∂a}, 4 = ~∇ · ~∇ is the Laplacian, the kinematic coefficient of viscosity and
fluid density are set equal to unity. Repeated indices denote summation, whereby we
consider the indices a, b to take on values in {1, 2, 3} and the indices i, j to take on
values in {1, 2}.

The problem of finding exact solutions of non-linear equations (1.1) is an important
but rather complicated one. There are some ways to solve it. Considerable progress in
this field can be achieved by means of making use of a symmetry approach. Equations
(1.1) have non-trivial symmetry properties. It was known long ago [37, 2] that they
are invariant under the eleven-parametric extended Galilei group. Let us denote it
by G1(1, 3). This group includes the Galilei group and scale transformations. The Lie
algebra AG1(1, 3) of G1(1, 3) is generated by the operators

P0, Jab, D, Pa, Ga,

where

P0 = ∂t, D = 2t∂t + xa∂a − ua∂ua − 2p∂p,

Jab = xa∂b − xb∂a + ua∂ub − ub∂ua , a 6= b,

Ga = t∂a + ∂ua , Pa = ∂a.

Relatively recently it was found by means of the Lie method [8, 5, 26] that the
maximal Lie invariance algebra (MIA) of the NSEs (1.1) is the infinite-dimensional
algebra A(NS) with the basis elements

∂t, D, Jab, R(~m), Z(χ), (1.2)

Reprinted with permission from J. Nonlinear Math. Phys., 1994, 1, № 1, P. 75–113; № 2, P. 156–188
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where

R(~m) = R(~m(t)) = ma(t)∂a +ma
t (t)∂ua −ma

tt(t)xa∂p, (1.3)

Z(χ) = Z(χ(t)) = χ(t)∂p, (1.4)

ma = ma(t) and χ = χ(t) are arbitrary smooth functions of t (degree of their
smoothness is discussed in Note A.1.).

The algebra AG1(1, 3) is a subalgebra of A(NS). Indeed, setting ma = δab, where
b is fixed, we obtain R(~m) = ∂b, and if ma = δabt then R(~m) = Gb. Here δab is the
Kronecker symbol (δab = 1 if a = b, δab = 0 if a 6= b).

Operators (1.2) generate the following invariance transformations of system (1.1):

∂t : ~̃u(t, ~x) = ~u(t+ ε, ~x), p̃(t, ~x) = p(t+ ε, ~x)

(translations with respect to t),

Jab : ~̃u(t, ~x) = B~u(t, BT~x), p̃(t, ~x) = p(t, BT~x)

(space rotations),

D : ~̃u(t, ~x) = eε~u(e2εt, eε~x), p̃(t, ~x) = e2εp(e2εt, eε~x)

(scale transformations),

R(~m) : ~̃u(t, ~x) = ~u(t, ~x− ~m(t)) + ~mt(t),

p̃(t, ~x) = p(t, ~x− ~m(t)) − ~mtt · ~x− 1
2 ~m · ~mtt

(these transformations include the space translations

and the Galilei transformations),

Z(χ) : ~̃u(t, ~x) = ~u(t, ~x), p̃(t, ~x) = p(t, ~x) + χ(t).

(1.5)

Here ε ∈ R, B = {βab} ∈ O(3), i.e. BBT = {δab}, BT is the transposed matrix.
Besides continuous transformations (1.5) the NSEs admit discrete transformations

of the form

t̃ = t, x̃a = xa, a 6= b, x̃b = −xb,
p̃ = p, ũa = ua, a 6= b, ũb = −ub,

(1.6)

where b is fixed. Invariance under transformations (1.5) and (1.6) means that (~̃u, p̃)
is a solution of (1.1) if (~u, p) is a solution of (1.1).

A complete review of exact solutions found for the NSEs before 1963 is contained
in [1]. We should like also to mark more modern reviews [16, 7, 36] despite their
subjects slightly differ from subjects of our investigations. To find exact solutions of
(1.1), symmetry approach in explicit form was used in [2, 31, 32, 6, 20, 21, 4, 17, 15,
12, 10, 11, 30]. This article is a continuation and a extention of our works [15, 12, 10,
11, 30]. In it we make symmetry reduction of the NSEs to systems of PDEs in three
and two independent variables and to systems of ODEs, using subalgebraic structure
of A(NS). We investigate symmetry properties of the reduced systems of PDEs and
construct exact solutions of the reduced systems of ODEs when it is possible. As
a result, large classes of exact solutions of the NSEs are obtained.
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The reduction problem for the NSEs is to describe ansatzes of the form [9]:

ua = fab(t, ~x)vb(ω) + ga(t, ~x), p = f0(t, ~x)q(ω) + g0(t, ~x) (1.7)

that reduce system (1.1) in four independent variables to systems of differential equati-
ons in the functions va and q depending on the variables ω = {ωn} (n = 1, N), where
N takes on a fixed value from the set {1, 2, 3}. In formulas (1.7) f ab, ga, f0, g0, and
ωn are smooth functions to be described. In such a general formulation the reducti-
on problem is too complex to solve. But using Lie symmetry, some ansatzes (1.7)
reducing the NSEs can be obtained. According to the Lie method, first a complete
set of A(NS)-inequivalent subalgebras of dimension M = 4 −N is to be constructed.
For N = 3, N = 2, and N = 1 such sets are given in Subsections A.2, A.3, and
A.4, correspondingly. Knowing subalgebraic structure of A(NS), one can find explicit
forms for the functions fab, ga, f0, g0, and ωn and obtain reduced systems in the
functions vk and q. This is made in Section 2 (N = 3), Section 3 (N = 2) and Secti-
on 4 (N = 1). Moreover, in Subsection 2.3 symmetry properties of all reduced systems
of PDEs in three independent variables are investigated, and in Subsection 4.3 exact
solutions of the reduced systems of ODEs are constructed. Symmetry properties and
exact solutions of some reduced systems of PDEs in two independent variables are
discussed in Sections 4 and 6. In Section 7 we make symmetry reduction of a some
reduced system of PDEs in three independent variables.

In conclusion of the section, for convenience, we give some abbreviations, notations,
and default rules used in this article.

Abbreviations:

NSEs: the Navier–Stokes equations

MIA: the maximal Lie invariance algebra (of either a some equation or a some system
of equations)

ODE: ordinary differential equation

PDE: partial differential equation

Notations:

C∞((t0, t1),R): the set of infinite-differentiable functions from (t0, t1) into R, where
−∞ ≤ t0 < t1 ≤ +∞

C∞((t0, t1),R
3): the set of infinite-differentiable vector-functions from (t0, t1) into

R
3, where −∞ ≤ t0 < t1 ≤ +∞

∂t = ∂/∂t, ∂a = ∂/∂xa
, ∂ua = ∂/∂ua , . . .

Default rules:
Repeated indices denote summation whereby we consider the indices a, b to take

on values in {1, 2, 3} and the indices i, j to take on values in {1, 2}.
All theorems on the MIAs of PDEs are proved by means of the standard Lie

algorithm.
Subscripts of functions denote differentiation.
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2. Reduction of the Navier–Stokes equations
to systems of PDEs in three independent variables

2.1. Ansatzes of codimension one

In this subsection we give ansatzes that reduce the NSEs to systems of PDEs in three
independent variables. The ansatzes are constructed with the subalgebraic analysis of
A(NS) (see Subsection A.2) by means of the method described in Section B.

1. u1 = |t|−1/2(v1 cos τ − v2 sin τ) + 1
2x1t

−1 − κx2t
−1,

u2 = |t|−1/2(v1 sin τ + v2 cos τ) + 1
2x2t

−1 + κx1t
−1,

u3 = |t|−1/2v3 + 1
2x3t

−1,

p = |t|−1q + 1
2κ

2t−2r2 + 1
8 t

−2xaxa,

(2.1)

where

y1 = |t|−1/2(x1 cos τ + x2 sin τ), y2 = |t|−1/2(−x1 sin τ + x2 cos τ),

y3 = |t|−1/2x3, κ ≥ 0, τ = κ ln |t|.

Here and below va = va(y1, y2, y3), q = q(y1, y2, y3), r = (x2
1 + x2

2)
1/2.

2. u1 = v1 cos κt− v2 sin κt− κx2,

u2 = v1 sin κt+ v2 cos κt+ κx1,

u3 = v3,

p = q + 1
2κ

2r2,

(2.2)

where

y1 = x1 cos κt+ x2 sin κt, y2 = −x1 sin κt+ x2 cos κt,

y3 = x3, κ ∈ {0; 1}.

3. u1 = x1r
−1v1 − x2r

−1v2 + x1r
−2,

u2 = x2r
−1v1 + x1r

−1v2 + x2r
−2,

u3 = v3 + η(t)r−1v2 + ηt(t) arctanx2/x1,

p = q − 1
2ηtt(t)(η(t))

−1x2
3 − 1

2r
−2 + χ(t) arctanx2/x1,

(2.3)

where

y1 = t, y2 = r, y3 = x3 − η(t) arctanx2/x1, η, χ ∈ C∞((t0, t1),R).

Note 2.1. The expression for the pressure p from ansatz (2.3) is indeterminate in the
points t ∈ (t0, t1) where η(t) = 0. If there are such points t, we will consider ansatz
(2.3) on the intervals (tn0 , t

n
1 ) that are contained in the interval (t0, t1) and that satisfy

one of the conditions:

a) η(t) 6= 0 ∀ t ∈ (tn0 , t
n
1 );

b) η(t) = 0 ∀ t ∈ (tn0 , t
n
1 ).

In the last case we consider ηtt/η := 0.
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4. ~u = vi~ni + (~m · ~m)−1v3 ~m+ (~m · ~m)−1(~m · ~x)~mt − yi~n
i
t,

p = q − 3
2 (~m · ~m)−1((~mt · ~ni)yi)2 − (~m · ~m)−1(~mtt · ~x)(~m · ~x) +

+ 1
2 (~mtt · ~m)(~m · ~m)−2(~m · ~x)2,

(2.4)

where

yi = ~ni · ~x, y3 = t, ~m,~ni ∈ C∞((t0, t1),R
3).

~ni · ~m = ~n1 · ~n2 = ~n1
t · ~n2 = 0, |~ni| = 1. (2.5)

Note 2.2. There exist vector-functions ~ni which satisfy conditions (2.5). They can
be constructed in the following way: let us fix the vector-functions ~ki = ~ki(t) such
that ~ki · ~m = ~k1 · ~k2 = 0, |~ki| = 1, and set

~n1 = ~k1 cosψ(t) − ~k2 sinψ(t),

~n2 = ~k1 sinψ(t) + ~k2 cosψ(t).
(2.6)

Then ~n1
t · ~n2 = ~k1

t · ~k2 − ψt = 0 if ψ =
∫

(~k1
t · ~k2)dt.

2.2. Reduced systems

1–2. Substituting ansatzes (2.1) and (2.2) into the NSEs (1.1), we obtain reduced
systems of PDEs with the same general form

vav1
a − v1

aa + q1 + γ1v
2 = 0,

vav2
a − v2

aa + q2 − γ1v
1 = 0,

vav3
a − v3

aa + q3 = 0,

vaa = γ2.

(2.7)

Hereafter subscripts 1, 2, and 3 of functions denote differentiation with respect to y1,
y2, and y3, accordingly. The constants γi take the values

1. γ1 = −2κ, γ2 = − 3
2 if t > 0, γ1 = 2κ, γ2 = 3

2 if t < 0.

2. γ1 = −2κ, γ2 = 0.

For ansatzes (2.3) and (2.4) the reduced equations have the form

3. v1
1 + v1v1

2 + v3v1
3 − y−1

2 v2v2 −
(
v1
22 + (1 + η2y−2

2 )v1
33

)
− 2ηy−2

2 v2
3 + q2 = 0,

v2
1 + v1v2

2 + v3v2
3 + y−1

2 v1v2 −
(
v2
22 + (1 + η2y−2

2 )v2
33

)
+

+ 2ηy−2
2 v1

3 + 2y−2
2 v2 − ηy−1

2 q3 + χy−1
2 = 0,

v3
1 + v1v3

2 + v3v3
3 −

(
v3
22 + (1 + η2y−2

2 )v3
33

)
− 2η2y−3

2 v1
3 + 2η1y

−1
2 v2 +

+ 2ηy−1
2 (y−1

2 v2)2 + (1 + η2y−2
2 )q3 − η11η

−1y3 − χηy−2
2 = 0,

y−1
2 v1 + v1

2 + v3
3 = 0.

(2.8)

4. vi3 + vjvij − vijj + qi + ρi(y3)v
3 = 0,

v3
3 + vjv3

j − v3
jj = 0,

vii + ρ3(y3) = 0,

(2.9)
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where

ρi = ρi(y3) = 2(~m · ~m)−1(~mt · ~ni),
ρ3 = ρ3(y3) = (~m · ~m)−1(~mt · ~m).

(2.10)

2.3. Symmetry of reduced systems

Let us study symmetry properties of systems (2.7), (2.8), and (2.9). All results of this
subsection are obtained by means of the standard Lie algorithm [28, 27]. First, let us
consider system (2.7).

Theorem 2.1. The MIA of system (2.7) is the algebra

a) 〈∂a, ∂q, J1
12〉 if γ1 6= 0;

b) 〈∂a, ∂q, J1
ab〉 if γ1 = 0, γ2 6= 0;

c) 〈∂a, ∂q, J1
ab, D

1
1〉 if γ1 = γ2 = 0.

Here J1
ab = ya∂b − yb∂a + va∂vb − vb∂va , D1

1 = ya∂a − va∂va − 2q∂q.

Note 2.3. All Lie symmetry operators of (2.7) are induced by operators from A(NS):
The operators J1

ab and D1
1 are induced by Jab and D. The operators ca∂a (ca = const)

and ∂q are induced by either

R(|t|1/2(c1 cos τ − c2 sin τ, c1 sin τ + c2 cos τ, c3)), Z(|t|−1),

where τ = κ ln |t|, for ansats (2.1) or

R(c1 cos κt− c2 sin κt, c1 sin κt+ c2 cos κt, c3), Z(1)

for ansatz (2.2), respectively. Therefore, Lie reductions of system (2.7) give only soluti-
ons that can be obtained by reducing the NSEs with two- and three-dimensional
subalgebras of A(NS).

Let us continue to system (2.8). We denote Amax as the MIA of (2.8). Studying
symmetry properties of (2.8), one has to consider the following cases:

A. η, χ ≡ 0. Then

Amax = 〈∂1, D1
2, R1(ψ(y1)), Z

1(λ(y1))〉,

where

D1
2 = 2y1∂1 + y2∂2 + y3∂3 − va∂va − 2q∂q,

R1(ψ(y1)) = ψ∂3 + ψ1∂v3 − ψ11y3∂q, Z1(λ(y1)) = λ(y1)∂q.

Here and below ψ = ψ(y1) and λ = λ(y1) are arbitrary smooth functions of y1 = t.
B. η ≡ 0, χ 6≡ 0. In this case an extension of Amax exists for χ = (C1y1 + C2)

−1,
where C1, C2 = const. Let C1 6= 0. We can make C2 vanish by means of equivalence
transformation (A.6), i.e., χ = Cy−1

1 , where C = const. Then

Amax = 〈D1
2, R1(ψ(y1)), Z

1(λ(y1))〉.

If C1 = 0, χ = C = const and

Amax = 〈∂1, R1(ψ(y1)), Z
1(λ(y1))〉.
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For other values of χ, i.e., when χ11χ 6= χ1χ1,

Amax = 〈R1(ψ(y1)), Z
1(λ(y1))〉.

C. η 6= 0. By means of equivalence transformation (A.6) we make χ = 0. In this
case an extension of Amax exists for η = ±|C1y1 + C2|1/2, where C1, C2 = const. Let
C1 6= 0. We can make C2 vanish by means of equivalence transformation (A.6), i.e.,
η = C|y1|1/2, where C = const. Then

Amax = 〈D1
2, R2(|y1|1/2), R2(|y1|1/2 ln |y1|), Z1(λ(y1))〉,

where R2(ψ(y1)) = ψ∂3 + ψ1∂v3 . If C1 = 0, i.e., η = C = const,

Amax = 〈∂1, ∂3, y1∂3 + ∂v3Z
1(λ(y1))〉.

For other values of η, i.e., when (η2)11 6= 0,

Amax = 〈R2(η(y1)), R2(η(y1)
∫

(η(y1))
−2dy1), Z

1(λ(y1))〉.

Note 2.4. In all cases considered above the Lie symmetry operators of (2.8) are
induced by operators from A(NS): The operators ∂1, D1

2, and Z1(λ(y1)) are induced
by ∂t, D, and Z(λ(t)), respectively. The operator R(0, 0, ψ(t)) induces the operator
R1(ψ(y1)) for η ≡ 0 and the operator R2(ψ(y1)) (if ψ11η − ψη11 = 0) for η 6= 0.
Therefore, the Lie reduction of system (2.8) gives only solutions that can be obtained
by reducing the NSEs with two- and three-dimensional subalgebras of A(NS).

When η = χ = 0, system (2.8) describes axially symmetric motion of a fluid and
can be transformed into a system of two equations for a stream function Ψ1 and a
function Ψ2 that are determined by

Ψ1
3 = y2v

1, Ψ1
2 = −y2v3, Ψ2 = y2v

2.

The transformed system was studied by L.V. Kapitanskiy [20, 21].
Consider system (2.9). Let us introduce the notations

t = y3, ρ =
∫
ρ3(t)dt, ψ̄ = (ψ1, ψ2),

R3(ψ̄) = ψi∂yi
+ ψit∂vi − ψittyi∂q, Z1(λ) = λ∂q, S = ∂v3 − ρi(t)yi∂q,

E(χ) = 2χ∂t + χtyi∂yi
+ (χttyi − χtv

i)∂vi − (2χtq + 1
2χtttyjyj)∂q,

J1
12 = y1∂2 − y2∂1 + v1∂v2 − v2∂v1 ,

where ψi, λ and χ are smooth functions of t.

Theorem 2.2. For any values of parameter-functions ρa system (2.9) is invariant
with respect to the algebra

Aker = 〈R3(ψ̄), Z1(λ), S〉,

where ψi and λ run the set of smooth functions of t = y3. Extensions of MIA for
system (2.9) are only in the following cases (for each case we adduce also basis
elements from the Aker compliment in the corresponding MIA):

1) ρi = 0: E(χ1), E(χ2), v3∂v3 , J
1
12, where χ1 = e−ρ

∫
eρdt and χ2 = e−ρ;
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2) ρi = const 6= 0: E(χ1), E(χ2)−3v3∂v3 , where χ1 = e−ρ
∫
eρdt and χ2 = e−ρ;

3) ρ1 = Ce
3
2
ρρ̂−

3
2
−a1 cos(a2 ln ρ̂ + δ), ρ2 = Ce

3
2
ρρ̂−

3
2
−a1 sin(a2 ln ρ̂ + δ) with

ρ̂ = |
∫
eρdt+ a3|, C, δ = const, C 6= 0:

E(χ) + 2a1v
3∂v3 + 2a2J

1
12,

where a1, a2, and a3 are fixed constants, χ = e−ρ(
∫
eρdt+ a3);

4) ρ1 = Ce
3
2
ρ−a1ρ̂ cos(a2ρ̂ + δ), ρ2 = Ce

3
2
ρ−a1ρ̂ sin(a2ρ̂ + δ) with ρ̂ =

∫
eρ(t)dt,

C, δ = const, C 6= 0:

E(χ) + 2a1v
3∂v3 + 2a2J

1
12,

where a1 and a2 are fixed constants, χ = e−ρ.

Note 2.5. If functions ρb are determined by (2.10), then eρ(t) = C|~m(t)|, where
C = const, and the condition ρi = 0 implies that ~m = |~m(t)|~e, where ~e = const and
|~e| = 1.

Note 2.6. The vector-functions ~ni from Note 2.2 are determined up to the transfor-
mation

~n1 = ~n1 cos δ − ~n2 sin δ, ~n2 = ~n1 sin δ + ~n2 cos δ,

where δ = const. Therefore, δ can be chosen such that C2 = 0 (then C1 6= 0).

Note 2.7. The operators R3(ψ
1, ψ2)+αS and Z1(λ) are induced by R(~l)+Z(χ) and

Z(λ), respectively. Here ~l = ψi~ni + ψ3 ~m, ψ3
t (~m · ~m) + 2ψi(~nit · ~m) = α,

χ− 3
2 (~m · ~m)−1((~mt · ~ni)ψi)2 − 1

2 (~mtt · ~ni)ψ3ψi + 1
2 (~ltt · ~ni)ψi = 0.

If ~m = |~m|~e, where ~e = const and |~e| = 1, the operator J1
12 is induced by e1J23 +

e2J31 + e3J12.
For

~m = β3e
σt(β2 cos τ, β2 sin τ, β1)

T

with τ = κt+ δ and βa = const, where β2
1 + β2

2 = 1, the operator ∂t + κJ12 induces
the operator ∂y3 − β1κJ1

12 + σv3∂v3 if the following vector-functions ~ni are chosen:

~n1 = ~k1 cosβ1τ + ~k2 sinβ1τ, ~n2 = −~k1 sinβ1τ + ~k2 cosβ1τ, (2.11)

where ~k1 = (− sin τ, cos τ, 0)T and ~k2 = (β1 cos τ, β1 sin τ,−β2)
T .

For

~m = β3|t+ β4|σ+1/2(β2 cos τ, β2 sin τ, β1)
T

with τ = κ ln |t + β4| + δ and βa, β4 = const, where β2
1 + β2

2 = 1, the operator
D + 2β4∂t + 2κJ12 induces the operator

D1
3 + 2β4∂y3 − 2β1κJ1

12 + 2σv3∂v3 ,

where D1
3 = yi∂yi

+ 2y3∂y3 − vi∂vi − 2q∂q, if the vector-functions ~ni are chosen in
form (2.11). In all other cases the basis elements of the MIA of (2.9) are not induced
by operators from A(NS).
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Note 2.8. The invariance algebras of systems of form (2.9) with different parameter-
functions ρ3 = ρ3(t) and ρ̃3 = ρ̃3(t) are similar. It suggests that there exists a local
transformation of variables which make ρ3 vanish. So, let us transform variables in
the following way:

ỹi = yie
1
2
ρ(t), ỹ3 =

∫
eρ(t)dt,

ṽi =
(
vi + 1

2yiρ
3(t)

)
e−

1
2
ρ(t), ṽ3 = v3,

q̃ = qe−ρ(t) + 1
8yiyi

(
(ρ3(t)2) − 2ρ3

t (t)
)
e−ρ(t).

(2.12)

As a result, we obtain the system

ṽi3 + ṽj ṽij − ṽijj + q̃i + ρ̃i(ỹ3)ṽ
3 = 0,

ṽ3
3 + ṽjv3

j − ṽ3
jj = 0,

ṽii = 0

for the functions ṽa = ṽa(ỹ1, ỹ2, ỹ3) and q̃ = q̃(ỹ1, ỹ2, ỹ3). Here subscripts 1, 2, and
3 denote differentiation with respect to ỹ1, ỹ2, and ỹ3, accordingly. Also ρ̃i(ỹ3) =

ρi(t)e−
3
2
ρ(t).

3. Reduction of the Navier–Stokes equations
to systems of PDEs in two independent variables

3.1. Ansatzes of codimension two

In this subsection we give ansatzes that reduce the NSEs to systems of PDEs in two
independent variables. The ansatzes are constructed with the subalgebrical analysis
of A(NS) (see Subsection A.3) by means of the method described in Section B.

1. u1 = (rR)−1((x1 − κx2)w
1 − x2w

2 + x1x3r
−1w3),

u2 = (rR)−1((x2 + κx1)w
1 + x1w

2 + x2x3r
−1w3),

u3 = x3(rR)−1w1 −R−1w3,

p = R−2s,

(3.1)

where z1 = arctanx2/x1 − κ lnR, z2 = arctan r/x3, κ ≥ 0.
Here and below wa = wa(z1, z2), s = s(z1, z2), r = (x2

1 + x2
2)

1/2, R = (x2
1 + x2

2 +
x2

3)
1/2, κ, ε, σ, µ, and ν are real constants.

2. u1 = |t|−1/2r−1(x1w
1 − x2w

2) + 1
2 t

−1x1 + x1r
−2,

u2 = |t|−1/2r−1(x2w
1 + x1w

2) + 1
2 t

−1x2 + x2r
−2,

u3 = |t|−1/2w3 + κr−1w2 + 1
2 t

−1x3,

p = |t|−1s− 1
2r

−2 + 1
8 t

−2R2 + ε|t|−1 arctanx2/x1,

(3.2)
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where z1 = |t|−1/2r, z2 = |t|−1/2x3 − κ arctanx2/x1, κ ≥ 0, ε ≥ 0.

3. u1 = r−1(x1w
1 − x2w

2) + x1r
−2,

u2 = r−1(x2w
1 + x1w

2) + x2r
−2,

u3 = w3 + κr−1w2,

p = s− 1
2r

−2 + ε arctanx2/x1,

(3.3)

where z1 = r, z2 = x3 − κ arctanx2/x1, κ ∈ {0; 1}, ε ≥ 0 if κ = 1 and ε ∈ {0; 1} if
κ = 0.

4. u1 = |t|−1/2(µw1 + νw3) cos τ − |t|−1/2w2 sin τ +

+ νξt−1 cos τ + 1
2 t

−1x1 − κt−1x2,

u2 = |t|−1/2(µw1 + νw3) sin τ + |t|−1/2w2 cos τ +

+ νξt−1 sin τ + 1
2 t

−1x2 + κt−1x1,

u3 = |t|−1/2(−νw1 + µw3) + µξt−1 + 1
2 t

−1x3,

p = |t|−1s− 1
2 t

−2ξ2 + 1
8 t

−2R2 + 1
2κ

2t−2r2 +

+ ε|t|−3/2(νx1 cos τ + νx2 sin τ + µx3),

(3.4)

where

z1 = |t|−1/2(µx1 cos τ + µx2 sin τ − νx3),

z2 = |t|−1/2(x2 cos τ − x1 sin τ),

ξ = σ(νx1 cos τ + νx2 sin τ + µx3) + 2κν(x2 cos τ − x1 sin τ),

τ = κ ln |t|, κ > 0, µ ≥ 0, ν ≥ 0, µ2 + ν2 = 1, σε = 0, ε ≥ 0.

5. u1 = |t|−1/2w1 + 1
2 t

−1x1,

u2 = |t|−1/2w2 + 1
2 t

−1x2,

u3 = |t|−1/2w3 + (σ + 1
2 )t−1x3,

p = |t|−1s− 1
2σ

2t−2x2
3 + 1

8 t
−2R2 + ε|t|−3/2x3,

(3.5)

where

z1 = |t|−1/2x1, z2 = |t|−1/2x2, σε = 0, ε ≥ 0.

6. u1 = (µw1 + νw3) cos t− w2 sin t+ νξ cos t− x2,

u2 = (µw1 + νw3) sin t+ w2 cos t+ νξ sin t+ x1,

u3 = (−νw1 + µw3) + µξ,

p = s− 1
2ξ

2 + 1
2r

2 + ε(νx1 cos t+ νx2 sin t+ µx3),

(3.6)

where

z1 = (µx1 cos t+ µx2 sin t− νx3),

z2 = (x2 cos t− x1 sin t),

ξ = σ(νx1 cos t+ νx2 sin t+ µx3) + 2ν(x2 cos t− x1 sin t),

µ ≥ 0, ν ≥ 0, µ2 + ν2 = 1, σε = 0, ε ≥ 0.
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7. u1 = w1, u2 = w2, u3 = w3 + σx3,

p = s− 1
2σ

2x2
3 + εx3,

(3.7)

where

z1 = x1, z2 = x2, σε = 0, ε ∈ {0; 1}.

8. u1 = x1w
1 − x2r

−2(w2 − χ(t)),

u2 = x2w
1 + x1r

−2(w2 − χ(t)),

u3 = (ρ(t))−1(w3 + ρt(t)x3 + ε arctanx2/x1),

p = s− 1
2ρtt(t)(ρ(t))

−1x2
3 + χt(t) arctanx2/x1,

(3.8)

where

z1 = t, z2 = r, ε ∈ {0; 1}, χ, ρ ∈ C∞((t0, t1),R).

9. ~u = ~w + λ−1(~ni · ~x)~mi
t − λ−1(~k · ~x)~kt,

p = s− 1
2λ

−1(~mi
tt · ~x)(~ni · ~x) − 1

2λ
−2(mi

tt · ~k)(~ni · ~x)(~k · ~x),
(3.9)

where

z1 = t, z2 = (~k · ~x), ~mi ∈ C∞((t0, t1),R
3),

~m1
tt · ~m2 − ~m1 · ~m2

tt = 0, ~k = ~m1 × ~m2, ~n1 = ~m2 × ~k,

~n2 = ~k × ~m1, λ = λ(t) = ~k · ~k 6= 0 ∀ t ∈ (t0, t1).

3.2. Reduced systems

Substituting ansatzes (3.1)–(3.9) into the NSEs (1.1), we obtain the following systems
of reduced equations:

1. w2w1
1 + w3w1

2 − w1w3 cot z2 − (w1)2 − (w2 + κw1)2 sin2 z2 −
− (w3)2 −

(
(κ2 + sin−2 z2)w

1
11 + w1

22 − κw1
1 − 2w3

2 − 2w2
1 −

− 2w1
)
sin z2 + w1

2 cos z2 − w1 sin−1 z2 − (2s+ κs1) sin2 z2 = 0,

w2w2
1 + w3w2

2 + w3(w2 + 2κw1) cot z2 −
− κ

(
(w1)2 + (w3)2 + (w2 + κw1)2 sin2 z2

)
−

−
(
(κ2 + sin−2 z2)w

2
11 + w2

22 + 3κw2
1 + 2κ(w3

2 + κw1
1 + w1)

)
sin z2 +

+ (2w1
1 + 2w3

1 cot z2 − w2 − 2κw1) sin−1 z2 −
− (w2

2 + 2κw1
2) cos z2 + 2κs sin2 z2 + (1 + κ

2 sin2 z2)s1 = 0,

w2w3
1 + w3w3

2 − (w3)2 cot z2 − (w2 + κw1)2 sin z2 cos z2 −
−
(
(κ2 + sin−2 z2)w

3
11 + w3

22 + κw3
1 + 2w1

2

)
sin z2 +

+ (2w1 + w3
2 + w2

1 + κw1
1) cos z2 + s2 sin2 z2 = 0,

w1 + w2
1 + w3

2 = 0.

(3.10)
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Hereafter numeration of the reduced systems corresponds to that of the ansatzes in
Subsection 3.1. Subscripts 1 and 2 denote differentiation with respect to the variables
z1 and z2, accordingly.

2–3. w1w1
1 + w3w1

2 − z−1
1 w2w2 −

(
w1

11 + (1 + κ
2z−2

1 )w1
22

)
−

− 2κz−2
1 w2

2 + s1 = 0,

w1w2
1 + w3w2

2 + z−1
1 w1w2 −

(
w2

11 + (1 + κ
2z−2

1 )w2
22

)
+

+ 2κz−2
1 w1

2 + 2z−2
1 w2 − κz−1

1 s2 + εz−1
1 = 0,

w1w3
1 + w3w3

2 − 2κz−2
1 w1w2 −

(
w3

11 + (1 + κ
2z−2

1 )w3
22

)
+

+ 2κ(z−2
1 w2)1 − 2κ

2z−3
1 w1

2 + (1 + κ
2z−2

1 )s2 − εκz−2
1 = 0,

w1
1 + w3

2 + z−1
1 w1 + γ = 0,

(3.11)

where γ = ±3/2 for ansatz (3.2) and γ = 0 for ansatz (3.3). Here and below the
upper and lower sign in the symbols “±” and “∓” are associated with t > 0 and t < 0,
respectively.

4–7. For ansatzes (3.4)–(3.7) the reduced equations can be written in the form

wiw1
i − w1

ii + s1 + α2w
2 = 0,

wiw2
i − w2

ii + s2 − α2w
1 + α1w

3 = 0,

wiw3
i − w3

ii + α4w
3 + α5 = 0,

wii = α3

(3.12)

where the constants αn (n = 1, 5), take on the values

4. α1 = ±2κν, α2 = ∓2κµ, α3 = ∓(σ + 3/2), α4 = ±σ, α5 = ε.

5. α1 = 0, α2 = 0, α3 = ∓(σ + 3/2), α4 = ±σ, α5 = ε.

6. α1 = 2ν, α2 = −2µ, α3 = −σ, α4 = σ, α5 = ε.

7. α1 = 0, α2 = 0, α3 = −σ, α4 = σ, α5 = ε.

8. w1
1 + (w1)2 − z−4

2 (w2 − χ)2 + z2w
1w1

2 − w1
22 −

− 3z2w
1
2 + z−1

2 s2 = 0,
(3.13)

w2
1 + z2w

1w2
2 − w2

22 + z−1
2 w2

2 = 0, (3.14)

w3
1 + z2w

1w3
2 − w3

22 − z−1
2 w3

2 + z−2
2 (w2 − χ) = 0, (3.15)

2w1 + z2w
1
2 + ρ1/ρ = 0. (3.16)

9. ~w1 − λ~w22 + s2~k + λ−1(~ni · ~w)~mi
t + z2~e = ~0, (3.17)

~k · ~w2 = 0, (3.18)

where y1 = t and

~e = ~e(t) = 2λ−2(~m1
t · ~m2 − ~m1 · ~m2

t )
~kt × ~k + λ−2(2~kt · ~kt − ~ktt · ~k).

Let us study symmetry properties of reduced systems (3.10) and (3.11).



250 W.I. Fushchych, R.O. Popovych

Theorem 3.1. The MIA of (3.10) is given by the algebra 〈∂1〉.

Theorem 3.2. The MIA of (3.11) is given by the following algebras:

a) 〈∂2, ∂s, D
2
1 = zi∂i − wa∂wa − 2s∂s〉 if γ = κ = ε = 0;

b) 〈∂2, ∂s〉 if (γ,κ, ε) 6= (0, 0, 0).

All the Lie symmetry operators of systems (3.10) and (3.11) are induced by
elements of A(NS). So, for system (3.10) the operator ∂1 is induced by J12. For system
(3.11), when γ = 0 (γ = ±3/2), the operators D2

1, ∂2, and ∂s (∂2 and ∂s) are induced
by D, R(0, 0, 1), and Z(1) (R(0, 0, |t|−1/2) and Z(|t|−1)), accordingly. Therefore, the
Lie reductions of systems (3.10) and (3.11) give only solutions that can be obtained
by reducing the NSEs with three-dimensional subalgebras of A(NS) immediately to
ODEs.

Investigation of reduced systems (3.13)–(3.16), (3.17)–(3.18), and (3.12) is given
in Sections 5 and 6.

4. Reduction of the Navier–Stokes equations
to ordinary differential equations

4.1. Ansatzes of codimension three

By means of subalgebraic analysis of A(NS) (see Subsection A.3) and the method
described in Section B one can obtain the following ansatzes that reduce the NSEs to
ODEs:

1. u1 = x1R
−2ϕ1 − x2(Rr)

−1ϕ2 + x1x3r
−1R−2ϕ3,

u2 = x2R
−2ϕ1 + x1(Rr)

−1ϕ2 + x2x3r
−1R−2ϕ3,

u3 = x3R
−2ϕ1 − rR−2ϕ3,

p = R−2h,

(4.1)

where ω = arctan r/x3. Here and below ϕa = ϕa(ω), h = h(ω), r = (x2
1 + x2

2)
1/2,

R = (x2
1 + x2

2 + x2
3)

1/2.

2. u1 = r−2(x1ϕ
1 − x2ϕ

2), u2 = r−2(x2ϕ
1 + x1ϕ

2),

u3 = r−1ϕ3, p = r−2h,
(4.2)

where ω = arctanx2/x1 − κ ln r, κ ≥ 0.

3. u1 = x1|t|−1ϕ1 − x2r
−2ϕ2 + 1

2x1t
−1,

u2 = x2|t|−1ϕ1 + x1r
−2ϕ2 + 1

2x2t
−1,

u3 = |t|−1/2ϕ3 + (σ + 1
2 )x3t

−1 + ν|t|1/2t−1 arctanx2/x1,

p = |t|−1h+ 1
8 t

−2R2 − 1
2σ

2x2
3t

−2 +

+ ε1|t|−1 arctanx2/x1 + ε2x3|t|−3/2,

(4.3)
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where ω = |t|−1/2r, νσ = 0, ε2σ = 0, ε1 ≥ 0, ν ≥ 0.

4. u1 = x1ϕ
1 − x2r

−2ϕ2,

u2 = x2ϕ
1 + x1r

−2ϕ2,

u3 = ϕ3 + σx3 + ν arctanx2/x1,

p = h− 1
2σ

2x2
3 + ε1 arctanx2/x1 + ε2x3,

(4.4)

where ω = r, νσ = 0, ε2σ = 0, and for σ = 0 one of the conditions

ν = 1, ε1 ≥ 0; ν = 0, ε1 = 1, ε2 ≥ 0; ν = ε1 = 0, ε2 ∈ {0; 1}

is satisfied.
Two ansatzes are described better in the following way:
5. The expressions for ua and p are determined by (2.1), where

v1 = a1ϕ
1 + a2ϕ

3 + b1iωi,

v2 = ϕ2 + b2iωi,

v3 = a2ϕ
1 − a1ϕ

3 + b3iωi,

p = h+ c1iωi + c2iωωi + 1
2dijωiωj .

(4.5)

In formulas (4.5) we use the following definitions:

ω1 = a1y1 + a2y3, ω2 = y2, ω = ω3 = a2y1 − a1y3;

ai = const, a2
1 + a2

2 = 1; a2 = 0 if γ1 = 0;

γ1 = −2κ, γ2 = − 3
2 if t > 0 and γ1 = 2κ, γ2 = 3

2 if t < 0.

bai, Bi, cij , and dij are real constants that satisfy the equations

b1i = a1Bi, b3i = a2Bi, c2i + a2γ1b2i = 0,

b21Bi + b22b2i − γ1a1Bi + d2i = 0,

B1Bi +B2b2i + γ1a1Bi + d1i = 0,

(B1 + b22)(B2 + a1γ1 − b21) = 0.

(4.6)

6. The expressions for ua and p have form (2.2), where va and q are determined
by (4.5), (4.6), and γ1 = −2κ, γ2 = 0.

Note 4.1. Formulas (4.5) and (4.6) determine an ansatz for system (2.7), where
equations (4.6) are the necessary and sufficient condition to reduce system (2.7) by
means of an ansatz of form (4.5).

7. u1 = ϕ1 cosx3/η
3 − ϕ2 sinx3/η

3 + x1θ
1(t) + x2θ

2(t),

u2 = ϕ1 sinx3/η
3 + ϕ2 cosx3/η

3 − x1θ
2(t) + x2θ

1(t),

u3 = ϕ3 + η3
t (η

3)−1x3,

p = h− 1
2η

3
tt(η

3)−1x2
3 − 1

2η
j
ttη

j(ηiηi)−1r2,

(4.7)

where ω = t,

ηa ∈ C∞((t0, t1),R), η3 6= 0, ηiηi 6= 0, η1
t η

2 − η1η2
t ∈ {0; 1

2},
θ1 = ηitη

i(ηjηj)−1, θ2 = (η1
t η

2 − η1η2
t )(η

jηj)−1.
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8. ~u = ~ϕ+ λ−1(~na · ~x)~ma
t ,

p = h− λ−1(~ma
tt · ~x)(~na · ~x) + 1

2λ
−2(~mb

tt · ~ma)(~na · ~x)(~nb · ~x), (4.8)

where ω = t, ~ma ∈ C∞((t0, t1),R), ~ma
tt · ~mb − ~ma · ~mb

tt = 0,

λ = λ(t) = (~m1 × ~m2) · ~m3 6= 0 ∀t ∈ (t0, t1),

~n1 = ~m2 × ~m3, ~n2 = ~m3 × ~m1, ~n3 = ~m1 × ~m2.

4.2. Reduced systems

Substituting the ansatzes 1–8 into the NSEs (1.1), we obtain the following systems of
ODE in the functions ϕa and h:

1. ϕ3ϕ1
ω − ϕaϕa − ϕ1

ωω − ϕ1
ω cotω − 2h = 0,

ϕ3ϕ2
ω + ϕ2ϕ3 cotω − ϕ2

ωω − ϕ2
ω cotω + ϕ2 sin−2 ω = 0,

ϕ3ϕ3
ω − ϕ2ϕ2 cotω − ϕ3

ωω − ϕ3
ω cotω + ϕ3 sin−2 ω − 2ϕ1

ω + hω = 0,

ϕ1 + ϕ3
ω + ϕ3 cotω = 0.

(4.9)

2. (ϕ2 − κϕ1)ϕ1
ω − (1 + κ

2)ϕ1
ωω − ϕ1ϕ1 − ϕ2ϕ2 − κhω − 2h = 0,

(ϕ2 − κϕ1)ϕ2
ω − (1 + κ

2)ϕ2
ωω − 2(κϕ2

ω + ϕ1
ω) + hω = 0,

(ϕ2 − κϕ1)ϕ3
ω − (1 + κ

2)ϕ3
ωω − ϕ1ϕ3 − ϕ3 − 2κϕ3

ω = 0,

ϕ2
ω − κϕ1

ω = 0.

(4.10)

3–4. ϕ1ϕ1 − ω−4ϕ2ϕ2 + ωϕ1ϕ1
ω − ϕ1

ωω − 3ω−1ϕ1
ω + ω−1hω = 0,

ωϕ1ϕ2
ω − ϕ2

ωω + ω−1ϕ2
ω + ε1 = 0,

ωϕ1ϕ3
ω + σ1ϕ

3 + νω−2ϕ2 − ϕ3
ωω − ω−1ϕ3

ω + ε2 = 0,

2ϕ1 + ωϕ1
ω + σ2 = 0,

(4.11)

where

3. σ1 = σ, σ2 = (σ + 3
2 ) if t > 0,

σ1 = −σ, σ2 = −(σ + 3
2 ) if t < 0.

4. σ1 = σ2 = σ.

5–6. ϕ3ϕ1
ω − ϕ1

ωω − µ1iϕ
i + c11 + c21ω = 0,

ϕ3ϕ2
ω − ϕ2

ωω − µ2iϕ
i + c12 + c22ω + γ2a2ϕ

3 = 0,

ϕ3ϕ3
ω − ϕ3

ωω + γ1a2ϕ
2 + hω = 0,

ϕ3
ω = σ,

(4.12)

where µ11 = −B1, µ12 = −B2−γ1a1, µ21 = −b21+γ1a1, µ22 = −b22, σ = γ1−B1−b22.
7. ϕ1

ω + θ1ϕ1 + θ2ϕ2 − (η3)−1ϕ3ϕ2 + (η3)−2ϕ1 = 0,

ϕ2
ω − θ2ϕ1 + θ1ϕ2 + (η3)−1ϕ3ϕ1 + (η3)−2ϕ2 = 0,

ϕ3
ω + η3

t (η
3)−1ϕ3 = 0,

2θ1 + η3
t (η

3)−1 = 0.

(4.13)

8. ~ϕω + λ−1(~nb · ~ϕ)~mb
t = 0,

~na · ~ma
t = 0.

(4.14)
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4.3. Exact solutions of the reduced systems

1. Ansatz (4.1) and system (4.9) determine the class of solutions of the NSEs (1.1)
that are called the steady axially symmetric conically similar flows of a viscous fluid
in hydrodynamics. This class of solutions was studied in a number of works (for
example, see references in [16]). For ϕ2 = 0 it was shown, by N.A. Slezkin [34], that
system (4.9) is reduced to a Riccati equation. The general solution of this equation
was expressed in terms of hypergeometric functions. Later similar calculations were
made by V.I. Yatseev [38] and H.B. Squire [35]. The particular case in the class of
solutions with ϕ2 = 0 is formed by the Landau jets [24]. For swirling flows, where
ϕ2 6= 0, the order of system (4.9) can be reduced too. For example [33], an arbitrary
solution of (4.9) satisfies the equation

ϕ2ϕ2 sin2 ω − sinω(Φω sin−1 ω)ω + 2Φω cotω + 2Φ = const,

where Φ = (ϕ3
ω − 1

2ϕ
3ϕ3) sin2 ω − ϕ3 cosω sinω, and the Yatseev results [38] are

completely extended to the case ϕ2 sinω = const.
2. System (4.10) implies that

ϕ2 = κϕ1 + C1,

h = κ(1 + κ
2)ϕ1

ω + (2κ
2 + 2 − κC1)ϕ

1 + C2,

(1 + κ
2)ϕ1

ωω + (4κ − C1)ϕ
1
ω + ϕ1ϕ1 + 4ϕ1 +

+ (1 + κ
2)−1(C2

1 + 2C2) = 0,

(1 + κ
2)ϕ3

ωω − (C1 − 2κ)ϕ3
ω + (1 + ϕ1)ϕ3 = 0.

(4.15)

If ϕ3 = 0, the solution determined by ansatz (4.10) and formulas (4.15) coincides
with the Hamel solution [18, 23]. In Section 6 we consider system (6.14) which is
more general than system (4.10).

3–4. Let us integrate the last equation of system (4.11), i.e.,

ϕ1 = C1ω
−2 − 1

2σ2. (4.16)

Taking into account the integration result, the other equations of system (4.11) can
be written in the form

hω = ω−3ϕ2ϕ2 + C2
1ω

−3 − 1
4σ

2
2ω,

ϕ2
ωω − ((C1 + 1)ω−1 − 1

2σ2ω)ϕ2
ω = ε1,

ϕ3
ωω − ((C1 − 1)ω−1 − 1

2σ2ω)ϕ3
ω − σ1ϕ

3 = νω−2ϕ2 + ε2. (4.17)

Therefore,

h =
∫
ω−3ϕ2ϕ2dω − 1

2C
2
1ω

−2 − 1
8σ

2
2ω

2, (4.18)

ϕ2 = C2 + C3

∫
|ω|C1+1e−

1
4
σ2ω

2

dω +

+ ε1
∫
|ω|C1+1e−

1
4
σ2ω

2
(∫

|ω|−C1−1e
1
4
σ2ω

2

dω
)
dω.

(4.19)

If σ1 = 0, it follows that

ϕ3 = C4 + C5

∫
|ω|C1−1e−

1
4
σ2ω

2

dω +

+
∫
|ω|C1−1e−

1
4
σ2ω

2
(∫

|ω|−C1+1e
1
4
σ2ω

2

(ε2 + νω−2ϕ2)dω
)
dω.

(4.20)
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Let σ1 6= 0 (and, therefore, ν = 0). Then, if σ2 6= 0, the general solution of equation
(4.17) is expressed in terms of Whittaker functions:

ϕ3 = |ω| 12C1−1e−
1
8
σ2ω

2

W (−σ1σ
−1
2 + 1

4C1 − 1
2 ,

1
4C1,

1
4σ2ω

2),

where W (κ, µ, τ) is the general solution of the Whittaker equation

4τ2Wττ = (τ2 − 4κτ + 4µ2 − 1)W. (4.21)

If σ2 = 0, the general solution of equation (4.16) is expressed in terms of Bessel
functions:

ϕ3 = |ω| 12C1Z 1
2
C1

(
(−σ1)

1/2ω
)
,

where Zν(τ) is the general solution of the Bessel equation

τ2Zττ + τZτ + (τ2 − ν2)Z = 0. (4.22)

Note 4.2. If σ2 = 0, all quadratures in formulas (4.18)–(4.20) are easily integrated.
For example,

ϕ2 =





C2 + C3 ln |ω| + 1
4ε1ω

2 if C1 = −2,

C2 + C3
1
2ω

2 + 1
2ε1ω

2(lnω − 1
2 ) if C1 = 0,

C2 + C3(C1 + 2)−1|ω|C1+2 − 1
2ε1C

−1
1 ω2 if C1 6= −2, 0.

5–6. Let σ = 0. Then the last equation of system (4.12) implies that ϕ3 = C0 =
const. The other equations of system (4.12) can be written in the form

h = −γ1a2

∫
ϕ2(ω)dω,

ϕiωω − C0ϕ
i
ω + µijϕ

j = ν1i + ν2iω,
(4.23)

where ν11 = c11, ν21 = c21, ν12 = c12 + γ2a2C0, ν22 = c22. System (4.23) is a linear
nonhomogeneous system of ODEs with constant coefficients. The form of its general
solution depends on the Jordan form of the matrix M = {µij}. Now let us transform
the dependent variables

ϕi = eijψ
j ,

where the constants eij are determined by means of the system of linear algebraic
equations

eij µ̃jk = µijejk (i, j, k = 1, 2)

with the condition det{eij} 6= 0. Here M̃ = {µ̃ij} is the real Jordan form of the matrix
M. The new unknown functions ψi have to satisfy the following system

ψiωω − C0ψ
i
ω + µ̃ijψ

j = ν̃1i + ν̃2iω, (4.24)

where ν1i = eij ν̃1j , ν2i = eij ν̃2j . Depending on the form of M̃, we consider the
following cases:

A. det M̃ = 0 (this is equivalent to the condition det M = 0 ).
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i. M̃ =

(
0 ε
0 0

)
, where ε ∈ {0; 1}. Then

ψ2 = C1 + C2e
C0ω − 1

2 ν̃22C
−1
0 ω2 − (ν̃12 − ν̃22C

−1
0 )C−1

0 ω,

ψ1 = C3 + C4e
C0ω − 1

2 ν̃21C
−1
0 ω2 − (ν̃11 − ν̃21C

−1
0 )C−1

0 ω +

+ ε
(
− 1

6 ν̃22C
−2
0 ω3 − 1

2 (ν̃12 − 2ν̃22C
−1
0 )C−2

0 ω2 +

+
(
C1 + (ν̃21 − 2ν̃22C

−1
0 )C−2

0

)
C−1

0 ω − C2C
−1
0 ωeC0ω

)
(4.25)

for C0 6= 0, and

ψ2 = C1 + C2ω + 1
6 ν̃22ω

3 + 1
2 ν̃12ω

2,

ψ1 = C3 + C4ω + 1
6 (ν̃21 − C2)ω

3 + 1
2 (ν̃11 − C1)ω

2 − 1
120 ν̃22ω

5 − 1
24 ν̃12ω

4
(4.26)

for C0 = 0.

ii. M̃ =

(
κ1 0
0 0

)
, where κ1 ∈ R\{0}. Then the form of ψ2 is given either by

formula (4.25) for C0 6= 0 or by formula (4.26) for C0 = 0. The form of ψ1 is given by
formula (4.28) (see below).

B. det M̃ 6= 0 (this is equivalent to the condition det M 6= 0).

i. M̃ =

(
κ1 0
0 κ2

)
, where κi ∈ R\{0}. Then

ψ2 = ν̃22κ
−1
2 ω + (ν̃12 − C0ν̃22κ

−1
2 )κ−1

2 + C1θ
21(ω) + C2θ

22(ω), (4.27)

ψ1 = ν̃21κ
−1
1 ω + (ν̃11 − C0ν̃21κ

−1
1 )κ−1

1 + C3θ
11(ω) + C4θ

12(ω), (4.28)

where

θi1(ω) = exp
(

1
2 (C0 −

√
Di)ω

)
, θi2(ω) = exp

(
1
2 (C0 +

√
Di)ω

)

if Di = C2
0 − 4κi > 0,

θi1(ω) = e
1
2
C0ω cos

(
1
2

√
−Diω

)
, θi2(ω) = e

1
2
C0ω sin

(
1
2

√
−Diω

)

if Di < 0,

θi1(ω) = e
1
2
C0ω, θi2(ω) = ωe

1
2
C0ω

if Di = 0.

ii. M̃ =

(
κ2 1
0 κ2

)
, where κ2 ∈ R\{0}. Then the form of ψ2 is given by formula

(4.27), and

ψ1 =
(
ν̃11 − (ν̃12 − C0ν̃22κ

−1
2 )κ−1

2 − C0(ν̃21 − ν̃22κ
−1
2 )κ−1

2

)
κ

−1
2 +

+ (ν̃21 − ν̃22κ
−1
2 )κ−1

2 ω + C3θ
21(ω) + C4θ

22(ω) − Ciη
i(ω),

where

ηj(ω) = D−1
2 ω

(
2θ2jω (ω) − C0θ

2j(ω)
)

if D2 6= 0,

η1(ω) = 1
2ω

2e
1
2
C0ω, η2(ω) = 1

6ω
3e

1
2
C0ω if D2 = 0.
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iii. M̃ =

(
κ1 −κ2

κ2 κ1

)
, where κi ∈ R, κ2 6= 0. Then

ψ1 = (κiκi)
−1(ν̃21κ1 + ν̃22κ2)ω + (κiκi)

−1(ν̃11κ1 + ν̃12κ2) −
− C0(κiκi)

−2
(
ν̃21(κ

2
2 − κ

2
1) − ν̃222κ1κ2

)
+ Cnθ

1n(ω),

ψ2 = (κiκi)
−1(−ν̃21κ2 + ν̃22κ1)ω + (κiκi)

−1(−ν̃11κ2 + ν̃12κ1) −
− C0(κiκi)

−2
(
ν̃212κ1κ2 + ν̃22(κ

2
2 − κ

2
1)
)

+ Cnθ
2n(ω),

where n = 1, 4,

γ =
√

(C2
0 − 4κ1)2 + (4κ2)2,

β1 = 1
4

√
2(γ + C2

0 − 4κ1), β2 = 1
4
|κ2|
κ2

√
2(γ − C2

0 + 4κ1),

θ11(ω) = θ22(ω) = exp
(
( 1
2C0 − β1)ω

)
cosβ2ω,

−θ21(ω) = θ12(ω) = exp
(
( 1
2C0 − β1)ω

)
sinβ2ω,

θ13(ω) = θ24(ω) = exp
(
( 1
2C0 + β1)ω

)
cosβ2ω,

θ23(ω) = −θ14(ω) = exp
(
( 1
2C0 + β1)ω

)
sinβ2ω.

If σ 6= 0, the last equation of system (4.12) implies that ψ3 = σω (translating ω,
the integration constant can be made to vanish). The other equations of system (4.12)
can be written in the form

h = −γ1a2

∫
ϕ2(ω)dω − 1

2σ
2ω2,

ϕiωω − σωϕiω + µijϕ
j = ν1i + ν2iω,

(4.29)

where ν11 = c11, ν21 = c21, ν12 = c12, ν22 = c22 + γ2a2σ. The form of the general
solution of system (4.29) depends on the Jordan form of the matrix M = {µij}. Now,
let us transform the dependent variables

ϕi = eijψ
j ,

where the constants eij are determined by means of the system of linear algebraic
equations

eij µ̃jk = µijejk (i, j, k = 1, 2)

with the condition det{eij} 6= 0. Here M̃ = {µ̃ij} is the real Jordan form of the
matrix M. The new unknown functions ψi have to satisfy the following system

ψiωω − σωψiω + µ̃ijψ
j = ν̃1i + ν̃2iω, (4.30)

where ν1i = eij ν̃1j , ν2i = eij ν̃2j . Depending on the form of M̃, we consider the
following cases:

A. det M̃ = 0 (this is equivalent to the condition det M = 0).

i. M̃ =

(
0 ε
0 0

)
, where ε ∈ {0; 1}. Then

ψ2 = C1 + C2

∫
e

1
2
σω2

dω − σ−1ν̃22ω + ν̃12
∫
e

1
2
σω2(∫

e−
1
2
σω2

dω
)
dω, (4.31)

ψ1 = C3 + C4

∫
e

1
2
σω2

dω − σ−1ν̃21ω +
∫
e

1
2
σω2(∫

e−
1
2
σω2

(ν̃11 − εψ2)dω
)
dω.
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ii. M̃ =

(
σ 0
0 0

)
. Then the form of ψ2 is given by formula (4.31), and

ψ1 = C3ω + C4

(
ω
∫
e

1
2
σω2

dω − σ−1e
1
2
σω2)

+ σ−1ν̃11 +

+ σ−1ν̃21
(
σω
∫
e

1
2
σω2

λ1(ω)dω − e
1
2
σω2

λ1(ω)
)
,

where λ1(ω) =
∫
e−

1
2
σω2

dω.

iii. M̃ =

(
κ1 0
0 0

)
, where κ1 ∈ R\{0;σ}. Then ψ2 is determined by (4.31), and

the form of ψ1 is given by (4.33) (see below).

B. det M̃ 6= 0, det{µ̃ij − σδij} = 0 (this is equivalent to the conditions det M 6= 0,
det{µij − σδij} = 0; here δij is the Kronecker symbol).

i. M̃ =

(
σ ε
0 σ

)
, where ε ∈ {0; 1}. Then

ψ2 = C1ω + C2

(
ω
∫
e

1
2
σω2

dω − σ−1e
1
2
σω2)

+ σ−1ν̃12 +

+ σ−1ν̃22
(
σω
∫
e

1
2
σω2

λ1(ω)dω − e
1
2
σω2

λ1(ω)
)
,

(4.32)

ψ1 = C3ω + C4

(
ω
∫
e

1
2
σω2

dω − σ−1e
1
2
σω2)

+ σ−1ν̃11 +

+ σω
∫
e

1
2
σω2

λ2(ω)dω − e
1
2
σω2

λ2(ω) + σ−1(ν̃21ω − εψ2),

where λ1(ω) =
∫
e−

1
2
σω2

dω, λ2(ω) = σ−1
∫
e−

1
2
σω2

(ν̃21 − εψ2
ω)dω.

ii. M̃ =

(
κ1 0
0 σ

)
, where κ1 ∈ R\{0;σ}. In this case ψ2 is determined by (4.32),

and the form of ψ1 is given by (4.33) (see below).

C. det M̃ 6= 0, det{µ̃ij − σδij} 6= 0 (this is equivalent to the condition det M 6= 0,
det{µij − σδij} 6= 0: here δij is the Kronecker symbol).

i. M̃ =

(
κ1 0
0 κ2

)
, where κi ∈ R\{0;σ}. Then

ψ1 = κ
−1
1 ν̃11 + (κ1 − σ)−1ν̃21ω + |ω|−1/2e

1
4
σω2 ×

×
(
C3M

(
1
2κ1σ

−1 + 1
4 ,

1
4 ,

1
2σω

2
)

+ C4M
(

1
2κ1σ

−1 + 1
4 ,− 1

4 ,
1
2σω

2
))
,

(4.33)

ψ2 = κ
−1
2 ν̃12 + (κ2 − σ)−1ν̃22ω + |ω|−1/2e

1
4
σω2 ×

×
(
C1M

(
1
2κ2σ

−1 + 1
4 ,

1
4 ,

1
2σω

2
)

+ C2M
(

1
2κ2σ

−1 + 1
4 ,− 1

4 ,
1
2σω

2
))
,

(4.34)

where M(κ, µ, τ) is the Whittaker function:

M(κ, µ, τ) = τ
1
2
+µe−

1
2
τ
1F1

(
1
2 + µ− κ, 2µ+ 1, τ

)
, (4.35)

and 1F1(a, b, τ) is the degenerate hypergeometric function defined by means of the
series:

1F1(a, b, τ) = 1 +
∞∑

n=1

a(a+ 1) · · · (a+ n− 1)

b(b+ 1) · · · (b+ n− 1)

τn

n!
,
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b 6= 0,−1,−2, . . ..

ii. M̃ =

(
κ1 −κ2

κ2 κ1

)
, where κi ∈ R, κ2 6= 0. Then

ψ1 = (κjκj)
−1(κ1ν̃11 + κ2ν̃12) + ((κ1 − σ)2 + κ

2
2)−1((κ1 − σ)ν̃21 + κ2ν̃22)ω +

+ C1Re η1(ω) − C2Im η1(ω) + C3Re η2(ω) − C4Im η2(ω),

ψ2 = (κjκj)
−1(−κ2ν̃11 + κ1ν̃12) +

+ ((κ1 − σ)2 + κ
2
2)−1(−κ2ν̃21 + (κ1 − σ)ν̃22)ω +

+ C1Im η1(ω) + C2Re η1(ω) + C3Im η2(ω) + C4Re η2(ω),

where

η1(ω) = M
(

1
2 (κ1 + κ2i)σ

−1 + 1
4 ,

1
4 ,

1
2σω

2
)
,

η2(ω) = M
(

1
2 (κ1 + κ2i)σ

−1 + 1
4 ,− 1

4 ,
1
2σω

2
)
, i2 = −1.

iii. M̃ =

(
κ2 1
0 κ2

)
, where κ2 ∈ R\{0;σ}. Here the form of ψ2 is given by

(4.34), and

ψ1 = (ν̃11 − ν̃12κ
−1
2 )κ−1

2 +
(
ν̃21 − ν̃22(κ2 − σ)−1

)
(κ2 − σ)−1ω +

+ |ω|−1/2e
1
4
σω2
(
C3θ

1(τ) + C4θ
2(τ) − σ−1θ1(τ)

∫
τ−1θ2(τ)Ciθ

i(τ)dτ +

+ σ−1θ2(τ)
∫
τ−1θ1(τ)Ciθ

i(τ)dτ
)
,

where τ = 1
2σω

2,

θ1(τ) = M
(

1
2κ2σ

−1 + 1
4 ,

1
4 , τ
)
, θ2(τ) = M

(
1
2κ2σ

−1 + 1
4 ,− 1

4 , τ
)
.

Note 4.3. The general solution of the equation

ψωω − σωψω − (n+ 1)σψ = 0,

where n is an integer and n ≥ 0, is determined by the formula

ψ =

(
dn

dωn
e

1
2
σω2

)(
C1 + C2

∫
e

1
2
σω2

(
dn

dωn
e

1
2
σω2

)−2

dω

)
.

Note 4.4. If function ψ satisfies the equation

ψωω − σωψω + κψ = 0 (κ 6= −σ),

then
∫
ψ(ω)dω = (κ + σ)−1(σωψ − ψω) + C1.

7. The last equation of system (4.13) is the compatibility condition of the NSEs
(1.1) and ansatz (4.7). Integrating this equation, we obtain that

η3 = C0(η
iηi)−1, C0 6= 0.
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As ϕ3
ω = −η3

ω(η3)−1ϕ3 = 2θ1ϕ3, ϕ3 = C3η
iηi. Then system (4.13) is reduced to the

equations

ϕ1
ω = χ1(ω)ϕ1 − χ2(ω)ϕ2,

ϕ2
ω = χ2(ω)ϕ1 + χ1(ω)ϕ2,

(4.36)

where χ1 = −C−2
0 (ηiηi)2 − θ1 and χ2 = θ2 − C3C

−1
0 (ηiηi)2. System (4.36) implies

that

ϕ1 = exp
(∫
χ1(ω)dω

)(
C1 cos

(∫
χ2(ω)dω

)
− C2 sin

(∫
χ2(ω)dω

))
,

ϕ2 = exp
(∫
χ1(ω)dω

)(
C1 sin

(∫
χ2(ω)dω

)
+ C2 cos

(∫
χ2(ω)dω

))
.

8. Let us apply the transformation generated by the operator R(~k(t)), where

~kt = λ−1(~nb · ~k)~mb
t − ~ϕ,

to ansatz (4.8). As a result we obtain an ansatz of the same form, where the functions ~ϕ
and h are replaced by the new functions ~̃ϕ and h̃:

~̃ϕ = ~ϕ− λ−1(~na · ~k)~ma
t + ~kt = 0,

h̃ = h− λ−1(~ma
tt · ~k)(~na · ~k) + 1

2λ
−2(~mb

tt · ~ma)(~na · ~k)(~nb · ~k).

Let us make h̃ vanish by means of the transformation generated by the operator
Z(−h̃(t)). Therefore, the functions ϕa and h can be considered to vanish. The equation
(~na · ~ma

t ) = 0 is the compatibility condition of ansatz (4.8) and the NSEs (1.1).

Note 4.5. The solutions of the NSEs obtained by means of ansatzes 5–8 are equiva-
lent to either solutions (5.1) or solutions (5.5).

5. Reduction of the Navier–Stokes equations
to linear systems of PDEs

Let us show that non-linear systems 8 and 9, from Subsection 3.2, are reduced to
linear systems of PDEs.

5.1. Investigation of system (3.17)–(3.18)

Consider system 9 from Subsection 3.2, i.e., equations (3.17) and (3.18). Equation
(3.18) integrates with respect to z2 to the following expression:

~k · ~w = ψ(t).

Here ψ = ψ(t) is an arbitrary smooth function of z1 = t. Let us make the transfor-
mation from the symmetry group of the NSEs:

~̃u(t, ~x) = ~u(t, ~x−~l) +~lt(t),

p̃(t, ~x) = p(t, ~x−~l) −~ltt(t) · ~x,
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where ~ltt · ~mi −~l · ~mi
tt = 0 and

~k ·
(
~lt − λ−1(~ni ·~l)mi

t + λ−1(~k ·~l)~kt
)

+ ψ = 0.

This transformation does not modify ansatz (3.9), but it makes the function ψ(t)

vanish, i.e., ~k · ~̃w = 0. Therefore, without loss of generality we may assume, at once,
that ~k · ~w = 0.

Let f i = f i(z1, z2) = ~mi · ~w. Since ~m1
tt · ~m2 − ~m1 · ~m2

tt = 0, it follows that
~m1
t · ~m2 − ~m1 · ~m2

t = C = const. Let us multiply the scalar equation (3.17) by ~mi

and ~k. As a result we obtain the linear system of PDEs with variable coefficients in
the functions f i and s:

f i1 − λf i22 + Cλ−1
(
(~mi · ~m2)f1 − (~mi · ~m1)f2

)
− 2Cλ−2

(
(~k × ~kt) · ~mi

)
z2 = 0,

s2 = 2λ−2(~ni · ~kt)f i + λ−2(~ktt · ~k − 2~kt · ~kt)z2.

Consider two possible cases.
A. Let C = 0. Then there exist functions gi = gi(τ, ω), where τ =

∫
λ(t)dt and

ω = z2, such that f i = giω and giτ − giωω = 0. Therefore,

~u = λ−1(giω(τ, ω) + ~mi
t · ~x)~ni − λ−1(~kt · ~x)k,

p = 2λ−2(~ni · ~kt)gi(τ, ω) + 1
2λ

−2(~ktt · ~k − 2~kt · ~kt)ω2 −
− 1

2λ
−1(~ni · ~x)(~mi

tt · ~x) − 1
2λ

−2(~k · ~mi
tt)(~n

i · ~x)(~k · ~x),
(5.1)

where ~m1
t · ~m2 − ~m1 · ~m2

t = 0, ~k = ~m1 × ~m2, ~n1 = ~m2 × ~k, ~n2 = ~k × ~m1, λ = |~k|2,
ω = ~k · ~x, τ =

∫
λ(t)dt, and giτ − giωω = 0.

For example, if ~m = (η1(t), 0, 0) and ~n = (0, η2(t), 0) with ηi(t) 6= 0, it follows that

u1 = (η1)−1(f1 + η1
t x1), u2 = (η2)−1(f2 + η2

t x2), u3 = −(η1η2)t(η
1η2)−1x3,

p = − 1
2η

1
tt(η

1)−1x2
1 − 1

2η
2
tt(η

2)−1x2
2 +

+
(

1
2 (η1η2)tt(η

1η2)−1 −
(
(η1η2)t(η

1η2)−1
)2)

x2
3,

where f i = f i(τ, ω), f iτ − f iωω = 0, τ =
∫

(η1η2)2dt, and ω = η1η2x3. If ~m1 =
(η1(t), η2(t), 0) and ~m2 = (0, 0, η3(t)) with η3(t) 6= 0 and ηi(t)ηi(t) 6= 0, we obtain
that

u1 = (ηiηi)−1
{
η1(gω + ηitxi) − η2

(
η3
t (η

3)−2ω + η2
t x1 − η1

t x2

)}
,

u2 = (ηiηi)−1
{
η2(gω + ηitxi) + η1

(
η3
t (η

3)−2ω + η2
t x1 − η1

t x2

)}
,

u3 = (η3)−1(f + η3
t x3),

p = 2(η3)−1(η1η2
t − η1

t η
2)(ηiηi)−2g + 1

2λ
−1 ×

×
{
λ−1

(
(η3
ttη

3 − 2η3
t η

3
t )η

iηi − 2η3η3
t η
iηit − 2(η3)2ηitη

i
t

)
ω2 +

+ (η3)2
(
(η2η2

tt − η1η1
tt)(x

2
1 − x2

2) − 2(η1
ttη

2 + η1η2
tt)x1x2

)
− ηiηiη3η3

ttx
2
3

}
.

Here f = f(τ, ω), fτ − fωω = 0, g = g(τ, ω), gτ − gωω = 0, τ =
∫

(η3)2ηiηidt,
ω = η3(η2x1 − η1x2), and λ = (η3)2ηiηi.
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Note 5.1. The equation

~m1
t · ~m2 − ~m1 · ~m2

t = 0 (5.2)

can easily be solved in the following way: Let us fix arbitrary smooth vector-functions
~m1,~l ∈ C∞((t0, t1),R

3) such that ~m1(t) 6= ~0, ~l(t) 6= ~0, and ~m1(t) ·~l(t) = 0 for all
t ∈ (t0, t1). Then the vector-function ~m2 = ~m2(t) is taken in the form

~m2(t) = ρ(t)~m1 +~l(t). (5.3)

Equation (5.2) implies

ρ(t) =
∫

(~m1 · ~m1)−1(~m1
t ·~l − ~m1 ·~lt)dt. (5.4)

B. Let C 6= 0. By means of the transformation ~mi → aij ~m
j , where aij = const

and det{aij} = C, we make C = 1. Then we obtain the following solution of the NSEs
(1.1)

~u = λ−1
(
θij(t)gjω(τ, ω) + θi0(t)ω + ~mi

t · ~x− λ−1((~k × ~mi) · ~x)
)
~ni− λ−1(~kt · ~x)~k,

p = 2λ−2(~ni · ~kt)(θij(t)gi(τ, ω) + 1
2θ
i0(t)ω2) + 1

2λ
−2(~ktt · ~k − 2~kt · ~kt)ω2 −

− 1
2λ

−1(~ni · ~x)(~mi
tt · ~x) − 1

2λ
−2(~k · ~mi

tt)(~n
i · ~x)(~k · ~x).

(5.5)

Here ~m1
t · ~m2 − ~m1 · ~m2

t = 1, ~k = ~m1 × ~m2, ~n1 = ~m2 × ~k, ~n2 = ~k × ~m1, λ = |~k|2,
ω = ~k · ~x, τ =

∫
λ(t)dt, and giτ − giωω = 0. (θ1i(t), θ2i(t)) (i = 1, 2) are linearly

independent solutions of the system

θit + λ−1(~mi · ~m2)θ1 − λ−1(~mi · ~m1)θ2 = 0, (5.6)

and (θ10(t), θ20(t)) is a particular solution of the nonhomogeneous system

θit + λ−1(~mi · ~m2)θ1 − λ−1(~mi · ~m1)θ2 = 2λ−2
(
(~k × ~kt) · ~mi

)
. (5.7)

For example, if ~m1 = (η cosψ, η sinψ, 0) and ~m2 = (−η sinψ, η cosψ, 0), where
η = η(t) 6= 0 and ψ = − 1

2

∫
(η)−2dt (therefore, ~m1

t · ~m2 − ~m1 · ~m2
t = 1), we obtain

u1 = η−1
(
f1 cosψ − f2 sinψ + ηtx1 − 1

2η
−1x2

)
,

u2 = η−1
(
f1 sinψ + f2 cosψ + ηtx2 + 1

2η
−1x1

)
,

u3 = −2ηtη
−1x3,

p = (ηttη − 3ηtηt)η
−2x2

3 − 1
2 (ηttη

−1 − 1
4η

−4)xixi.

Here f i = f i(τ, ω), f iτ − f iωω = 0, τ =
∫

(η)4dt, and ω = (η)2x3.

Note 5.2. As in the case C = 0, the solutions of the equation

~m1
t · ~m2 − ~m1 · ~m2

t = 1 (5.8)

can be sought in form (5.3). As a result we obtain that

ρ(t) =
∫
|~m1|−2(~m1

t ·~l − ~m1 ·~lt − 1)dt. (5.9)
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Note 5.3. System (5.6) can be reduced to a second-order homogeneous differential
equation either in θ1, i.e.,

(
λ|~m1|−2θ1t

)

t
+
((

(~m1 · ~m2)|~m1|−2
)
t
+ |~m1|−2

)
θ1 = 0 (5.10)

(then θ2 = |~m1|−2(λθ1
t + (~m1 · ~m2)θ1)), or in θ2, i.e.,

(
λ|~m2|−2θ2t

)

t
+
(
−
(
(~m1 · ~m2)|~m2|−2

)
t
+ |~m2|−2

)
θ2 = 0 (5.11)

(then θ1 = |~m2|−2(−λθ2
t + (~m1 · ~m2)θ2)). Under the notation of Note 5.1 equation

(5.10) has the form:

(
(~l ·~l)θ1t

)
t
+ |~m1|−2(~m1

t ·~l − ~m1 ·~lt)θ1 = 0. (5.12)

The vector-functions ~m1 and ~l are chosen in such a way that one can find a fundamen-
tal set of solutions for equation (5.12). For example, let ~m× ~mt 6= 0 ∀ t ∈ (t0, t1). Let
us introduce the notation ~m := ~m1 and put ~l = η(t)~m× ~mt, where η ∈ C∞((t0, t1),R),
η(t) 6= 0 ∀t ∈ (t0, t1). Then

~m ·~l = 0, ~mt ·~l − ~m ·~lt = 0, ~m2 = −
(∫

|~m|−2dt
)
~m+ η~m× ~mt,

~k = η~m× (~m× ~mt), λ = (η)2|~m|2|~m× ~mt|−2,

~n2 = η|~m|2 ~m× ~mt, ~n1 =
(∫

|~m|−2dt
)
~n2 + (η)2|~m× ~mt|−2 ~m,

θ11(t) =
∫

(η)−2|~m× ~mt|−2dt, θ21(t) = 1 − θ11
∫
|~m|−2dt,

θ12(t) = 1, θ22(t) = −
∫
|~m|−2dt,

θ10(t) = 2
∫ (

((~m× ~mt) · ~mtt)|~m× ~mt|−2 +
∫
η−1|~m|−4dt

)
η−2|~m× ~mt|−2dt,

θ20(t) = −θ10(t)
∫
|~m|−2dt+ 2

∫
η−1|~m|−4dt.

Consider the following cases: ~m×~mt ≡ ~0, i.e., ~m = χ(t)~a, where χ(t) ∈ C∞((t0, t1),
R), χ(t) 6= 0 ∀t ∈ (t0, t1), ~a = const, and |~a| = 1. Let us put

~l(t) = η1(t)~b+ η2(t)~c,

where η1, η2 ∈ C∞((t0, t1),R), (η1(t), η2(t)) 6= (0, 0) ∀ t ∈ (t0, t1), ~b = const, |~b| = 1,
~a ·~b = 0, and ~c = ~a×~b. Then

~m2 = −
(
χ
∫
χ−2dt

)
~a+ η1~b+ η2~c, ~k = χη1~c− χη2~b,

λ = (χ)2ηiηi, ~n2 = (χ)2(η1~b+ η2~c), ~n1 =
(∫
χ−2dt

)
~n2 + χηiηi~a,

θ11 =
∫

(ηiηi)−1dt, θ21 = 1 − θ11
∫
χ−2dt, θ12 = 1, θ22 = −

∫
χ−2dt,

θ10 = 2
∫

(η2
t η

1 − η2η1
t )χ

−1(ηiηi)−1dt, θ20 = −θ10
∫
χ−2dt.

Note 5.4. In formulas (5.1) and (5.5) solutions of the NSEs (1.1) are expressed in
terms of solutions of the decomposed system of two linear one-dimensional heat equati-
ons (LOHEs) that have the form:

giτ = giωω. (5.13)
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The Lie symmetry of the LOHE are known. Large sets of its exact solutions were
constructed [27, 3]. The Q-conditional symmetries of LOHE were investigated in [14].
Moreover, being decomposed system (5.13) admits transformations of the form

g̃1(τ ′, ω′) = F 1(τ, ω, g1(τ, ω)), τ ′ = G1(τ, ω), ω′ = H1(τ, ω),

g̃2(τ ′′, ω′′) = F 2(τ, ω, g2(τ, ω)), τ ′′ = G2(τ, ω), ω′′ = H2(τ, ω),

where (G1, H1) 6= (G2, H2), i.e. the independent variables can be transformed in the
functions g1 and g2 in different ways. A similar statement is true for system (5.19)–
(5.20) (see below) if ε = 0.

Note 5.5. It can be proved that an arbitrary Navier–Stokes field (~u, p), where

~u = ~w(t, ω) + (~ki(t) · ~x)~li(t)

with ~ki,~li ∈ C∞((t0, t1),R
3), ~k1 × ~k2 6= 0, and ω = (~k1 × ~k2) · ~x, is equivalent to

either a solution from family (5.1) or a solution from family (5.5). The equivalence
transformation is generated by R(~m) and Z(χ).

5.2. Investigation of system (3.13)–(3.16)

Consider system 8 from Subsection 3.2, i.e., equations (3.13)–(3.16). Equation (3.16)
immediately gives

w1 = − 1
2ρtρ

−1 + (η − 1)z−2
2 , (5.14)

where η = η(t) is an arbitrary smooth function of z1 = t. Substituting (5.14) into
remaining equations (5.13)–(5.15), we get

q2 = 1
2

(
(ρtρ

−1)t − 1
2 (ρtρ

−1)2
)
z2 − ηtz

−1
2 − (η − 1)2z−3

2 + (w2 − χ)2z−3
2 , (5.15)

w2
1 − w2

22 +
(
ηz−1

2 − 1
2ρtρ

−1z2
)
w2

2 = 0, (5.16)

w3
1 − w3

22 +
(
ηz−1

2 − 1
2ρtρ

−1z2
)
w3

2 + ε(w2 − χ)z−2
2 = 0. (5.17)

Recall that ρ = ρ(t) and χ = χ(t) are arbitrary smooth functions of t; ε ∈ {0; 1}.
After the change of the independent variables

τ =
∫
|ρ(t)|dt, z = |ρ(t)|1/2z2 (5.18)

in equations (5.16) and (5.17), we obtain a linear system of a simpler form:

w2
τ − w2

zz + η̂(τ)z−1w2
z = 0, (5.19)

w3
τ − w3

zz + (η̂(τ) − 2)z−1w3
z + ε(w2 − χ̂(τ))z−2 = 0, (5.20)

where η̂(τ) = η(t) and χ̂(τ) = χ(t). Equation (5.15) implies

q = 1
4

(
(ρtρ

−1)t − 1
2 (ρtρ

−1)2
)
z2
2 − ηt ln |z2| −

− 1
2 (η − 1)2z−2

2 +
∫

(w2(τ, z) − χ̂(τ))2z−3
2 dz2.

(5.21)

Formulas (5.14), (5.18)–(5.21), and ansatz (3.8) determine a solution of the NSEs
(1.1).
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If ε = 0 system (5.19)–(5.20) is decomposed and consists of two translational linear
equations of the general form

fτ + η̃(τ)z−1fz − fzz = 0, (5.22)

where η̃ = η̂ (η̃ = η̂ − 2) for equation (5.19) ((5.20)). Tilde over η is omitted below.
Let us investigate symmetry properties of equation (5.22) and construct some of its
exact solutions.

Theorem 5.1. The MIA of (5.22) is given by the following algebras

a) L1 = 〈f∂f , g(τ, z)∂f 〉 if η(τ) 6= const;

b) L2 = 〈∂τ , D̂, Π, f∂f , g(τ, z)∂f 〉 if η(τ) = const, η 6∈ {0;−2};
c) L3 = 〈∂τ , D̂, Π, ∂z + 1

2ηz
−1f∂f , G = 2τ∂τ − (z − ηz−1τ)f∂f , f∂f ,

g(τ, z)∂f 〉 if η ∈ {0;−2}.

Here D̂ = 2τ∂τ + z∂z, Π = 4τ2∂τ + 4τz∂z − (z2 + 2(1 − η)τ)f∂f ; g = g(τ, z) is an
arbitrary solution of (5.22).

When η = 0, equation (5.22) is the heat equation, and, when η = −2, it is reduced
to the heat equation by means of the change f̃ = zf .

For the case η = const equation (5.22) can be reduced by inequivalent one-
dimensional subalgebras of L2. We construct the following solutions:

For the subalgebra 〈∂τ + af∂f 〉, where a ∈ {−1; 0; 1}, it follows that

f = e−τzν(C1Jν(z) + C2Yν(z)) if a = −1,

f = eτzν(C1Iν(z) + C2Kν(z)) if a = 1,

f = C1z
η+1 + C2 if a = 0 and η 6= −1,

f = C1 ln z + C2 if a = 0 and η = −1.

Here Jν and Yν are the Bessel functions of a real variable, whereas Iν and Kν are the
Bessel functions of an imaginary variable, and ν = 1

2 (η + 1).

For the subalgebra 〈D̂ + 2af∂f 〉, where a ∈ R, it follows that

f = |τ |ae− 1
2
ω|ω| 12 (η−1)W

(
1
4 (η − 1) − a, 1

4 (η + 1), ω
)

with ω = 1
4z

2τ−1. Here W (κ, µ, ω) is the general solution of the Whittaker equation

4ω2Wωω = (ω2 − 4κω + 4µ2 − 1)W.

For the subalgebra 〈∂τ + Π + af∂f 〉, where a ∈ R, it follows that

f = (4τ2 + 1)
1
4
(η−1) exp(−τω + 1

2a arctan 2τ)ϕ(ω)

with ω = z2(4τ2 + 1)−1. The function ϕ is a solution of the equation

4ωϕωω + 2(1 − η)ϕω + (ω − a)ϕ = 0.

For example if a = 0, then ϕ(ω) = ωµ
(
C1Jµ(

1
2ω) + C2Yµ(

1
2ω)
)
, where µ = 1

4 (η + 1).

Consider equation (5.22), where η is an arbitrary smooth function of τ .
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Theorem 5.2. Equation (5.22) is Q-conditionally invariant under the operators

Q1 = ∂τ + g1(τ, z)∂z +
(
g2(τ, z)f + g3(τ, z)

)
∂f (5.23)

if and only if

g1
τ − ηz−1g1

z + ηz−2g1 − g1
zz + 2g1

zg
1 − ητz

−1 + 2g2
z = 0,

gkτ + ηz−1gkz − gkzz + 2g1
zg
k = 0, k = 2, 3,

(5.24)

and

Q2 = ∂z +B(τ, z, f)∂f (5.25)

if and only if

Bτ − ηz−2B + ηz−1Bz −Bzz − 2BBzf −B2Bff = 0. (5.26)

An arbitrary operator of Q-conditional symmetry of equation (5.22) is equivalent to
either an operator of form (5.23) or an operator of form (5.25).

Theorem 5.2 is proved by means of the method described in [13].

Note 5.6. It can be shown (in a way analogous to one in [13]) that system (5.24) is
reduced to the decomposed linear system

faτ + ηz−1faz − fazz = 0 (5.27)

by means of the following non-local transformation

g1 = −f
1
zzf

2 − f1f2
zz

f1
z f

2 − f1f2
z

+ ηz−1,

g2 = −f
1
zzf

2
z − f1

z f
2
zz

f1
z f

2 − f1f2
z

,

g3 = f3
zz − ηz−1f3

z + g1f3
z − g2f3.

(5.28)

Equation (5.26) is reduced, by means of the change

B = −Φτ/Φf , Φ = Φ(τ, z, f)

and the hodograph transformation

y0 = τ, y1 = z, y2 = Φ, Ψ = f,

to the following equation in the function Ψ = Ψ(y0, y1, y2):

Ψy0 + η(y0)y
−1
1 Ψy1 − Ψy1y1 = 0.

Therefore, unlike Lie symmetries Q-conditional symmetries of (5.22) are more
extended for an arbitrary smooth function η = η(τ). Thus, Theorem 5.2 implies that
equation (5.22) is Q-conditionally invariant under the operators

∂z, X = ∂τ + (η − 1)z−1∂z, G = (2τ + C)∂z − zf∂f
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with C = const. Reducing equation (5.22) by means of the operator G, we obtain the
following solution:

f = C2

(
z2 − 2

∫
(η(τ) − 1)dτ

)
+ C1. (5.29)

In generalizing this we can construct solutions of the form

f =
N∑

k=0

T k(τ)z2k, (5.30)

where the coefficients T k = T k(τ) (k = 0, N) satisfy the system of ODEs:

T kτ + (2k + 2)(η(τ) − 2k − 1)T k+1 = 0, k = 0, N − 1, TNτ = 0. (5.31)

Equation (5.31) is easily integrated for arbitrary N ∈ N. For example if N = 2, it
follows that

f = C3

{
z4 − 4z2

∫
(η(τ) − 3)dτ+ 8

∫(
(η(τ) − 1)

∫
(η(τ) − 3)dτ

)
dτ
}

+

+ C2

{
z2 − 2

∫
(η(τ) − 1)dτ

}
+ C1.

An explicit form for solution (5.30) with N = 1 is given by (5.29).
Generalizing the solution

f = C0 exp
{
−z2(4τ + 2C)−1 +

∫
(η(τ) − 1)(2τ + C)−1dτ

}
(5.32)

obtained by means of reduction of (5.22) by the operator G, we can construct solutions
of the general form

f =
N∑

k=0

Sk(τ)
(
z(2τ + C)−1

)2k ×

× exp
{
−z2(4τ + 2C)−1 +

∫
(η(τ) − 1)(2τ + C)−1dτ

}
,

(5.33)

where the coefficients Sk = Sk(τ) (k = 0, N) satisfy the system of ODEs:

Skτ + (2k + 2)(η(τ) − 2k − 1)(2τ + C)−2Sk+1 = 0,

k = 0, N − 1, SNτ = 0.
(5.34)

For example if N = 1, then

f =
{
C1

(
z2(2τ + C)−2 − 2

∫
(η(τ) − 1)(2τ + C)−2dτ

)
+ C0

}
×

× exp
{
−z2(4τ + 2C)−1 +

∫
(η(τ) − 1)(2τ + C)−1dτ

}
.

Here we do not present results for arbitrary N as they are very cumbersome.
Putting g2 = g3 = 0 in system (5.24), we obtain one equation in the function g1:

g1
τ − ηz−1g1

z + ηz−2g1 − g1
zz + 2g1

zg
1 − ητz

−1 = 0.

It follows that g1 = −gz/g+ (η− 1)/z, where g = g(τ, z) is a solution of the equation

gτ + (η − 2)z−1gz − gzz = 0. (5.35)

Q-conditional symmetry of (5.22) under the operator

Q = ∂τ +
(
−gz/g + (η − 1)/z

)
∂z (5.36)

gives rise to the following
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Theorem 5.3. If g is a solution of equation (5.35) and

f(τ, z) =
∫ z
z0
z′g(τ, z′)dz′ +

+
∫ τ
τ0

(
z0gz(τ

′, z0) − (η(τ ′) − 1)g(τ ′, z0)
)
dτ ′,

(5.37)

where (τ0, z0) is a fixed point, then f is a solution of equation (5.22).

Proof. Equation (5.35) implies

(zg)τ = (zgz − (η − 1)g)z

Therefore, fz = zg, fτ = zgz − (η − 1)g and

fτ + ηz−1fz − fzz = zgz − (η − 1)g + ηg − (zg)z = 0. QED.

The converse of Theorem 5.3 is the following obvious

Theorem 5.4. If f is a solution of (5.22), the function

g = z−1fz (5.38)

satisfies (5.35).

Theorems 5.3 and 5.4 imply that, when η = 2n (n ∈ Z), solutions of (5.22) can be
constructed from known solutions of the heat equation by means of applying either
formula (5.37) (for n > 0) or formula (5.38) (for n < 0) |n| times.

Let us investigate symmetry properties and construct some exact solutions of
system (5.19)–(5.20) for ε = 1, i.e., the system

w1
τ − w1

zz + η̂(τ)z−1w1
z = 0, (5.39)

w2
τ − w2

zz + (η̂(τ) − 2)z−1w2
z + (w1 − χ̂(τ))z−2 = 0. (5.40)

If (w1, w2) is a solution of system (5.39)–(5.40), then (w1, w2 + g) (where g =
g(τ, z)) is also a solution of (5.39)–(5.40) if and only if the function g satisfies the
following equation

gτ − gzz + (η̂(τ) − 2)z−1gz = 0 (5.41)

System (5.39)–(5.40), for some χ̂ = χ̂(τ), has particular solutions of the form

w1 =

N∑

k=0

T k(τ)z2k, w2 =

N−1∑

k=0

Sk(τ)z2k,

where T 0(τ) = χ̂(τ). For example, if χ̂(τ) = −2C1

∫
(η̂(τ) − 1)dτ + C2 and N = 1,

then

w1 = C1

(
z2 − 2

∫
(η̂(τ) − 1)dτ

)
+ C2, w2 = −C1τ.

Let χ̂(τ) = 0.
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Theorem 5.5. The MIA of system (5.39)–(5.40) with χ̂(τ) = 0 is given by the follo-
wing algebras

a) 〈wi∂wi , w̃i(τ, z)∂wi〉 if η̂(τ) 6= const;

b) 〈2τ∂τ + z∂z, ∂τ , w
i∂wi , w̃i(τ, z)∂wi〉 if η̂(τ) = const, η̂ 6= 0;

c) 〈2τ∂τ + z∂z, ∂τ , w
1z−1∂w2 , wi∂wi , w̃i(τ, z)∂wi〉 if η̂ ≡ 0.

Here (w̃1, w̃2) is an arbitrary solution of (5.39)–(5.40) with χ̂(τ) = 0.

For the case χ̂(τ) = 0 and η̂(τ) = const system (5.39)–(5.40) can be reduced
by inequivalent one-dimensional subalgebras of its MIA. We obtain the following
solutions:

For the subalgebra 〈∂τ 〉 it follows that

w1 = C1 ln z + C2,

w2 = 1
4C1(ln

2 z − ln z) + 1
2C2 ln z + C3z

−2 + C4

if η̂ = −1;

w1 = C1z
2 + C2,

w2 = 1
4C1z

2 + 1
2C2 ln2 z + C3 ln z + C4

if η̂ = 1;

w1 = C1z
η̂+1 + C2,

w2 = 1
2C1(η̂ + 1)−1zη̂+1 + C2(η̂ − 1)−1 ln z + C3z

η̂−1 + C4

if η̂ 6∈ {−1; 1}.
For the subalgebra 〈∂τ − wi∂wi〉 it follows that

w1 = e−τz
1
2
(η̂+1)ψ1(z), w2 = e−τz

1
2
(η̂−1)ψ2(z),

where the functions ψ1 and ψ2 satisfy the system

z2ψ1
zz + zψ1

z +
(
z2 − 1

4 (η̂ + 1)2
)
ψ1 = 0, (5.42)

z2ψ2
zz + zψ2

z +
(
z2 − 1

4 (η̂ − 1)2
)
ψ2 = zψ1. (5.43)

The general solution of system (5.42)–(5.43) can be expressed by quadratures in terms
of the Bessel functions of a real variable Jν(z) and Yν(z):

ψ1 = C1Jν+1(z) + C2Yν+1(z),

ψ2 = C3Jν(z) + C4Yν(z) + π
2Yν(z)

∫
Jν(z)ψ

1(z)dz − π
2 Jν(z)

∫
Yν(z)ψ

1(z)dz

with ν = 1
2 (η̂ − 1);

For the subalgebra 〈∂τ + wi∂wi〉 it follows that

w1 = eτz
1
2
(η̂+1)ψ1(z), w2 = eτz

1
2
(η̂−1)ψ2(z),

where the functions ψ1 and ψ2 satisfy the system

z2ψ1
zz + zψ1

z −
(
z2 + 1

4 (η̂ + 1)2
)
ψ1 = 0, (5.44)
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z2ψ2
zz + zψ2

z −
(
z2 + 1

4 (η̂ − 1)2
)
ψ2 = zψ1. (5.45)

The general solution of system (5.44)–(5.45) can be expressed by quadratures in terms
of the Bessel functions of an imaginary variable Iν(z) and Kν(z):

ψ1 = C1Iν+1(z) + C2Kν+1(z),

ψ2 = C3Iν(z) + C4Kν(z) +Kν(z)
∫
Iν(z)ψ

1(z)dz − Iν(z)
∫
Kν(z)ψ

1(z)dz

with ν = 1
2 (η̂ − 1).

For the subalgebra 〈2τ∂τ + z∂z + awi∂wi〉 it follows that

w1 = |τ |ae− 1
2
ω|ω| 14 (η̂−1)ψ1(ω), w2 = |τ |ae− 1

2
ω|ω| 14 (η̂−3)ψ2(ω)

with ω = 1
4z

2τ−1, where the functions ψ1 and ψ2 satisfy the system

4ω2ψ1
ωω =

(
ω2 +

(
a− 1

4 (η̂ − 1)
)
ω + 1

4 (η̂ + 1)2 − 1
)
ψ1, (5.46)

4ω2ψ2
ωω =

(
ω2 +

(
a− 1

4 (η̂ − 3)
)
ω + 1

4 (η̂ − 1)2 − 1
)
ψ2 + 2|ω|1/2ψ1. (5.47)

The general solution of system (5.46)–(5.47) can be expressed by quadratures in terms
of the Whittaker functions.

6. Symmetry properties and exact solutions
of system (3.12)

As was mentioned in Section 3, ansatzes (3.4)–(3.7) reduce the NSEs (1.1) to the
systems of PDEs of a similar structure that have the general form (see (3.12)):

wiw1
i − w1

ii + s1 + α2w
2 = 0,

wiw2
i − w2

ii + s2 − α2w
1 + α1w

3 = 0,

wiw3
i − w3

ii + α4w
3 + α5 = 0,

wii = α3,

(6.1)

where αn (n = 1, 5) are real parameters.
Setting αk = 0 (k = 2, 5) in (6.1), we obtain equations describing a plane convective

flow that is brought about by nonhomogeneous heating of boundaries [25]. In this case
wi are the coordinates of the flow velocity vector, w3 is the flow temperature, s is
the pressure, the Grasshoff number λ is equal to −α1, and the Prandtl number σ is
equal to 1. Some similarity solutions of these equations were constructed in [22]. The
particular case of system (6.1) for α1 = α2 = α4 = α5 = 0 and α3 = 1 was considered
in [31].

In this section we study symmetry properties of system (6.1) and construct large
sets of its exact solutions.
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Theorem 6.1. The MIA of (6.1) is the algebra

1. E1 = 〈∂1, ∂2, ∂s〉 if α1 6= 0, α4 6= 0.

2. E2 = 〈∂1, ∂2, ∂s, ∂w3 − α1z2∂s〉 if α1 6= 0, α4 = 0, (α1, α2, α5) 6= (0, 0, 0).

3. E3 = 〈∂1, ∂2, ∂s, ∂w3 − α1z2∂s, D̃ − 3w3∂w3〉 if α1 6= 0, αk = 0, k = 2, 5.

4. E4 = 〈∂1, ∂2, ∂s, J, (w3 + α5/α4)∂w3〉 if α1 = 0, α4 6= 0.

5. E5 = 〈∂1, ∂2, ∂s, J, ∂w3〉 if α1 = α4 = 0, (α2, α3) 6= (0, 0), α5 6= 0.

6. E6 = 〈∂1, ∂2, ∂s, J, ∂w3 , w3∂w3〉 if α1 = α4 = α5 = 0, (α2, α3) 6= (0, 0).

7. E7 = 〈∂1, ∂2, ∂s, J, ∂w3 , D̃ + 2w3∂w3〉 if α5 6= 0, αl = 0, l = 1, 4.

8. E8 = 〈∂1, ∂2, ∂s, J, ∂w3 , D̃, w3∂w3〉 if αn = 0, n = 1, 5.

Here D̃ = zi∂i − wi∂wi − 2s∂s, J = z1∂2 − z2∂1 + w1∂w2 − w2∂w1 , ∂i = ∂zi
.

Note 6.1. The bases of the algebras E6 and E8 contain the operator w3∂w3 that is
not induced by elements of A(NS).

Note 6.2. If α4 6= 0, the constant α5 can be made to vanish by means of local
transformation

w̃3 = w3 + α5/α4, s̃ = s− α1α5α
−1
4 z2, (6.2)

where the independent variables and the functions wi are not transformed. Therefore,
we consider below that α5 = 0 if α4 6= 0.

Note 6.3. Making the non-local transformation

s̃ = s+ α2Ψ, (6.3)

where Ψ1 = w2, Ψ2 = −w1 (such a function Ψ exists in view of the last equation
of (6.1)), in system (6.1) with α3 = 0, we obtain a system of form (6.1) with α̃3 =
α̃2 = 0. In some cases (α1 6= 0, α3 = α4 = α5 = 0, α2 6= 0; α1 = α3 = α4 = 0,
α2 6= 0) transformation (6.3) allows the symmetry of (6.1) to be extended and non-
Lie solutions to be constructed. Moreover, it means that in the cases listed above
system (6.1) is invariant under the non-local transformation

ẑi = eεzi, ŵi = e−εwi, ŵ3 = eδεw3, ŝ = e−2εs+ α2(e
−2ε − 1)Ψ,

where

δ = −3 if α3 = α4 = α5 = 0, α1, α2 6= 0;

δ = 2 if α1 = α3 = α4 = 0, α2, α5 6= 0;

δ = 0 if α1 = α3 = α4 = α5 = 0, α2 6= 0.

Let us consider an ansatz of the form:

w1 = a1ϕ
1 − a2ϕ

3 + b1ω2,

w2 = a2ϕ
1 + a1ϕ

3 + b2ω2,

w3 = ϕ2 + b3ω2,

s = h+ d1ω2 + d2ω1ω2 + 1
2d3ω

2
2 ,

(6.4)
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where a2
1 + a2

2 = 1, ω = ω1 = a1z2 − a2z1, ω2 = a1z1 + a2z2, B, ba, da = const,

bi = Bai, b3(B + α4) = 0,

d2 = α2B − α1b3a1, d3 = −B2 − α1b3a2,
(6.5)

Here and below ϕa = ϕa(ω) and h = h(ω). Indeed, formulas (6.4) and (6.5) determine
a whole set of ansatzes for system (6.1). This set contains both Lie ansatzes, construc-
ted by means of subalgebras of the form

〈a1∂1 + a2∂2 + a3(∂w3 − α1z2∂s) + a4∂s〉, (6.6)

and non-Lie ansatzes. Equation (6.5) is the necessary and sufficient condition to reduce
(6.1) by means of an ansatz of form (6.3). As a result of reduction we obtain the
following system of ODEs:

ϕ3ϕ1
ω − ϕ1

ωω + µ1jϕ
j + d1 + d2ω + α2ϕ

3 = 0,

ϕ3ϕ2
ω − ϕ2

ωω + µ2jϕ
j + α5 = 0,

ϕ3ϕ3
ω − ϕ3

ωω + hω − α2ϕ
1 + α1a1ϕ

2 = 0,

ϕ3
ω = σ,

(6.7)

where µ11 = −B, µ12 = −α1a2, µ21 = −b3, µ22 = −α4, σ = α3 −B. If σ = 0, system
(6.7) implies that

ϕ3 = C0 = const,

h = α2

∫
ϕ1(ω)dω − α1a1

∫
ϕ2(ω)dω,

and the functions ϕi satisfy system (4.23), where ν11 = d1 +α2C0, ν21 = d2, ν12 = α5,
ν22 = 0. If σ 6= 0, then ϕ3 = σω (translating ω, the integration constant can be made
to vanish),

h = − 1
2σ

2ω2 + α2

∫
ϕ1(ω)dω − α1a1

∫
ϕ2(ω)dω,

and the functions satisfy system (4.29), where ν11 = d1, ν21 = d2 + α2σ, ν12 = α5,
ν22 = 0.

Note 6.4. Step-by-step reduction of the NSEs (1.1) by means of ansatzes (3.4)–(3.7)
and (6.4) is equivalent to a particular case of immediate reduction of the NSEs (1.1)
to ODEs by means of ansatzes 5 and 6 from Subsection 4.1.

Now let us choose such algebras, among the algebras from Table 1, that can be
used to reduce system (6.1) and do not belong to the set of algebras (6.6). By means
of the chosen algebras we construct ansatzes that are tabulated in the form of Table 2.

Substituting the ansatzes from Table 2 into system (6.1), we obtain the reduced
systems of ODEs in the functions ϕa and h:

1. ϕ2ϕ1
ω − ϕ1

ωω − ϕ1ϕ1 − ϕ2ϕ2 − 2h+ α1ϕ
3 sinω + 2ϕ2

ω = 0,

ϕ2ϕ2
ω − ϕ2

ωω + hω − 2ϕ1
ω + α1ϕ

3 cosω = 0,

ϕ2ϕ3
ω − ϕ3

ωω − 3ϕ1ϕ3 − 9ϕ3 = 0,

ϕ2
ω = 0.

(6.8)
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Table 1. Complete sets of inequivalent one-dimensional subalgebras of the algebras
E1 − E8 (a and al (l = 1, 4) are real constants)

Algebra Subalgebras Values of
parameters

E1 〈a1∂1 + a2∂2 + a3∂s〉, 〈∂s〉 a2
1 + a2

2 = 1

E2
〈a1∂1 + a2∂2 + a3(∂w3 − α1z2∂s)〉,
〈∂1 + a4∂s〉, 〈∂w3 − α1z2∂s〉, 〈∂s〉

a2
1 + a2

2 = 1,
a4 6= 0

E3
〈a1∂1 + a2∂2 + a3(∂w3 − α1z2∂s)〉, 〈∂1 + a4∂s〉,
〈D̃ − 3w3∂w3〉, 〈∂w3 − α1z2∂s〉, 〈∂s〉

a2
1 + a2

2 = 1,
a3 ∈ {−1; 0; 1},
a4 ∈ {−1; 1}

E4
〈J + a1∂s + a2w

3∂w3〉, 〈∂2 + a1∂s + a2w
3∂w3〉,

〈w3∂w3 + a1∂s〉, 〈∂s〉

E5
〈J + a1∂s + a2∂w3〉, 〈∂2 + a1∂s + a2∂w3〉,
〈∂w3 + a1∂s >,< ∂s〉

E6

〈J + a1∂s + a2w
3∂w3〉, 〈∂2 + a1∂s + a2w

3∂w3〉,
〈J + a1∂s + a3∂w3〉, 〈∂2 + a1∂s + a3∂w3〉,
〈w3∂w3 + a1∂s〉, 〈∂w3 + a1∂s〉, 〈∂s〉

a2 6= 0,
a3 ∈ {−1; 0; 1}

E7
〈D̃ + aJ + 2w3∂w3〉, 〈J + a1∂s + a2∂w3〉,
〈∂2 + a1∂s + a2∂w3〉, 〈∂w3 + a2∂s〉, 〈∂s〉

a2 ∈ {−1; 0; 1},
a1 ∈ {−1; 0; 1}

if a2 = 0

E8

〈D̃ + aJ + a3w
3∂w3〉, 〈D̃ + aJ + a3∂w3〉,

〈J + a1∂s + a4w
3∂w3〉, 〈∂2 + a1∂s + a4w

3∂w3〉,
〈J + a1∂s + a2∂w3〉, 〈∂2 + a1∂s + a2∂w3〉,
〈w3∂w3 + a1∂s〉, 〈∂w3 + a1∂s〉, 〈∂s〉

ai ∈ {−1; 0; 1},
a4 6= 0



Symmetry reduction and exact solutions of the Navier–Stokes equations 273

Table 2. Ansatzes reducing system (6.1) (r = (z2
1 + z2

2)1/2)

N Values
of αn

Algebra Invariant
variable

Ansatz

1
α1 6= 0,
αk = 0,
k = 2, 5

〈D̃ − 3w3∂w3〉 ω = arctan z2z1

w1 = r−2(z1ϕ
1 − z2ϕ

2),
w2 = r−2(z2ϕ

1 + z1ϕ
2),

w3 = r−3ϕ3, s = r−2h

2
α1 = 0,
α5 = 0

〈∂2 + a1∂s + a2w
3∂w3〉,

a2 6= 0
ω = z1

w1 = ϕ1, w2 = ϕ2,
w3 = ϕ3ea2z2 ,
s = h+ a1z2

3
α1 = 0,
α4 = 0

〈J + a1∂s + a2∂w3〉 ω = r

w1 = z1ϕ
1 − z2r

−2ϕ2,
w2 = z2ϕ

1 + z1r
−2ϕ2,

w3 = ϕ3 + a2 arctan z2z1 ,

s = h+ a1 arctan z2z1

4
α1 = 0,
α5 = 0

〈J + a1∂s + a2w3∂w3〉
a2 6= 0 if α4 = 0

ω = r

w1 = z1ϕ
1 − z2r

−2ϕ2,
w2 = z2ϕ

1 + z1r
−2ϕ2,

w3 = ϕ3ea2 arctan
z2
z1 ,

s = h+ a1 arctan z2z1

5
α5 6= 0,
αl = 0,
l = 1, 4

〈D̃ + aJ + 2w3∂w3〉 ω = arctan z2z1−
−a ln r

w1 = r−2(z1ϕ
1 − z2ϕ

2),
w2 = r−2(z2ϕ

1 + z1ϕ
2),

w3 = r2ϕ3, s = r−2h

6
αn = 0,
n = 1, 5

〈D̃ + aJ + a1∂w3〉 ω = arctan z2z1−
−a ln r

w1 = r−2(z1ϕ
1 − z2ϕ

2),
w2 = r−2(z2ϕ

1 + z1ϕ
2),

w3 = ϕ3 + a1 ln r,
s = r−2h

7
αn = 0,
n = 1, 5

〈D̃ + aJ + a1w
3∂w3〉,

a1 6= 0

ω = arctan z2z1−
−a ln r

w1 = r−2(z1ϕ
1 − z2ϕ

2),
w2 = r−2(z2ϕ

1 + z1ϕ
2),

w3 = ra1ϕ3, s = r−2h
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2. ϕ1ϕ1
ω − ϕ1

ωω + α2ϕ
2 + hω = 0,

ϕ1ϕ2
ω − ϕ2

ωω − α2ϕ
1 + a1 = 0,

ϕ1ϕ3
ω − ϕ3

ωω + (a2ϕ
2 + α4 − a2

2)ϕ
3 = 0,

ϕ1
ω = α3.

(6.9)

3. ωϕ1ϕ1
ω − ϕ1

ωω + ϕ1ϕ1 − ω−4ϕ2ϕ2 − 3ω−1ϕ1
ω + α2ω

−2ϕ2 + ω−1hω = 0,

ωϕ1ϕ2
ω − ϕ2

ωω + ω−1ϕ2
ω − α2ω

2ϕ1 + a1 = 0,

ωϕ1ϕ3
ω − ϕ3

ωω + a2ω
−2ϕ2 − ω−1ϕ3

ω + α5 = 0,

2ϕ1 + ωϕ1
ω = α3.

(6.10)

4. ωϕ1ϕ1
ω − ϕ1

ωω + ϕ1ϕ1 − ω−4ϕ2ϕ2 − 3ω−1ϕ1
ω + α2ω

−2ϕ2 + ω−1hω = 0,

ωϕ1ϕ2
ω − ϕ2

ωω + ω−1ϕ2
ω − α2ω

2ϕ1 + a1 = 0,

ωϕ1ϕ3
ω − ϕ3

ωω + a2ω
−2ϕ2ϕ3 − ω−1ϕ3

ω + (α4 − a2
2ω

−2)ϕ3 = 0,

2ϕ1 + ωϕ1
ω = α3.

(6.11)

5. (ϕ2 − aϕ1)ϕ1
ω − (1 + a2)ϕ1

ωω − ϕ1ϕ1 − ϕ2ϕ2 − ahω − 2h = 0,

(ϕ2 − aϕ1)ϕ2
ω − (1 + a2)ϕ2

ωω − 2(aϕ2
ω + ϕ1

ω) + hω = 0,

(ϕ2 − aϕ1)ϕ3
ω − (1 + a2)ϕ3

ωω + 2ϕ1ϕ3 − 4ϕ3 + 4aϕ3
ω + α5 = 0,

ϕ2
ω − aϕ1

ω = 0.

(6.12)

6. (ϕ2 − aϕ1)ϕ1
ω − (1 + a2)ϕ1

ωω − ϕ1ϕ1 − ϕ2ϕ2 − ahω − 2h = 0,

(ϕ2 − aϕ1)ϕ2
ω − (1 + a2)ϕ2

ωω − 2(aϕ2
ω + ϕ1

ω) + hω = 0,

(ϕ2 − aϕ1)ϕ3
ω − (1 + a2)ϕ3

ωω + a1ϕ
1 = 0,

ϕ2
ω − aϕ1

ω = 0.

(6.13)

7. (ϕ2 − aϕ1)ϕ1
ω − (1 + a2)ϕ1

ωω − ϕ1ϕ1 − ϕ2ϕ2 − ahω − 2h = 0,

(ϕ2 − aϕ1)ϕ2
ω − (1 + a2)ϕ2

ωω − 2(aϕ2
ω + ϕ1

ω) + hω = 0,

(ϕ2 − aϕ1)ϕ3
ω − (1 + a2)ϕ3

ωω + a1ϕ
1ϕ3 − a2

1ϕ
3 + 2aa1ϕ

3
ω = 0,

ϕ2
ω − aϕ1

ω = 0.

(6.14)

Numeration of reduced systems (6.8)–(6.14) corresponds to that of the ansatzes in
Table 2. Let us integrate systems (6.8)–(6.14) in such cases when it is possible. Below,
in this section, Ck = const (k = 1, 6).

1. We failed to integrate system (6.8) in the general case, but we managed to find
the following particular solutions:

a) ϕ1 = −6℘(ω + C3,
1
3 (4 − 2C1), C2) − 2,

ϕ2 = ϕ3 = 0, h = 2ϕ1 + C1;

b) ϕ1 = −6C2
1e

2C1ω℘(eC1ω + C3, 0, C2) + 3C2
1 − 2,

ϕ2 = 5C1, ϕ3 = 0,

h = −12C2
1e

2C1ω℘(eC1ω + C3, 0, C2) − 2 − 13
2 C

2
1 − 9

4C
4
1 ;

c) ϕ1 = C1, ϕ2 = C2, ϕ3 = 0, h = − 1
2 (C2

1 + C2
2 ).
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Here ℘(τ,κ1,κ2) is the Weierstrass function that satisfies the equation (see [19]):

(℘τ )
2 = 4℘3 − κ1℘− κ2. (6.15)

2. If α3 = 0, the last equation of (6.9) implies that ϕ1 = C1. It follows from the
other equations of (6.9) that

ϕ2 = C3 + C2e
C1ω − (a1C

−1
1 − α2)ω,

h = C6 − α2C3ω − α2C2C
−1
1 eC1ω + 1

2α2(a1C
−1
1 − α2)ω

2

if C1 6= 0, and

ϕ2 = C3 + C2ω + 1
2a1ω

2,

h = C6 − α2C3ω − 1
2α2C2ω

2 − 1
6α2a1ω

3

if C1 = 0. The function ϕ3 satisfies the equation

ϕ3
ωω − C1ϕ

3
ω + (a2

2 − α4 − a2ϕ
2)ϕ3 = 0. (6.16)

We solve equation (6.16) for the following cases:

A. C2 = a1 − α2C1 = 0:

ϕ3 =





e
1
2
C1ω
(
C4e

µ1/2ω + C5e
−µ1/2ω

)
, µ > 0,

e
1
2
C1ω
(
C4 + C5ω

)
, µ = 0,

e
1
2
C1ω
(
C4 cos((−µ)1/2ω) + C5 sin((−µ)1/2ω)

)
, µ < 0,

where µ = 1
4C

2
1 − a2

2 + α4 + a2C3.

B. C1 = a1 = 0, C2 6= 0 ([19]):

ϕ3 = ξ1/2Z1/3

(
2
3 (−a2C2)

1/2ξ3/2
)
,

where ξ = ω + (C3a2 − a2
2 − α4)/(a2C2). Here Zν(τ) is the general solution of the

Bessel equation (4.22).

C. C1 = 0, a1 6= 0 ([19]):

ϕ3 = (ω + C2a
−1
1 )−1/2W

(
ν, 1

4 , (
1
2a1a2)

−1/2(ω + C2a
−1
1 )2

)
,

where ν = 1
4 ( 1

2a1a2)
−1/2

(
a2
2 −α4 −a2C3 + 1

2a2C
2
3a

−1
1

)
. Here W (κ, µ, τ) is the general

solution of the Whittaker equation (4.21).

D. C1 6= 0, C2 6= 0, a1 − α2C1 = 0 ([19]):

ϕ3 = e
1
2
C1ωZν

(
2C−1

1 (−a2C2)
1/2e

1
2
C1ω
)
,

where ν = C−1
1

(
C2

1 + 4(α4 + a2C3 − a2
2)
)1/2

. Here Zν(τ) is the general solution of the
Bessel equation (4.22).

E. C1 6= 0, a1 − α2C1 6= 0, C2 = 0 ([19]):

ϕ3 = e
1
2
C1ωξ1/2Z1/3

(
2
3

(
a2(a1C

−1
1 − α2)

)1/2
ξ3/2

)
,
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where ξ = ω +
(
a2
2 − 1

4C
2
1 −C3a2 − α4

)
/
(
a2(a1C

−1
1 − α2)

)
. Here Zν(τ) is the general

solution of the Bessel equation (4.22).
If α3 6= 0, then ϕ1 = α3ω (translating ω, the integration constant can be made to

vanish),

ϕ2 = C1 + C2

∫
e

1
2
α3ω

2

dω + a1

∫
e

1
2
α3ω

2
(∫

e−
1
2
α3ω

2

dω
)
dω + α2ω,

h = C3 − 1
2 (α2

2 + α2
3)ω

2 − α2C1ω − α2C2

(
ω
∫
e

1
2
α3ω

2

dω − α−1
3 e

1
2
α3ω

2
)
−

− α2a1

(
ω
∫
e

1
2
α3ω

2(∫
e−

1
2
α3ω

2

dω
)
dω − α−1

3 e
1
2
α3ω

2 ∫
e−

1
2
α3ω

2

dω + α−1
3 ω

)
,

and the function ϕ3 satisfies the equation

ϕ3
ωω − α3ωϕ

3
ω + (a2

2 − α4 − a2ϕ
2)ϕ3 = 0. (6.17)

We managed to find a solution of (6.17) only for the case a1 = C2 = 0, i.e.,

ϕ3 = e
1
4
α3ω

2

V
(
α

1/2
3 (ω + 2a2α2α

−2
3 ), ν

)
,

where ν = 4α−1
3

(
α4 + a2C1 − a2

2(α
2
2α

−2
3 + 1)

)
. Here V (τ, ν) is the general solution of

the Weber equation

4Vττ = (τ2 + ν)V. (6.18)

3. The general solution of system (6.10) has the form:

ϕ1 = C1ω
−2 + 1

2α3, (6.19)

ϕ2 = C2 + C3

∫
ωC1+1e

1
4
α3ω

2

dω − 1
2α2ω

2 +

+ a1

∫
ωC1+1e

1
4
α3ω

2
(∫

ω−C1−1e−
1
4
α3ω

2

dω
)
dω,

(6.20)

ϕ3 = C4 + C5

∫
ωC1−1e

1
4
α3ω

2

dω +

+
∫
ωC1−1e

1
4
α3ω

2
(∫

ω1−C1e−
1
4
α3ω

2

(α5 + a2ω
−2ϕ2)dω

)
dω,

h = C6 − 1
8α

2
3ω

2 − 1
2C

2
1ω

−2 +
∫

(ϕ2(ω))2ω−3dω − α2

∫
ω−1ϕ2(ω)dω. (6.21)

4. System (6.11) implies that the functions ϕi and h are determined by (6.19)–
(6.21), and the function ϕ3 satisfies the equation

ϕ3
ωω−

(
(C1−1)ω−1+ 1

2α3ω
)
ϕ3
ω +

(
a2ω

−2(a2−ϕ2) − α4

)
ϕ3 = 0. (6.22)

We managed to solve equation (6.22) in following cases:

A. C3 = a1 = 0, α3 6= 0:

ϕ3 = ω
1
2
C1−1e

1
8
α3ω

2

W (κ, µ, 1
4α3ω

2),

where κ = 1
4

(
2−C1−(4α4+2α2a2)α

−1
3

)
, µ = 1

4 (C2
1−4a2

2+4a2C2)
1/2. HereW (κ, µ, τ)

is the general solution of the Whittaker equation (4.21).
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Let α3 = 0, then

ϕ2 =





C2 + C3 lnω + 1
4 (a1 + 2α2)ω

2, C1 = −2,

C2 + 1
2C3ω

2 + 1
2a1ω

2(lnω − 1
2 ), C1 = 0,

C2 + C3(C1 + 2)−1ωC1+2 − 1
2C

−1
1 (a1 − α2C1)ω

2, C1 6= 0,−2.

B. C3 = a1 − α2C1 = 0:

ϕ3 =





ω
1
2
C1Zν(µ

1/2ω), µ 6= 0,

ω
1
2
C1(C5ω

ν + C6ω
−ν), µ = 0, ν 6= 0,

ω
1
2
C1(C5 + C6 lnω), µ = 0, ν = 0,

(6.23)

where µ = −α4, ν = 1
2 (C2

1 − 4a2
2 + 4a2C2)

1/2. Here and below Zν(τ) is the general
solution of the Bessel equation (4.22).

C. C3 = 0, C1 6= 0: ϕ3 is determined by (6.23), where

µ = 1
2a2C

−1
1 (a1 − α2C1) − α4, ν = 1

2 (C2
1 − 4a2

2 + 4a2C2)
1/2.

D. C1 = a1 = 0: ϕ3 is determined by (6.23), where

µ = − 1
2a2C3 − α4, ν = (−a2

2 + a2C2)
1/2.

E. C3 6= 0, C1 6∈ {0;−2}, a2(a1 − α2C1) − 2α4C1 = 0:

ϕ3 = ω
1
2
C1Zν(µω

1+ 1
2
C1),

where µ = 2C
1/2
3 (C1 + 2)−3/2, ν = (C1 + 2)−1(C2

1 − 4a2
2 + 4a2C2)

1/2.

F. C1 = −2, C3 6= 0, a2(a1 + 2α2) + 4α4 = 0 ([19]):

ϕ3 = ω−1ξ1/2Z1/3(
2
3C

1/2
3 ξ3/2),

where ξ = lnω + C−1
3 (a2

2 − a2C2 − 1).

G. C1 = 2, C3 < 0, 1 − a2
2 + a2C2 ≥ 0:

ϕ3 = W (κ, µ, 1
2 (−C3)

1/2ω2),

where κ = 1
8 (−C3)

−1/2(−4α4 +a2
2−2α2a2), µ = 1

2 (1−a2
2 +a2C2)

1/2. Here W (κ, µ, τ)
is the general solution of the Whittaker equation (4.21).

5–7. Identical corollaries of system (6.12), (6.13), and (6.14) are the equations

ϕ2 = aϕ1 + C1, (6.24)

h = a(1 + a2)ϕ1
ω + (2 + 2a2 − aC1)ϕ

1 + C2, (6.25)

(1 + a2)ϕ1
ωω + (4a− C1)ϕ

1
ω + ϕ1ϕ1 + 4ϕ1 + (1 + a2)−1(C2

1 + 2C2) = 0. (6.26)

We found the following solutions of (6.26):

A. If (1 + a2)−1(C2
1 + 2C2) < 4:

ϕ1 =
(
4 − (1 + a2)−1(C2

1 + 2C2)
)1/2 − 2. (6.27)



278 W.I. Fushchych, R.O. Popovych

B. If C1 = 4a:

ϕ1 = −6℘

(
ω

(1 + a2)1/2
+ C4,

4

3
− (C2

1 + 2C2)

3(1 + a2)
, C3

)
− 2. (6.28)

Here and below ℘(τ,κ1,κ2) is the Weierstrass function satisfying equation (6.15). If
C2 = 2 − 6a2 and C3 = 0, a particular case of (6.28) is the function

ϕ1 = −6(1 + a2)ω2 − 2 (6.29)

(the constant C4 is considered to vanish).

C. If 1 6= 4a, (1 + a2)−1(C2
1 + 2C2) − 4 = −9µ4:

ϕ1 = −6µ2e−2ξ℘(e−ξ + C4, 0, C3) + 3µ2 − 2, (6.30)

where ξ = (1 + a2)−1/2µω, µ = 1
5 (4a − C1)(1 + a2)−1/2. If C3 = 0, a particular case

of (6.30) is the function

ϕ1 = −6µ2e−2ξ(e−ξ + C4)
−2 + 3µ2 − 2, (6.31)

where the constant C4 is considered not to vanish.
The function ϕ3 has to be found for systems (6.12), (6.13), and (6.14) individually.

5. The function ϕ3 satisfy the equation

(1 + a2)ϕ3
ωω − (C1 + 4a)ϕ3

ω − (2ϕ1 − 4)ϕ3 − α5 = 0.

If ϕ1 is determined by (6.27), we obtain

ϕ3 = exp
(

1
2 (1 + a2)−1(C1 + 4a)ω

)
×

×





C5 exp(ν1/2ω) + C6 exp(−ν1/2ω), ν > 0

C5 cos((−ν)1/2ω) + C6 sin((−ν)1/2ω), ν < 0

C5 + C6ω, ν = 0





+

+





−α5(2ϕ
1 − 4)−1, 2ϕ1 − 4 6= 0

−α5(4a+ C1)
−1ω, 2ϕ1 − 4 = 0, C1 + 4a 6= 0

1
2α5(1 + a2)−1ω2, 2ϕ1 − 4 = 0, C1 + 4a = 0




,

where ν = 1
4 (1 + a2)−2(C1 + 4a)2 − (1 + a2)−1(4 − 2ϕ1).

6. In this case ϕ3 satisfy the equation

(1 + a2)ϕ3
ωω − C1ϕ

3
ω = a1ϕ

1.

Therefore,

ϕ3 = C5 + C6 exp
(
(1 + a2)−1C1ω

)
+ a1C

−1
1

(∫
ϕ1(ω)dω +

+ exp
(
(1 + a2)−1C1ω

) ∫
exp
(
−(1 + a2)−1C1ω

)
ϕ1(ω)dω

)

for C1 6= 0, and

ϕ3 = C5 + C6ω + a1(1 + a2)−1
(
ω
∫
ϕ1(ω)dω −

∫
ωϕ1(ω)dω

)
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for C1 = 0.

7. The function ϕ3 satisfy the equation

(1 + a2)ϕ3
ωω − (C1 + 2a1a)ϕ

3
ω + (a2

1 − a1ϕ
1)ϕ3 = 0. (6.32)

A. If ϕ1 is determined by (6.27), it follows that

ϕ3 = exp
(

1
2 (1 + a2)−1(C1 + 2a1a)ω

)
×

×





C5 exp(ν1/2ω) + C6 exp(−ν1/2ω), ν > 0
C5 cos((−ν)1/2ω) + C6 sin((−ν)1/2ω), ν < 0
C5 + C6ω, ν = 0



 ,

where ν = 1
4 (1 + a2)−2(C1 + 2a1a)

2 − (1 + a2)−1(a2
1 − a1ϕ

1).

B. If C1 = 4a, that is, ϕ1 is determined by (6.27), we obtain

ϕ3 = exp
(
a(a1 + 2)(1 + a2)−1ω

)
θ(τ),

where τ = (1 + a2)−1/2ω + C4. Here the function θ = θ(τ) is the general solution of
of the following Lame equation ([19]):

θττ +
(
6a1℘(τ) + a2

1 + 2a1 − a2(2 + a1)
2(1 + a2)−1

)
θ = 0

with the Weierstrass function

℘(τ) = ℘
(
τ, 1

3

(
4 − (1 + a2)−1(C2

1 + 2C2)
)
, C3

)
.

Consider the particular case when C2 = 2 − 6a2 and C3 = 0 additionally, i.e.,
ϕ1 can be given in form (6.29). Depending on the values of a and a1, we obtain the
following expression for ϕ3:

Case 1. a1 6= −2, a1 6= 2a2:

ϕ3 = |ω|1/2exp
(
a(2 + a1)

1 + a2
ω

)
Zν

((
(2 + a1)(a1 − 2a2)

)1/2

1 + a2
ω

)
,

where ν = ( 1
4 − 6a1)

1/2.

Case 2. a1 = −2: ϕ3 = C5ω
4 + C6ω

−3.

Case 3. a1 = 2a2:

Case 3.1. 48a2 < 1: ϕ3 = |ω|1/2e2aω
(
C5ω

σ + C6ω
−σ), where σ = 1

2

√
1 − 48a2.

Case 3.2. 48a2 = 1, that is, a = ± 1
12

√
3: ϕ3 = |ω|1/2(C5 + C6 lnω).

Case 3.3. 48a2 > 1: ϕ3 = |ω|1/2e2aω
(
C5 cos(γ lnω) + C6 sin(γ lnω)

)
, where γ =

1
2

√
48a2 − 1.

C. Let the conditions

C1 6= 4a, (1 + a2)−1(C2
1 + 2C2) − 4 = −9µ4
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be satisfied, that is, let ϕ1 be determined by (6.30). Transforming the variables in
equation (6.32) by the formulas:

ϕ3 = τ−1/2 exp
(

1
2 (C1 + 2aa1)(1 + a2)−1ω

)
θ(τ),

τ = exp
(
−µ(1 + a2)−1/2ω

)
,

we obtain the following equation in the function θ = θ(τ):

τ2θττ +
(
6a1τ

2℘(τ + C4, 0, C3) + σ
)
θ = 0, (6.33)

where σ = µ−2
(
a2
1 + 2a1 − 1

4 (1 + a2)−1(C2
1 + 2aa1)

2
)
− 3a1 + 1

4 . If σ = 0, equation
(6.33) is a Lame equation.

In the particular case when ϕ1 is determined by (6.31), equation (6.33) has the
form:

τ2(τ + C4)
2θττ +

(
6a1τ

2 + σ(τ + C4)
2
)
θ = 0. (6.34)

By means of the following transformation of variables:

θ = |ξ|ν1 |ξ − 1|ν2ψ(ξ), ξ = −C−1
4 τ,

where ν1(ν1 − 1) + σ = 0 and ν2(ν2 − 1) + 6a1 = 0, equation (6.34) is reduced to a
hypergeometric equation of the form (see [19]):

ξ(ξ − 1)ψξξ +
(
2(ν1 + ν2)ξ − 2ν1)ψξ + 2ν1ν2ψ = 0.

If σ = 0, equation (6.34) implies that

(τ + C4)
2θττ + 6a1θ = 0.

Therefore,

θ = C5|τ + C4|1/2−ν + C6|τ + C4|1/2+ν

if a1 <
1
24 , where ν = ( 1

4 − 6a1)
1/2,

θ = |τ + C4|1/2
(
C5 + C6 ln |τ + C4|

)

if a1 = 1
24 , and

θ = |τ + C4|1/2
(
C5 cos(ν ln |τ + C4|) + C6 sin(ν ln |τ + C4|)

)

if a1 >
1
24 , where ν = (6a1 − 1

4 )1/2.

7. Exact solutions of system (2.9)

Among the reduced systems from Section 2, only particular cases of system (2.9) have
Lie symmetry operators that are not induced by elements from A(NS). Therefore,
Lie reductions of the other systems from Section 2 give only solutions that can be
obtained by means of reducing the NSEs with two- and three-dimensional subalgebras
of A(NS).
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Here we consider system (2.9) with ρi vanishing. As mentioned in Note 2.5, in this
case the vector-function ~m has the form ~m = η(t)~e, where ~e = const, |~e| = 1, and
η = η(t) = |~m(t)| 6= 0. Without loss of generality we can assume that ~e = (0, 0, 1), i.e.,

~m = (0, 0, η(t)).

For such vector ~m, conditions (2.5) are satisfied by the following vector ~ni:

~n1 = (1, 0, 0), ~n2 = (0, 1, 0).

Therefore, ansatz (2.4) and system (2.9) can be written, respectively, in the forms:

u1 = v1, u2 = v2, u3 =
(
η(t)

)−1(
v3 + ηt(t)x3

)
,

p = q − 1
2ηtt(t)

(
η(t)

)−1
x2

3,
(7.1)

where v = v(y1, y2, y3), q = q(y1, y2, y3), yi = xi, y3 = t, and

vit + vjvij − vijj + qi = 0,

v3
t + vjv3

j − v3
jj = 0,

vii + ρ3 = 0,

(7.2)

where ρ3 = ρ3(t) = ηt/η.
It was shown in Note 2.8 that there exists a local transformation which make ρ3

vanish. Therefore, we can consider system (7.2) only with ρ3 vanishing and extend
the obtained results in the case ρ3 6= 0 by means of transformation (2.12). However it
will be sometimes convenient to investigate, at once, system (7.2) with an arbitrary
function ρ3.

The MIA of (7.2) with ρ3 = 0 is given by the algebra

B = 〈R3(ψ̄), Z1(λ), D1
3, ∂t, J

1
12, ∂v3 , v

3∂v3〉

(see notations in Subsection 2.1). We construct complete sets of inequivalent one-
dimensional subalgebras of B and choose such algebras, among these subalgebras,
that can be used to reduce system (7.2) and do not lie in the linear span of the
operators R3(ψ̄), Z1(λ), J1

12, i.e., the operators which are induced by operators from
A(NS) for arbitrary ρ3. As a result we obtain the following algebras (more exactly,
the following classes of algebras):

The one-dimensional subalgebras:

1. B1
1 = 〈D1

3 + 2κJ1
12 + 2γv3∂v3 + 2β∂v3〉, where γβ = 0.

2. B1
2 = 〈∂t + κJ1

12 + γv3∂v3 + β∂v3〉, where γβ = 0, κ ∈ {0; 1}.
3. B1

3 = 〈J1
12 + γv3∂v3 + Z1(λ(t))〉, where γ 6= 0, λ ∈ C∞((t0, t1),R).

4. B1
4 = 〈R3(ψ̄(t)) + γv3∂v3〉, where γ 6= 0,

ψ̄(t) = (ψ1(t), ψ2(t)) 6= (0, 0) ∀ t ∈ (t0, t1), ψ
i ∈ C∞((t0, t1),R).



282 W.I. Fushchych, R.O. Popovych

The two-dimensional subalgebras:

1. B2
1 = 〈∂t + β2∂v3 , D

1
3 + κJ1

12 + γv3∂v3 + β1∂v3〉,
where γβ1 = 0, (γ − 2)β2 = 0.

2. B2
2 = 〈D1

3 + 2γ1v
3∂v3 + 2β1∂v3 , J

1
12 + γ2v

3∂v3 + β2∂v3 + Z1(ε|t|−1)〉,
where γ1β1 = 0, γ2β2 = 0, γ1β2 − γ2β1 = 0.

3. B2
3 = 〈D1

3 + 2κJ1
12 + 2γ1v

3∂v3 + 2β1∂v3 , R3(|t|σ+1/2 cos τ, |t|σ+1/2 sin τ) +

+ γ2v
3∂v3 + β2∂v3 + Z1(ε|t|σ−1)〉, where τ = κ ln |t|,

(γ1 + σ)β1 − γ2β1 = 0, σγ2 = 0, εσ = 0.

4. B2
4 = 〈∂t + γ1v

3∂v3 + β1∂v3 , J
1
12 + γ2v

3∂v3 + β2∂v3 + Z1(ε)〉,
where γ1β1 = 0, γ2β2 = 0, γ1β2 − γ2β1 = 0.

5. B2
5 = 〈∂t + κJ1

12 + γ1v
3∂v3 + β1∂v3 , R3(e

σt cos κt, eσt sin κt) +

+ Z1(εeσt) + γ2v
3∂v3 + β2∂v3〉, where (γ1 + σ)β1 − γ2β1 = 0,

σγ2 = 0, εσ = 0.

6. B2
6 = 〈R3(ψ̄

1) + γv3∂v3 , R3(ψ̄
2)〉, where ψ̄i = (ψi1(t), ψi2(t)) 6= (0, 0)

∀ t ∈ (t0, t1), ψ
ij ∈ C∞((t0, t1),R), ψ̄1

tt · ψ̄2 − ψ̄1 · ψ̄2
tt = 0, γ 6= 0.

Hereafter ψ̄1 · ψ̄2 := ψ1iψ2i.

Let us reduce system (7.2) to systems of PDEs in two independent variables. With
the algebras B1

1–B1
4 we can construct the following complete set of Lie ansatzes of

codimension 1 for system (7.2) with ρ3 = 0:

1. v1 = |t|−1/2(w1 cos τ − w2 sin τ) + 1
2y1t

−1 − κy2t
−1,

v2 = |t|−1/2(w1 sin τ + w2 cos τ) + 1
2y2t

−1 + κy1t
−1,

v3 = |t|γw3 + β ln |t|,
q = |t|−1s+ 1

2 (κ2 + 1
4 )t−2r2,

(7.3)

where τ = κ ln |t|, γβ = 0,

z1 = |t|−1/2(y1 cos τ + y2 sin τ), z2 = |t|−1/2(−y1 sin τ + y2 cos τ).

Here and below wa = wa(z1, z2), s = s(z1, z2), r = (y2
1 + y2

2)1/2.

2. v1 = w1 cos κt− w2 sin κt− κy2,

v2 = w1 sin κt+ w2 cos κt+ κy1,

v3 = w3eγt + βt,

q = s+ 1
2κ

2r2,

(7.4)

where κ ∈ {0; 1}, γβ = 0,

z1 = y1 cos κt+ y2 sin κt, z2 = −y1 sin κt+ y2 cos κt.

3. v1 = y1r
−1w3 − y2r

−2w1 − γy2r
−2,

v2 = y2r
−1w3 + y1r

−2w1 + γy1r
−2,

v3 = w2eγ arctan y2/y1 ,

q = s+ λ(t) arctan y2/y1,

(7.5)
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where 1 = t, z2 = r, γ 6= 0, λ ∈ C∞((t0, t1),R).

4. v̄ = (ψ̄ · ψ̄)−1
(
(w1 + γ)ψ̄ + w3θ̄ + (ψ̄ · ȳ)ψ̄t − z2θ̄t

)

v3 = w2 exp
(
γ(ψ̄ · ψ̄)−1(ψ̄ · ȳ)

)

q = s− (ψ̄ · ψ̄)−1(ψ̄tt · ȳ)(ψ̄ · ȳ) + 1
2 (ψ̄ · ψ̄)−2(ψ̄tt · ψ̄)(ψ̄ · ȳ)2,

(7.6)

where z1 = t, z2 = (θ̄ · ȳ), γ 6= 0, v̄ = (v1, v2), ȳ = (y1, y2), ψ
i ∈ C∞((t0, t1),R),

θ̄ = (−ψ2, ψ1).

Substituting ansatzes (7.3) and (7.4) into system (7.2) with ρ3 = 0, we obtain a
reduced system of the form (6.1), where

α1 = 0, α2 = −1, α3 = −2κ, α4 = γ, α5 = β if t > 0 and

α1 = 0, α2 = 1, α3 = 2κ, α4 = −γ, α5 = −β if t < 0

for ansatz (7.3) and

α1 = 0, α2 = 0, α3 = −2κ, α4 = γ, α5 = β

for ansatz (7.4). System (6.1) is investigated in Section 6 in detail.
Because the form of ansatzes (7.3) is not changed after transformation (2.12), it is

convenient to substitute their into a system of form (7.2) with an arbitrary function ρ3.
As a result of substituting, we obtain the following reduced systems:

3. w3
1 + w3w3

2 − z−3
2 (w1 + γ)2 − (w3

22 + z−1
2 w3

2 − z−2
2 w3) + s2 = 0,

w1
1 + w3w1

2 − w1
22 + z−1

2 w1
2 + λ = 0,

w2
1 + w3w2

2 − w2
22 − z−1

2 w2
2 + γz−2

2 w1w2 = 0,

w3
2 + z−1

2 w3 = −η1/η.

(7.7)

4. w1
1 + w3w1

2 − (ψ̄ · ψ̄)w1
22 = 0,

w3
1 + w3w3

2 − (ψ̄ · ψ̄)w3
22 + (ψ̄ · ψ̄)s2 + 2(w1 + γ)(ψ̄ · θ̄)(ψ̄ · ψ̄)−1 −

− 2(ψ̄t · ψ̄)(ψ̄ · ψ̄)−1w3 + (2ψ̄t · ψ̄t − ψ̄tt · ψ̄)(ψ̄ · ψ̄)−1z2 = 0,

w2
1 + w3w2

2 − (ψ̄ · ψ̄)w2
22 + γ(ψ̄ · ψ̄)−1

(
w1 + (ψ̄t · θ̄)(ψ̄ · ψ̄)−1z2

)
w2 = 0,

w3
2 + ηt/η = 0.

(7.8)

Unlike systems 8 and 9 from Subsection 3.2, systems (7.7) and (7.8) are not reduced
to linear systems of PDEs.

Let us investigate system (7.7). The last equation of (7.7) immediately gives

(w3
2 + z−1

2 w3)2 = w3
22 + z−1

2 w3
2 − z−2

2 w3 = 0,

w3 = (χ− 1)z−1
2 − 1

2ηtη
−1z2,

(7.9)

where χ = χ(t) is an arbitrary differentiable function of t = z2. Then it follows from
the first equation of (7.7) that

s =
∫
z−3
2 (w1 + γ)2dz2 − 1

2 (χ− 1)2z−2
2 + 1

4z
2
2

(
(ηt/η)t − 1

2 (ηt/η)
2
)
− χt ln |z2|.
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Substituting (7.9) into the remaining equations of (7.7), we get

w1
1 − w1

22 +
(
χz−1

2 − 1
2ηtη

−1z2
)
w1

2 + λ = 0,

w2
1 − w2

22 +
(
(χ− 2)z−1

2 − 1
2ηtη

−1z2
)
w2

2 + γz−2
2 w1w2 = 0.

(7.10)

By means of changing the independent variables

τ =
∫
|η(t)|dt, z = |η(t)|1/2z2, (7.11)

system (7.10) can be transformed to a system of a simpler form:

w1
τ − w1

zz + χ̂z−1w2
z + λ̂|η̂|−1 = 0,

w2
τ − w2

zz + (χ̂− 2)z−1w2
z + γz−2w1w2 = 0,

(7.12)

where η̂(τ) = η(t), χ̂(τ) = χ(t), and λ̂(τ) = λ(t).
If λ(t) = −2Cη(t)(χ(t) − 1) for some fixed constant C, particular solutions of

(7.10) are functions

w1 = Cη(t)z2
2 , w2 = f(z1, z2) exp

(
γC
∫
η(t)dt

)
,

where f is an arbitrary solution of the following equation

f1 − f22 +
(
(χ− 2)z−1

2 − 1
2ηtη

−1z2
)
f2 = 0. (7.13)

In the variables from (7.11), equation (7.13) has form (5.22) with η̃(τ) = χ(t) − 2.
In the case λ(t) = 8C(χ(t) − 1)η(t)

∫
η(t)(χ(t) − 3)dt (C = const), particular

solutions of (7.10) are functions

w1 = C
(
(η(t))2z4

2 − 4z2
2η(t)

∫
η(t)(χ(t) − 3)dt

)
,

w2 = f(z1, z2) exp
(

1
2 (γC)1/2η(t)z2

2 + ξ(t)
)
,

where ξ(t) = −(γC)1/2
∫
η(t)(χ(t) − 3)dt+ 4γC

∫
η(t)

(∫
η(t)(χ(t) − 3)dt

)
dt and f is

an arbitrary solution of the following equation

f1 − f22 +
(
(χ− 2)z−1

2 − ( 1
2ηtη

−1 + 2(γC)1/2)z2
)
f2 = 0. (7.14)

After the change of the independent variables

τ =
∫
|η(t)| exp

(
4(γC)1/2

∫
η(t)dt

)
dt, z = |η(t)|1/2 exp

(
2(γC)1/2

∫
η(t)dt

)
z2

in (7.14), we obtain equation (5.22) with η̃(τ) = χ(t) − 2 again.
Let us continue to system (7.8). The last equation of (7.8) integrates with respect

to z2 to the following expression: w3 = −ηtη−1z2+χ. Here χ = χ(t) is an differentiable
function of z1 = y3 = t. Let us make the transformation from the symmetry group
of (7.2):

¯̃v(t, ȳ) = v̄(t, ȳ − ξ̄(t)) + ξ̄t(t), ṽ3 = v3, q̃(t, ȳ) = q(t, ȳ − ξ̄(t)) − ξ̄tt(t) · ȳ,

where ξ̄tt · ψ̄ − ξ̄ · ψ̄tt = 0 and

ξ̄t · θ̄ + χ+ ηtη
−1(ξ̄ · θ̄) − |ψ̄|−2(ξ̄ · ψ̄)(ψ̄t · θ̄) + |ψ̄|−2(ξ̄ · θ̄)(θ̄t · θ̄) = 0.
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Hereafter |ψ̄|2 = ψ̄ · ψ̄. This transformation does not modify ansatz (7.6), but it makes
the function χ vanish, i.e., w̃3 = −ηtη−1z2. Therefore, without loss of generality we
may assume, at once, that w3 = −ηtη−1z2.

Substituting the expression for w3 in the other equations of (7.8), we obtain that

s = z2
2 |ψ̄|−2

((
1
2 ψ̄tt · ψ̄ − ψ̄t · ψ̄t − (ψ̄t · ψ̄)ηtη

−1
)
|ψ̄|−2 + 1

2ηttη
−1 − (ηt)

2η−2
)
−

− 2(ψ̄t · θ̄)|ψ̄|−2
∫
w1(z1, z2)dz2,

w1
1 − η1η

−1z2w
1
2 − |ψ̄|2w1

22 = 0,

w2
1 − η1η

−1z2w
2
2 − |ψ̄|2w2

22 + γ|ψ̄|−2
(
2(ψ̄t · θ̄)|ψ̄|−2z2 + w1

)
w2 = 0.

(7.15)

The change of the independent variables

τ =
∫

(η(t)|ψ̄|)2dt, z = η(t)z2

reduces system (7.15) to the following form:

w1
τ − w1

zz = 0,

w2
τ − w2

zz + γ| ¯̂ψ|−4η̂−2
(
2(

¯̂
ψt ·

¯̂
θ)η̂z + w1

)
w2 = 0,

(7.16)

where ¯̂
ψ(τ) = ψ̄(t),

¯̂
θ(τ) = θ̄(t), η̂(τ) = η(t).

Particular solutions of (7.15) are the functions

w1 = C1 + C2η(t)z2 + C3

(
1
2 (η(t)z2)

2 +
∫

(η(t)|ψ̄|)2dt
)
,

w2 = f(t, z2) exp
(
ξ2(t)z2

2 + ξ1(t)z2 + ξ0(t)
)
,

where (ξ2(t), ξ1(t), ξ0(t)) is a particular solution of the system of ODEs:

ξ2t − 2ηtη
−1ξ2 − 4|ψ̄|2(ξ2)2 + 1

2C3γη
2|ψ̄|−2 = 0,

ξ1t − ηtη
−1ξ1 − 4|ψ̄|2ξ2ξ1 + 2γ(ψ̄t · θ̄)|ψ̄|−4 + C2γη|ψ̄|−2 = 0,

ξ0t − 2|ψ̄|2ξ2 − |ψ̄|2(ξ1)2 + γ
(
C1 + C3

∫
(η(t)|ψ̄|)2dt

)
|ψ̄|−2 = 0,

and f is an arbitrary solution of the following equation

f1 − |ψ̄|2f22 +
(
(ηtη

−1 + 4|ψ̄|2ξ2)z2 + 2|ψ̄|2ξ1
)
f2 = 0. (7.17)

Equation (7.17) is reduced by means of a local transformation of the independent
variables to the heat equation.

Consider the Lie reductions of system (7.2) to systems of ODEs. The second basis
operator of the each algebra B2

k, k = 1, 5 induces, for the reduced system obtained
from system (7.2) by means of the first basis operator, either a Lie symmetry operator
from Table 2 or a operator giving a ansatz of form (6.4). Therefore, the Lie reduction
of system (7.2) with the algebras B2

1 −B2
5 gives only solutions that can be constructed

for system (7.2) by means of reducing with the algebras B1
1 and B1

2 to system (6.1).
With the algebra B2

6 we obtain an ansatz and a reduced system of the following
forms:

v̄ = φ̄+ λ−1(θ̄i · ȳ)ψ̄it, v3 = φ3 exp
(
γλ(θ̄1 · ȳ)

)
,

s = h− 1
2λ

−1(ψ̄itt · ȳ)(θ̄i · ȳ),
(7.18)
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where φa = φa(ω), h = h(ω), ω = t, λ = ψ11ψ22 − ψ12ψ21 = ψ̄1 · θ̄1 = ψ̄2 · θ̄2,
θ̄1 = (ψ22,−ψ21), θ̄2 = (−ψ12, ψ11), and

φ̄t + λ−1(θ̄i · φ̄)ψ̄it = 0, φ3
t +

(
γλ−1(θ̄1 · φ̄) − γ2λ−2(θ̄1 · θ̄1)

)
φ3 = 0,

λ−1(θ̄i · ψ̄it) + ηtη
−1 = 0.

(7.19)

Let us make the transformation from the symmetry group of system (7.2):
¯̃v(t, ȳ) = v̄(t, ȳ − ξ̄) + ξ̄t, ṽ3(t, ȳ) = v3(t, ȳ − ξ̄), s̃(t, ȳ) = s(t, ȳ − ξ̄) − ξ̄tt · ȳ,

where

ξ̄t + λ−1(θ̄i · ξ̄)ψ̄it + φ̄ = 0. (7.20)

It follows from (7.20) that ξ̄tt = λ−1(θ̄i · ξ̄)ψ̄itt, i.e., θ̄itt · ξ̄− θ̄i · ξ̄tt = 0. Therefore, this
transformation does not modify ansatz (7.18), but it makes the functions φi vanish.
And without loss of generality we may assume, at once, that φi ≡ 0. Then

φ3 = C exp
(∫ (

γλ−1|θ|
)2
dt
)
, C = const.

The last equation of system (7.19) is the compatibility condition of system (7.2) and
ansatz (7.18).

8. Conclusion

In this article we reduced the NSEs to systems of PDEs in three and two independent
variables and systems of ODEs by means of the Lie method. Then, we investigated
symmetry properties of the reduced systems of PDEs and made Lie reductions of
systems which admitted non-trivial symmetry operators, i.e., operators that are not
induced by operators from A(NS). Some of the systems in two independent variables
were reduced to linear systems of either two one-dimensional heat equations or two
translational equations. We also managed to find exact solutions for most of the
reduced systems of ODEs.

Now, let us give some remaining problems. Firstly, we failed, for the present, to
describe the non-Lie ansatzes of form (1.6) that reduce the NSEs. (These ansatzes
include, for example, the well-known ansatzes for the Karman swirling flows (see
bibliography in [16]). One can also consider non-local ansatzes for the Navier–Stokes
field, i.e., ansatzes containing derivatives of new unknown functions.

Second problem is to study non-Lie (i.e., non-local, conditional, and Q-conditional)
symmetries of the NSEs [13].

And finally, it would be interesting to investigate compatibility and to construct
exact solutions of overdetermined systems that are obtained from the NSEs by means
of different additional conditions. Usually one uses the condition where the nonli-
nearity has a simple form, for example, the potential form (see review [36]), i.e.,
rot((~u · ~∇)~u) = ~0 (the NS fields satisfying this condition is called the generalized
Beltrami flows). We managed to describe the general solution of the NSEs with the
additional condition where the convective terms vanish [29, 30]. But one can give
other conditions, for example,

4~u = ~0, ~ut + (~u · ~∇)~u = ~0,

and so on.
We will consider the problems above elsewhere.
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Appendix

A. Inequivalent one-, two-, and three-dimensional
subalgebras of A(NS)

To find complete sets of inequivalent subalgebras of A(NS), we use the method given,
for example, in [27, 28]. Let us describe it briefly.

1. We find the commutation relations between the basis elements of A(NS).
2. For arbitrary basis elements V , W 0 of A(NS) and each ε ∈ R we calculate the

adjoint action

W (ε) = Ad(εV )W 0 = Ad(exp(εV ))W 0

of the element exp(εV ) from the one-parameter group generated by the operator V
on W 0. This calculation can be made in two ways: either by means of summing the
Lie series

W (ε) =

∞∑

n=0

εn

n!
{V n,W 0} = W 0 +

ε

1!
[V,W 0] +

ε2

2!
[V, [V,W 0]] + · · · , (A.1)

where {V 0,W 0} = W 0, {V n,W 0} = [V, {V n−1,W 0}], or directly by means of solving
the initial value problem

dW (ε)

dε
= [V,W (ε)], W (0) = W 0. (A.2)

3. We take a subalgebra of a general form with a fixed dimension. Taking into
account that the subalgebra is closed under the Lie bracket, we try to simplify it by
means of adjoint actions as much as possible.

A.1. The commutation relations and the adjoint
representation of the algebra A(NS)

Basis elements (1.2) of A(NS) satisfy the following commutation relations:

[J12, J23] = −J31, [J23, J31] = −J12, [J31, J12] = −J23,

[∂t, Jab] = [D, Jab] = 0, [∂t, D] = 2∂t,

[∂t, R(~m)] = R(~mt), [D,R(~m)] = R(2t~mt − ~m),

[∂t, Z(χ)] = Z(χt), [D,Z(χ)] = Z(2tχt + 2χ),

[R(~m), R(~n)] = Z(~mtt · ~n− ~m · ~ntt), [Jab, R(~m)] = R( ~̃m),

[Jab, Z(χ)] = [Z(χ), R(~m)] = [Z(χ), Z(η)] = 0,

(A.3)

where m̃a = mb, m̃b = −ma, m̃c = 0, a 6= b 6= c 6= a.

Note A.1. Relations (A.3) imply that the set of operators (1.2) generates an algebra
when, for example, the parameter-functions ma and χ belong to C∞((t0, t1),R)
(C∞

0 ((t0, t1),R), A((t0, t1),R)), i.e., the set of infinite-differentiable (infinite-differen-
tiable finite, real analytic) functions from (t0, t1) in R, where −∞ ≤ t0 < t1 ≤ +∞.
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But the NSEs (1.1) admit operators (1.3) and (1.4) with parameter-functions of a
less degree of smoothness. Moreover, the minimal degree of their smoothness depends
on the smoothness that is demanded for the solutions of the NSEs (1.1). Thus, if
ua ∈ C2((t0, t1) × Ω,R) and p ∈ C1((t0, t1) × Ω,R), where Ω is a domain in R

3,
then it is sufficient that ma ∈ C3((t0, t1),R) and χ ∈ C1((t0, t1),R). Therefore, one
can consider the “pseudoalgebra” generated by operators (1.2). The prefix “pseudo-”
means that in this set of operators the commutation operation is not determined for
all pairs of its elements, and the algebra axioms are satisfied only by elements, where
they are defined. It is better to indicate the functional classes that are sets of values
for the parameters ma and χ in the notation of the algebra A(NS). But below, for si-
mplicity, we fix these classes, taking ma, χ ∈ C∞((t0, t1),R), and keep the notation of
the algebra generated by operators (1.2) in the form A(NS). However, all calculations
will be made in such a way that they can be translated for the case of a less degree
of smoothness.

Most of the adjoint actions are calculated simply as sums of their Lie series. Thus,

Ad(ε∂t)D = D + 2ε∂t, Ad(εD)∂t = e−2ε∂t,

Ad(εZ(χ))∂t = ∂t − εZ(χt), Ad(εZ(χ))D = D − εZ(2tχt + 2χ),

Ad(εR(~m))∂t = ∂t − εR(~mt) − 1
2ε

2Z(~mt · ~mtt − ~m · ~mttt),

Ad(εR(~m))D = D − εR(2t~mt − ~m) −
− 1

2ε
2Z(2t~mt · ~mtt − 2t~m · ~mttt − 4~m · ~mtt),

Ad(εR(~m))Jab = Jab − εR( ~̃m) + ε2Z(mamb
tt −ma

ttm
b),

Ad(εR(~m))R(~n) = R(~n) + εZ(~mtt · ~n− ~m · ~ntt), Ad(εJab)R(~m) = R( ~̂m),

Ad(εJab)Jcd = Jcd cos ε+ [Jab, Jcd] sin ε
(
(a, b) 6= (c, d) 6= (b, a)

)
,

(A.4)

where

m̃a = mb, m̃b = −ma, m̃c = 0, a 6= b 6= c 6= a,

m̂d = md cos ε+ m̃d sin ε, m̂c = mc, a 6= b 6= c 6= a, d ∈ {a; b}.

Four adjoint actions are better found by means of integrating a system of form (A.2).
As a result we obtain that

Ad(ε∂t)Z(χ(t)) = Z(χ(t+ ε)), Ad(εD)Z(χ(t)) = Z(e2εχ(te2ε)),

Ad(ε∂t)R(~m(t)) = R(~m(t+ ε)), Ad(εD)R(~m(t)) = R(e−ε ~m(te2ε)).
(A.5)

Cases where adjoint actions coincide with the identical mapping are omitted.

Note A.2. If Z(χ(t)) ∈ A(NS)[C∞((t0, t1),R)] with −∞ < t0 or t1 < +∞, the
adjoint representation Ad(ε∂t) (Ad(εD)) gives an equivalence relation between the
operators Z(χ(t)) and Z(χ(t + ε)) (Z(χ(t)) and Z(e2εχ(te2ε))) that belong to the
different algebras

A(NS)[C∞((t0, t1),R)] and A(NS)[C∞((t0 − ε, t1 − ε),R)]

(A(NS)[C∞((t0, t1),R)] and A(NS)[C∞((t0e
−2ε, t1e

−2ε),R)])

respectively. An analogous statement is true for the operator R(~m). Equivalence of
subalgebras in Theorems A.1 and A.2 is also meant in this sense.
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Note A.3. Besides the adjoint representations of operators (1.2) we make use of
discrete transformation (1.6) for classifying the subalgebras of A(NS),

To prove the theorem of this section, the following obvious lemma is used.

Lemma A.1. Let N ∈ N.

A. If χ ∈ CN ((t0, t1),R), then ∃ η ∈ CN ((t0, t1),R) : 2tηt + 2η = χ.

B. If χ ∈ CN ((t0, t1),R), then ∃ η ∈ CN ((t0, t1),R) : 2tηt − η = χ.

C. If mi ∈ CN ((t0, t1),R) and a ∈ R, then ∃ li ∈ CN ((t0, t1),R) :

2tl1t − l1 + al2 = m1, 2tl2t − l2 − al1 = m2.

A.2. One-dimensional subalgebras

Theorem A.1. A complete set of A(NS)-inequivalent one-dimensional subalgebras
of A(NS) is exhausted by the following algebras:

1. A1
1(κ) = 〈D + 2κJ12〉, where κ ≥ 0.

2. A1
2(κ) = 〈∂t + κJ12〉, where κ ∈ {0; 1}.

3. A1
3(η, χ) = 〈J12+R(0, 0, η(t))+Z(χ(t))〉 with smooth functions η and χ. Algebras

A1
3(η, χ) and A1

3(η̃, χ̃) are equivalent if ∃ ε, δ ∈ R, ∃λ ∈ C∞((t0, t1),R):

η̃(t̃) = e−εη(t), χ̃(t̃) = e2ε(χ(t) + λtt(t)η(t) − λ(t)ηtt(t)), (A.6)

where t̃ = te−2ε + δ.

4. A1
4(~m,χ) = 〈R(~m(t))+Z(χ(t))〉 with smooth functions ~m and χ: (~m,χ) 6≡ (~0, 0).

Algebras A1
4(~m,χ) and A1

4( ~̃m, χ̃) are equivalent if ∃ ε, δ ∈ R, ∃C 6= 0, ∃B ∈ O(3),

∃~l ∈ C∞((t0, t1),R
3):

~̃m(t̃) = Ce−εB~m(t), χ̃(t̃) = Ce2ε
(
χ(t) +~ltt(t) · ~m(t) − ~mtt(t) ·~l(t)

)
, (A.7)

where t̃ = te−2ε + δ.

Proof. Consider an arbitrary one-dimensional subalgebra generated by

V = a1D + a2∂t + a3J12 + a4J23 + a5J31 +R(~m) + Z(χ).

The coefficients a4 and a5 are omitted below since they always can be made to vanish
by means of the adjoint representations Ad(ε1J12) and Ad(ε2J31).

If a1 6= 0 we get ã1 = 1 by means of a change of basis. Next, step-by-step we
make a2, ~m, and χ vanish by means of the adjoint representations Ad(− 1

2a2a
−1
1 ∂t),

Ad(R(~l)), and Ad(Z(χ)), where

~l ∈ C∞((t0 + 1
2a2a

−1
1 , t1 + 1

2a2a
−1
1 ),R3),

η ∈ C∞((t0 + 1
2a2a

−1
1 , t1 + 1

2a2a
−1
1 ),R),

and ~l, η are solutions of the equations

2t~lt −~l + a3a
−1
1 (l2,−l1, 0)T = ~̂m, 2tηt + 2η = χ̂+

1

2
(~ltt · ~̂m−~l · ~̂mtt)
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with ~̂m(t) = a−1
1 ~m(t − 1

2a2a
−1
1 ) and χ̂(t) = a−1

1 χ(t − 1
2a2a

−1
1 ). Such ~l and η exist in

virtue of Lemma A.1. As a result we obtain the algebra A1
1(κ), where 2κ = a3a

−1
1 .

In case κ < 0 additionally one has to apply transformation (1.6) with b = 1.
If a1 = 0 and a2 6= 0, we make ã2 = 1 by means of a change of basis. Next, step-

by-step we make ~m and χ vanish by means of the adjoint representations Ad(R(~l))

and Ad(Z(χ)), where ~l ∈ C∞((t0, t1),R
3), η ∈ C∞((t0, t1),R), and

a2
~lt + a3(l

2,−l1, 0)T = ~m, a2ηt = χ+
1

2
(~ltt · ~m−~l · ~mtt).

If a3 = 0 we obtain the algebra A1
2(0) at once. If a3 6= 0, using the adjoint repre-

sentation Ad(εD) and transformation (1.6) (in case of need), we obtain the algebra
A1

2(1).
If a1 = a2 = 0 and a3 6= 0, after a change of basis and applying the adjoint

representation Ad(R(−a−1
3 m2, a−1

3 m1, 0)) we get the algebra A1
3(η, χ̃), where η =

a−1
3 m3 and χ̃ = a−1

3 χ+a−2
3 (m1

ttm
2−m1m2

tt). Equivalence relation (A.6) is generated
by the adjoint representations Ad(εD), Ad(δ∂t), and Ad(R(0, 0, λ)).

If a1 = a2 = a3 = 0, at once we get the algebra A1
4(~m,χ). Equivalence relation

(A.7) is generated by the adjoint representations Ad(εD), Ad(δ∂t), Ad(R(~l)), and
Ad(εabJab).

A.3. Two-dimensional subalgebras

Theorem A.2. A complete set of A(NS)-inequivalent two-dimensional subalgebras
of A(NS) is exhausted by the following algebras:

1. A2
1(κ) = 〈∂t, D + κJ12〉, where κ ≥ 0.

2. A2
2(κ, ε) = 〈D, J12 +R(0, 0,κ|t|1/2) + Z(εt−1)〉, where κ ≥ 0, ε ≥ 0.

3. A2
3(κ, ε) = 〈∂t, J12 + R(0, 0,κ) + Z(ε)〉, where κ ∈ {0; 1}, ε ≥ 0 if κ = 1 and

ε ∈ {0; 1} if κ = 0.

4. A2
4(σ,κ, µ, ν, ε) = 〈D + 2κJ12, R

(
|t|σ+1/2(ν cos τ, ν sin τ, µ)

)
+ Z(ε|t|σ−1)〉,

where τ = κ ln |t|, κ > 0, µ ≥ 0, ν ≥ 0, µ2 + ν2 = 1, εσ = 0, and ε ≥ 0.

5. A2
5(σ, ε) = 〈D, R(0, 0, |t|σ+1/2) + Z(ε|t|σ−1)〉, where εσ = 0 and ε ≥ 0.

6. A2
6(σ, µ, ν, ε) = 〈∂t + J12, R(νeσt cos t, νeσt sin t, µeσt) + Z(εeσt)〉, where µ ≥ 0,

ν ≥ 0, µ2 + ν2 = 1, εσ = 0, and ε ≥ 0.

7. A2
7(σ, ε) = 〈∂t, R(0, 0, eσt) +Z(εeσt)〉, where σ ∈ {−1; 0; 1}, εσ = 0, and ε ≥ 0.

8. A2
8(λ, ψ

1, ρ, ψ2) = 〈J12 + R(0, 0, λ) + Z(ψ1), R(0, 0, ρ) + Z(ψ2)〉 with smooth
functions (of t) λ, ρ, and ψi: (ρ, ψ2) 6≡ (0, 0) and λttρ− λρtt ≡ 0. Algebras A2

8(λ, ψ
1,

ρ, ψ2) and A2
8(λ̃, ψ̃

1, ρ̃, ψ̃2) are equivalent if ∃C1 6= 0, ∃ ε, δ, C2 ∈ R, ∃ θ ∈ C∞((t0, t1),
R):

λ̃(t̃) = eε(λ(t) + C2ρ(t)), ρ̃(t̃) = C1e
−ερ(t),

ψ̃1(t̃) = e2ε
(
ψ1(t) + θtt(t)λ(t) − θ(t)λtt(t) +

+ C2(ψ
2(t) + θtt(t)ρ(t) − θ(t)ρtt(t))

)
,

ψ̃2(t̃) = C1e
2ε(ψ2(t) + θtt(t)ρ(t) − θ(t)ρtt(t)),

(A.8)

where t̃ = te−2ε + δ.
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9. A2
9(~m

1, χ1, ~m2, χ2) = 〈R(~m1(t)) + Z(χ1(t)), R(~m2(t)) + Z(χ2(t))〉 with smooth
functions ~mi and χi:

~m1
tt · ~m2 − ~m1 · ~m2

tt = 0, rank
(
(~m1, χ1), (~m2, χ2)

)
= 2.

Algebras A2
9(~m

1, χ1, ~m2, χ2) and A2
9(
~̃m1, χ̃1, ~̃m2, χ̃2) are equivalent if ∃ ε, δ ∈ R,

∃ {aij}i,j=1,2 : det{aij} 6= 0, ∃B ∈ O(3), ∃~l ∈ C∞((t0, t1),R
3):

~̃mi(t̃) = e−εaijB~mj(t),

χ̃i(t̃) = e2εaij
(
χj(t) +~ltt(t) · ~mj(t) −~l(t) · ~mj

tt(t)
)
,

(A.9)

where t̃ = te−2ε + δ.

10. A2
10(κ, σ) = 〈D + κJ12, Z(|t|σ)〉, where κ ≥ 0, σ ∈ R.

11. A2
11(σ) = 〈∂t + J12, Z(eσt)〉, where σ ∈ R.

12. A2
12(σ) = 〈∂t, Z(eσt)〉, where σ ∈ {−1; 0; 1}.

The proof of Theorem A.2 is analogous to that of Theorem A.1. Let us take an
arbitrary two-dimensional subalgebra generated by two linearly independent operators
of the form

V i = ai1D + ai2∂t + ai3J12 + ai4J23 + ai5J31 +R(~mi) + Z(χi),

where ain = const (n = 1, 5) and [V 1, V 2] ∈ 〈V 1, V 2〉. Considering the different
possible cases we try to simplify V i by means of adjoint representation as much as
possible. Here we do not present the proof of Theorem A.2 as it is too cumbersome.

A.4. Three-dimensional subalgebras

We also constructed a complete set of A(NS)-inequivalent three-dimensional subal-
gebras. It contains 52 classes of algebras. By means of 22 classes from this set one can
obtain ansatzes of codimension three for the Navier–Stokes field. Here we only give 8
superclasses that arise from unification of some of these classes:

1. A3
1 = 〈D, ∂t, J12〉.

2. A3
2 = 〈D + κJ12, ∂t, R(0, 0, 1)〉, where κ ≥ 0. Here and below κ, σ, ε1, ε2, µ,

ν, and aij are real constants.

3. A3
3(σ, ν, ε1, ε2) = 〈D, J12 + ν

(
R(0, 0, |t|1/2 ln |t|)+Z(ε2|t|−1 ln |t|)

)
+Z(ε1|t|−1),

R(0, 0, |t|σ+1/2) + Z(ε2|t|σ−1)〉, where νσ = 0, ε1 ≥ 0, ν ≥ 0, and σε2 = 0.

4. A3
4(σ, ν, ε1, ε2) = 〈∂t, J12+Z(ε1)+ν

(
R(0, 0, t)+Z(ε2t)

)
, R(0, 0, eσt)+Z(ε2e

σt)〉,
where νσ = 0, σε2 = 0, and, if σ = 0, the constants ν, ε1, and ε2 satisfy one of the
following conditions:

ν = 1, ε1 ≥ 0; ν = 0, ε1 = 1, ε2 ≥ 0; ν = ε1 = 0, ε2 ∈ {0; 1}.

5. A3
5(κ, ~m

1, ~m2, χ1, χ2) = 〈D + 2κJ12, R(~m1) + Z(χ1), R(~m2) + Z(χ2)〉, where
κ ≥ 0, rank(~m1, ~m2) = 2,

t~mi
t − 1

2 ~m
i + κ(mi2,−mi1, 0)T = aij ~m

j ,

tχit + χi = aijχ
j , aij = const,
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(a11 + a22)
(
a21 ~m

1 · ~m1 + (a22 − a11)~m
1 · ~m2 − a12 ~m

2 · ~m2 +

+ 2κ(m12m21 −m11m22)
)

= 0.
(A.10)

This superclass contains eight inequivalent classes of subalgebras that can be obtained
from it by means of a change of basis and the adjoint actions

Ad(δ1D), Ad(δ2J12), Ad(R(~n) + Z(η)),(
Ad(δD), Ad(εabJab), Ad(R(~n) + Z(η))

)

if κ > 0 (κ = 0) respectively. Here the functions ~n and η satisfy the following
equations:

t~nt − 1
2~n+ κ(n2,−n1, 0)T = bi ~m

i,

tηt + η = biχi + 1
2 t(~nttt · ~n− ~ntt · ~nt) + ~ntt · ~n+ κ(n1n2

tt − n1
ttn

2).

6. A3
6(κ, ~m

1, ~m2, χ1, χ2) = 〈∂t + κJ12, R(~m1) + Z(χ1), R(~m2) + Z(χ2)〉, where
κ ∈ {0; 1}, rank(~m1, ~m2) = 2,

~mi
t − κ(mi2,−mi1, 0)T = aij ~m

j , tχit = aijχ
j ,

and aij are constants satisfying (A.10). This superclass contains eight inequivalent
classes of subalgebras that can be obtained from it by means of a change of basis and
the adjoint actions

Ad(δ1∂t), Ad(δ2J12), Ad(R(~n) + Z(η)),(
Ad(δ1∂t), Ad(δ2D), Ad(εabJab), Ad(R(~n) + Z(η))

)

if κ = 1 (κ = 0) respectively. Here the functions ~n and η satisfy the following
equations:

~nt + κ(n2,−n1, 0)T = bi ~m
i,

ηt = biχi + 1
2 (~nttt · ~n− ~ntt · ~nt) + κ(n1n2

tt − n1
ttn

2).

7. A3
7(η

1, η2, η3, χ) = 〈J12 +R(0, 0, η3), R(η1, η2, 0), R(−η2, η1, 0)〉, where

ηa ∈ C∞((t0, t1),R), η1
ttη

2 − η1η2
tt ≡ 0, ηiηi 6≡ 0, η3 6= 0.

Algebras A3
7(η

1, η2, η3) and A3
7(η̃

1, η̃2, η̃3) are equivalent if ∃ δa ∈ R, ∃ δ4 6= 0:

η̃1(t̃) = δ4(η
1(t) cos δ3 − η2(t) sin δ3),

η̃2(t̃) = δ4(η
1(t) sin δ3 + η2(t) cos δ3),

η̃3(t̃) = e−δ1η3(t),

(A.11)

where t̃ = te−2δ1 + δ2.

8. A3
8(~m

1, ~m2, ~m3) = 〈R(~m1), R(~m2), R(~m3)〉, where

~ma ∈ C∞((t0, t1),R
3), rank(~m1, ~m2, ~m3) = 3, ~ma

tt · ~mb − ~ma · ~mb
tt = 0.

Algebras A3
8(~m

1, ~m2, ~m3) and A3
8( ~̃m

1
, ~̃m

2
, ~̃m

3
) are equivalent if ∃ δi ∈ R

3, ∃B ∈ O(3),
∃ {dab} : det{dab} 6= 0 such that

~̃ma(t̃) = dabB~m
b(t), (A.12)

where t̃ = te−2δ1 + δ2.
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B. On construction of ansatzes for the Navier–Stokes
field by means of the Lie method

The general method for constructing a complete set of inequivalent Lie ansatzes of
a system of PDEs are well known and described, for example, in [27, 28]. However,
in some cases when the symmetry operators of the system have a special form, this
method can be modified [9]. Thus, in the case of the NSEs, coefficients of an arbitrary
operator

Q = ξ0∂t + ξa∂a + ηa∂ua + η0∂p

from A(NS) satisfy the following conditions:

ξ0 = ξ0(t, ~x), ξa = ξa(t, ~x), ηa = ηab(t, ~x)ub + ηa0(t, ~x),

η0 = η01(t, ~x)p+ η00(t, ~x).
(B.1)

(The coefficients ξa, ξ0, ηa, and η0 also satisfy stronger conditions than (B.1). For
example if Q ∈ A(NS), then ξ0 = ξ0(t), ηab = const, and so on. But conditions (B.1)
are sufficient to simplify the general method.) Therefore, ansatzes for the Navier–
Stokes field can be constructing in the following way:

1. We fix a M -dimensional subalgebra of A(NS) with the basis elements

Qm = ξm0∂t + ξma∂a + (ηmabub + ηma0)∂ua + (ηm01p+ ηm00)∂p, (B.2)

where M ∈ {1; 2; 3}, m = 1,M, and

rank{(ξm0, ξm1, ξm2, ξm3), m = 1,M} = M. (B.3)

To construct a complete set of inequivalent Lie ansatzes of codimension M for the
Navier–Stokes field, we have to use the set of M -dimensional subalgebras from Sec-
tion A. Condition (B.3) is needed for the existence of ansatzes connected with this
subalgebra.

2. We find the invariant independent variables ωn = ωn(t, ~x), n = 1, N, where
N = 4 −M, as a set of functionally independent solutions of the following system:

Lmω = Qmω = ξm0∂tω + ξma∂aω = 0, m = 1,M, (B.4)

where Lm := ξm0∂t + ξma∂a.
3. We present the Navier–Stokes field in the form:

ua = fab(t, ~x)vb(ω̄) + ga(t, ~x), p = f0(t, ~x)q(ω̄) + g0(t, ~x), (B.5)

where va and q are new unknown functions of ω̄ = {ωn, n = 1, N}. Acting on
representation (B.5) with the operators Qm, we obtain the following equations on
functions fab, ga, f0, and g0:

Lmfab = ηmacf cb, Lmga = ηmabgb + ηma0, c = 1, 3,

Lmf0 = ηm01f0, Lmg0 = ηm01g0 + ηm00.
(B.6)

If the set of functions fab, f0, ga, and g0 is a particular solution of (B.6) and satisfies
the conditions rank{(f1b, f2,b, f3b), b = 1, 3} = 3 and f0 6= 0, formulas (B.5) give an
ansatz for the Navier–Stokes field.



294 W.I. Fushchych, R.O. Popovych

The ansatz connected with the fixed subalgebra is not determined in an unique
manner. Thus, if

ω̃l = ω̃l(ω̄), det

{
∂ω̃l
∂ωn

}

l,n=1,N

6= 0,

f̃ab(t, ~x) = fac(t, ~x)F cb(ω̄), g̃a(t, ~x) = ga(t, ~x) + fac(t, ~x)Gc(ω̄),

f̃0(t, ~x) = f0(t, ~x)F 0(ω̄), g̃0(t, ~x) = g0(t, ~x) + f0(t, ~x)G0(ω̄),

(B.7)

the formulas

ua = f̃ab(t, ~x)ṽb(¯̃ω) + g̃a(t, ~x), p = f̃0(t, ~x)q(¯̃ω) + g̃0(t, ~x) (B.8)

give an ansatz which is equivalent to ansatz (B.5). The reduced system of PDEs
on the functions ṽa and q̃ is obtained from the system on va and q by means of
a local transformation. Our problem is to find or “to guess”, at once, such an ansatz
that the corresponding reduced system has a simple and convenient form for our
investigation. Otherwise, we can obtain a very complicated reduced system which
will be not convenient for investigation and we can not simplify it.

Consider a simple example.
Let M = 1 and let us give the algebra 〈∂t + κJ12〉, where κ ∈ {0; 1}. For this

algebra, the invariant independent variables ya = ya(t, ~x) are functionally independent
solutions of the equation Ly = 0 (see (B.4)), where

L := ∂t + κ(x1∂x2
− x2∂x1

). (B.9)

There exists an infinite set of choices for the variables ya. For example, we can give
the following expressions for ya:

y1 = arctan
x1

x2
− κt, y2 = (x2

1 + x2
2)

1/2, y3 = x3.

However choosing ya in such a way, for κ 6= 0 we obtain a reduced system which
strongly differs from the “natural” reduced system for κ = 0 (the NSEs for steady
flows of a viscous fluid in Cartesian coordinates). It is better to choose the following
variables ya:

y1 = x1 cos κt+ x2 sin κt, y2 = −x1 sin κt+ x2 cos κt, y3 = x3.

The vector-functions ~f b = (f1b, f2b, f3b), b = 1, 3, should be linearly independent
solutions of the system

Lf1 = −κf2, Lf2 = κf1, Lf3 = 0

and the function f0 should satisfy the equation Lf 0 = 0 and the condition f0 6= 0.
Here the operator L is defined by (B.9). We give the following values of these functions:

~f 1 = (cos κt, sin κt, 0), ~f 2 = (− sin κt, cos κt, 0), ~f 3 = (0, 0, 1), f0 = 1.

The functions ga and g0 are solutions of the equations

Lg1 = −κg2, Lg2 = κg1, Lg3 = 0, Lg0 = 0.
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We can make, for example, ga and g0 vanish. Then the corresponding ansatz has the
form:

u1 = ṽ1 cos κt− ṽ2 sin κt, u2 = ṽ1 sin κt+ ṽ2 cos κt, u3 = ṽ3, p = q̃, (B.10)

where ṽa = ṽa(y1, y2, y3) and q̃ = q̃(y1, y2, y3) are the new unknown functions. Substi-
tuting ansatz (B.10) into the NSEs, we obtain the following reduced system:

ṽaṽ1
a − ṽ1

aa + q̃1 + κy2ṽ
1
1 − κy1ṽ

1
2 − κṽ2 = 0,

ṽaṽ2
a − ṽ2

aa + q̃2 + κy2ṽ
2
1 − κy1ṽ

2
2 + κṽ1 = 0,

ṽaṽ3
a − ṽ3

aa + q̃3 + κy2ṽ
3
1 − κy1ṽ

3
2 = 0,

ṽaa = 0.

(B.11)

Here subscripts 1,2, and 3 of functions in (B.11) denote differentiation with respect
to y1, y2, and y3 accordingly. System (B.11), having variable coefficients, can be
simplified by means of the local transformation

ṽ1 = v1 − κy2, ṽ2 = v2 + κy1, ṽ3 = v3, q̃ = q + 1
2 (y2

1 + y2
2). (B.12)

Ansatz (B.10) and system (B.11) are transformed under (B.12) into ansatz (2.2) and
system (2.7), where

g1 = −κx2, g2 = κx1, g3 = 0, g0 = 1
2κ

2(x2
1 + x2

2), (B.13)

γ1 = −2κ, and γ2 = 0. Therefore, we can give the values of ga and g0 from (B.13)
and obtain ansatz (2.2) and system (2.7) at once.

The above is a good example how a reduced system can be simplified by means of
modifying (complicating) an ansatz corresponding to it. Thus, system (2.7) is simpler
than system (B.11) and ansatz (2.2) is more complicated than ansatz (B.10).

Finally, let us make several short notes about constructing other ansatzes for the
Navier–Stokes field.

Ansatz corresponding to the algebra A1
4(~m,χ) (see Subsection A.2) can be cons-

tructed only for such t that ~m(t) 6= ~0. For these values of t, the parameter-function χ
can be made to vanish by means of equivalence transformations (A.7).

Ansatz corresponding to the algebra A2
8(λ, ψ

1, ρ, ψ2) (see Subsection A.3) can be
constructed only for such t that ρ(t) 6= 0. For these values of t, the parameter-function
ψ2 can be made to vanish by means of equivalence transformations (A.8). Moreover,
it can be considered that λtρ− λρt ∈ {0; 1}. The algebra obtained finally is denoted
by A2

8(λ, χ, ρ, 0).
Ansatz corresponding to the algebra A2

9(~m
1, χ1, ~m2, χ2) (see Subsection A.3) can

be constructed only for such t that rank(~m1, ~m2) = 2. For these values of t, the
parameter-functions χi can be made to vanish by means of equivalence transforma-
tions (A.9).

The algebras A2
10(κ, σ), A2

11(σ), and A2
12(σ) can not be used to construct ansatzes

by means of the Lie algorithm.
In view of equivalence transformation (A.11), the functions ηi in the algebra

A3
7(η

1, η2, η3) (see Subsection A.4) can be considered to satisfy the following condition:

η1
t η

2 − η1η2
t ∈ {0; 1

2}.
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Antireduction and exact solutions

of nonlinear heat equations

W.I. FUSHCHYCH, R.Z. ZHDANOV

We construct a number of ansatzes that reduce one-dimensional nonlinear heat equati-
ons to systems of ordinary differential equations. Integrating these, we obtain new
exact solution of nonlinear heat equations with various nonlinearities.

By the term antireduction for a partial differential equation (PDE) we mean the
construction of an ansatz which transforms the PDE to a system of differential equati-
ons for several unknown differentiable functions. As a rule, such procedure reduces
the PDE under consideration to a system of PDE with fewer numbers of independent
variables and greater number of dependent variables [1–4].

Antireduction of the nonlinear acoustics equation

ux0x1
− (ux1

u)x1
− ux2x2

− ux3x3
= 0 (1)

is carried out in the paper [2] with the use of the ansatz

u =
1

3
x1ϕ1(x0, x2, x3) −

1

6
x2

1ϕ2(x0, x2, x3) + ϕ3(x0, x2, x3). (2)

In [3] antireduction of the equation for short waves in gas dynamics

2ux0x1
− 2(2x1 + ux1

)ux1x1
+ ux2x2

+ 2λux1
= 0 (3)

is carried out via the following ansatz:

u = x1ϕ1 + x2
1ϕ2 + x

3/2
1 ϕ3 + ϕ4, ϕi = ϕi(x0, x2). (4)

Ansatzes (2), (4) reduce equations (1), (3) to system of PDE for three and four
functions, respectively.

In the present paper we adduce some new results on antireduction for the nonlinear
heat equations of the form

ut =
(
a(u)ux

)
x

+ F (u). (5)

The antireduction of equation (5) is performed by means of the ansatz

h
(
t, x, u, ϕ1(ω), ϕ2(ω), . . . , ϕN (ω)

)
= 0 (6)

where ω = ω(t, x, u) is a new independent variable. Ansatz (6) reduces equation (5) to
a system of ordinary differential equations (ODE) for the unknown functions ϕi(ω),
i = 1, N.

Reprinted with permission from J. Nonlinear Math. Phys., 1994, 1, № 1, P. 60–64
c© 1994 Mathematical Ukraina Publisher
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Below we list, without derivation, explicit forms of a(u) and F (u), such that equati-
on (5) admits an antireduction of the form (6). For each case the reduced ODE are
given.

1. a(u) = θ̈(u)θ(u), F (u) =
(
λ1 + λ2θ̇(u)

)(
θ̈(u)

)−1
,

θ̇(u) = ϕ1(t) + ϕ2(t)x, ϕ̇1 = (λ2 + ϕ2
2)ϕ1 + λ1, ϕ̇2 = (λ2 + ϕ2

2)ϕ2;

2. a(u) = uθ̇(u), F (u) =
(
λ1 + λ2θ(u)

)(
θ̇(u)

)−1
,

θ(u) = ϕ1(t) + ϕ2(t)x, ϕ̇1 = λ2ϕ1 + ϕ2
2 + λ1, ϕ̇2 = λ2ϕ2;

3. a(u) = θ̇(u), F (u) =
(
λ1 + λ2θ(u)

)(
θ̇(u)

)−1
,

θ(u) = ϕ1(t) + ϕ2(t)x, ϕ̇1 = λ2ϕ1 + λ1, ϕ̇2 = λ2ϕ2;

4. a(u) = λuk, F (u) = λ1u+ λ2u
1−k, uk = ϕ1(t) + ϕ2(t)x+ ϕ3(t)x

2,

ϕ̇1 = 2λϕ1ϕ3 + λk−1ϕ2
2 + kλ2, ϕ̇2 = 2λ(1 + 2k−1)ϕ2ϕ3 + kλ1ϕ2,

ϕ̇3 = 2λ(1 + 2k−1)ϕ2
3 + kλ1ϕ3;

5. a(u) = λeu, F (u) = λ1 + λ2e
−u, eu = ϕ1(t) + ϕ2(t)x+ ϕ3(t)x

2,

ϕ̇1 = 2λϕ1ϕ3 + λ1ϕ1 + λ2, ϕ̇2 = 2λϕ2ϕ3 + λ1ϕ2, ϕ̇3 = 2λϕ2
3 + λ1ϕ3;

6. a(u) = λu−3/2, F (u) = λ1u+ λ2u
5/2,

u−3/2 = ϕ1(t) + ϕ2(t)x+ ϕ3(t)x
2 + ϕ4(t)x

3,

ϕ̇1 = 2λϕ1ϕ3 −
2

3
λϕ2

2 −
3

2
λ1ϕ1 −

3

2
λ2,

ϕ̇2 = −2

3
λϕ2ϕ3 + 6λϕ1ϕ4 −

3

2
λ1ϕ2,

ϕ̇3 = −2

3
λϕ2

3 + 2λϕ2ϕ4 −
3

2
λ1ϕ3, ϕ̇4 = −3

2
λ1ϕ4;

7. a(u) = 1, F (u) = (α+ β lnu)u, lnu = ϕ1(t) + ϕ2(t)x,

ϕ̇1 = βϕ1 + ϕ2
2 + α, ϕ̇2 = αϕ2;

8. a(u) = 1, F (u) =
(
α+ β lnu− γ2(lnu)2

)
u, lnu = ϕ1(t) + ϕ2(t)e

γx,

ϕ̇1 = α+ βϕ1 − γ2ϕ2
1, ϕ̇2 = (β + γ2 − 2γ2ϕ1)ϕ2;

9. a(u) = 1, F (u) = −u(1 + lnu2)
(
α+ β(lnu)−1/2

)
,

∫ ln u(
2ατ + 4βτ1/2 + ϕ2(t)

)−1/2

dτ = x+ ϕ1(t),

ϕ̇1 = 0, ϕ̇2 = 4β2 − 2αϕ2;

10. a(u) = 1, F (u) = −2(u3 + αu2 + βu),

(a) α = β = 0

u =
(
ϕ1(t) + 2ϕ2(t)x

)(
1 + ϕ1(t)x+ ϕ2(t)x

2
)−1

,

ϕ̇1 = −6ϕ1ϕ2, ϕ̇2 = −6ϕ2
2;

(b) α2 = 4β 6= 0

u =
(
−α

2
ϕ1(t) +

(
1 − α

2
x
)
ϕ2(t)

)(
eαx/2 + ϕ1(t) + ϕ2(t)x

)−1

,

ϕ̇1 = −α
2

4
ϕ1 − αϕ2, ϕ̇2 = −α

2

4
ϕ2;

(c) α2 > 4β

u =
(
(A+B)ϕ1(t)e

Bx + (A−B)ϕ2(t)e
−Bx)×
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×
(
e−Ax + ϕ1(t)e

Bx + ϕ2(t)e
−Bx)−1

,

A = −α
2
, B =

1

2
(α2 − 4β)1/2,

ϕ̇1 =

(
α2

2
− 3β − α

2
(α2 − 4β)1/2

)
ϕ1,

ϕ̇2 =

(
α2

2
− 3β +

α

2
(α2 − 4β)1/2

)
ϕ2;

(d) α2 < 4β

u =
(
ϕ1(t)(A cosBx−B sinBx) + ϕ2(t)(A sinBx+

+B cosBx)
)(
e−Ax + ϕ1(t) cosBx+ ϕ2(t) sinBx

)−1
,

ϕ̇1 =

(
α2

2
− 3β

)
ϕ1 −

α

2
(4β − α2)1/2ϕ2,

ϕ̇2 =

(
α2

2
− 3β

)
ϕ2 +

α

2
(4β − α2)1/2ϕ1.

In the above formulae θ = θ(u) ∈ C2(R1,R1) is an arbitrary function; λ, λ1, λ2,
α, β, γ are arbitrary real constants; overdot means differentiation with respect to the
corresponding argument.

Most of above adduced system of ODE can be integrated. As a result, one obtains
a number of new exact solutions of the nonlinear heat equation (5). Detailed study of
reduced systems of ODE and construction of exact solutions of equation (5) will be a
topic of our future paper. Here we present some exact solutions of the nonlinear heat
equation

ut = uxx + F (u)

obtained with the help of ansatzes 7–10 which are listed above.

1) F (u) =
(
α+ β lnu− γ2(lnu)2

)
u,

(a) ∆ = β2 + 4αγ2 > 0

u = C

(
cos

∆1/2t

2

)−2

eγx+γ
2t +

1

2γ2

(
β − ∆1/2tg

∆1/2t

2

)
;

(b) ∆ = −β2 − 4αγ2 > 0

u = C

(
ch

∆1/2t

2

)−2

eγx+γ
2t +

1

2γ2

(
β + ∆1/2th

∆1/2t

2

)
;

(c) ∆ = β2 + 4αγ2 = 0

u = Ct−2eγx+γ
2t +

1

2γ2t
(βt+ 2);

2) F (u) = −u(1 + ln u2)
(
α+ β(ln u)−1/2

)
,

(a) α 6= 0
∫ ln u(

2ατ + 4βτ1/2 + Ce−2αt + 2β2α−1
)−1/2

dτ = x;

(b) α = 0
∫ lnu(

4βτ1/2 + 4β2t
)−1/2

dτ = x;
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3) F (u) = −2u(u2 + αu+ β),

(a) α2 = 4β

u =
(
1 − α

2
(x− αt)

)(
x− αt+ C exp

(
α

2

(
x+

αt

2

)))−1

;

(b) α2 > 4β

u =
(
(A+B)C1 exp

(
(A+B)(x− αt)

)
+ (A−B)C2 ×

× exp
(
(A−B)(x− αt)

))(
exp(3βt) + C1 exp

(
(A+B)(x− αt)

)
+

+ C2 exp
(
(A−B)(x− αt)

))−1

,

A = −α
2
, B =

1

2
(α2 − 4β)1/2;

(c) α2 < 4β

u =
(
(αAC1 −BC2) cosB(x− αt) + (AC2 +BC1) ×

× sinB(x− αt)
)(

exp
(
3βt−A(x− αt)

)
+

+ C1 cosB(x− αt) + C2 sinB(x− αt)
)−1

,

A = −α
2
, B =

1

2
(4β − α2)1/2.

In the above formulae C, C1, C2 are arbitrary constants.
It is worth noting that the above solutions can not be obtained with the use of

the classical Lie symmetry reduction technique [6]. That is why they are essentially
new. Another important feature is that solutions 3(a) and 3(c) are soliton-like solu-
tions. Consequently, nonlinear heat equation with cubic nonlinearity admits soliton-
like solutions.
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Nonlinear representations for Poincaré

and Galilei algebras and nonlinear equations

for electromagnetic fields

W.I. FUSHCHYCH, I.M. TSYFRA, V.M. BOYKO

We construct nonlinear representations of the Poincaré, Galilei, and conformal algeb-
ras on a set of the vector-functions Ψ = ( ~E, ~H). A nonlinear complex equation of
Euler type for the electromagnetic field is proposed. The invariance algebra of this
equation is found.

1. Introduction

It is well known that the linear representations of the Poincaré algebra AP (1, 3) and
conformal algebra AC(1, 3), with the basis elements

Pµ = igµν∂ν , Jµν = xµPν − xνPµ + Sµν , (1)

D = xνP
ν − 2i, (2)

Kµ = 2xµD − (xνx
ν)Pµ + 2xνSµν , (3)

is realized on the set of solutions of the Maxwell equations for the electromagnetic
field in vacuum (see e.g. [1, 2])

∂ ~E

∂t
= rot ~H,

∂ ~H

∂t
= −rot ~E, (4)

div ~E = 0, div ~H = 0. (5)

Here Sµν realize the representation D(0, 1) ⊕D(1, 0) of the Lorentz group.
Operators (1)–(3) satisfy the following commutation relations:

[Pµ, Pν ] = 0, [Pµ, Jαβ ] = i(gµαPβ − gµβPα), (6)

[Jαβ , Jµν ] = i(gβµJαν + gανJβµ − gαµJβν − gβνJαµ), (7)

[D,Pµ] = −iPµ, [D, Jµν ] = 0, (8)

[Kµ, Pα] = i(2Jαµ − 2gµαD), [Kµ, Jαβ ] = i(gµνKβ − gµβKα), (9)

[Kµ, D] = −iKµ, [Kµ,Kν ] = 0, µ, ν, α, β = 0, 1, 2, 3. (10)

In this paper the nonlinear representations of the Poincaré, Galilei, and conformal
algebras for the electromagnetic field ~E, ~H are constructed. In particular, we prove
that the continuity equation for the electromagnetic field is not invariant under the
Lorentz group if the velocity of the electromagnetic field is taken in accordance with
the Poynting definition. Conditional symmetry of the continuity equation is studied.
The complex Euler equation for the electromagnetic field is introduced. The symmetry
of this equation is investigated.

Reprinted with permission from J. Nonlinear Math. Phys., 1994, 1, № 2, P. 210–221
c© 1994 Mathematical Ukraina Publisher
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2. Formulation of the main results

The operators, realizing the nonlinear representations of the Poincaré algebrasAP (1, 3)
= 〈Pµ, Jµν〉, AP1(1, 3) = 〈Pµ, Jµν , D〉, and conformal algebra AC(1, 3) = 〈Pµ, Jµν , D,
Kµ〉, have the structure

Pµ = ∂xµ
, (11)

Jkl = xk∂xl
− xl∂xk

+ Skl, (12)

J0k = x0∂xk
+ xk∂x0

+ S0k, k, l = 1, 2, 3, (13)

D = xµ∂xµ
, (14)

K0 = x2
0∂x0

+ x0xk∂xk
+ (xk − x0E

k)∂Ek − x0H
k∂Hk , (15)

Kl = x0xl∂x0
+ xlxk∂xk

+ [xkE
l − x0(E

lEk −H lHk)]∂Ek +

+ [xkH
l − x0(H

lEk +ElHk)]∂Hk ,
(16)

where

Skl = Ek∂El − El∂Ek +Hk∂Hl −H l∂Hk ,

S0k = ∂Ek − (EkEl −HkH l)∂El − (EkH l +HkEl)∂Hl .

The operators, realizing the nonlinear representations of the Galilei algebras
AG(2)(1, 3) = 〈Pµ, Jkl, G(2)

k 〉, AG(2)
1 (1, 3) = 〈Pµ, Jkl, G(2)

k , D〉 have the form:

Pµ = ∂xµ
, Jkl = xk∂xl

− xl∂xk
+ Skl, (17)

G2
k = xk∂x0

− (EkEl −HkH l)∂El − (EkH l +HkEl)∂Hl , (18)

D = x0∂x0
+ 2xk∂xk

+ Ek∂Ek +Hk∂Hk . (19)

We see by direct verification that all represented operators satisfy the commutation
relations of the algebras AP (1, 3), AC(1, 3), AG(1, 3).

3. Construction of nonlinear representations

In order to construct the nonlinear representations of Euclid-, Poincaré-, and Galilei
groups and their extensions the following idea was proposed in [2, 3]: to use nonli-
near equations invariant under these groups; it is necessary to find (point out, guess)
the equations, which admit symmetry operators having a nonlinear structure. Such
equation for the scalar field u(x0, x1, x2, x3) is the eikonal equation

∂u

∂xµ

∂u

∂xµ
= 0, µ = 0, 1, 2, 3 (20)

which is invariant under the conformal algebra AC(1, 3) with the nonlinear operator
Kµ [2, 3].
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The nonlinear Euler equation for an ideal fluid

∂vk
∂t

+ vl
∂vk
∂xl

= 0, k = 1, 2, 3 (21)

which is invariant under nonlinear representation of the AP (1, 3) algebra, with basis
elements

Pµ = ∂xµ
, Jkl = xk∂xl

− xl∂xk
+ vk∂vl

− vl∂vk
, (22)

J0k = xk∂0 + x0∂xk
+ ∂vk

− vkvl∂vl
, (23)

was proposed in [3] to construct the nonlinear representation for the vector field. Note
that equation (21) is also invariant with respect to the Galilei algebra AG(1, 3) with
the basis elements

Pµ = ∂xµ
, Jkl = xk∂xl

− xl∂xk
+ vk∂vl

− vl∂vk
, Ga = x0∂xa

+ ∂va
. (24)

As mentioned in [2, 3] both the Lorentz–Poincaré–Einstein and Galilean principles of
relativity are valid for system (21). We use the following nonlinear system of equa-
tions [4]

∂Ek

∂x0
+H l ∂E

k

∂xl
= 0,

∂Hk

∂x0
+ El

∂Hk

∂xl
= 0, (25)

for constructing a nonlinear representation of the AP (1, 3) and AG(1, 3) algebras for
the electromagnetic field. To construct the basis elements of the AP (1, 3) and AG(1, 3)
algebras in explicit form we investigate the symmetry of system (25). We search for
the symmetry operators of equations (25) in the form:

X = ξµ∂xµ
+ ηl∂El + βl∂Hl , (26)

where ξµ = ξµ(x, ~E, ~H), ηl = ηl(x, ~E, ~H), βl = βl(x, ~E, ~H).

Theorem 1. The maximal invariance algebra of system (25) in the class of operators
(26) is the 20-dimensional algebra, whose basis elements are given by the formulas

Pµ = ∂xµ, (27)

J
(1)
kl = xk∂xl

− xl∂xk
+ Ek∂El − El∂Ek +Hk∂Hl −H l∂Hk , (28)

J
(2)
kl = xk∂xl

+ xl∂xk
+ Ek∂El + El∂Ek +Hk∂Hl +H l∂Hk , (29)

G(1)
a = x0∂xa

+ ∂Ea + ∂Ha , (30)

G(2)
a = xa∂x0

− EaEk∂Ek −HaHk∂Hk , (31)

D0 = x0∂x0
− El∂El −H l∂Hl , (32)

D1 = x1∂x1
+ E1∂E1 +H1∂H1 , (33)

D2 = x2∂x2
+ E2∂E2 +H2∂H2 , (34)

D3 = x3∂x3
+ E3∂E3 +H3∂H3 . (35)
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Proof. To prove theorem 1 we use Lie’s algorithm. The condition of invariance of the
system L( ~E, ~H), i.e. (25), with respect to operator X has the form

X
1
L
∣∣∣
L=0

= 0, (36)

where

X
1

= X + [Dα(ηl) − EljDα(ξj)]∂El
α

+ [Dα(βl) −H l
jDα(ξj)]∂Hl

α
,

Elα =
∂El

∂xα
, H l

α =
∂H l

∂xα
, l = 1, 2, 3; α = 0, 1, 2, 3

is the prolonged operator. From the invariance condition (36) we obtain the system
of equations which determine the coefficient functions ξµ, ηl, βl of the operator (26):

ηlk = 0, ηl0 = 0, βlk = 0, βl0 = 0, ξµαν = 0, ξµEa = 0, ξµHa = 0,

ηk = −Ekξ00 + ξk0 +Eaξka − EaEkξ0a,

βk = −Hkξ00 + ξk0 +Haξka −HaHkξ0a,

(37)

where

ηlk =
∂ηl

∂xk
, ηl0 =

∂ηl

∂x0
, ξµEa =

∂ξµ

∂Ea
, ξµαν =

∂2ξµ

∂xα∂xν
.

Having found the general solution of system (37), we get the explicit form of all
the linear independent symmetry operators of system (25), which have the structure
(27)–(35). Operators of Lorentz rotations J0k is given by the linear combination of
the Galilean operators G(1)

k and G(2)
k :

J0k = G
(1)
k +G

(2)
k . (38)

All the following statements, given here without proofs, can be proved in analogy with
the above-mentioned scheme.

4. The finite transformations and invariants

We present some finite transformations which are generated by the operators J0k:

J01 : x0 → x′0 = x0 ch θ1 + x1 sh θ1,

x1 → x′1 = x1 ch θ1 + x0 sh θ1,

x2 → x′2 = x2, x3 → x′3 = x3,

(39)

E1 → E1′

=
E1 ch θ1 + sh θ1
E1 sh θ1 + ch θ1

, H1 → H1′

=
H1 ch θ1 + sh θ1
H1 sh θ1 + ch θ1

,

E2 → E2′

=
E2

E1 sh θ1 + ch θ1
, H2 → H2′

=
H2

H1 sh θ1 + ch θ1
,

E3 → E3′

=
E3

E1 sh θ1 + ch θ1
, H3 → H3′

=
H3

H1 sh θ1 + ch θ1
.

(40)
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The operators J02, J03 generate analogous transformations. θ1 is the real group
parameter of the geometric Lorentz transformation. Operators G

(2)
k generate the

following transformations:

G
(2)
1 : x0 → x′0 = x0 + θ1x1, xk → x′k = xk,

Ek → Ek
′

=
Ek

1 + θ1E1
, Hk → Hk′ =

Hk

1 + θ1H1
.

Analogous transformations are generated by the operators G(2)
2 , G(2)

3 . Operators G(1)
k

generate the following transformations:

G
(1)
1 : x0 → x′0 = x0, x1 → x′1 = x1 + x0θ1,

x2 → x′2 = x2, x3 → x′3 = x3,

E1 → E1′

= E1 + θ1, H1 → H1′

= H1 + θ1,

E2 → E2′

= E2, E3 → E3′

= E3,

H2 → H2′

= H2, H3 → H3′

= H3.

The operators G(1)
2 , G(1)

3 generate analogous transformations.
It is easy to verify that

I1 =

(
1 − ~E ~H

)2

(
1 − ~E2

)(
1 − ~H2

) , ~E2 6= 1, ~H2 6= 1 (41)

is invariant with respect to the nonlinear transformations of the Poincaré group which
are generated by representations (28), (38).

The invariant of the Galilei group which is generated by representations (28), (31)
has the form:

I2 =
~E2 ~H2

(
~E ~H
)2 , (42)

whereas the Galilei group which is generated by representations (28), (30) has the
invariant

I3 = ( ~E − ~H)2. (43)

5. Complex Euler equation
for the electromagnetic field

Let us consider the system of equations

∂Σk

∂x0
+ Σl

∂Σk

∂xl
= 0, Σk = Ek + iHk. (44)
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The complex system (44) is equivalent to the real system of equations for ~E and ~H

∂Ek

∂x0
+ El

∂Ek

∂xl
−H l ∂H

k

∂xl
= 0,

∂Hk

∂x0
+H l ∂E

k

∂xl
+ El

∂Hk

∂xl
= 0.

(45)

The following statement has been proved with the help of Lie’s algorithm.

Theorem 2. The maximal invariance algebra of the system (45) is the 24-dimensional
Lie algebra whose basis elements are given by the formulas

Pµ = ∂xµ
,

J
(1)
kl = xk∂xl

− xl∂xk
+ Ek∂El − El∂Ek +Hk∂Hl −H l∂Hk ,

J
(2)
kl = xk∂xl

+ xl∂xk
+ Ek∂El + El∂Ek +Hk∂Hl +H l∂Hk ,

G
(1)
a = x0∂xa

+ ∂Ea ,

G
(2)
a = xa∂x0

− (EaEk −HaHk)∂Ea − (EaHk +HaEk)∂Hk ,

D0 = x0∂x0
− Ek∂Ek −Hk∂Hk ,

Da = xa∂xa
+ Ea∂Ea +Ha∂Ha (no sum over a),

K0 = x2
0∂x0

+ x0xk∂xk
+ (xk − x0E

k)∂Ek − x0H
k∂Hk ,

Ka = x0xa∂x0
+ xaxk∂xk

+ [xkE
a − x0(E

aEk −HaHk)]∂Ek +

+ [xkH
a − x0(H

aEk + EaHk)]∂Hk .

(46)

The algebra, engendered by the operators (46), include the Galilei algebras
AG(1)(1, 3), AG(2)(1, 3) and Poincaré algebra AP (1, 3), and conformal algebra
AC(1, 3) as subalgebras. Operators G(2)

a generate the linear geometrical transforma-
tions in R(1, 3)

x0 → x′0 = x0 + θaxa (no sum over a), xl → x′l, (47)

as well as the nonlinear transformations of the fields

El + iH l → El
′

+ iH l′ =
El + iH l

1 + θa(Ea + iHa)
(no sum over a),

El − iH l → El
′ − iH l′ =

El − iH l

1 + θa(Ea − iHa)
.

(48)

The invariant of the group G(2)(1, 3) is

I4 =

(
~E2 − ~H2

)
+ 4
(
~E ~H
)2

(
~E2 + ~H2

)2 . (49)

Operators J0k generate the linear transformations in R(1, 3)

x0 → x′0 = x0 ch θk + x0 sh θk,

xk → x′k = xk ch θk + x0 sh θk (no sum over k),

xl → x′l = xl, if l 6= k,

(50)
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as well as the nonlinear transformations of the fields

Ek + iHk → Ek
′

+ iHk′ =
(Ek + iHk) ch θk + sh θk
(Ek + iHk) sh θk + ch θk

,

Ek − iHk → Ek
′ − iHk′ =

(Ek − iHk) ch θk + sh θk
(Ek − iHk) sh θk + ch θk

.

If l 6= k, then

El + iH l → El
′

+ iH l′ =
El + iH l

(Ek + iHk) sh θk + ch θk
,

El − iH l → El
′ − iH l′ =

El − iH l

(Ek − iHk) sh θk + ch θk
(no sum over k).

(51)

The invariant of group P (1, 3) is

I5 =
1 − 2

[
( ~E2 − ~H2) − 1

2 ( ~E2 − ~H2)2 − 2( ~E ~H)2
]

[
1 − ( ~E2 + ~H2)

]2 , ~E2 + ~H2 6= 1. (52)

The operator K0 generates the following nonlinear transformations in R(1, 3) and
linear transformations of the fields

xµ → x′µ =
xµ

1 − θ0x0
,

Ek → Ek
′

= Ek + θ0(xk − x0E
k),

Hk → Hk′ = Hk(1 − θ0x0).

(53)

The operators Ka generate nonlinear transformations in both R(1, 3) and of the fields

x0 → x′0 =
x0

1 − xaθa
, xa → x′a =

xa
1 − xaθa

.

If k 6= a, then

xk → x′k =
xk

1 − xaθa
,

Ea + iHa → Ea
′

+ iHa′ =
Ea + iHa

1 + θa[x0(Ea + iHa) − xa]
,

Ea − iHa → Ea
′ − iHa′ =

Ea − iHa

1 + θa[x0(Ea − iHa) − xa]
.

If k 6= a, then

Ek + iHk → Ek
′

+ iHk′ =
Ek + iHk + θa(E

a + iHa)xk
1 + θa[x0(Ea + iHa) − xa]

,

Ek − iHk → Ek
′ − iHk′ =

Ek − iHk + θa(E
a − iHa)xk

1 + θa[x0(Ea − iHa) − xa]
(no sum over a).

(54)

Note 1. Setting ~Σ = a ~E + ib ~H, where a, b are arbitrary functions of the invariants
~E2, ~H2, ~E ~H, we obtain more general form of the equation (44). The equation

∂Σk

∂x0
+ Σl

∂Σk

∂xl
= F ( ~E ~H, ~E2, ~H2)Σk
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is invariant only under some subalgebras of algebra (46) depending on the choice of
function F .

Note 2. If we analyse the symmetry of the following equations
(

∂

∂x0
+ El

∂

∂xl
+H l ∂

∂xl

)
Ek = 0,

(
∂

∂x0
+ El

∂

∂xl
+H l ∂

∂xl

)
Hk = 0;

(∗)

or

∂Ek

∂x0
= ±

(
El

∂

∂xl
+H l ∂

∂xl

)
Hk,

∂Hk

∂x0
= ±

(
El

∂

∂xl
+H l ∂

∂xl

)
Ek,

(∗∗)

we obtain concrete examples of nonlinear representations for the Poincaré and Galilei
algebras. This problem will be considered in a future paper.

6. Symmetry of the continuity equation
and the Poynting vector

Let us consider the continuity equation for the electromagnetic field

L( ~E, ~H) ≡ ∂ρ

∂x0
+ div ρ~v = 0. (55)

According to the Poynting definition ρ and ρvk have the forms

ρ =
1

2
( ~E2 + ~H2), ρvk = εklnE

lHn. (56)

Theorem 3. The nonlinear system (55), (56) is not invariant under the Lorentz
algebra, with basis elements:

Jkl = xk∂xl
− xl∂xk

+ Ek∂El − El∂Ek +Hk∂Hl −H l∂Hk ,

J0k = xk∂x0
+ x0∂xk

+ εkln(E
l∂Hn −H l∂En), k, l, n = 1, 2, 3.

(57)

To prove theorem 3 it is necessary to substitute ρ and ρvk, from formulas (56),
to equation (55) and to apply Lie’s algorithm, i.e., it is necessary to verify that the
invariance condition

J
1
µν

(
L( ~E, ~H)

)∣∣∣
L=0

≡ 0 (58)

is not satisfied, where J
1
µν is the first prolongation of the operator Jµν .

Theorem 4. The continuity equation (55), (56) is conditionally invariant with respect

to the operators Jµν , given in (57) if and only if ~E, ~H satisfy the Maxwell equation
(4), (5).

Thus the continuity equation, which is the mathematical expression of the conser-
vation law of the electromagnetic field energy and impulse is not Lorentz-invariant if
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~E, ~H does not satisfy the Maxwell equation. A more detailed discussion on conditional
symmetries can be found in [1, 2].

The following statement can be proved in the case when

ρ = F 0( ~E, ~H) and ρvk = F k( ~E, ~H), (59)

where F 0, F k are arbitrary smooth functions F 0 6≡ 0, F k 6≡ 0.

Theorem 5. The continuity equation (55), (59) is invariant with respect to the classic
geometrical Lorentz transformations if and only if

r(B) = 4, (60)

where r(B) is the rank of the Jacobi matrix of functions F µ.

In conclusion we present some statements about the symmetry of the following
systems:

∂ ~E

∂x0
= rot ~H + ~F1( ~E, ~H),

∂ ~H

∂x0
= −rot ~E + ~F2( ~E, ~H),

div ~E = R1( ~E, ~H), div ~H = R2( ~E, ~H),

(61)

∂(R~E)

∂x0
= rot (R ~H),

∂N ~H

∂x0
= −rot (N ~E),

div (R~E) = 0, div (N ~H) = 0.

(62)

Here

R = R(W1,W2), N = N(W1,W2), W1 = ~E2 − ~H2, W2 = ~E ~H.

div (R~E +N ~H) = 0. (63)

Theorem 6. The system of equations (61) is invariant under the Lorentz algebra with
the basis elements (57) if and only if

~F1 ≡ ~F2 ≡ 0, R1 ≡ R2 ≡ 0.

Theorem 7. The system of equations (62) is invariant under the Lorentz algebra (57)
if R and N are arbitrary functions of the invariants W1 = ~E2 − ~H2, W2 = ~E ~H.

Theorem 8. The equation (63) is invariant under the Lorentz algebra with the basis

elements (57) if and only if ~E, ~H satisfy the system of equations

∂(R~E +N ~H)

∂x0
= rot (R ~H −N ~E).

Thus it is established that, besides the generally recognized linear representation of
the Lorentz group discovered by Henry Poincaré in 1905 [5], there exists the nonlinear
representation constructed by using the nonlinear equations of hydrodynamical ty-
pe [4]. It is obvious that for instance the linear superposition principle does not hold
for a non-Maxwell electrodynamic theory based on the equation (25) or (45).

The nonlinear representations for the algebras AG(1, 3), AP̃ (1, 2), AP̃ (2, 2),
AC(1, 2), AC(2, 2) for a scalar field have been considered in [6], AP (1, 1) in [7], and
AP (1, 2) in [8].



Nonlinear representations for Poincaré and Galilei algebras 311
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W.I. FUSHCHYCH

In this talk I am going to present a brief review of some key ideas and methods
which were given start and were developed in Kyiv, at the Institute of Mathematics
of National Academy of Sciences of Ukraine during recent years.

Plan of the talk

The simplest classification of equations.

What is ansatz? The problem of PDE reduction without symmetry.

Conditional symmetry. How can we expand symmetry of PDE?

Conditional symmetry of Maxwell and Schrödinger systems.

Q-conditional symmetry of the nonlinear wave equation, which is not invariant with
respect to the Lorentz group.

Conditional symmetry of the Poincaré–invariant d’Alembert equation.

Conditional symmetry of the nonlinear heat equation.

Reduction and Antireduction.

Antireduction of the nonlinear acoustics equation.

Antireduction of the equation for short waves in gas dynamics.

Antireduction of nonlinear heat equation.

Nonlocal symmetry, new relativity principles.

Non–Lie symmetry of the Schrödinger equation.

Time is absolute in relativistic physics.

New equations of motions.

High–order parabolic equation in Quantum Mechanics.

Nonlinear generalization of the Maxwell equations.

Equations for fields with the spin 1/2.

How to extend symmetry of on equation with arbitrary coefficients?

1. Classification of equations

Every field of science must begin from some classification. We have today a lot of
classifications of differential equations: parabolic, hyperbolic, elliptic, ultrahyperbolic
etc. I believe that it is most appropriate for our Conference to divide all equations of

Reprinted with permission from J. Nonlinear Math. Phys., 1995, 2, N 3–4, P. 216–235
c© 1995 Mathematical Ukraina Publisher
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mathematics into two classes: B and B̄

Newton

Eikonal

Hamilton

'

&

$

%

Euler

Heat

Monge-Ampere

Born-Infeld

d’Alembert

Maxwell

Navier-Stokes

Korteweg-de Vries

Boussinesq

Schrödinger

Dirac

Yang-Mills
...

'

&

$

%

Kernel

B≡Beauty

B

It is seen from the adduced picture that all fundamental equations of mathematical
physics are united into one class B. From the point of view of existing now classifica-
tions they belong to essentially different classes. Equations from the class B have wide
symmetry, and by this feature they are substantially different from other equations
of mathematics.

It is important to point out that there are close relations among these different
equations, which have not been investigated yet till now. For example, if we know
solutions of the heat equation, we can construct solutions for the wave (d’Alembert)
equation. By means of solutions of the Dirac equation, solutions of the Maxwell, heat,
Yang–Mills, and other equations [18] can be obtained.

2. Ansatz reduction of PDE without using symmetry

Let us consider a PDE

L(x, u, u(1), u(2), . . . u(n)) = 0,

u = u(x), x = (x0, x1, . . . , xn), u(1) = (u0, u1, u2, . . . , un), uµ =
∂u

∂xµ
,

u(2) = (u00, u01, . . . , unn), uµν =
∂2u

∂xµ∂xν
.

(2.1)
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Depending on the explicit form of L, equation (2.1) can belong to B or B̄. In
mathematical physics we often come across equations of the following type:

Lu ≡ 2u− F (x, u, u(1)) = 0. (2.2)

What can we say today about solutions of equations (2.1), (2.2)? The answer is
trivial: Nothing.

If equation (2.2) belongs to the class B and is invariant with respect to the Poincaré
group P (1, n), that is, a nonlinear function F (x, u, u(1)) has the special form

F (x, u, u(1)) = F

(
u,

∂u

∂xµ

∂u

∂xµ

)
(2.3)

then for equation (2.2) we can construct some classes of exact solutions, study Pain-
levé properties, construct approximate solutions, study asymptotic properties, etc.

Definition 1 (W. Fushchych, 1981, 1983 [1, 2, 3]). We shall call a formula

u = f(x)ϕ(ω) + g(x), (2.4)

an ansatz for equation (2.2) if after substitution of (2.4) we get an equation for the
function ϕ(ω) which depends only on new variables ω = (ω1, ω2, . . . , ωn−1), where
f(x), g(x) are given functions.

If (2.4) is an ansatz for (2.2), then the latter is reduced (the number of independent
variables decreases by one) to an equation for the function ϕ(ω).

Thus the problem of reduction of an equation reduces to description of three
functions 〈f(x), g(x), ω〉 which leads to an equation for ϕ(ω) with less number of
variables.

We can display schematically the process of reduction for an 4-dimensional equati-
on in the following way:
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E3 is a set of three-dimensional equations, E2 is a set of two-dimensional equations,
E1 is a set of one-dimensional equations with the following inclusion E3 ⊂ E2 ⊂ E1.

That is, from one principal equation we obtain the whole set of ODE. Having
solved the ODE, we find exact solutions of a multidimensional equation.

Description of ansatzes of the form (2.4) for the nonlinear wave equation is an
extremely difficult nonlinear problem. In the simplest case, when we put f(x) = 1,
g(x) = 0 for the nonlinear Poincaré–invariant d’Alembert equation

2u = F (u), (2.5)

the problem of reduction of (2.5) to ODE reduces to construction of solutions for the
following overdetermined system for ω (Fushchych W., Serov M. 1983 [3])

2ω = F2(ω),

∂ω

∂xµ

∂ω

∂xµ
=

(
∂ω

∂x0

)2

−
(
∂ω

∂x1

)2

−
(
∂ω

∂x2

)2

− · · · −
(
∂ω

∂xn

)2

= F2(ω).
(2.6)

If ω is a solution of the system (2.6), then the multidimensional equation (2.5) reduces
to ODE with variable coefficients

a2(ω)ϕ̈(ω) + a1(ω)ϕ̇(ω) + a0(ω)ϕ(ω) F (ϕ) = 0 (2.7)

A solution of equation (2.5) has the form

u(x0, . . . xn) = ϕ(ω), ω = ω(x0, x1, . . . , xn), (2.8)

ϕ is a solution of equation (2.7).
Compatibility and general solutions of system (2.6) are described in detail in

papers of Zhdanov, Revenko, Yehorchenko, Fushchych (1987–1993, [4–6]). As we see,
without using explicitly the symmetry of equation (2.5), we can reduce a multidi-
mensional wave equation to ODE. It is obvious that all ansatzes and solutions, which
are constructed on the basis of the classical method by Sophus Lie, can be obtained
within the framework of our approach. The subgroup analysis of the Poincaré group
P (1, n) (Patera J., Winternitz P., Zassenhaus H., 1975–1983, [7, 8] Fedorchuk V.,
Barannyk A., Barannyk L., Fushchych W., 1985–1991 [9–11]) gives only a part of
possible ansatzes.

Note 1. P. Clarkson and M. Kruskal (1989 [12]) implemented the approach suggested
by us in 1981–1983 [1, 2, 3] for the one-dimensional Boussinesq equation and const-
ructed in explicit form ansatzes and solutions which cannot be obtained within the
framework of the classical S. Lie method. In the literature, this approach is often
called the “direct method of reduction”. I believe that it would be more consistent and
correct to call this method of construction of PDE solutions a method of ansatzes.

3. Conditional symmetry

The Lie symmetry, as known, is a local symmetry of the whole set of solutions. The Lie
algorithm enables us to define the invariance algebra for an arbitrary given equation
and to construct ansatzes.
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The term and the concept “conditional symmetry” was introduced and developed
in our papers (1983–1993, [2, 3, 13–18]). This extremely simple concept has appeared
to be efficient and enabled us to discover a nature of many ansatzes which could not
be obtained within the framework of the Lie method.

Conditional symmetry is the symmetry of subsets of equation’s solutions. Knowing
conditional symmetry of an equation, we can construct non–Lie ansatzes and soluti-
ons. It is more difficult to study conditional symmetry of a given equation than to
study its classical Lie symmetry. The difficulty is related to the fact that to find
conditional symmetry of an equation, it is necessary to solve nonlinear determining
equations.

During recent years, there are intensive studies in this promising direction, and
today we can make following general conclusion:

Corollary 1. Principal nonlinear equations of mathematical physics have conditional
symmetry.

Let us denote by the symbol

Q = 〈Q1, Q2, . . . , Qr〉 (3.1)

some set of operators which does not belong to the invariance algebra (IA) of equation
(2.1).

Definition 2 (Fushchych W., Nikitin A., Shtelen W. and Serov M., 1987 [13, 14, 18],
Fushchych W. and Tsyfra I. (1987 [15])). Equation (2.1) is said to be conditionally
invariant under the operators Q from (3.1), if there exists a supplementary condition
on the solutions of (3.1) of the form

L1(x, u, u(1), . . . , u(n)) = 0 (3.2)

such that (3.1) together with (3.2) is invariant under Q.

Thus, one has the following criterion of conditional invariance [13, 15, 18]

QsL = λ0L+ λ1L1, (3.3)

QsL1 = λ2L+ λ3L1, (3.4)

where λ0, λ1, λ2, λ3 are some differential expressions, Qs is the s-th prolongation by
Lie.

Definition 3. We shall say that an equation is Q-conditionally invariant if the addi-
tional equation L1 = 0 is a quasilinear equation of the first order

L1(x, u, u(1)) ≡ Qu = 0, (3.5)

Q = ξµ(x, u)
∂

∂xµ
+ η(x, u)

∂

∂u
, (3.6)

with η being a smooth function.

Thus, the problem of finding the conditional symmetry of a equation reduces to the
solution of equations (3.3), (3.4). As a rule, the determining equations for calculating
ξµ and η are nonlinear equations.

As is known, in the classical approach ξµ, η satisfy a linear system of differential
equations which, because of being overdetermined, can be solved.
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3.1. Conditional symmetry of the Maxwell equations

The first equation where we had noticed conditional symmetry was the Maxwell
subsystem [13]

∂ ~E

∂t
= rot ~H,

∂ ~H

∂t
= −rot ~E. (3.7)

It is possible to prove by means the standard Lie method that the maximal invari-
ance algebra of system (3.7) is an 8-dimensional extended Euclid algebra AE1(4) with
basis elements:

Pµ = i
∂

∂xµ
, Jab = xapb − xbpa + Sab, D = xµP

µ, (3.8)

where Sab are 6×6 matrices, which realize a reduced representation of the Lie algebra
of the group SU(2).

Thus, system (3.7) is not invariant with respect to the Lorentz transformations,
which are generated by operators

Joa = xoPa − xaP0 + S0a, (3.9)

〈Sab, S0a〉 are matrices which realize a finite-dimensional representation of the Lie
algebra of the Lorentz group S(1, 3).

Theorem 1 (Fushchych W. and Nikitin A. 1983 [13]). System (3.7) is conditionally
invariant under the Lorentz boosts (3.9) if and only if the solutions of (3.7) satisfy the
conditions

div ~E = 0, div ~H = 0. (3.10)

Thus, system (3.7) only together with equations (3.10) is invariant under the Lorentz
group.

Note 2. 90 years ago H. Lorentz (1904, April 23), H. Poincaré (1905, June 5, July 23),
A. Einstein (1905, June 30) discovered the theorem about invariance of the full
Maxwell system (3.7), (3.10) with respect to rotations in the four-dimensional pseudo-
Euclidean space-time. This theorem is a mathematical formulation of the fundamental
Lorentz–Poincaré–Einstein principle of relativity.

3.2. Conditional symmetry of linear Schrödinger systems

Let us consider the multicomponent system of disconnected Schrödinger equations:

SΨ =

(
p0 −

p2
a

2m

)
Ψr = 0, r = 1, 2, . . . , n,

p0 = i
∂

∂x0
, pa = −i ∂

∂xa
, a = 1, 2, 3,

Ψ = (Ψ1,Ψ2, . . . ,Ψn), Ψ = Ψ(x0 = t, x1, x2, x3).

(3.11)

It is evident that every separate Schrödinger equation (3.11) is invariant with
respect to a scalar representation of the group G2(1, 3), a full Galilei group.
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Let us consider a problem of existence of nontrivial vector, spinor, tensor represen-
tations of the full Galilei group, which are realized on the set of solutions of system
(3.11).

We demand system (3.11) be invariant with respect to the following linear repre-
sentations of the algebra AG2(1, 3)

P0 = i
∂

∂x0
, Pa = −i ∂

∂xa
, M = im,

Ja = xapb − xbpa + Sa, Sa =
1

2
εabcSbc,

Ga = x0pa − xap0 + λa, D = 2x0P0 − xkPk + λ0,

A = x0D − x2
0P0 +

1

2
mx2

k − λaxa,

(3.12)

where matrices Sa, λ0, λa satisfy the commutation relations [29]

[Sa, Sb] = iεabcSc, [λa, λb] = 0, [λ0, Sa] = 0,

[λaSb] = iεabcSc, [λ0, λa] = iλa.
(3.13)

Theorem 2 (Fushchych and Shtelen, 1983, [19]). System of equations (3.11) is condi-
tional invariant under representation AG2(1, 3) (3.12) if

(
λ0 −

3

2
i− 1

m
λkPk

)
Ψ = 0, (3.14)

(λ2
1 + λ2

2 + λ2
3)Ψ = 0. (3.15)

3.3. Q-conditional symmetry of Lorentz noninvariant
nonlinear wave equation

Let us consider the following wave equation (Fushchych and Tsyfra 1987, [15])

Lu ≡ 2u+ F (x, u
1
) = 0 (3.16)

F (x, u
1
) = −

(
λ0

x0

)2(
∂u

∂x0

)2

+

(
λ1

x1

)2(
∂u

∂x1

)2

+

+

(
λ2

x2

)2(
∂u

∂x2

)2

+

(
λ3

x3

)2(
∂u

∂x3

)2

, xµ 6= 0,

(3.17)

λµ are arbitrary parameters.
Equation (3.16) is invariant only with respect to scale transformations and trans-

lations:

xµ → x′µ = ebxµ, u→ u′ = e2bu, u→ u′ = u+ c,

b is a real parameter.
Let us consider a Lorentz-invariant ansatz

u = ϕ(ω), ω = xµx
µ = x2

0 − x2
1 − x2

2 − x2
3. (3.18)
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This ansatz, despite the fact that (3.16) is not invariant with respect to the Lorentz
group, reduces equation (3.16) to ODE

ω
d2ϕ

dω2
+ 2

dϕ

dω
+ λ2

(
dϕ

dω

)2

= 0 (3.19)

whose solutions are given by the functions

λ = λ2
0 − λ2

1 − λ2
2 − λ2

3,

ϕ(ω) = 2(−λ2)1/2 tan−1 ω(−λ2)−1/2 for − λ2 > 0,

ϕ(ω) = −(λ2)−1/2 ln

{
(λ2)1/2 + ω

(λ2)1/2 − ω

}
for − λ2 < 0.

What is the reason of such reduction? From the classical point of view, ansatz (3.18)
must not reduce the Lorentz non–invariant equation (3.16) to ODE.

The reason of all this is the fact that equation (3.16) is conditionally invariant
with respect to the Lorentz group.

Theorem 3 (Fushchych and Tsyfra, 1987 [15]). Equation (3.16), (3.17) is conditio-
nally invariant with respect to the Lorentz group if the following six conditions are
added:

Jµνu = 0, Jµν = xµ
∂

∂xν
− xν

∂

∂xµ
, µ, ν = 0, 1, 2, 3. (3.20)

Thus, equation (3.16) together with the additional condition (3.20) is invariant
with respect to the Lorentz group. The condition (3.20) picks out the subset from the
whole set of solutions which is invariant with respect to the Lorentz group.

3.4. Conditionally conformal symmetry
of the Poincaré-invariant d’Alembert equation

Let us consider the nonlinear d’Alembert equation with an additional condition

2u+ F (u) = 0, (3.21)

∂u

∂xµ

∂u

∂xµ
= F1(u). (3.22)

Theorem 4 (Fushchych, Zhdanov, Serov 1989 [18]). Equation (3.21) is conditionally
invariant under the conformal group if

F = 3λ(u+ c)−1, (3.23)

∂u

∂xµ

∂u

∂xµ
= λ, (3.24)

where λ, c are arbitrary constants. The operators of conformal symmetry are

Kµ = 2xµD − (xαx
α − u2)

∂

∂xµ
, µ = 0, 1, 2, 3 (3.25)



320 W.I. Fushchych

D = xµ
∂

∂xµ
+ u

∂

∂u
. (3.26)

Remark 3. Formulae (3.25), (3.26) give a nonlinear representation for the conformal
algebra AC(1, 3).

An ansatz for the system

2u = u−1, ∂µu∂
µu = 1 (3.27)

has the form (Fushchych and Zhdanov, 1989 [4])

u2 = (aµx
µ + g1)

2 − (bµx
µ + g2)

2, (3.28)

where g1 = g1(θµx
µ), g2 = g2(θµx

µ) are arbitrary smooth functions, aµ, bµ, θµ are
arbitrary complex parameters satisfying the condition

aµa
µ = −bµbµ = 1, aµb

µ = aµθ
µ = bµθ

µ = θµθ
µ = 0.

Remark 5. The problem of compatibility and construction of solutions of the d’Alem-
bert–Hamilton system are considered in detail in [5, 6].

3.5. Conditional symmetry of the nonlinear heat equation

Let us consider the equation

u0 + ~∇[f(u)~∇u] = 0, f(u) 6= const. (3.29)

Ovsyannikov L. (1962, [20]) carried out the complete classification of the one-dimen-
sional equation (3.29). Dorodnitsyn A., Knyaseva Z., Svirshchevskii S. (1983, [21])
carried out group classification of the three-dimensional equation (3.29) From the
analysis of these results it follows.

Conclusion 1 (Fushchych 1983 [2]). Among equations of the class (3.29), there are
no nonlinear equations invariant with respect to Galilei transformations which are
generated by the operators

Ga = x0∂a +M(u)xa
∂

∂u
, (3.30)

M(u) is constant.

Theorem 5 (Fushchych, Serov, Chopyk 1988 [16]). The equation (3.29) is conditional
invariant under the Galilean operators (3.30) if

u0 +
(~∇u)2
2M(u)

= 0, (3.31)

M(u) =
u

2f(u)
. (3.32)

Conclusion 2. The nonlinear equation (3.29) with the additional condition (3.31) is
compatible with the Galilei relativity principle.
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Conclusion 3. If

f(u) =
1

2m
uk, M(u) =

2m

kn+ 2
u1−k, (3.33)

f(u) = eu, M(u) = 1, (3.34)

where m, k are arbitrary constants, kn+ 2 6= 0, then equation (3.29) is conditionally
invariant with respect to Galilei transformations.

Q-conditional symmetry of the one-dimensional equation

u0 − u11 = F (u)

was studied in detail (Fushchych and Serov, 1990, [22, 23]). Recently these results
were obtained by Clarkson P. and Mansfield E. (1994, [24]).

4. Reduction and antireduction

Under the term “reduction–antireduction”, we understand a decreasing of dimension
of an equation with respect to independent variables and increasing (antireduction)
by the number of dependent variables. That is we have simultaneously the process of
reduction (by the number of independent variables) and antireduction (increasing the
number of reduced systems with respect to the original equation) [25].

In the classical Lie approach as a rule the number of components of dependent
variables for reduced systems does not increase.

Example 1. Let us consider the nonlinear acoustics equation (Khokhlov–Zabolotskaja
equation)

u01 − (u1u)1 − u22 − u33 = 0, (4.1)

u = u(x1, x2, x3).

The ansatz (Fushchych and Myronyuk, 1991 [26])

u =
1

3
x1ϕ

(1)(ω0, ω2, ω3) +
1

6
x2

1ϕ
(2)(ω0, ω2, ω3) + ϕ(3)(ω0, ω2, ω3), (4.2)

ω0 = x0, ω2 = x2, ω = x3

antireduces four-dimensional equation (4.1) to the system of coupled three-dimensional
equations for functions ϕ(1), ϕ(2), ϕ(3)

∂2ϕ(1)

∂ω2
2

+
∂2ϕ(2)

∂ω2
3

= (ϕ(2))2,

∂2ϕ(1)

∂ω2
2

+
∂2ϕ(1)

∂ω2
3

+
∂ϕ(1)

∂ω0
− ϕ(1)ϕ(2) = 0,

∂2ϕ(3)

∂ω2
2

+
∂2ϕ(3)

∂ω2
3

− 1

3
ϕ(2)ϕ(3) − 1

3

∂ϕ(1)

∂ω0
+

1

9
(ϕ(1))2 = 0.

(4.3)

The formula (4.2) gives a non-Lie ansatz for equation (4.1).
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Example 2. Let us consider the equation for short waves in gas dynamics

2u01 − 2(2x1 + u1)u11 + u22 + 2λu1 = 0,

u = u(x0 = t, x1, x2).
(4.4)

The ansatz (Fushchych and Repeta 1991, [27])

u = x1ϕ
(1)(ω0, ω2) + x2

1ϕ
(2)(ω0, ω2) + x

3/2
1 ϕ(3) + ϕ(4),

ω0 = x0, ω2 = x2

(4.5)

antireduces one three-dimensional scalar equation (4.4) to a system of two-dimensio-
nal equations for four functions

ϕ(3) = 0,
∂2ϕ(1)

∂ω2
2

= 0,
∂2ϕ(2)

∂ω2
2

= 0,

∂2ϕ(4)

∂ω2
2

=
9

4

(
ϕ(1)

)2
,

∂ϕ(1)

∂ω0
= ϕ(1)

(
3ϕ(2) +

1

2
− λ

)
.

(4.6)

4.1. Antireduction and ansatzes
for the nonlinear heat equation

Let us consider the nonlinear one-dimensional heat equation

∂u

∂t
=

∂

∂x

{
a(u)

∂u

∂x

}
+ F (u), (4.7)

∂u

∂t
=
∂2u

∂x2
+ F (u). (4.8)

We consider an implicit ansatz

h
(
t, x, u, ϕ(1)(ω), ϕ(2)(ω), . . . , ϕ(N)(ω)

)
= 0, (4.9)

which reduces the two–dimensional equation (4.7) to the system of ODE for functi-
ons ϕ(1), . . . , ϕ(N). We have constructed a quite long list of ansatzes which reduce
equation (4.7) to the system of ODE (Zhdanov R. and Fushchych W. 1994, [33]).

Example 3. If in (4.7)

a(u) = λu−3/2, F (u) = λ1u+ λ2u
5/2, (4.10)

then the ansatz [33] is as follows

u−3/2 = ϕ(1)(t) + ϕ(2)(t)x+ ϕ(3)(t)x2 + ϕ(4)(t)x3, (4.11)

ϕ̇(1) = 2λϕ(1)ϕ(3) − 2

3
λ(ϕ(2))2 − 3

2
λ1ϕ

(1) − 3

2
λ2,

ϕ̇(2) = −2

3
λϕ(2)ϕ(3) + 6λϕ(1)ϕ(4) − 3

2
λ1ϕ

(2),

ϕ̇(3) = −2

3
λ(ϕ(3))2 + 2λϕ(2)ϕ̇(4) − 3

2
λ1ϕ

(3),

ϕ̇(4) = −3

2
λ1ϕ

(4).

(4.12)
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Having solved the system of ODE (4.12), by formula (4.11) we construct exact soluti-
ons of the equation (4.7).

Example 4. If in (4.8)

F (u) =
{
α+ β lnu− γ2(lnu)2

}
u, (4.13)

then the ansatz

lnu = ϕ(1)(t) + eγxϕ(2)(t) (4.14)

reduces (4.8) to the system of ODE

ϕ̇(1) = 2 + βϕ(1) − γ2(ϕ(1))2,

ϕ̇(2) =
{
β + γ2 − 2γ2ϕ(1)

}
ϕ(2).

(4.15)

It is possible to construct solutions of system (4.15) in the explicit form. Depending on
the sign of the quantity d = β2 + 4αγ2 we get the following solutions of the nonlinear
equation (4.8), (4.13).

Case 4.1 d > 0

u = c

(
cos

d1/2t

2

)−2

exp
(
γx+ γ2t

)
+

1

2γ2

(
β − d1/2tg

d1/2t

2

)
. (4.16)

Case 4.2 d < 0

u = c

(
ch

|d|1/2t
2

)−2

exp
(
γx+ γ2t

)
+

1

2γ2

(
β + |d|1/2th |d|1/2t

2

)
. (4.17)

Case 4.3 d = 0

u = ct−2 exp
(
γx+ γ2t

)
+

1

2γ2t
(βt+ 2). (4.18)

Example 5. If in (4.7)

a(u) = λuk, F (u) = λ1u+ λ2u
1−k, (4.19)

then the ansatz

uk = ϕ(1)(t) + ϕ(2)(t)x+ ϕ(3)(t)x2 (4.20)

antireduces (4.7) to the system of ODE

ϕ̇(1) = 2λϕ(1)ϕ(3) + λk−1(ϕ(2))2 + kλ2,

ϕ̇(2) = 2λ(1 + 2k−1)ϕ(2)ϕ(3) + kλ1ϕ
(2),

ϕ̇(3) = 2λ(1 + 2k−1)(ϕ(3))2 + kλ1ϕ
(3).

(4.21)
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5. Non-Lie symmetry, new relativity principles

5.1. Non-Lie symmetry Schrödinger equation

Let us consider the Schrödinger equation
(
i
∂

∂x0
− p2

a

2n

)
u(x0, ~x) = 0. (5.1)

It is well known that the maximal (in the Lie sense) invariance algebra (5.1) is the
full Galilei algebra AG2(1, 3) = 〈P0, Pa, Jab, Ga, D,A〉

P0 = i
∂

∂x0
, Pa = −i ∂

∂x0
, a = 1, 2, 3,

Jab = xapb − xbpa, Ga = x0pa −mxa,

D = 2x0P0 − xkPk, A = x0D − x2
0P0 +

1

2
mx2

a.

(5.2)

Operators Ga generate the standard Galilei transformations:

t→ t′ = exp {iGava} t exp {−iGava} = t, (5.3)

xa → x′a = exp {iGbvb}xa exp {−iGcvc} = xa + vat. (5.4)

Let us put the following question: do symmetries which are not reduced for the algebra
(5.2) exhaust for equation (5.1)?

Answer: The Schrödinger equation (5.1) has additional symmetries (supersymmetri-
es, non-Lie, nonlocal) which are not reduced to the Galilei algebra AG2(1, 3) [29].

One of results in this direction is the following:

Theorem 6 (Fushchych and Seheda 1977 [28]). The Schrödinger equation (5.1) is
invariant with respect to the Lorentz algebra AL(1, 3)

Jab = xapb − xbpa, (5.5)

J0a =
1

2m
(pGa +Gap), p = (p2

1 + p2
2 + p2

3)
1/2 = (−∆)1/2. (5.6)

It is not difficult to check that the operators 〈Jab, J0c〉 ≡ AL(1, 3) satisfy the
commutation relations

[Jab, J0c] = i(gacJb0 − gbcJa0), [J0a, J0b] = −iJab.

It is important to point out that J0a are integral-differential symmetry operators and
generate nonlocal transformations

xa → x′a = exp {iJobVb}xa exp {−iJ0cVc} 6= Galilei transform. (5.4), (5.7)

t→ t′ = exp {iJ0aVa} t exp {−iJ0bVb} = t. (5.8)

Hence the operators J0a (5.6) generate new transformations which do not coincide
with the known Galilei and Lorentz transformation. Thus we have new relativity
principle. It is defined by formulae (5.7), (5.8).
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5.2. Time is absolute in relativistic physics

The four-component Dirac equation lies in the foundation of the modern quantum
mechanics

γµp
µΨ = mΨ(x0, x1, x2, x3). (5.9)

Here γµ are 4 × 4 Dirac matrices.
Since the time of discovery of this equation it is known that (5.9) is invariant with

respect to the Poincaré algebra AP (1, 3) = 〈Pµ, Jµν〉 with the basis elements

Pµ = i
∂

∂xµ
, J (1)

µν = xµpν − xνpµ + Sµν , Sµν =
i

4
(γµγν − γνγµ). (5.10)

Operators J (1)
µν generate the standard Lorentz transformations

t→ t′ = exp
{
iJ

(1)
0a va

}
t exp {−iJ0bvb} , (5.11)

xa → x′a = exp
{
iJ

(1)
0b vb

}
xa exp {−iJ0cvc} . (5.12)

Hence, the fundamental statement follows that time t ∈ T (1) and space ~x ∈ R(3) are
the single pseudo-Euclidean space-time with the metric

s2 = x2
0 − x2

1 − x2
2 − x2

3. (5.13)

Let us put another question: Do there exist symmetries in equation (5.10) which
cannot be reduced to the algebra AP(1,3) (5.11)?

Answer: The Dirac equation (5.9) has a wide additional symmetry (supersymmetry,
non-Lie symmetry) which cannot be reduced to the algebra AP (1, 3) (5.10) [13, 29].

I shall say here briefly about one of such symmetries.

Theorem 7 (Fushchych 1971, 1974 [30, 31]. The Dirac equation (5.9) is invariant
with respect to the following representation of the Poincaré algebra

P
(2)
0 = H = γ0γapa + γ0m, P (2)

a = −i ∂

∂xa
, a = 1, 2, 3, (5.14)

J
(2)
ab = xapb − xbpa + Sab, Sab =

i

4
(γaγb − γbγa), (5.15)

J
(2)
0a = x0pa −

1

2
(xaH +Hxa). (5.16)

Thus we have two different representations of the Poincaré algebra AP (1, 3) (5.10)
and (5.14)–(5.16).

The representation (5.15) and (5.16) generates nonlocal transformations

xa → x′a = exp{iJ (2)
ab vb}xa exp{iJ (2)

0c vc} 6= Lorentz transform, (5.17)

t→ t′ = exp{iJ (2)
0b vb}t exp{−iJ (2)

0c vc} = t. (5.18)

Thus, time does not change in relativistic physics. Time is absolute in relativistic
physics.
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There are two nonequivalent possibilities (duality) for transformations of coordi-
nates and time: Lorentz transformation (5.11), (5.12) and non-Lorentz transformation
(5.17), (5.18).

The Maxwell and Klein–Gordon–Fock equations are also invariant under nonlocal
transformations (5.17), (5.18) when time does not change. However energy and mo-
mentum are transformed by the Lorentz law [31,32]. We have new relativity principle
(5.17), (5.18).

What is the reason of such a paradoxical statement? The reason is that the
operators J (2)

0a are non-Lie symmetry operators and the standard relation (S. Lie’s
theorems) between Lie groups and Lie algebras is broken.

So, physics is not equivalent to geometry and geometry is not physics. Physics is
Nature. Theoretical Physics is only a Model of Nature!

6. On some new motion equations

Some new motion equations are adduced in this section. These equations are generali-
zations of known classical equations. Symmetry of these equations has not been
investigated.

6.1. High order parabolic equation in quantum mechanics

The Schrödinger equation (5.1) is not the only equation compatible with the Galilei
relativity principle. A more general equation was suggested in [1, 2]

(λ1S + λ2S
2 + · · · + λnS

n)u = λu,

S ≡ p0 −
p2
a

2m
, S2 = S · S, Sn = Sn−1S,

(6.1)

λ, λ1, λ2, . . . , λn are arbitrary parameters. Equation (6.1) as well as the classical
equation (5.1) is invariant with respect to the Galilei transformations but it is not
invariant with respect to scale and projective transformations.

A new equation for two particles (waves):

p0u1 =
1

2m1
p2
au1 + V1

(
t, x1, x2, . . . , x6, u1, u2

)
,

p0u2 =
1

2m2
p2
a+3u2 + V2

(
t, x1, x2, . . . , x6, u1, u2

)
,

u1 = u1(t, x1, x2, x3), u2 = u2(t, x4, x5, x6), V1 and V2 are potentials.

6.2. Nonlinear generalization of Maxwell equations

If we assume that the light velocity is not constant [34], we can suggest some generali-
zations of the Maxwell equations

∂ ~E
∂t = rot {c( ~E2, ~H2, ~E ~H) ~H}, ∂ ~H

∂t
= −rot {c( ~E2, ~H2, ~E ~H) ~E},

div {a( ~E2, ~H2, ~E ~H) ~E} = 0, div {b( ~E2, ~H2, ~E ~H) ~H} = 0,

(6.2)
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where a, b and c are some functions of electromagnetic field;

∂ ~E

∂t
= rot {c( ~B2, ~D2, ~B ~D) ~B} +~j,

∂ ~H

∂t
= −rot {c( ~B2, ~D2, ~B ~D) ~D},

or

∂ ~D

∂t
= rot {c( ~E2, ~H2, ~E ~H) ~E} +~j,

∂ ~B

∂t
= −rot {c( ~E2, ~H2, ~E ~H) ~E},

(6.3)

λ1
~D + λ22

~D = F1( ~E
2, ~H2, ~E ~H) ~E + F2( ~E

2, ~H2, ~E ~H) ~H,

λ3
~B + λ42

~B = R1( ~E
2, ~H2, ~E ~H) ~E +R2( ~E

2, ~H2, ~E ~H) ~H,
(6.4)

div ~D = ρ, div ~B = 0, (6.5)

where F1, F2, R1, R2 are functions of fields ~E and ~H, c in equations (6.2), (6.3) can
be a function of (t, ~x), c = c(t, ~x), or depend on the gravity potential V , c = C(V ).
Nonlinear wave equations for ~E and ~H have form

∂2 ~E

∂t2
− c2∆ ~E = 0,

∂2 ~H

∂t2
− c2∆ ~H = 0, (6.6)

or

∂2 ~E

∂t2
− ∆(c2 ~E) = 0,

∂2 ~H

∂t2
− ∆(c2 ~H) = 0; (6.7)

or

∂2

∂t2

(
1

c2
~E

)
− ∆ ~E = 0,

∂2

∂t2

(
1

c2
~H

)
− ∆H = 0, (6.8)

with one of the conditions

c2 =
1

2

(
∂ ~E
∂t

)
+
(
∂ ~H
∂t

)

(rot ~H)2 + (rot ~E)2
(6.9)

or

∂c2

∂xµ
∂c2

∂xµ
= 0. (6.10)

or

cµ
∂c2
∂xµ

= λ(E2 ~H2, ~E ~H)Fαβc
β , (6.11)

cα is the four-velocity of the light (electromagnetic field), c2 = cαc
α.

Equations of hydrodynamical type for electromagnetic field have form

∂ ~E

∂t
= a1

{
~∇× (~c× ~H)

}
+ a2

{
~∇× (~c× ~E)

}
,

∂ ~H

∂t
= b1

{
~∇× (~c× ~E)

}
+ b2

{
~∇× (~c× ~H)

}
,

∂~c

∂t
+ (~c~∇)~c = R1

~E +R2
~H,

(6.12)
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~c is the three-velocity of the light, where a1, a2, b1, b2, R1, R2 are functions of ~E2,
~H2, ~E ~H.

Maxwell’s equations in a moving frame with the velocity can be generalized in
such forms

∂ ~E

∂t
+ λ1vk

∂ ~E

∂xk
+ λ2 rot ~H = 0,

∂ ~H

∂t
+ λ3vk

∂ ~H

∂xk
+ λ4 rot ~E = 0,

or

∂ ~E

∂t
+ λ1vk

∂ ~H

∂xk
+ λ2 rot ~H = 0,

∂ ~H

∂t
+ λ3vk

∂ ~E

∂xk
+ λ4 rot ~E = 0,

with the conditions ∂vk

∂t + vl
∂vk

∂xl
= 0.

6.3. Equations for fields with the spin 1/2

Fields with the spin 1/2 are described, as a rule, by first-order equations, by the Dirac
equation. However, such fields can be also described by second-order equations. Some
of such equations are adduced below:

pµp
µΨ = F1(ψ̄ψ)Ψ, ψ̄γµp

µΨ = F2(ψ̄Ψ); (6.13)

pµp
µΨ = R1(ψ̄ψ)Ψ, (ψ̄γµΨ)pµΨ = F2(ψ̄ψ)Ψ; (6.14)

pµp
µΨ = F1(ψ̄ψ)Ψ, (ψ̄γµΨ)(ψ̄pµΨ) = F3(ψ̄ψ); (6.15)

pµp
µΨ + λγµp

µΨ = F (ψ̄ψ)Ψ; (6.16)

pµp
µΨ = F1(ψ̄ψ)Ψ, p0Ψ = {(ψ̄γ0Ψ)(ψ̄γkψ)pk +mΨ̄γ0Ψ}Ψ.

6.4. How to extend symmetry of an equation
with arbitrary coefficients?

Let us consider the a second-order equation

aµν(x)
∂2u

∂xµ∂xν
+ bµ(x)

∂u

∂xµ
+ F (u) = 0. (6.17)

Equation (6.17) with arbitrary fixed coefficients has only a trivial symmetry (x →
x′ = x, u → u′ = u). However, if we do not fix coefficient functions aµν(x), bµ(x),
such an equation can have wide symmetry. E.g., if aµν , bµ satisfy the equations

2aµν =
∂u

∂xµ

∂u

∂xν
F1(u) (6.18)

or

2bµ = F2(u)
∂u

∂xµ
, 2aµν =

∂2u

∂xµ∂xν
F3(u), (6.19)

then the nonlinear system (6.17), (6.18), (6.19) is invariant with respect to the Poin-
caré group P(1,3). Let us emphasize that here even if we put F1 = 0, F2 = 0, equations
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(6.17), (6.18), (6.19) are a nonlinear system of equations. With some particular functi-
ons F1 and F2, it is possible to construct ansatzes which reduce system (6.17), (6.18),
(6.19) to the system of ordinary differential equations.

So, considering (6.17) as a nonlinear equation with additional conditions for aµν ,
bν , we can construct the exact solution for equation (6.17). The adduced idea about
extension of the symmetry of (6.17) can be used for construction of exact solutions
for motion equations in gravity theory.

The second example of equations which have wide symmetry is

vµvν
∂2Fαβ
∂xµ∂xν

= 0, (6.20)

vµ
∂vν
∂xµ

= 0. (6.21)

If in (6.20) vµ are fixed functions the equation, as a rule, has trivial symmetry.
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Symmetry reduction and exact solutions

of the Yang–Mills equations

V.I. LAHNO, R.Z. ZHDANOV, W.I. FUSHCHYCH

We present a detailed account of symmetry properties of SU(2) Yang–Mills equations.
Using a subgroup structure of the Poincaré group P (1, 3) we have constructed all
P (1, 3)-inequivalent ansatzes for the Yang–Mills field which are invariant under the
three-dimensional subgroups of the Poincaré group. With the aid of these ansatzes
reduction of Yang–Mills equations to systems of ordinary differential equations is
carried out and wide families of their exact solutions are constructed.

1. Introduction

Since Newton’s and Euler’s works, exact solutions of differential equations describing
physical processes were highly estimated. Green, Lame, Liouville, Cayley, Donkin,
Stokes, Kirchhoff, Poincaré, Stieltjes, Forsyth, Volterra, Appel, MacDonald, Weber,
Bateman, Whittaker, Sommerfeld and many other famous researchers constructed
different classes of exact solutions of linear Laplace, d’Alembert, heat, and Maxwell
equations.

Nowadays, this constructive branch of mathematical physics is not so popular as
earlier. But if one wants to have some nontrivial information on solutions of basic
motion equations in quantum mechanics, field theory, gravitation theory, acoustics,
and hydrodynamics, then the more intensive research work should be carried out in
order to develop analytical methods of solution of partial differential equations (PDE).
And what is more, unlike the mathematical physics of the 19th century, modern
mathematical physics is essentially nonlinear. It means that all principal equations
of modern physics, biology and chemistry are nonlinear. This fact complicates very
much the problem of constructing their exact solutions (see, e.g. [1] and references
therein).

Up to now, we have comparatively few papers devoted to construction of exact so-
lutions of nonlinear multi-dimensional d’Alembert, Maxwell, Schrödinger, Dirac, Max-
well–Dirac, Yang–Mills equations. Whereas, a huge amount of papers and monographs
are devoted to construction of exact solutions of equations for gravitational field. It
is difficult even to estimate the number of papers and monographs, where the soliton
solutions of the one-dimensional nonlinear KdV, Schrödinger and Sine-Gordon equa-
tions are studied. We are sure that the above mentioned equations should deserve
much more attention of researchers in mathematical physics.

With the present paper we start a series of papers devoted to construction of new
classes of exact solutions of the classical Yang–Mills equations (YME) with the use of
their Lie and non-Lie symmetry. Here we study in detail symmetry reduction of YME
by Poincaré-invariant ansatzes and obtain wide families of its exact Poincaré-invariant
solutions.

Reprinted with permission from J. Nonlinear Math. Phys., 1995, 2, № 1, P. 51–72
c© 1995 Mathematical Ukraina Publisher
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By the classical YME, we mean the following nonlinear system of twelve second-
order PDE:

∂ν∂
ν ~Aµ − ∂µ∂ν ~Aν + e[(∂ν ~Aν) × ~Aµ − 2(∂ν ~Aµ) × ~Aν + (∂µ ~Aν) × ~Aν ] +

+ e2 ~Aν × ( ~Aν × ~Aµ) = ~0.
(1.1)

Here ∂ν = ∂
∂xν

, µ, ν = 0, 3, e = const, ~Aµ = ~Aµ(x0, x1, x2, x3) is the three-compo-
nent vector-potential of the Yang–Mills field (called, for brevity, the Yang–Mills field).
Hereafter, the summation over the repeated indices µ, ν from 0 to 3 is understood.
Raising and lowering the vector indices is performed with the aid of the metric tensor

gµν =





1, µ = ν = 0,
−1, µ = ν = 1, 2, 3,

0, µ 6= ν

(i.e. ∂µ = gµν∂ν).
It should be said that there were several reviews devoted to classical solutions

of YME (see [2] and the literature cited there). But, in fact, symmetry properties of
YME were not used. The solutions were obtained with the help of ad hoc substitutions
suggested by Wu and Yang, Rosen, ’t Hooft, Corrigan and Fairlie, Wilczek, Witten
(for more detail, see [2]).

The structure of our paper is as follows. In the second Section we give all necessary
information about symmetry properties of YME and about a solution generation
procedure by virtue of the finite transformations of the symmetry group admitted
by YME. In Section 3 we construct P (1, 3)-inequivalent ansatzes for the Yang–Mills
field invariant under the three-parameter subgroups of the Poincaré group. Section 4
is devoted to reduction of YME to systems of ordinary differential equations (ODE).
Integrating these in Section 5 we construct multi-parameter families of exact solutions
of YME. In Section 6 we consider some generalizations of the solutions obtained and,
in particular, construct the generalization of Coleman’s solution.

2. Symmetry and solution generation
for the Yang–Mills equations

It was known long ago that YME are invariant with respect to the group C(1, 3) ⊗
SU(2), where C(1, 3) is the 15-parameter conformal group having the following gene-
rators:

Pµ = ∂µ,

Jαβ = xα∂β − xβ∂α +Aaα∂Aa
β
−Aaβ∂Aa

α
,

D = xµ∂µ −Aaµ∂Aa
µ
,

Kµ = 2xµD − (xνx
ν)∂µ + 2Aaµxν∂Aa

ν
− 2Aaνx

ν∂Aa
µ
,

(2.1)

and SU(2) is the infinite-parameter special unitary group with the following basis
generator:

Q = (εabcA
b
µw

c(x) + e−1∂µw
a(x))∂Aa

µ
. (2.2)
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In (2.1), (2.2) ∂Aa
µ

= ∂
∂Aa

µ
, wc(x) are arbitrary smooth functions, εabc is the third-

order anti-symmetrical tensor with ε123 = 1. Hereafter, summation over the repeated
indices a, b, c from 1 to 3 is understood.

But the fact that the group with generators (2.1), (2.2) is a maximal (in Lie’s sense)
invariance group admitted by YME was established only recently [3] with the use of
a symbolic computation technique. The only explanation for this situation is a very
cumbersome structure of the system of PDE (1.1). As a consequence, realization of
the Lie algorithm of finding the maximal invariance group admitted by YME demands
a huge amount of computations. This difficulty had been overcome with the aid of
computer facilities.

One of the remarkable possibilities provided by the fact that the considered equati-
on admits a nontrivial symmetry group gives the possibility of getting new solutions
from the known ones by the solution generation technique [1, 4]. This technique is
based on the following assertion.

Lemma. Let

x′µ = fµ(x, u, τ), µ = 0, n− 1,

u′a = ga(x, u, τ), a = 1, N,

where τ = (τ1, τ2, . . . , τr) be the r-parameter invariance group of some system of PDE
and Ua(x), a = 1, N be its particular solution. Then the N -component function ua(x)
determined by implicit formulae

Ua(f(x, u, τ)) = ga(x, u, τ), a = 1, N (2.3)

is also a solution of the same system of PDE.

To make use of the above assertion we need formulae for finite transformations
generated by infinitesimal operators (2.1), (2.2). We adduce these formulae following
[1, 2].

1. The group of translations (generator X = τµPµ)

x′µ = xµ + τµ, A
d
µ
′ = Adµ.

2. The Lorentz group O(1, 3)
a) the group of rotations (generator X = τJab)

x′0 = 0, x′c = xc, c 6= a, c 6= b,

x′a = xa cos τ + xb sin τ,

x′b = xb cos τ − xa sin τ,

Ad0
′ = Ad0, Adc

′ = Adc , c 6= a, c 6= b,

Ada
′ = Ada cos τ +Adb sin τ,

Adb
′ = Adb cos τ −Ada sin τ ;

b) the group of Lorentz transformations (generator X = τJ0a)

x′0 = x0 cosh τ + xa sinh τ,

x′a = xa cosh τ + x0 sinh τ, x′b = xb, b 6= a,

Ad0
′ = Ad0 cosh τ +Ada sinh τ,

Ada
′ = Ada cosh τ +Ad0 sinh τ, Adb

′ = Adb , b 6= a.
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3. The group of scale transformations (generator X = τD)

x′µ = xµe
τ , Adµ

′ = Adµe
−τ .

4. The group of conformal transformations (generator X = τµKµ)

x′µ = (xµ − τµxνx
ν)σ−1(x),

Adµ
′ = [gµνσ(x) + 2(xµτν − xντµ + 2ταx

ατµxν − xαx
ατµτν − τατ

αxµxν ]A
dν .

5. The group of gauge transformations (generator X = Q)

x′µ = xµ,

Adµ
′ = Adµ cosw + εdbcA

b
µn

c sinw + 2ndnbAbµ sin2 w

2
+

+ e−1

[
1

2
nd∂µw +

1

2
(∂µn

d) sinw + εdbc(∂µn
b)nc

]
.

In the above formulae σ(x) = 1−ταxα+(τατ
α)(xβx

β), na = na(x) is a unit vector
determined by the equality wa(x) = w(x)na(x), a = 1, 3.

Using the Lemma it is not difficult to obtain formulae for generating solutions of
YME by the above transformation groups. We adduce them omitting derivation (see
also [3]).

1. The group of translations

Aaµ(x) = uaµ(x+ τ).

2. The Lorentz group

Adµ(x) = aµu
d
0(ax, bx, cx, dx) + bµu

d
1(ax, bx, cx, dx) +

+ cµu
d
2(ax, bx, cx, dx) + dµu

d
3(ax, bx, cx, dx).

3. The group of scale transformations

Adµ(x) = eτudµ(xe
τ ).

4. The group of conformal transformations

Adµ(x) = [gµνσ
−1(x) + 2σ−2(x)(xµτν − xντµ + 2ταx

ατµxν −
− xαx

ατµτν − τατ
αxµxν)]u

dν((x− τ(xαx
α))σ−1(x)).

5. The group of gauge transformations

Adµ(x) = udµ cosw + εdbcu
b
µn

c sinw + 2ndnbubµ sin2 w

2
+

+ e−1

[
1

2
nd∂µw +

1

2
(∂µn

d) sinw + εdbc(∂µn
b)nc

]
.

Here udµ(x) is an arbitrary given solution of YME; Adµ(x) is a new solution of YME;
τ , τµ are arbitrary parameters; aµ, bµ, cµ, dµ are arbitrary parameters satisfying the
equalities

aµa
µ = −bµbµ = −cµcµ = −dµdµ = 1,

aµb
µ = aµc

µ = aµd
µ = bµc

µ = bµd
µ = cµd

µ = 0.

Besides that, we use the following designations: x + τ = {xµ + τµ, µ = 0, 3},
ax = aµx

µ.
Thus, each particular solution of YME gives rise to a multi-parameter family of

exact solutions by virtue of the above solution generation formulae.
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3. Ansatzes for the Yang–Mills field

A key idea of the symmetry approach to the problem of reduction of PDE is a special
choice of the form of a solution. This choice is dictated by a structure of the symmetry
group admitted by the equation under study.

In the case involved, to reduce YME by N variables one has to construct ansatzes
for the Yang–Mills field Aaµ(x) invariant under N -dimensional subalgebras of the
algebra with the basis elements (2.1), (2.2) [1, 5]. Since we are looking for Poi-
ncaré-invariant ansatzes reducing YME to systems of ODE, N is equal to 3. Due
to invariance of YME under the Poincaré group P (1, 3), it is enough to consider only
subalgebras which can not be transformed one into another by group transformati-
on, i.e. P (1, 3)-inequivalent subalgebras. Complete description of P (1, 3)-inequivalent
subalgebras of the Poincaré algebra was obtained in [6] (see also [7]).

According to the classical symmetry approach, to construct the ansatz invariant
under the invariance algebra having the basis elements

Xa = ξaµ(x,A)∂µ + ηbaµ(x,A)∂Ab
µ
, a = 1, 3, (3.1)

where A = {Aaµ, a = 1, 3, µ = 0, 3}, one has
1) to construct a complete system of functionally-independent invariants of the

operators (3.1) Ω = {wi(x,A), i = 1, 13};
2) to resolve relations

Fj(w1(x,A), . . . , w13(x,A)) = 0, j = 1, 13 (3.2)

with respect to the function Aaµ.
As a result, one gets the ansatz for the field Aaµ(x) which reduces YME to the

system of twelve nonlinear ODE.

Note. Equalities (3.2) can be resolved with respect to Aaµ, a = 1, 3, µ = 0, 3 if the
condition

rank ‖ξaµ(x,A)‖3 3
a=1 µ=0 = 3 (3.3)

holds. If (3.3) does not hold, the above procedure leads to partially-invariant solu-
tions [5], which are not considered in the present paper.

In [1, 4] we established that the procedure of construction of invariant ansatzes
could be essentially simplified if coefficients of operators Xa have the following struc-
ture:

ξaµ = ξaµ(x), ηbaµ = ρbcaµν(x)A
c
ν (3.4)

(i.e. basis elements of the invariance algebra realize the linear representation). In this
case, the invariant ansatz for the field Aaµ(x) is searched for in the form

Aaµ(x) = Qabµν(x)B
b
ν(w(x)). (3.5)

Here Bbν(w) are arbitrary smooth functions and w(x), Qabµν(x) are particular solutions
of the system of PDE

ξaµwxµ
= 0, a = 1, 3,

(ξaν∂ν − ρbcaµα)Qcdαβ = 0, µ = 0, 3, a, b, d = 1, 3.
(3.6)
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Basis elements of the Poincaré algebra Pµ, Jαβ from (2.1) evidently satisfy the
conditions (3.4) and besides the equalities

ηbaµ = ρaµν(x)A
b
ν , a, b = 1, 3, µ = 0, 3 (3.7)

hold.
This fact permits further simplification of formulae (3.5), (3.6). Namely, the ansatz

for the Yang–Mills field invariant under the 3-dimensional subalgebra of the Poincaré
algebra with basis elements of the form (3.1), (3.7) should be looked for in the form

Aaµ = Qµν(x)B
a
ν (w(x)), (3.8)

where Baν (w) are arbitrary smooth functions and w(x), Qµν(x) are particular solutions
of the following system of PDE:

ξaµwxµ
= 0, a = 1, 3, (3.9)

ξaα∂αQµν − ρaµαQαν = 0, a = 1, 3, µ, ν = 0, 3. (3.10)

Thus, to obtain the complete description of P (1, 3)-inequivalent ansatzes for the
field Aaµ(x) invariant under 3-dimensional subalgebras of the Poincaré algebra, one
has to integrate the over-determined system of PDE (3.9), (3.10) for each P (1, 3)-
inequivalent subalgebra. Let us note that compatibility of (3.9), (3.10) is guaranteed
by the fact that operators X1, X2, X3 form a Lie algebra.

Consider, as an example, the procedure of constructing ansatz (3.8) invariant under
the subalgebra 〈P1, P2, J03〉. In this case system (3.9) reads

wx1
= 0, wx2

= 0, x0wx3
+ x3wx0

= 0,

whence w = x2
0 − x2

3.
Next, we note that coefficients ρ1µν , ρ2µν of the operators P1, P2 are equal to zero,

while coefficients ρ3µν form the following (4 × 4) matrix

‖ρ3µν‖ 3
µ,ν=0 =

∥∥∥∥∥∥∥

0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

∥∥∥∥∥∥∥

(we designate this constant matrix by the symbol S).
With account of the above fact, equations (3.10) take the form

Qx1
= 0, Qx2

= 0, x0Qx3
+ x3Qx0

− SQ = 0, (3.11)

where Q = ‖Qµν(x)‖3
µ,ν=0 is a (4 × 4)-matrix.

From the first two equations of system (3.11) it follows that Q = Q(x0, x3). Since
S is a constant matrix, a solution of the third equation can be looked for in the form
(see, for example, [4])

Q = exp {f(x0, x3)S}.

Substituting this expression into (3.11) we get

(x0fx3
+ x3fx0

− 1) exp {fS} = 0
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or, equivalently,

x0fx3
+ x3fx0

= 1,

whence f = ln(x0 + x3).
Consequently, a particular solution of equations (3.11) reads

Q = exp {ln(x0 + x3)S}.

Using an evident identity S = S3 we get the following equalities:

Q =

∞∑

n=0

(n!)−1(ln(x0 + x3))
nSn =

= I + S[ln(x0 + x3) + (3!)−1(ln(x0 + x3))
3 + · · ·] +

+ S2[(2!)−1(ln(x0 + x3))
2 + (4!)−1(ln(x0 + x3))

4 + · · ·] =

= I + S sinh(ln(x0 + x3)) + S2(cosh(ln(x0 + x3)) − 1),

where I is a unit (4 × 4)-matrix.
Substitution of the obtained expressions for functions w(x), Qµν(x) into (3.8) yi-

elds the ansatz for the Yang–Mills field Aaµ(x) invariant under the algebra 〈P1, P2, J03〉

Aa0 = Ba0 (x2
0 − x2

3) cosh ln(x0 + x3) +Ba3 (x2
0 − x2

3) sinh ln(x0 + x3),

Aa1 = Ba1 (x2
0 − x2

3), Aa2 = Ba2 (x2
0 − x2

3),

Aa3 = Ba3 (x2
0 − x2

3) cosh ln(x0 + x3) +Ba0 (x2
0 − x2

3) sinh ln(x0 + x3).

(3.12)

Substituting (3.12) into YME we get a system of ODE for functions Ba
µ. If we will

succeed in constructing its general or particular solutions, then substituting it into
formulae (3.12) we get an exact solution of YME. But such a solution will have an
unpleasant feature: independent variables xµ will be included into it in asymmetrical
way. At the same time, in the initial equation (1.1) all independent variables are on
equal rights. To remove this defect one has to apply solution generation procedure
by transformations from the Lorentz group. As a result, we will obtain an ansatz for
the Yang–Mills field in the manifestly-covariant form with symmetrical dependence
on xµ.

In the same way, we construct the rest of ansatzes invariant under three-dimen-
sional subalgebras of the Poincaré algebra. They are represented in the unified form

Aaµ(x) = {(aµaν − dµdν) cosh θ0 + (dµaν − dνaµ) sinh θ0 +

+ 2(aµ + dµ)[(θ1 cos θ3 + θ2 sin θ3)bν + (θ2 cos θ3 − θ1 sin θ3)cν +

+ (θ2
1 + θ22)e

−θ0(aν + dν)] + (bµcν − bνcµ) sin θ3 −
− (cµcν + bµbν) cos θ3 − 2e−θ0(θ1bµ + θ2cµ)(aν + dν)}Baν(w).

(3.13)

Here θµ, µ = 0, 3, w are some functions whose explicit form is determined by the
choice of a subalgebra of the Poincaré algebra AP (1, 3).

Below, we adduce a complete list of 3-dimensional P (1, 3)-inequivalent subalgebras
of the Poincaré algebra following [7]

L1 = 〈P0, P1, P2〉; L2 = 〈P1, P2, P3〉;
L3 = 〈P0 + P3, P1, P2〉; L4 = 〈J03 + αJ12, P1, P2〉;
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L5 = 〈J03, P0 + P3, P1〉; L6 = 〈J03 + P1, P0, P3〉;
L7 = 〈J03 + P1, P0 + P3, P2〉; L8 = 〈J12 + αJ03, P0, P3〉;
L9 = 〈J12 + P0, P1, P2〉; L10 = 〈J12 + P3, P1, P2〉;
L11 = 〈J12 + P0 − P3, P1, P2〉; L12 = 〈G1, P0 + P3, P2 + αP1〉;
L13 = 〈G1 + P2, P0 + P3, P1〉; L14 = 〈G1+P0−P3, P0+P3, P2〉;
L15 = 〈G1+P0−P3, P0+P3, P1+αP2〉; L16 = 〈J12, J03, P0 + P3〉;
L17 = 〈G1+P2, G2−P1+αP2, P0+P3〉; L18 = 〈J03, G1, P2〉;
L19 = 〈G1, J03, P0 + P3〉; L20 = 〈G1, J03 + P2, P0 + P3〉;
L21 = 〈G1, J03 + P1 + αP2, P0 + P3〉; L22 = 〈G1, G2, J03 + αJ12〉;
L23 = 〈G1, P0 + P3, P1〉; L24 = 〈J12, P1, P2〉;
L25 = 〈J03, P0, P3〉; L26 = 〈J12, J13, J23〉;
L27 = 〈J01, J02, J12〉.

(3.14)

Here Gi = J0i − Ji3 (i = 1, 2), α ∈ R.
Ansatzes for the Yang–Mills field Aaµ(x) are of the form (3.13), functions θµ(x),

µ = 0, 3, w(x) being determined by one of the following formulae:

L1 : θµ = 0, w = dx; L2 : θµ = 0, w = ax; L3 : θµ = 0, w = kx;

L4 : θ0 = − ln |kx|, θ1 = θ2 = 0, θ3 = α ln |kx|, w = (ax)2 − (dx)2;

L5 : θ0 = − ln |kx|, θ1 = θ2 = θ3 = 0, w = cx;

L6 : θ0 = −bx, θ1 = θ2 = θ3 = 0, w = cx;

L7 : θ0 = −bx, θ1 = θ2 = θ3 = 0, w = bx− ln |kx|;
L8 : θ0 = α arctan(bx(cx)−1), θ1 = θ2 = 0,

θ3 = − arctan(bx(cx)−1), w = (bx)2 + (cx)2;

L9 : θ0 = θ1 = θ2 = 0, θ3 = −ax, w = dx;

L10 : θ0 = θ1 = θ2 = 0, θ3 = dx, w = ax;

L11 : θ0 = θ1 = θ2 = 0, θ3 = −1

2
kx, w = ax− dx;

L12 : θ0 = 0, θ1 =
1

2
(bx− αcx)(kx)−1, θ2 = θ3 = 0, w = kx;

L13 : θ0 = θ2 = θ3 = 0, θ1 = 1
2cx, w = kx;

L14 : θ0 = θ2 = θ3 = 0, θ1 = −1

4
kx, w = 4bx+ (kx)2;

L15 : θ0 = θ2 = θ3 = 0, θ1 = −1

4
kx, w = 4(αbx− cx) + α(kx)2;

L16 : θ0 = − ln |kx|, θ1 = θ2 = 0, θ3 = − arctan(bx(cx)−1),

w = (bx)2 + (cx)2;

L17 : θ0 = θ3 = 0, θ1 =
1

2
(cx+ (α+ kx)bx)(1 + kx(α+ kx))−1,

θ2 = −1

2
(bx− cxkx)(1 + kx(α+ kx))−1, w = kx;

L18 : θ0 = − ln |kx|, θ1 =
1

2
bx(kx)−1, θ2 = θ3 = 0,

w = (ax)2 − (bx)2 − (dx)2;

(3.15)
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L19 : θ0 = − ln |kx|, θ1 =
1

2
bx(kx)−1, θ2 = θ3 = 0, w = cx;

L20 : θ0 = − ln |kx|, θ1 =
1

2
bx(kx)−1, θ2 = θ3 = 0, w = ln |kx| − cx;

L21 : θ0 = − ln |kx|, θ1 =
1

2
(bx− ln |kx|)(kx)−1, θ2 = θ3 = 0,

w = α ln |kx| − cx;

L22 : θ0 = − ln |kx|, θ1 =
1

2
bx(kx)−1, θ2 =

1

2
cx(kx)−1,

θ3 = α ln |kx|, w = (ax)2 − (bx)2 − (cx)2 − (dx)2.

Here ax = aµx
µ, bx = bµx

µ, cx = cµx
µ, dx = dµx

µ, µ = 0, 3, kx = ax+ dx.

Note. Basis elements of subalgebras L23, L24, L25, L26, L27 do not satisfy (3.3). That
is why, ansatzes invariant under these subalgebras are partially-invariant solutions and
are not considered here.

4. Reduction of the Yang–Mills equations

In order to reduce YME to ODE it is necessary to substitute ansatz (3.13) into (1.1)
and convolute the expression obtained with Qµα(x). As a result, we get a system of
twelve nonlinear ODE for functions Baν (w) of the form

kµγ ~̈Bγ + lµγ ~̇Bγ +mµγ
~Bγ + egµνγ ~̇Bν × ~Bγ + ehµνγ ~B

ν × ~Bγ +

+ e2 ~Bγ × ( ~Bγ × ~Bµ) = ~0.
(4.1)

Coefficients of the reduced ODE are given by the following formulae:

kµγ = gµγF1 −GµGγ , lµγ = gµγF2 + 2Sµγ −GµHγ −GµĠγ ,

mµγ = Rµγ −GµḢγ , gµνγ = gµγGν + gνγGµ − 2gµνGγ ,

hµνγ = (1/2)(gµγHν − gµνHγ) − Tµνγ ,

(4.2)

where gµν is a metric tensor of the Minkowski space R(1, 3) and F1, F2, Gµ, . . . , Tµνγ
are functions on w determined by the relations

F1 = wxµ
wxµ , F2 = 2w, Gµ = Qαµwxα

, Hµ = Qαµxα
,

Sµν = QαµQανxβ
wxβ , Rµν = Qαµ2Qαν ,

Tµνγ = QαµQανxβ
Qβγ +QανQαγxβ

Qβµ +QαγQαµxβ
Qβν .

(4.3)

Substituting functions Qµν(x) from (3.13), where θµ(x), w(x) are determined by
one of the formulae (3.15) into (4.2), (4.3) we obtain coefficients of the corresponding
systems of ODE (4.1)

L1 : kµγ = −gµγ − dµdγ , lµγ = mµγ = 0,

gµνγ = gµγdν + gνγdµ − 2gµνdγ , hµνγ = 0;

L2 : kµγ = gµγ − aµaγ , lµγ = mµγ = 0,

gµνγ = gµγaν + gνγaµ − 2gµνaγ , hµνγ = 0;

L3 : kµγ = −kµkγ , lµγ = mµγ = 0, gµνγ = gµγkν + gνγkµ − 2gµνkγ ,

hµνγ = 0;
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L4 : kµγ = 4gµγw − aµaγ(w + 1)2 − dµdγ(w − 1)2 − (aµdγ + aγdµ)(w
2 − 1),

lµγ = 4(gµγ + α(bµcγ − cµbγ)) − 2kµ(aγ − dγ + kγw), mµγ = 0,

gµνγ = ε(gµγ(aν − dν + kνw) + gνγ(aµ − dµ + kµw) −
− 2gµν(aγ − dγ + kγw)),

hµνγ =
ε

2
[gµγkν − gµνkγ ] + αε[(bµcν − cµbν)kγ + (bνcγ − cνbγ)kµ +

+ (bγcµ − cγbµ)kν ];

L5 : kµγ = −gµγ − cµcγ , lµγ = −εcµkγ , mµγ = 0,

gµνγ = gµγcν + gνγcµ − 2gµνcγ , hµνγ =
ε

2
(gµγkν − gµνkγ);

L6 : kµγ = −gµγ − cµcγ , lµγ = 0,

mµγ = −(aµaγ − dµdγ), gµνγ = gµγcν + gνγcµ − 2gµνcγ ,

hµνγ = −[(aµdν − aνdµ)bγ + (aνdγ − aγdν)bµ + (aγdµ − aµdγ)bν ];

L7 : kµγ = −gµγ − (bµ − εkµ)(bγ − εkγ), lµγ = −2(aµdγ − aγdµ),

mµγ = −(aµaγ − dµdγ),

gµνγ = gµγ(bν − εkν) + gνγ(bµ − εkµ) − 2gµν(bγ − εkγ),

hµνγ = −[(aµdν − aνdµ)bγ + (aνdγ − aγdν)bµ + (aγdµ − aµdγ)bν ];

L8 : kµγ = −4w(gµγ + cµcγ), lµγ = −4(gµγ + cµcγ),

mµγ = − 1

w
(α2(aµaγ − dµdγ) + bµbγ),

gµνγ = 2
√
w(gµγcν + gνγcµ − 2gµνcγ),

hµνγ =
1

2
√
w

(gµγcν − gµνcγ) +
α√
w

((aµdν − aνdµ)bγ +

+ (aνdγ − dνaγ)bµ + (aγdµ − aµdγ)bν);

L9 : kµγ = −gµγ − dµdγ , lµγ = 0,

mµγ = bµbγ + cµcγ , gµνγ = gµγdν + gνγdµ − 2gµνdγ ,

hµνγ = aγ(bµcν − cµbν) + aµ(bνcγ − cνbγ) + aν(bγcµ − cγbµ);

L10 : kµγ = gµγ − aµaγ , lµγ = 0,

mµγ = −(bµbγ + cµcγ), gµνγ = gµγaν + gνγaµ − 2gµνaγ ,

hµνγ = −[dγ(bµcν − cµbν) + dµ(bνcγ − cνbγ) + dν(bγcµ − cγbµ)];

L11 : kµγ = −(aµ − dµ)(aγ − dγ), lµγ = −2(bµcγ − cµbγ), mµγ = 0,

gµνγ = gµγ(aν − dν) + gνγ(aµ − dµ) − 2gµν(aγ − dγ),

hµνγ = 1
2 [kγ(bµcν − cµbν) + kµ(bνcγ − cνbγ) + kν(bγcµ − cγbµ)];

L12 : kµγ = −kµkγ , lµγ = − 1

w
kµkγ , mµγ = −α2

w2
kµkγ ,

gµνγ = gµγkν + gνγkµ − 2gµνkγ ,

hµνγ =
1

2w
(gµγkν − gµνkγ) +

+
α

w
((kµbν − kνbµ)cγ + (kνbγ − kγbν)cµ + (kγbµ − kµbγ)cν);

L13 : kµγ = −kµkγ , lµγ = 0, mµγ = −kµkγ ,
gµνγ = gµγkν + gνγkµ − 2gµνkγ , hµνγ = −((kµbν − kνbµ)cγ +

(4.4)
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+ (kνbγ − kγbν)cµ + (kγbµ − kµbγ)cν);

L14 : kµγ = −16(gµγ + bµbγ), lµγ = mµγ = hµνγ = 0,

gµνγ = 4(gµγbν + gνγbµ − 2gµνbγ);

L15 : kµγ = −16[(1 + α2)gµγ + (cµ − αbµ)(cγ − αbγ)],

lµγ = mµγ = hµνγ = 0,

gµνγ = −4[gµγ(cν − αbν) + gνγ(cµ − αbµ) − 2gµν(cγ − αbγ)];

L16 : kµγ = −4w(gµγ + cµcγ), lµγ = −4(gµγ + cµcγ) − 2εkγcµ
√
w,

mµγ = − 1

w
bµbγ , gµνγ = 2

√
w(gµγcν + gνγcµ − 2gµνcγ),

hµνγ =
1

2
[ε(gµγkν − gµνkγ) +

1√
w

(gµγcν − gµνcγ)];

L17 : kµγ = −kµkγ , lµγ = − 2w + α

w(w + α) + 1
kµkγ ,

mµγ = −4kµkγ(1 + w(α+ w))−2, gµνγ = gµγkν + gνγkµ − 2gµνkγ ,

hµνγ = 1
2 (α+ 2w)(gµγkν − gµνkγ)(1 + w(α+ w))−1 −

2(1 + w(w + α))−1((kµbν − kνbµ)cγ + (kνbγ − kγbν)cµ +

+ (kγbµ − kµbγ)cν);

L18 : kµγ = 4wgµγ − (kµw + aµ − dµ)(kγw + aγ − dγ),

lµγ = 6gµγ + 4(aµdγ − aγdµ) − 3kγ(kµw + aµ − dµ), mµγ = −kµkγ ,
gµνγ = ε(gµγ(kνw + aν − dν) + gνγ(kµw + aµ − dµ) −

− 2gµν(kγw + aγ − dγ)),

hµνγ = ε(gµγkν − gµνkγ);

L19 : kµγ = −gµγ − cµcγ , lµγ = 2εkγcµ, mµγ = −kµkγ ,
gµνγ = gµγcν + gνγcµ − 2gµνcγ , hµνγ = ε(gµγkν − gµνkγ);

L20 : kµγ = −gµγ − (cµ − εkµ)(cγ − εkγ), lµγ = 2εkγcµ − 2kµkγ ,

mµγ = −kµkγ ,
gµνγ = gµγ(εkν − cν) + gνγ(εkµ − cµ) − 2gµν(εkγ − cγ),

hµνγ = ε(gµγkν − gµνkγ);

L21 : kµγ = −gµγ − (cµ − αεkµ)(cγ − αεkγ), lµγ = 2(εkγcµ − αkµkγ),

mµγ = −kµkγ ,
gµνγ = −gµγ(cν − αεkν) − gνγ(cµ − αεkµ) + 2gµν(cγ − αεkγ),

hµνγ = ε(gµγkν − gµνkγ);

L22 : kµγ = 4wgµγ − (aµ − dµ + kµw)(aγ − dγ + kγw),

lµγ = 4[2gµγ + α(bµcγ − cµbγ) − aµaγ + dµdγ − wkµkγ ],

mµγ = −2kµkγ ,

gµνγ = ε(gµγ(aν − dν + kνw) + gνγ(aµ − dµ + kµw) −
− 2gµν(aγ − dγ + kγw),

hµνγ =
3ε

2
(gµγkν − gµνkγ) − εα[kγ(bµcν − cµbν) +

+ kµ(bνcγ − cνbγ) + kν(bγcµ − cγbµ)];

where kµ = aµ + dµ, ε = 1 for ax+ dx > 0 and ε = −1 for ax+ dx < 0.
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5. Exact solutions of the Yang–Mills equations

When applying the symmetry reduction procedure to the nonlinear Dirac equation,
we succeeded in constructing general solutions of a large part of reduced systems of
ODE. In the case involved we are not so lucky. Nevertheless, we obtain some particular
solutions of equations (4.2), (4.4).

The principal idea of our approach to integration of systems of ODE (4.2), (4.4)
is rather simple and quite natural. It is a reduction of these systems by the number
of components with the aid of ad hoc substitutions. Using this trick we construct
particular solutions of equations 1, 2, 5, 8, 14, 15, 16, 18, 19, 20, 21, 22 (α = 0).
Below we adduce substitutions for ~Bµ(w) and corresponding equations.

1. ~Bµ = aµ~e1f(w) + bµ~e2g(w) + cµ~e3h(w),

f̈ − e2(g2 + h2)f = 0, g̈ + e2(f2 − h2)g = 0, ḧ+ e2(f2 − g2)h = 0.

2. ~Bµ = bµ~e1f(w) + cµ~e2g(w) + dµ~e3h(w),

f̈ + e2(g2 + h2)f = 0, g̈ + e2(f2 + h2)g = 0, ḧ+ e2(f2 + g2)h = 0.

5. ~Bµ = kµ~e1f(w) + bµ~e2g(w), f̈ − e2g2f = 0, g̈ = 0.

8.1. (α = 0) ~Bµ = kµ~e1f(w) + bµ~e2g(w),

4wf̈ + 4ḟ − e2g2f = 0, 4wg̈ + 4ġ − w−1g = 0.

8.2. ~Bµ = aµ~e1f(w) + dµ~e2g(w) + bµ~e3h(w),

4wf̈ + 4ḟ − α2

w
f − 2αe√

w
gh− e2(h2 + g2)f = 0,

4wg̈ + 4ġ +
α2

w
g +

2αe√
w
fh+ e2(f2 − h2)g = 0,

4wḧ+ 4ḣ− w−1h+
2αe√
w
fg + e2(f2 − g2)h = 0.

14.1. ~Bµ = aµ~e1f(w) + dµ~e2g(w) + cµ~e3h(w),

16f̈ − e2(h2 + g2)f = 0, 16g̈ + e2(f2 − h2)g = 0,

16ḧ+ e2(f2 − g2)h = 0.

14.2. ~Bµ = kµ~e1f(w) + cµ~e2g(w), 16f̈ − e2g2f = 0, g̈ = 0.

15.1. ~Bµ = aµ~e1f(w) + dµ~e2g(w) + (1 + α2)−
1
2 (αcµ + bµ)~e3h(w),

16(1 + α2)f̈ − e2(h2 + g2)f = 0, 16(1 + α2)g̈ + e2(f2 − h2)g = 0,

16(1 + α2)ḧ+ e2(f2 − g2)h = 0.

15.2. ~Bµ = kµ~e1f(w) + (1 + α2)−
1
2 (αcµ + bµ)~e2g(w),

16(1 + α2)f̈ − e2fg2 = 0, g̈ = 0.

16. ~Bµ = kµ~e1f(w) + bµ~e2g(w),

4wf̈ + 4ḟ − e2g2f = 0, 4wg̈ + 4ġ − w−1g = 0.

18. ~Bµ = bµ~e1f(w) + cµ~e2g(w),

4wf̈ + 6ḟ + e2g2f = 0, 4wg̈ + 6ġ + e2f2g = 0.

19. ~Bµ = kµ~e1f(w) + bµ~e2g(w), f̈ − e2g2f = 0, g̈ = 0.

(5.1)



Symmetry reduction and exact solutions of the Yang–Mills equations 343

20. ~Bµ = kµ~e1f(w) + bµ~e2g(w), f̈ − e2g2f = 0, g̈ = 0.

21. ~Bµ = kµ~e1f(w) + bµ~e2g(w), f̈ − e2g2f = 0, g̈ = 0.

22. (α = 0) ~Bµ = bµ~e1f(w) + cµ~e2g(w),

4wf̈ + 8ḟ + e2g2f = 0, 4wg̈ + 8ġ + e2f2g = 0.

In the above formulae we use designations ~e1 = (1, 0, 0), ~e2 = (0, 1, 0), ~e3 = (0, 0, 1).
Thus, combining symmetry reduction by the number of independent variables and

reduction by the number of dependent variables we reduce YME to rather simple
ODE. It is worth reminding that effectiveness of the widely used ansatz for the Yang–
Mills field suggested by t’Hooft et al [2] is closely connected with the fact that it
reduces the system of twelve PDE to one nonlinear wave equation.

Next, we will briefly consider a procedure of integration of equations (5.1).
Substitution f = 0, g = h = u(w) reduces the system of ODE 1 from (5.1) to the

equation

ü = e2u3, (5.2)

which is integrated in elliptic functions [8]. Besides that, ODE (5.2) has a solution
which is expressed in terms of elementary functions u =

√
2(ew − C)−1, C ∈ R

1.
ODE 2 with f = g = h = u(w) reduces to the form ü+ 2e2u3 = 0.
This equation is also integrated in elliptic functions [8].
Integrating the second equation of system of ODE 5 we get g = C1w + C2,

Ci ∈ R
1. If C1 6= 0, then the constant C2 can be neglected, and we may put C2 = 0.

Provided C1 6= 0, the first equation from system 5 reads

f̈ − e2C2
1w

2f = 0. (5.3)

A general solution of ODE (5.3) is given by formula f = w1/2Z 1
4
( ie2 C1w

2).

Hereafter, we use the designation Zν(w) = C3Jν(w) + C4Yν(w), where Jν , Yν are
Bessel functions, C3, C4 are arbitrary constants.

In the case C1 = 0, C2 6= 0 a general solution of the first equation from system 5
reads f = C3 coshC2ew + C4 sinhC2ew, where C3, C4 are arbitrary constants.

At last, provided C1 = C2 = 0, a general solution of the first equation from
system 5 has the form f = C3w + C4, C3, C4 ∈ R

1.
A general solution of the second ODE from system 8.1 is of the form g = C1

√
w+

C2(
√
w)−1, where C1, C2 are arbitrary constants.

Substituting the expression obtained into the first equation we get

4w2f̈ + 4wḟ − e2(C1w + C2)
2f = 0. (5.4)

Under C1, C2 6= 0 a solution of ODE (5.4) is not known. In the remaining cases
its general solution reads

a) C1 6= 0, C2 = 0 f = Z0

[
ie

2
C1w

]
,

b) C1 = 0, C2 6= 0 f = C3w
eC2
2 + C4w

− eC2
2 ,

c) C1 = 0, C2 = 0 f = C3 lnw + C4.

Here C3, C4 are arbitrary constants.
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We do not succeed in obtaining particular solutions of system 8.2. Equations 14.1
coincide with equations 1, if one changes e by e

4 . Similarly, equations 14.2 coincide
with equations 5, if one changes e by e

4 . Next, equations 15.1 coincide with equations 1

and equations 15.2 – with equations 5, if one replaces e by e
4 (1 + α2)−

1
2 .

System of ODE 16 coincides with system 8.1 and systems 19, 20, 21 – with
system 5. We did not succeed in integrating equations 18.

At last, system 22 (α = 0) with the substitution f = g = u(w) reduces to the form

wü+ 2u̇+
e2

4
u3 = 0. (5.5)

ODE (5.5) is Emden–Fowler equation and the function u = e−1w− 1
2 , is its parti-

cular solution.
Substituting the results obtained into corresponding formulae from (5.1) and then

into the ansatz (3.13), we get exact solutions of the nonlinear YME (1.1). Let us
note that solutions of systems of ODE 5, 8.1, 14.2, 15.2, 16, 19, 20, 21 satisfying the
condition g = 0 give rise to Abelian solutions of YME. We do not adduce them and
present only non-Abelian solutions of YME.

1. ~Aµ = (~e2bµ + ~e3cµ)
√

2(edx− λ)−1;

2. ~Aµ = (~e2bµ + ~e3cµ)

[
λ sn

(√
2

2
eλdx

)
dn

(√
2

2
eλdx

)][
cn

(√
2

2
eλdx

)]−1

;

3. ~Aµ = (~e2bµ + ~e3cµ)λ[cn (eλdx)]−1;

4. ~Aµ = (~e1bµ + ~e2cµ + ~e3dµ)λ cn (eλax);

5. ~Aµ = ~e1kµ|kx|−1
√
cxZ 1

4

[
i

2
eλ(cx)2

]
+ ~e2bµλcx;

6. ~Aµ = ~e1kµ|kx|−1[λ1 cosh(eλcx) + λ2 sinh(eλcx)] + ~e2bµλ;

7. ~Aµ = ~e1kµZ0

[
i

2
eλ((bx)2 + (cx)2)

]
+ ~e2(bµcx− cµbx)λ;

8. ~Aµ = ~e1kµ[λ1((bx)
2 + (cx)2)

eλ
2 + λ2((bx)

2 + (cx)2)−
eλ
2 ] +

+ ~e2(bµcx− cµbx)λ((bx)2 + (cx)2)−1;

9. ~Aµ =

[
~e2

(
1

8
(dµ − kµ(kx)

2) +
1

2
bµkx

)
+ ~e3cµ

]
λ sn

(
e
√

2

8
λ(4bx+ (kx)2)

)
×

× dn

(
e
√

2

8
λ(4bx+ (kx)2)

)(
cn

(
e
√

2

8
λ(4bx+ (kx)2)

))−1

;

10. ~Aµ =

[
~e2

(
1

8
(dµ − kµ(kx)

2) +
1

2
bµkx

)
+ ~e3cµ

]
×

× λ

[
cn

(
e
√

2λ

8
(4bx+ (kx)2)

)]−1

;

11. ~Aµ =

[
~e2

(
1

8
(dµ − kµ(kx)

2) +
1

2
bµkx

)
+ ~e3cµ

]
×

× 4
√

2(e(4bx+ (kx)2) − λ)−1;
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12. ~Aµ = ~e1kµ
√

4bx+ (kx)2Z 1
4

(
ieλ

8
(4bx+ (kx)2)2

)
+ ~e2cµλ(4bx+ (kx)2);

13. ~Aµ = ~e1kµ

(
λ1 cosh

(
eλ

4
(4bx+ (kx)2)

)
+

+ λ2 sinh

(
eλ

4
(4bx+ (kx)2)

))
+ ~e2cµλ;

14. ~Aµ =

{
~e2

(
dµ − 1

8
kµ(kx)

2 − 1

2
bµkx

)
+

+ ~e3

(
αcµ + bµ +

1

2
kµkx

)
(1 + α2)−

1
2

}
×

× λ sn

[
eλ

√
2

8
(4(αbx− cx) + α(kx)2)(1 + α2)−

1
2

]
×

× dn

[
eλ

√
2

8
(4(αbx− cx) + α(kx)2)(1 + α2)−

1
2

]
×

×
{

cn

[
eλ

√
2

8
(4(αbx− cx) + α(kx)2)(1 + α2)−

1
2

]}−1

;

15. ~Aµ =

{
~e2

(
dµ − 1

8
kµ(kx)

2 − 1

2
bµkx

)
+

+ ~e3

(
αcµ + bµ +

1

2
kµkx

)
(1 + α2)−

1
2

}
×

×
{

cn

[
eλ

4
(4(αbx− cx) + α(kx)2)(1 + α2)−

1
2

]}−1

;

16. ~Aµ =

{
~e2

(
dµ − 1

8
kµ(kx)

2 − 1

2
bµkx

)
+

+ ~e3

(
αcµ + bµ +

1

2
kµkx

)
(1 + α2)−

1
2

}
×

× 4
√

2(1 + α2)
1
2 [e(4(αbx− cx) + α(kx)2)]−1;

17. ~Aµ = ~e1kµ

{√
4(αbx− cx) + α(kx)2 ×

× Z 1
4

(
ieλ

8
(4(αbx− cx) + α(kx)2)2(1 + α2)−

1
2

)}
+

+ ~e2

(
αcµ + bµ +

1

2
kµkx

)
λ(4(αbx− cx) + α(kx)2)(1 + α2)−

1
2 ;

18. ~Aµ = ~e1kµ

{
λ1 cosh

[
eλ

4
(1 + α2)−

1
2 (4(αbx− cx) + α(kx)2)

]
+

+ λ2 sinh

[
eλ

4
(1 + α2)−

1
2 (4(αbx− cx) + α(kx)2

]}
+

+ ~e2

(
αcµ + bµ +

1

2
kµkx

)
λ(1 + α2)−

1
2 ;

19. ~Aµ = ~e1kµ|kx|−1Z0

[
ieλ

2
((bx)2 + (cx)2)

]
+ ~e2(bµcx− cµbx)λ;

(5.6)
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20. ~Aµ = ~e1kµ|kx|−1[λ1((bx)
2 + (cx)2)

eλ
2 + λ2((bx)

2 + (cx)2)−
eλ
2 ] +

+ ~e2(bµcx− cµbx)λ((bx)2 + (cx)2)−1;

21. ~Aµ = ~e1kµ|kx|−1
√
cxZ 1

4

(
ieλ

2
(cx)2

)
+ ~e2(bµ − kµbx(kx)

−1)λcx;

22. ~Aµ = ~e1kµ|kx|−1[λ1 cosh(λecx) + λ2 sinh(λecx)] + ~e2(bµ − kµbx(kx)
−1)λ;

23. ~Aµ = ~e1kµ|kx|−1
√

ln |kx| − cxZ 1
4

(
ieλ

2
(ln |kx| − cx)2

)
+

+ ~e2(bµ − kµbx(kx)
−1)λ(ln |kx| − cx);

24. ~Aµ = ~e1kµ|kx|−1[λ1 cosh(λe(ln |kx| − cx)) + λ2 sinh(λe(ln |kx| − cx))] +

+ ~e2(bµ − kµbx(kx)
−1)λ;

25. ~Aµ = ~e1kµ|kx|−1
√
α ln |kx| − cxZ 1

4

(
ieλ

2
(α ln |kx| − cx)2

)
+

+ ~e2(bµ − kµ(bx− ln |kx|)(kx)−1)λ(α ln |kx| − cx);

26. ~Aµ = ~e1kµ|kx|−1[λ1 cosh(λe(α ln |kx| − cx)) +

+ λ2 sinh(λe(α ln |kx| − cx))] + ~e2(bµ − kµ(bx− ln |kx|)(kx)−1)λ;

27. ~Aµ = {~e1(bµ − kµbx(kx)
−1) + ~e2(cµ − kµcx(kx)

−1)}e−1(xµx
µ)−

1
2 ;

28. ~Aµ = {~e1(bµ − kµbx(kx)
−1) + ~e2(cµ − kµcx(kx)

−1)}f(xµx
µ),

wf̈ + 2ḟ + (e2f3/4) = 0, w = xµx
µ = (ax)2 − (bx)2 − (cx)2 − (dx)2.

In the above formulae Zα(w) is the Bessel function; sn, dn, cn are Jacobi elliptic
functions having the modulus

√
2

2 ; λ, λ1, λ2 = const.
In the present paper we do not analyze in detail the obtained solution. We only

note that the solutions numbered by 27 is nothing more but the meron solution of
YME [2]. In the Euclidean space meron and instanton solutions were obtained by
Alfaro, Fubini, Furlan [9] and Belavin, Polyakov, Schwartz, Tyupkin [10] with the use
of the ansatz suggested by ’t Hooft [11], Corrigan and Fairlie [12] and Wilczek [13].

Another important point is that we can obtain new exact solutions of YME by
applying to solutions (5.6) the solution generation technique. We do not adduce
corresponding formulae because of their cumbersomity.

6. Some generalizations

It was noticed in [14] that group-invariant solutions of nonlinear PDE could provide
us with rather general information about the structure of solutions of the equation
under study. Using this fact, we constructed in [4, 14] a number of new exact solutions
of the nonlinear Dirac equation which could not be obtained by symmetry reduction
procedure. We will demonstrate that the same idea will be effective for constructing
new solutions of YME.

Solutions of YME numbered by 7, 8, 19, 20 can be presented in the following
unified form:

~Aµ = kµ ~B(kx, cx) + bµ ~C(kx, cx), (6.1)

where kx = kµx
µ, cx = cµx

µ, kµ = aµ + dµ.
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Substituting the ansatz (6.1) into YME and splitting the equality obtained with
respect to linearly-independent four-vectors with components kµ, bµ, cµ, we get

1. ~Cw1w1
= ~0,

2. ~C × ~Cw1
= ~0,

3. ~Bw1w1
+ e ~Cw0

× ~C + e2 ~C × ( ~C × ~B) = ~0.

(6.2)

Here we use designations w0 = kx, w1 = cx.
A general solution of the first two equations from (6.2) is given by one of the

formulae

I. ~C = ~f(w0),

II. ~C = (w1 + v0(w0))~f(w0),

where v0, ~f are arbitrary smooth functions.
Consider the case ~C = ~f(w0). Substituting this expression into the third equation

from (6.2) we have

~Bw1w1
+ e~fw0

× ~f + e2 ~f(~f ~B) − e2 ~f2 ~B = ~0. (6.3)

Since equations (6.3) do not contain derivatives of ~B with respect to w0, they can
be considered as a system of ODE with respect to the variable w1. Multiplying (6.3)
by ~f we arrive at the relation ( ~B ~f)w1w1

= 0, whence

~B ~f = v1(w0)w1 + v2(w0). (6.4)

In (6.4) v1, v2 are arbitrary smooth enough functions.
With account of (6.4) system (6.3) reads

~Bw1w1
− e2 ~f2 ~B = e~f × ~fw0

− e2(v1w1 + v2)~f.

The above linear system of ODE is easily integrated. Its general solution is given
by the formula

~B = ~g(w0) cosh e|~f |w1 + ~h(w0) sinh e|~f |w1 +

+ e−1|~f |−2 ~fw0
× ~f + |~f |−2(v1w1 + v2)~f,

(6.5)

where ~g, ~h are arbitrary smooth functions.
Substituting (6.5) into (6.4) we get the following restrictions on the choice of the

functions ~g, ~h:

~f~g = 0, ~f~h = 0. (6.6)

Thus, provided ~Cw1
= 0, a general solution of the system of ODE (6.3) is given

by the formulae (6.5), (6.6). Substituting (6.5) into the initial ansatz (6.1) we obtain
the following family of exact solutions of YME:

~Aµ = kµ{~g(kx) cosh e|~f |cx+ ~h(kx) sinh e|~f |cx+

+ e−1|~f |−2 ~̇f × ~f + (v1(kx)cx+ v2(kx))~f} + bµ ~f
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where ~f(kx), ~g(kx), ~h(kx), v1(kx), v2(kx) are arbitrary smooth functions satisfying

(6.6), ~̇f = d~f
dω0

.

The case ~C = (w1 + v0(w0))~f(w0) is treated in analogous way. As a result, we
obtain the following family of exact solutions of YME:

~Aµ = kµ

{
(cx+ v0(kx))

1
2

[
~g(kx)J 1

4

(
ie

2
|~f |(~c~x+ v0(kx))

2

)
+

+ ~h(kx)Y 1
4

(
ie

2
|~f |(cx+ v0(kx))

2

)]
+

+ (v1(kx)cx+ v2(kx))~f + e−1|~f |−2 ~̇f × ~f

}
+ bµ(cx+ v0(kx))~f,

where ~f(kx), ~g(kx), ~h(kx), v0(kx), v1(kx), v2(kx) are arbitrary smooth functions
satisfying (6.6), J 1

4
(w), Y 1

4
(w) are the Bessel functions.

Another effective ansatz for the Yang–Mills field is obtained if one replaces in (6.1)
cx by bx

~Aµ = kµ ~B(kx, bx) + bµ ~C(kx, bx). (6.7)

Substitution of (6.7) into YME yields the following system of PDE for ~B, ~C:

~Bw1w1
− ~Cw0w1

− e( ~B × ~Cw1
+ 2 ~Bw1

× ~C + ~C × ~Cw0
) + e2 ~C × ( ~C × ~B) = ~0.(6.8)

We succeeded in integrating system (6.8), provided ~C = ~f(w0). Substituting the
result obtained into (6.7), we come to the following family of exact solutions of YME:

~Aµ = kµ{(~g + |~f |−1~g × ~fbx) cos(e|~f |bx) + (~h+ |~f |−1~h× ~fbx) sin(e|~f |bx) +

+ e−1|~f |−2 ~̇f × ~f + (v1(kx)bx+ v2(kx))~f} + bµ ~f,

where ~f(kx), ~g(kx), ~h(kx), v1(kx), v2(kx) are arbitrary smooth functions.
Besides that, we obtained the following class of exact solutions of YME:

~Aµ = kµ~e1v0(kx)u
2(bx) + bµ~e2u(bx),

where ~e1 = (1, 0, 0), ~e2 = (0, 1, 0); v0(kx) is an arbitrary smooth function; u(bx) is a
solution of the nonlinear ODE ü = e2u5, which is integrated in elliptic functions.

In conclusion of this Section we will obtain a generalization of the plane-wave
Coleman solution [15] ]

~Aµ = kµ(~f(kx)bx+ ~g(kx)cx). (6.9)

It is not difficult to verify that (6.9) satisfy YME with arbitrary ~f , ~g.
Evidently, solution (6.9) is a particular case of the ansatz

~Aµ = kµ ~B(kx, bx, cx). (6.10)

Substituting (6.10) into YME we get

~Bw1w1
+ ~Bw2w2

= ~0, (6.11)

where w1 = bx, w2 = cx.
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Integrating the Laplace equations (6.11) and substituting the result obtained into
(6.10) we have

~Aµ = kµ(~U(kx, bx+ icx) + ~U(kx, bx− icx)).

Here ~U(kx, z) is an arbitrary analytical with respect to z function. Choosing ~U =
1
2 (~f(kx) − i~g(kx))z we get Coleman solution (6.9).

7. Conclusion

Thus, starting from the invariance of YME under the Poincaré group we have obtained
wide families of its exact solutions including arbitrary functions. In our future papers
we intend to describe exact solutions of YME invariant under the extended Poincaré
group and conformal group.

Besides that, we will study exact solutions which correspond to the conditional
and non-local symmetries of the Yang–Mills equations (1.1)
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On the new approach to variable separation

in the time-dependent Schrödinger equation

with two space dimensions

R.Z. ZHDANOV, I.V. REVENKO, W.I. FUSHCHYCH

We suggest an effective approach to separation of variables in the Schrödinger equati-
on with two space variables. Using it we classify inequivalent potentials V (x1, x2) such
that the corresponding Schrödinger equations admit separation of variables. Besides
that, we carry out separation of variables in the Schrödinger equation with the ani-
sotropic harmonic oscillator potential V = k1x

2
1 + k2x

2
2 and obtain a complete list of

coordinate systems providing its separability. Mojority of these coordinate systems
depend essentially on the form of the potential and do not provide separation of
variables in the free Schrödinger equation (V = 0).

1. Introduction

The problem of separation of variables (SV) in the two-dimensional Schrödinger
equation

iut + ux1x1
+ ux2x2

= V (x1, x2)u (1)

as well as the most of classical problems of mathematical physics can be formulated
in a very simple way (but this simplicity does not, of course, imply an existence
of easy way to its solution). To separate variables in Eq. (1) one has to construct
such functions R(t,x), ω1(t,x), ω2(t,x) that the Schrödinger equation (1) after being
rewritten in the new variables

z0 = t, z1 = ω1(t,x), z2 = ω2(t,x),

v(z0, z) = R(t,x)u(t,x)
(2)

separates into three ordinary differential equations (ODEs). From this point of view
the problem of SV in Eq. (1) is studied in [1–4].

But no less of an important problem is the one of description of potentials V (x1, x2)
such that the Schrödinger equation admits variable separation. That is why saying
about SV in Eq. (1) we imply two mutually connected problems. The first one is
to describe all such functions V (x1, x2) that the corresponding Schrödinger equati-
on (1) can be separated into three ODEs in some coordinate system of the form
(2) (classification problem). The second problem is to construct for each function
V (x1, x2) obtained in this way all coordinate systems (2) enabling us to carry out SV
in Eq. (1).

Up to our knowledge, the second problem has been solved provided V = 0 [2, 3] and
V = αx−2

1 +βx−2
2 [1]. The first one was considered in a restricted sense in [4]. Authors

using symmetry approach to classification problem obtained some potentials providing

Reprinted with permission from J. Math. Phys., 1995, 36, № 10, P. 5506–5521
c© 1995 American Institute of Physics
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separability of Eq. (1) and carried out SV in the corresponding Schrödinger equation.
But their results are far from being complete and systematic. The necessary and
sufficient conditions imposed on the potential V (x1, x2) by the requirement that the
Schrödinger equation admits symmetry operators of an arbitrary order are obtained
in [5]. But so far there is no systematic and exhaustive description of potentials
V (x1, x2) providing SV in Eq. (1).

To be able to discuss the description of all potentials and all coordinate systems
making it possible to separate the Schrödinger equation one has to give a definition
of SV. One of the possible definitions of SV in partial differential equations (PDEs)
is proposed in our article [6]. It is based on the concept of Ansatz suggested by
Fushchych [7] and on ideas contained in the article by Koornwinder [8]. The said
definition is quite algorithmic in the sense that it contains a regular algorithm of
variable separation in partial differential equations which can be easily adapted to
handle both linear [6, 9] and nonlinear [10] PDEs. In the present article we apply the
said algorithm to solve the problem of SV in Eq. (1).

Consider the following system of ODEs:

i
dϕ0

dt
= U0(t, ϕ0;λ1, λ2),

d2ϕ1

dω2
1

= U1

(
ω1, ϕ1,

dϕ1

dω1
;λ1, λ2

)
,

d2ϕ2

dω2
2

= U2

(
ω2, ϕ2,

dϕ2

dω2
;λ1, λ2

)
,

(3)

where U0, U1, U2 are some smooth functions of the corresponding arguments, λ1, λ2 ⊂
R

1 are arbitrary parameters (separation constants) and what is more

rank

∥∥∥∥
∂Uµ
∂λa

∥∥∥∥
2 2

µ=0 a=1

= 2 (4)

(the last condition ensures essential dependence of the corresponding solution with
separated variables on λ1, λ2, see [8]).

Definition 1. We say that Eq. (1) admits SV in the system of coordinates t, ω1(t,x),
ω2(t,x) if substitution of the Ansatz

u = Q(t,x)ϕ0(t)ϕ1

(
ω1(t,x)

)
ϕ2

(
ω2(t,x)

)
(5)

into Eq. (1) with subsequent exclusion of the derivatives dϕ0/dt, d
2ϕ1/dω

2
1, d

2ϕ2/dω
2
2

according to Eqs. (3) yields an identity with respect to ϕ0, ϕ1, ϕ2, dϕ1/dω1, dϕ2/dω2,
λ1, λ2.

Thus, according to the above definition to separate variables in Eq. (1) one has

(i) to substitute the expression (5) into (1),

(ii) to exclude derivatives dϕ0/dt,
d2ϕ1

dω2
1

, d2ϕ2/dω
2
2 with the help of Eqs. (3),

(iii) to split the obtained equality with respect to the variables ϕ0, ϕ1, ϕ2, dϕ1/dω1,
dϕ2/dω2, λ1, λ2 considered as independent.

As a result one gets some over-determined system of PDEs for the functions
Q(t,x), ω1(t,x), ω2(t,x). On solving it one obtains a complete description of all
coordinate systems and potentials providing SV in the Schrödinger equation. Natural-
ly, an expression complete description makes sense only within the framework of our
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definition. So if one uses a more general definition it may be possible to construct new
coordinate systems and potentials providing separability of Eq. (1). But all solutions
of the Schrödinger equation with separated variables known to us fit into the scheme
suggested by us and can be obtained in the above described way.

2. Classification of potentials V (x1, x2)

We do not adduce in full detail computations needed because they are very cumber-
some. We shall restrict ourselves to pointing out main steps of the realization of the
above suggested algorithm.

First of all we make a remark, which makes life a little bit easier. It is readily seen
that a substitution of the form

Q→ Q′ = QΨ1(ω1)Ψ2(ω2),

ωa → ω′
a = Ωa(ωa), a = 1, 2, λa → λ′a = Λa(λ1, λ2), a = 1, 2,

(6)

does not alter the structure of relations (3), (4), and (5). That is why, we can introduce
the following equivalence relation:

(ω1, ω2, Q) ∼ (ω′
1, ω

′
2, Q

′)

provided Eq. (6) holds with some Ψa, Ωa, Λa.
Substituting Eq. (5) into Eq. (1) and excluding the derivatives dϕ0/dt, d2ϕ1/dω

2
1 ,

d2ϕ2/dω
2
2 with the use of equations (3) we get

i(Qtϕ0ϕ1ϕ2 +QU0ϕ1ϕ2 +Qω1tϕ0ϕ̇1ϕ2 +Qω2tϕ0ϕ1ϕ̇2) + (4Q)ϕ0ϕ1ϕ2 +

+ 2Qxa
ω1xa

ϕ0ϕ̇1ϕ2 + 2Qxa
ω2xa

ϕ0ϕ1ϕ̇2 +Q
(
(4ω1)ϕ0ϕ̇1ϕ2 +

+ (4ω2)ϕ0ϕ1ϕ̇2 + ω1xa
ω1xa

ϕ0U1ϕ2 + ω2xa
ω2xa

ϕ0ϕ1U2 +

+ 2ω1xa
ω2xa

ϕ0ϕ̇1ϕ̇2

)
= V Qϕ0ϕ1ϕ2,

where the summation over the repeated index a from 1 to 2 is understood. Hereafter
an overdot means differentiation with respect to a corresponding argument and 4 =
∂2
x1

+ ∂2
x2

.
Splitting the equality obtained with respect to independent variables ϕ1, ϕ2,

dϕ1/dω1, dϕ2/dω2, λ1, λ2 we conclude that ODEs (3) are linear and up to the equi-
valence relation (6) can be written in the form

i
dϕ0

dt
=
(
λ1R1(t) + λ2R2(t) +R0(t)

)
ϕ0,

d2ϕ1

dω2
1

=
(
λ1B11(ω1) + λ2B12(ω1) +B01(ω1)

)
ϕ1,

d2ϕ2

dω2
2

=
(
λ1B21(ω2) + λ2B22(ω2) +B02(ω2)

)
ϕ2

and what is more, functions ω1, ω2, Q satisfy an over-determined system of nonlinear
PDEs

(1) ω1xb
ω2xb

= 0,

(2) B1a(ω1)ω1xb
ω1xb

+B2a(ω2)ω2xb
ω2xb

+Ra(t) = 0, a = 1, 2,

(3) 2ωaxb
Qxb

+Q(iωat + 4ωa), a = 1, 2,

(7)
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(4)
(
B01(ω1)ω1xb

ω1xb
+B02(ω1)ω2xb

ω2xb

)
Q+ iQt + 4Q+R0(t)Q−

− V (x1, x2)Q = 0.

Thus, to solve the problem of SV for the linear Schrödinger equation it is necessary
to construct general solution of system of nonlinear PDEs (7). Roughly speaking, to
solve a linear equation one has to solve a system of nonlinear equations! This is the
reason why so far there is no complete description of all coordinate systems providing
separability of the four-dimensional wave equation [3].

But in the case involved we have succeeded in integrating system of nonlinear
PDEs (7). Our approach to integration of it is based on the following change of
variables (hodograph transformation)

z0 = t, z1 = Z1(t, ω1, ω2), z2 = Z2(t, ω1, ω2), v1 = x1, v2 = x2,

where z0, z1, z2 are new independent and v1, v2 are new dependent variables corres-
pondingly.

Using the hodograph transformation determined above we have constructed the
general solution of Eqs. (1)–(3) from Eq. (7). It is given up to the equivalence relation
(6) by one of the following formulas:

(1) ω1 = A(t)x1 +W1(t), ω2 = B(t)x2 +W2(t),

Q(t,x) = exp

{
− i

4

(
Ȧ

A
x2

1 +
Ḃ

B
x2

2

)
− i

2

(
Ẇ1

A
x1 +

Ẇ2

B
x2

)}
;

(2) ω1 =
1

2
ln(x2

1 + x2
2) +W (t), ω2 = arctan

x1

x2
,

Q(t,x) = exp

{
− iẆ

4
(x2

1 + x2
2)

}
;

(3) x1 =
1

2
W (t)(ω2

1 − ω2
2) +W1(t), x2 = W (t)ω1ω2 +W2(t),

Q(t,x) = exp

{
iẆ

4W

(
(x1 −W1)

2 + (x2 −W2)
2
)

+
i

2
(Ẇ1x1 + Ẇ2x2)

}
;

(4) x1 = W (t) coshω1 cosω2 +W1(t), x2 = W (t) sinhω1 sinω2 +W2(t),

Q(t,x) = exp

{
iẆ

4W

(
(x1 −W1)

2 + (x2 −W2)
2
)

+
i

2
(Ẇ1x1 + Ẇ2x2)

}
;

(8)

Here A, B, W , W1, W2 are arbitrary smooth functions on t.
Substituting the obtained expressions for the functions Q, ω1, ω2 into the last

equation from the system (7) and splitting with respect to variables x1, x2 we get
explicit forms of potentials V (x1, x2) and systems of nonlinear ODEs for unknown
functions A(t), B(t), W (t), W1(t), W2(t). We have succeeded in integrating these and
in constructing all coordinate systems providing SV in the initial equation (1).

Here we consider in detail integration of the fourth equation of system (7) for the
case 2 from Eq. (8), since computations needed are not so lengthy as for other cases.

First, we make several important remarks which introduce an equivalence relation
on the set of potentials V (x1, x2).
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Remark 1. The Schrödinger equation with the potential

V (x1, x2) = k1x1 + k2x2 + k3 + V1(k2x1 − k1x2), (9)

where k1, k2, k3 are constants, is transformed to the Schrödinger equation with the
potential

V ′(x′1, x
′
2) = V1(k2x

′
1 − k1x

′
2) (10)

by the following change of variables:

t′ = t, x′ = x + t2k,

u′ = u exp

{
i

3
(k2

1 + k2
2)t

3 + it(k1x1 + k2x2) + ik3t

}
.

(11)

It is readily seen that the class of Ansätze (5) is transformed into itself by the above
change of variables. That is why, potentials (9) and (10) are considered as equivalent.

Remark 2. The Schrödinger equation with the potential

V (x1, x2) = k(x2
1 + x2

2) + V1

(
x1

x2

)
(x2

1 + x2
2)

−1 (12)

with k = const is reduced to the Schrödinger equation with the potential

V ′(x1, x2) = V1

(
x′1
x′2

)
(x′21 + x′21 )−1 (13)

by the change of variables

t′ = α(t), x′ = β(t)x, u′ = u exp
{
iγ(t)(x2

1 + x2
2) + δ(t)

}
,

where
(
α(t), β(t), γ(t), δ(t)

)
is an arbitrary solution of the system of ODEs

γ̇ − 4γ2 = k, β̇ − 4γβ = 0, α̇− β2 = 0, δ̇ + 4γ = 0

such that β 6= 0.
Since the above change of variables does not alter the structure of the Ansatz (5),

when classifying potentials V (x1, x2) providing separability of the corresponding
Schrödinger equation, we consider potentials (12), (13) as equivalent.

Remark 3. It is well-known (see e.g. [11, 12]) that the general form of the invariance
group admitted by Eq. (1) is as follows

t′ = F (t,θ), x′a = ga(t,x,θ), a = 1, 2, u′ = h(t,x,θ)u+ U(t,x),

where θ = (θ1, θ2, . . . , θn) are group parameters and U(t,x) is an arbitrary solution
of Eq. (1).

The above transformations also do not alter the structure of the Ansatz (5). That
is why, systems of coordinates t′, x′1, x

′
2 and t, x1, x2 are considered as equivalent.

Now we turn to the integration of the fourth equation of system (7). Substituting
into it the expressions for the functions ω1, ω2, Q given by formulas (2) from Eq. (8)
we get

V (x1, x2) =
(
B01(ω1) +B02(ω2)

)
exp{−2(ω1 −W )} +

1

4
(Ẅ − Ẇ 2) ×

× exp{2(ω1 −W )} +R0(t) − iẆ .
(14)
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In the above equality B01, B02, R0(t), W (t) are unknown functions to be determi-
ned from the requirement that the right-hand side of (14) does not depend on t.

Differentiating Eq. (14) with respect to t and taking into account the equalities

ω1t = Ẇ , ω2t = 0

we have

Ẇ exp{−2(ω1 −W )}Ḃ01 + α̇(t) exp{2(ω1 −W )} + β̇(t) = 0, (15)

where α(t) = 1
4 (Ẅ − Ẇ 2), β(t) = R0 − iẆ .

Cases Ẇ = 0 and Ẇ 6= 0 have to be considered separately.
Case 1. Ẇ = 0. In this case W = C = const, R0 = 0. Since coordinate systems

ω1, ω2 and ω1 +C1, ω2 +C2 are equivalent with arbitrary constants C1, C2, choosing
C1 = −C, C2 = 0 we can put C = 0. Hence it immediately follows that

V (x1, x2) =

[
B01

(
1

2
ln(x2

1 + x2
2)

)
+B02

(
arctan

x1

x2

)]
(x2

1 + x2
2)

−1,

where B01, B02 are arbitrary functions. And what is more, the Schrödinger equa-
tion (1) with such potential separates only in one coordinate system

ω1 =
1

2
ln(x2

1 + x2
2), ω2 = arctan

x1

x2
. (16)

Case 2. Ẇ 6= 0. Dividing Eq. (14) into Ẇ exp{−2(ω1 −W )} and differentiating
the equality obtained with respect to t we get

exp{4ω1}
d

dt

(
α̇(Ẇ )−1 exp{−4W}

)
+ exp{2ω1}

d

dt

(
β̇(Ẇ )−1 exp{−2W}

)
= 0,

whence

d

dt

(
α̇(Ẇ )−1 exp{−4W}

)
= 0,

d

dt

(
β̇(Ẇ )−1 exp{−2W}

)
= 0.

Integration of the above ODEs yields the following result:

α = C1 exp{4W} + C2, β = C3 exp{2W} + C4,

where C,  = 1, 4 are arbitrary real constants.
Inserting the result obtained into Eq. (15) we get an equation for B01

Ḃ01 = −4C1 exp{4ω1} − 2C3 exp{2ω1},

which general solution reads

B01 = −C1 exp{4ω1} − C3 exp{2ω1} + C5.

In the above equality C5 is an arbitrary real constant.
Substituting the expressions for α, β, B01 into Eq. (14) we have the explicit form

of the potential V (x1, x2)

V (x1, x2) =

[
B02

(
arctan

x1

x2

)
+ C5

]
(x2

1 + x2
2)

−1 + C2(x
2
1 + x2

2) + C4,

where B02 is an arbitrary function.
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By force of the Remarks 1, 2 we can choose C2 = C4 = 0. Furthermore, due to
arbitrariness of the function B02 we can put C5 = 0.

Thus, the case Ẇ 6= 0 leads to the following potential:

V (x1, x2) = B02

(
arctan

x1

x2

)
(x2

1 + x2
2)

−1. (17)

Substitution of the above expression into Eq. (14) yields second-order nonlinear
ODE for the function W = W (t)

Ẅ − Ẇ 2 = 4C1 exp{4W}, (18)

while the function R0 is given by the formula

R0 = iẆ + C3 exp{2W}.

Integration of ODE (18) is considered in detail in the Appendix A. Its general
solution has the form
under C1 6= 0

W = −1

2
ln
(
(at− b)2 − 4C1

)
+

1

2
ln a,

under C1 = 0

W = a− ln(t+ b).

Substituting obtained expressions for W into formulas (2) from (8) and taking
into account the Remark 3 we arrive at the conclusion that the Schrödinger equation
(1) with the potential (17) admits SV in two coordinate systems. One of them is the
polar coordinate system (16) and another one is the following:

ω1 =
1

2
ln(x2

1 + x2
2) −

1

2
ln(t2 ± 1), ω2 = arctan

x1

x2
. (19)

Consequently, the case 2 from Eq. (8) gives rise to two classes of the separable
Schrödinger equations (1).

Cases 1, 3, 4 from Eq. (8) are considered in an analogous way but computations
involved are much more cumbersome. As a result, we obtain the following list of
inequivalent potentials V (x1, x2) providing separability of the Schrödinger equation.

(1) V (x1, x2) = V1(x1) + V2(x2);
(a) V (x1, x2) = k1x

2
1 + k2x

−2
1 + V2(x2), k2 6= 0;

(i) V (x1, x2) = k1x
2
1 + k2x

2
2 + k3x

−2
1 + k4x

−2
2 , k3k4 6= 0,

k2
1 + k2

2 6= 0, k1 6= k2;

(ii) V (x1, x2) = k1x
2
1 + k2x

−2
1 , k1k2 6= 0;

(iii) V (x1, x2) = k1x
−2
1 + k2x

−2
2 ;

(b) V (x1, x2) = k1x
2
1 + V2(x2);

(i) V (x1, x2) = k1x
2
1 + k2x

2
2 + k3x

−2
2 , k1k3 6= 0, k1 6= k2;

(ii) V (x1, x2) = k1x
2
1 + k2x

2
2, k1k2 6= 0, k1 6= k2;

(iii) V (x1, x2) = k1x
2
1 + k2x

−2
2 , k1 6= 0;
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(2) V (x1, x2) = V1(x
2
1 + x2

2) + V2(x1/x2)(x
2
1 + x2

2)
−1;

(a) V (x1, x2) = V2(x1/x2)(x
2
1 + x2

2)
−1;

(b) V (x1, x2) = k1(x
2
1 + x2

2)
−1/2, k1 6= 0;

(3) V (x1, x2) = (V1(ω1) + V2(ω2))(ω
2
1 + ω2

2)−1, where ω2
1 − ω2

2 = 2x1, ω1ω2 = x2;
(4) V (x1, x2) = (V1(ω1) + V2(ω2))(sinh2 ω1 + sin2 ω2)

−1, where coshω1 cosω2 = x1,
sinhω1 sinω2 = x2;
(5) V (x1, x2) = 0.

In the above formulas V1, V2 are arbitrary smooth functions, k1, k2, k3, k4 are
arbitrary constants.

It should be emphasized that the above potentials are not inequivalent in a usual
sense. These potentials differ from each other by the fact that the coordinate systems
providing separability of the corresponding Schrödinger equations are different. As
an illustration, we give the Fig. 1, where r = (x2

1 + x2
2)

1/2 and by the symbol V (),
 = 1, 4 we denote the potential given in the above list under the number . Down
arrows in the Fig. 1 indicate specifications of the potential V (x1, x2) providing new
possibilities to separate the corresponding Schrödinger equation (1).

V (x1, x2)

�����������

�
�

�
��	

@
@

@
@@R

HHHHHHHHHj
V (1) V (2) V (3) V (4)

Q
Q

Q
Q

QQs

PPPPPPPPPPPq

XXXXXXXXXXXXXXXXXz

HHHHHHHHj

A
A
AAU

k1x
2
1 + k2x

−2
1 + V2(x2) k1x

2
1 + V2(x2) V2

(
x1

x2

)
r−2

k1r
−1

@
@

@@R

HHHHHHHj
k1x

2
1 + k2x

2
2 + k3x

−2
1 + k4x

−2
2 k1x

2
1 + k2x

2
2 + k3x

−2
2

��������

@
@

@@R

�
�

��	

@
@

@@R
k1x

2
1 + k2x

−2
1 k1x

−2
1 + k2x

−2
2 k1x

2
1 + k2x

2
2 k1x

2
1 + k2x

−2
2

PPPPPPPPPPPPPq

@
@

@
@R

�
�

�
�	

�������������)
V = 0

Figure 1.

The Schrödinger equation (1) with arbitrary function V (x1, x2) (level 1 of the
Fig. 1) admits no separation of variables. Next, Eq. (1) with the “root” potentials V ()
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(level 2), V1, V2 being arbitrary smooth functions, separates in the Cartesian ( = 1),
polar ( = 2), parabolic ( = 3) and elliptic ( = 4) coordinate systems, correspondi-
ngly. Specifying the functions V1, V2 (i.e. going down to the lower levels) new possibi-
lities to separate variables in the Schrödinger equation (1) arise. For example, Eq. (1)
with the potential V2(x1/x2)r

−2, which is a particular case of the potential V (2),
separates not only in the polar coordinate system (16) but also in the coordinate
systems (19). The Schrödinger equation with the Coulomb potential k1r

−1, which
is a particular case of the potentials V (2), V (3), separates in two coordinate systems
(namely, in the polar and parabolic coordinate systems, see below the Theorem 4). An
another characteristic example is a transition from the potential V (1) to the potential
k1x

2
1 + V2(x2). The Schrödinger equation with the potential V (1) admits SV in the

Cartesian coordinate system ω0 = t, ω1 = x1, ω2 = x2 only, while the one with the
potential k1x

2
1 + V2(x2) separates in seven (k1 < 0) or in three (k1 > 0) coordinate

systems.
A complete list of coordinate systems providing SV in the Schrödinger equations

with the above given potentials takes two dozen pages. Therefore, we restrict ourself
to considering the Schrödinger equation with anisotropic harmonic oscillator potential
V (x1, x2) = k1x

2
1+k2x

2
2, k1 6= k2 and Coulomb potential V (x1, x2) = k1(x

2
1+x2

2)
−1/2.

3. Separation of variables in the Schrödinger
equation with the anisotropic harmonic
oscillator and the Coulomb potentials

Here we will obtain all coordinate systems providing separability of the Schrödinger
equation with the potential V (x1, x2) = k1x

2
1 + k2x

2
2

iut + ux1x1
+ ux2x2

= (k1x
2
1 + k2x

2
2)u. (20)

In the following, we consider the case k1 6= k2, because otherwise Eq. (1) is reduced
to the free Schrödinger equation (see the Remark 2) which has been studied in detail
in [1–3].

Explicit forms of the coordinate systems to be found depend essentially on the
signs of the parameters k1, k2. We consider in detail the case, when k1 < 0, k2 > 0
(the cases k1 > 0, k2 > 0 and k1 < 0, k2 < 0 are handled in an analogous way). It
means that Eq. (20) can be written in the form

iut + ux1x1
+ ux2x2

+
1

4
(a2x2

1 − b2x2
2)u = 0, (21)

where a, b are arbitrary non-null real constants (the factor 1
4 is introduced for further

convenience).
As stated above to describe all coordinate systems t, ω1(t,x), ω2(t,x) providing

separability of Eq. (20) one has to construct the general solution of system (8) with
V (x1, x2) = − 1

4 (a2x2
1 − b2x2

2). The general solution of Eqs. (1)–(3) from Eq. (7) splits
into four inequivalent classes listed in Eq. (8). Analysis shows that only solutions
belonging to the first class can satisfy the fourth equation of (7).
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Substituting the expressions for ω1, ω2, Q given by the formulas (1) from (8) into
the equation 4 from (7) with V (x1, x2) = − 1

4 (a2x2
1 − b2x2

2) and splitting with respect
to x1, x2 one gets

B01(ω1) = α1ω
2
1 + α2ω1, B02(ω2) = β1ω

2
2 + β2ω2,

(
Ȧ

A

)·

−
(
Ȧ

A

)2

− 4α1A
4 + a2 = 0, (22)

(
Ḃ

B

)·

−
(
Ḃ

B

)2

− 4β1B
4 − b2 = 0, (23)

θ̈1 − 2θ̇1
Ȧ

A
− 2(2α1θ1 + α2)A

4 = 0, (24)

θ̈2 − 2θ̇2
Ḃ

B
− 2(2β1θ2 + β2)B

4 = 0. (25)

Here α1, α2, β1, β2 are arbitrary real constants.
Integration of the system of nonlinear ODEs (22)–(25) is carried out in the Appen-

dix A. Substitution of the formulas (A.2), (A.4)–(A.6), (A.8)–(A.11) into the corres-
ponding expressions 1 from (8) yields a complete list of coordinate systems providing
separability of the Schrödinger equation (21). These systems can be transformed to
canonical form if we use the Remark 3.

The invariance group of Eq. (21) is generated by the following basis operators [11]:

P0 = ∂t, I = u∂u, M = iu∂u, Q∞ = U(t,x)∂u,

P1 = cosh at∂x1
+
ia

2
(x1 sinh at)u∂u,

P2 = cos bt∂x2
− ib

2
(x2 sin bt)u∂u,

G1 = sinh at∂x1
+
ia

2
(x1 cosh at)u∂u,

G2 = sin bt∂x2
+
ib

2
(x2 cos bt)u∂u,

(26)

where U(t,x) is an arbitrary solution of Eq. (21).
Using the finite transformations generated by the infinitesimal operators (26) and

the Remark 3 we can choose in the formulas (A.4)–(A.6), (A.8), (A.10), (A.11) C3 =
C4 = D1 = 0, D3 = D4 = 0, C2 = D2 = 1. As a result, we come to the following
assertion.

Theorem 1. The Schrödinger equation (21) admits SV in 21 inequivalent coordinate
systems of the form

ω0 = t, ω1 = ω1(t,x), ω2 = ω2(t,x), (27)

where ω1 is given by one of the formulas from the first and ω2 by one of the formulas
from the second column of the Table 1.
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Table 1. Coordinate systems proving SV in Eq. (21).

ω1(t,x) ω2(t,x)

x1

(
sinh a(t+ C)

)−1
+α
(
sinh a(t+ C)

)−2
x2(sin bt)

−1 + β(sin bt)−2

x1

(
cosh a(t+ C)

)−1
+α
(
cosh a(t+ C)

)−2
x2(β + sin 2bt)−1/2

x1 exp(±at) + α exp(±4at) x2

x1

(
α+ sinh 2a(t+ C)

)−1/2

x1

(
α+ cosh 2a(t+ C)

)−1/2

x1

(
α+ exp(±2at)

)−1/2

x1

Here C, α, β are arbitrary real constants.

There is no necessity to consider specially the case when in Eq. (20) k1 > 0,
k2 < 0, since such an equation by the change of independent variables u(t, x1, x2) →
u(t, x2, x1) is reduced to Eq. (21).

Below we adduce without proof the assertions describing coordinate systems provi-
ding SV in Eq. (20) with k1 < 0, k2 < 0 and k1 > 0, k2 > 0.

Theorem 2. The Schrödinger equation

iut + ux1x1
+ ux2x2

+
1

4
(a2x2

1 + b2x2
2)u = 0 (28)

with a2 6= 4b2 admits SV in 49 inequivalent coordinate systems of the form (27), where
ω1 is given by one of the formulas from the first and ω2 by one of the formulas from
the second column of the Table 2. Provided a2 = 4b2 one more coordinate system
should be included into the above list, namely

ω0 = t, ω2
1 − ω2

2 = 2x1, ω1ω2 = x2. (29)

Table 2. Coordinate systems proving SV in Eq. (28).

ω1(t,x) ω2(t,x)

x1

(
sinh a(t+ C)

)−1
+α
(
sinh a(t+ C)

)−2
x2(sinh bt)−1 + β(sinh bt)−2

x1

(
cosh a(t+ C)

)−1
+α
(
cosh a(t+ C)

)−2
x2(cosh bt)

−1 + β(cosh bt)−2

x1 exp(±at) + α exp(±4at) x2 exp(±bt) + β exp(±4bt)

x1

(
α+ sinh 2a(t+ C)

)−1/2
x2(β + sinh 2bt)−1/2

x1

(
α+ cosh 2a(t+ C)

)−1/2
x2(β + cosh 2bt)−1/2

x1

(
α+ exp(±2at)

)−1/2
x2

(
β + exp(±2bt)

)−1/2

x1 x2

Here C, α, β are arbitrary constants.

Theorem 3. The Schrödinger equation

iut + ux1x1
+ ux2x2

− 1

4
(a2x2

1 + b2x2
2)u = 0 (30)
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with a2 6= 4b2 admits SV in 9 inequivalent coordinate systems of the form (27), where
ω1 is given by one of the formulas from the first and ω2 by one of the formulas from the
second column of the Table 3. Provided a2 = 4b2, the above list should be supplemented
by the coordinate system (29).

Table 3. Coordinate systems proving SV in Eq. (30).

ω1(t,x) ω2(t,x)

x1

(
sin a(t+ C)

)−1
+α
(
sin a(t+ C)

)−2
x2(sin bt)

−1 + β(sin bt)−2

x1

(
β + sin 2a(t+ C)

)−1/2
x2(β + sin 2bt)−1/2

x1 x2

Here C, α, β are arbitrary constants.

Remark 4. If we consider Eq. (1) as an equation for a complex-valued function u
of three complex variables t, x1, x2, then the cases considered in the Theorems 1–3
are equivalent. Really, replacing, when necessary, a with ia and b by ib we can always
reduce Eqs. (21), (28) to the form (30). It means that coordinate systems presented
in the Tables 1, 2 are complex equivalent to those listed in the Table 3. But if u is
a complex-valued function of real variables t, x1, x2 it is not the case.

Theorem 4. The Schrödinger equation with the Coulomb potential

iut + ux1x1
+ ux2x2

− k1(x
2
1 + x2

2)
−1/2u = 0

admits SV in two coordinate systems (16), (29).

It is important to note that explicit forms of coordinate systems providing separabi-
lity of Eqs. (21), (28), (30) depend essentially on the parameters a, b contained in the
potential V (x1, x2). It means that the free Schrödinger equation (V = 0) does not
admit SV in such coordinate systems. Consequently, they are essentially new.

4. Conclusion

In the present paper we have studied the case when the Schrödinger equation (1)
separates into one first-order and two second-order ODEs. It is not difficult to prove
that there are no functions Q(t,x), ωµ(t,x), µ = 0, 1, 2 such that the Ansatz

u = Q(t,x)ϕ0(ω0(t,x))ϕ1

(
ω1(t,x)

)
ϕ2

(
ω2(t,x)

)

separates Eq. (1) into three second-order ODEs (see Appendix B). Nevertheless, there
exists a possibility for Eq. (1) to be separated into two first-order and one second-order
ODEs or into three first-order ODEs. This is a probable source of new potentials and
new coordinate systems providing separability of the Schrödinger equation. It should
be said that separation of the two-dimensional wave equation

utt − uxx = V (x)u

into one first-order and one second-order ODEs gives no new potentials as compared
with separation of it into two second-order ODEs. But for some already known
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potentials new coordinate system providing separability of the above equation are
obtained [9].

Let us briefly analyze a connection between separability of Eq. (1) and its symmet-
ry properties. It is well-known that each solution of the free Schrödinger equation with
separated variables is a common eigenfunction of two mutually commuting second-
order symmetry operators of the said equation [2, 3]. And what is more, separation
constants λ1, λ2 are eigenvalues of these symmetry operators.

We will establish that the same assertion holds for the Schrödinger equation (1).
Let us make in Eq. (1) the following change of variables:

u = Q(t,x)U
(
t, ω1(t,x), ω2(t,x)

)
, (31)

where (Q,ω1, ω2) is an arbitrary solution of the system of PDEs (7).
Substituting the expression (31) into (1) and taking into account equations (7) we

get

Q
(
iUt+

(
Uω1ω1

−B01(ω1)U
)
ω1xa

ω1xa
+
(
Uω2ω2

−B02(ω2)U
)
ω2xa

ω2xa

)
= 0.(32)

Resolving Eqs. (2) from the system (7) with respect to ω1xa
ω1xa

and ω2xa
ω2xa

we
have

ω1xa
ω1xa

=
1

δ

(
R2(t)B21(ω2) −R1(t)B22(ω2)

)
,

ω2xa
ω2xa

=
1

δ

(
R1(t)B12(ω1) −R2(t)B11(ω1)

)
,

where δ = B11(ω1)B22(ω2) −B12(ω1)B21(ω2) (δ 6= 0 by force of the condition (4)).
Substitution of the above equalities into Eq. (32) with subsequent division by

Q 6= 0 yields the following PDE:

iUt +
R1(t)

δ

(
B12(ω1)

(
Uω2ω2

−B02(ω2)U
)
−B22(ω2)

(
Uω1ω1

−B01(ω1)U
))

+

+
R2(t)

δ

(
B21(ω2)

(
Uω1ω1

−B01(ω1)U
)
−B11(ω1)

(
Uω2ω2

−B02(ω2)U
))

= 0.

(33)

Thus, in the new coordinates t, ω1, ω2, U(t, ω1, ω2) Eq. (1) takes the form (33).
By direct (and very cumbersome) computation one can check that the following

second-order differential operators:

X1 =
B22(ω2)

δ

(
∂2
ω1

−B01(ω1)
)
− B12(ω1)

δ

(
∂2
ω2

−B02(ω2)
)
,

X2 = −B21(ω2)

δ

(
∂2
ω1

−B01(ω1)
)

+
B11(ω1)

δ

(
∂2
ω2

−B02(ω2)
)
,

commute under arbitrary B0a, Bab, a, b = 1, 2, i.e.

[X1, X2] ≡ X1X2 −X2X1 = 0. (34)

After being rewritten in terms of the operators X1, X2 Eq. (33) reads
(
i∂t −R1(t)X1 −R2(t)X2

)
U = 0.

Since the relations
[
i∂t −R1(t)X1 −R2(t)X2, Xa

]
= 0, a = 1, 2 (35)
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hold, operators X1, X2 are mutually commuting symmetry operators of Eq. (33).
Furthermore, solution of Eq. (33) with separated variables U = ϕ0(t)ϕ1(ω1)ϕ2(ω2)
satisfies the identities

XaU = λaU, a = 1, 2. (36)

Consequently, if we designate by X ′
1, X

′
2 the operators X1, X2 written in the initial

variables t, x, u, then we get from (34)–(36) the following equalities:
[
i∂t + 4− V (x1, x2), X

′
a

]
= 0, a = 1, 2,[

X ′
1, X

′
2

]
= 0, X ′

au = λau, a = 1, 2.

where u = Q(t,x)ϕ0(t)ϕ1(ω1)ϕ2(ω2).
It means that each solution with separated variables is a common eigenfunction of

two mutually commuting symmetry operators X ′
1, X

′
2 of the Schrödinger equation (1),

separation constants λ1, λ2 being their eigenvalues.
Detailed study of the said operators as well as analysis of separated ODEs for

functions ϕµ, µ = 0, 2 (in the way as it is done for the free Schrödinger equation in
[2, 3]) is in progress and will be a topic of our future publications.
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Appendix A. Integration of nonlinear ODEs (22)–(25)

Evidently, equations (22)–(25) can be rewritten in the following unified form:
(
ẏ

y

)·
−
(
ẏ

y

)2

− 4αy4 = k, z̈ − 2ż
ẏ

y
− 2(2αz + β)y4 = 0. (A.1)

Provided k = −a2 < 0, system (A.1) coincides with Eqs. (22), (24) and under
k = b2 > 0 – with Eqs. (23), (25).

First of all, we note that the function z = z(t) is determined up to addition of an
arbitrary constant. Really, the coordinate functions ωa have the following structure:

ωa = yxa + z, a = 1, 2.

But the coordinate system t, ω1, ω2 is equivalent to the coordinate system t,
ω1 + C1, ω2 + C2, Ca ∈ R

1. Hence it follows that the function z(t) is equivalent to
the function z(t) + C with arbitrary real constant C. Consequently, provided α 6= 0,
we can choose in (A.1) β = 0.

The case 1. α = 0. On making in (A.1) the change of variables

w = ẏ/y, v = z/y (A.2)

we get

ẇ = w2 + k, v̈ + kv = 2βy3. (A.3)
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First, we consider the case k = −a2 < 0. Then the general solution of the first
equation from (A.3) is given by one of the formulas

w = −a coth a(t+ C1), w = −a tanh a(t+ C1), w = ±a, C1 ∈ R
1,

whence

y = C2 sinh−1 a(t+ C1), y = C2 cosh−1 a(t+ C1),

y = C2 exp(±at), C2 ∈ R
1.

(A.4)

The second equation of system (A.3) is a linear inhomogeneous ODE. Its general
solution after being substituted into (A.2) yields the following expression for z(t):

(C3 cosh at+ C4 sinh at) sinh−1 a(t+ C1) +
βC4

2

a2
sinh−2 a(t+ C1),

(C3 cosh at+ C4 sinh at) cosh−1 a(t+ C1) +
βC4

2

a2
cosh−2 a(t+ C1),

(C3 cosh at+ C4 sinh at) exp(±at) +
βC4

2

4a2
exp(±4at), C3, C4 ⊂ R

1.

(A.5)

The case k = b2 > 0 is treated in an analogous way, the general solution of (A.1)
being given by the formulas

y = D2 sin−1 b(t+D1),

z = (D3 cos bt+D4 sin bt) sin−1 b(t+D1) +
βD4

2

b2
sin−2 b(t+D1),

(A.6)

where D1, D2, D3, D4 are arbitrary real constants.
The case 2. α 6= 0, β = 0. On making in Eq. (A.1) the change of variables

y = expw, v = z/y

we have

ẅ − ẇ2 = k + α exp 4w, v̈ + kv = 0. (A.7)

The first ODE from Eq. (A.7) is reduced to the first-order linear ODE

1

2

dp(w)

dw
− p(w) = k + α exp 4w

by the substitution ẇ = (p(w))1/2, whence

p(w) = α exp 4w + γ exp 2w − k, γ ∈ R
1.

Equation ẇ = (p(w))1/2 has a singular solution w = C = const such that p(C) = 0.
If ẇ 6= 0, then integrating the equation ẇ = p(w) and returning to the initial variable
y we get

∫ y(t) dτ

τ(ατ4 + γτ2 − k)1/2
= t+ C1.

Taking the integral in the left-hand side of the above equality we obtain the general
solution of the first ODE from Eq. (A.1). It is given by the following formulas:
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under k = −a2 < 0

y = C2

(
α+ sinh 2a(t+ C1)

)−1/2
,

y = C2

(
α+ cosh 2a(t+ C1)

)−1/2
,

y = C2

(
α+ exp(±2at)

)−1/2
,

(A.8)

under k = b2 > 0

y = D2

(
α+ sin 2b(t+D1)

)−1/2
. (A.9)

Here C1, C2, D1, D2 are arbitrary real constants.
Integrating the second ODE from Eq. (A.7) and returning to the initial variable z

we have
under k = −a2 < 0

z = y(t)(C3 cosh at+ C4 sinh at) (A.10)

under k = b2 > 0

z = y(t)(D3 cos bt+D4 sin bt), (A.11)

where C3, C4, D3, D4 are arbitrary real constants.
Thus, we have constructed the general solution of the system of nonlinear ODEs

(A.1) which is given by the formulas (A.5)–(A.11).

Appendix B. Separation of Eq. (1)
into three second-order ODEs

Suppose that there exists an Ansatz

u = Q(t,x)ϕ0(ω0(t,x))ϕ1

(
ω1(t,x)

)
ϕ2

(
ω2(t,x)

)
(A.12)

which separates the Schrödinger equation into three second-order ODEs

d2ϕ0

dω2
0

= U0

(
ω0, ϕ0,

dϕ0

dω0
;λ1, λ2

)
,

d2ϕ1

dω2
1

= U1

(
ω1, ϕ1,

dϕ1

dω1
;λ1, λ2

)
,

d2ϕ2

dω2
2

= U2

(
ω2, ϕ2,

dϕ2

dω2
;λ1, λ2

) (A.13)

according to the Definition 1.
Substituting the Ansatz (A.12) into Eq. (1) and excluding the second derivatives

d2ϕµ/dω
2
µ, µ = 0, 2 according to Eqs. (A.13) we get

i(Qtϕ0ϕ1ϕ2 +Qω0tϕ̇0ϕ1ϕ2 +Qω1tϕ0ϕ̇1ϕ2 +Qω2tϕ0ϕ1ϕ̇2) + (4Q)ϕ0ϕ1ϕ2 +

+ 2Qxa
ω0xa

ϕ̇0ϕ1ϕ2 + 2Qxa
ω1xa

ϕ0ϕ̇1ϕ2 + 2Qxa
ω2xa

ϕ0ϕ1ϕ̇2 +

+Q
(
(4ω0)ϕ̇0ϕ1ϕ2 + (4ω1)ϕ0ϕ̇1ϕ2 + (4ω2)ϕ0ϕ1ϕ̇2 + ω0xa

ω0xa
U0ϕ1ϕ2 +

+ ω1xa
ω1xa

ϕ0U1ϕ2 + ω2xa
ω2xa

ϕ0ϕ1U2 + 2ω0xa
ω1xa

ϕ̇0ϕ̇1ϕ2 +

+ 2ω0xa
ω2xa

ϕ̇0ϕ1ϕ̇2 + 2ω1xa
ω2xa

ϕ0ϕ̇1ϕ̇2

)
= V Qϕ0ϕ1ϕ2.
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Splitting the above equality with respect to ϕ̇0ϕ̇1, ϕ̇0ϕ̇2, ϕ̇1ϕ̇2 we obtain the equali-
ties:

ω0xa
ω1xa

= 0, ω0xa
ω2xa

= 0, ω1xa
ω2xa

= 0. (A.14)

Since the functions ωµ, µ = 0, 2 are real-valued, equalities (A.14) mean that there
are three real two-component vectors which are mutually orthogonal. This is possible
only if one of them is a null-vector. Without loss of generality we may suppose that
(ω0x1

, ω0x2
) = (0, 0), whence ω0 = f(t) ∼ t.

Consequently, Ansatz (A.12) necessarily takes the form (5). But Ansatz (5) can
not separate Eq. (1) into three second-order ODEs, since it contains no second-order
derivative with respect to t.

Thus, we have proved that the Schrödinger equation (1) is not separable into three
second-order ODEs.
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On the general solution of the d’Alembert

equation with a nonlinear eikonal constraint

and its applications

R.Z. ZHDANOV, I.V. REVENKO, W.I. FUSHCHYCH

We construct the general solutions of the system of nonlinear differential equations
2nu = 0, uµuµ = 0 in the four- and five-dimensional complex pseudo-Euclidean
spaces. The results obtained are used to reduce the multi-dimensional nonlinear
d’Alembert equation 24u = F (u) to ordinary differential equations and to construct
its new exact solutions.

1. Introduction

Kaluza [1] was the first who put forward an idea of extension of the four-dimensional
Minkowski space in order to use it as a geometric basis for unification of the electro-
magnetic and gravitational fields. Nowadays, Kaluza’s idea is well-known and there
are a lot of papers where further development and various generalizations of this idea
are obtained [2].

In [3–5] it was proposed to apply five-dimensional wave equations to describe
particles (fields) having variable spins and masses. Such physical interpretation of the
five-dimensional equations is based on the fact that the generalized Poincaré group
P (1, 4) acting in the five-dimensional de Sitter space contains the Poincaré group
P (1, 3) as a subgroup. It means that the mass and spin Casimir operators have conti-
nuous and discrete spectrum, respectively, in the space of irreducible representations
of the group P (1, 4) [3–6].

The simplest P (1, 4)-invariant scalar linear equation has the form

25u+ χ2u = 0, χ = const, (1)

where 25 is the d’Alembert operator in the five-dimensional Minkowski space with
the signature (+,−,−,−,−).

The problem of construction of exact solutions of the above equation is, in fact,
completely open. One can obtain some its particular solutions applying the symmetry
reduction procedure or the method of separation of variables (both approaches use
essentially symmetry properties of the whole set of solutions of Eq. (1)). In the present
paper we suggest a method for construction of solutions of partial differential equation
(1) which utilizes implicitly the symmetry of a subset of the set of its solutions. Namely,
a special subset of its exact solutions obtained by imposing an additional constraint

u2
x0

− u2
x1

− u2
x2

− u2
x3

− u2
x4

= 0,

which is the eikonal equation in the five-dimensional space, will be investigated. As
shown in [7, 8], the system obtained is compatible if and only if χ = 0. We will
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c© 1995 American Institute of Physics
Original article is available at http://scitation.aip.org/jmp/
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construct general solutions of multi-dimensional systems of partial differential equati-
ons (PDE)

2nu = 0, uµu
µ = 0 (2)

in the four- and five-dimensional complex pseudo-Euclidean spaces.
In (2) u = u(x0, x1, . . . , xn−1) ∈ C2(Cn,C1). Hereafter, the summation over the

repeated indices in the pseudo-Euclidean space M(1, n − 1) with the metric tensor
gµν = diag (1,−1, . . . ,−1︸ ︷︷ ︸

n−1

) is understood, e.g. 2n ≡ ∂µ∂
µ = ∂2

0 −∂2
1 −· · ·−∂2

n−1, ∂µ =

∂/∂xµ.
It occurs that solutions of system of PDE (2), being very interesting by itself, can

be used to reduce the nonlinear d’Alembert equation

24u = F (u), F (u) ∈ C(R1,R1), (3)

to ordinary differential equations, thus giving rise to families of principally new exact
solutions of (3). More precisely, we will establish that there exists a nonlinear map
from the set solutions of the system of PDE (2) into the set of solutions of the nonlinear
d’Alembert equation, such that each solution of (2) corresponds to a family of exact
solutions of Eq. (3) containing two arbitrary functions of one argument. It will be
shown that solutions of the nonlinear d’Alembert equation obtained in this way can
be related to its conditional symmetry.

The paper is organized as follows. In Section 2 we give assertions describing the
general solution of system of PDE (2) in the n-dimensional real and in the four-
and five-dimensional complex pseudo-Euclidean spaces. In Section 3 we prove these
assertions. Section 4 is devoted to discussion of the connection between exact solutions
of system (2) and the problem of reduction of the nonlinear d’Alembert equation (3).
In Section 5 we construct principally new exact solutions of Eq. (3).

2. Integration of the system (2):
the list of principal results

Below we adduce assertions giving general solutions of the system of PDE (2) with
arbitrary n ∈ N provided u(x) ∈ C2(Rn,R1), and with n = 4, 5, provided u(x) ∈
C2(Cn,C1).

Theorem 1. Let u(x) be a sufficiently smooth real function of n real variables x0, . . . ,
xn−1. Then, the general solution of the system of nonlinear PDE (2) is given by the
following formula:

Aµ(u)x
µ +B(u) = 0, (4)

where Aµ(u), B(u) are arbitrary real functions which satisfy the condition

Aµ(u)A
µ(u) = 0. (5)

Note 1. As far as we know, Jacobi, Smirnov and Sobolev were the first who obtained
the formulas (4), (5) with n = 3 [9, 10]. That is why, it is natural to call (4), (5)
the Jacoby–Smirnov–Sobolev formulas (JSSF). Later on, in 1944 Yerugin generalized
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JSSF for the case n = 4 [11]. Recently, Collins [12] has proved that JSSF give the
general solution of system (2) for an arbitrary n ∈ N. He applied rather complicated
differential geometry technique. Below we show that to integrate Eqs. (2) it is quite
enough to make use of the classical methods of mathematical physics only.

Theorem 2. The general solution of the system of nonlinear PDE (2) in the class
of functions u = u(x0, x1, x2, x3, x4) ∈ C2(C5,C1) is given by one of the following
formulas:

(1) Aµ(τ, u)x
µ + C1(τ, u) = 0, (6)

where τ = τ(u, x) is a complex function determined by the equation

Bµ(τ, u)x
µ + C2(τ, u) = 0, (7)

and Aµ, Bµ, C1, C2 ∈ C2(C2,C1) are arbitrary functions satisfying the conditions

AµA
µ = AµB

µ = BµB
µ = 0, Bµ

∂Aµ
∂τ

= 0, (8)

and what is more,

∆ = det

∥∥∥∥∥∥∥∥

xµ
∂Aµ
∂τ

+
∂C1

∂τ
xµ
∂Aµ
∂u

+
∂C1

∂u

xµ
∂Bµ
∂τ

+
∂C2

∂τ
xµ
∂Bµ
∂u

+
∂C2

∂u

∥∥∥∥∥∥∥∥
6= 0; (9)

(2) Aµ(u)x
µ + C1(u) = 0, (10)

where Aµ(u), C1(u) are arbitrary smooth functions satisfying the relations

AµA
µ = 0 (11)

(in the formulas (6)–(11) the index µ takes the values 0, 1, 2, 3, 4).

Theorem 3. The general solution of the system of nonlinear PDE (2) in the class of
functions u = u(x0, x1, x2, x3) ∈ C2(C4,C1) is given by the formulas (6)–(11), where
the index µ is supposed to take the values 0, 1, 2, 3.

Note 2. Investigating particular solutions of the Maxwell equations, Bateman [13]
arrived at the problem of integrating the d’Alembert equation 24u = 0 with an
additional nonlinear condition (the eikonal equation) uxµ

uxµ = 0. He has obtained
the following class of exact solutions of the said system of PDE:

u(x) = cµ(τ)x
µ + c4(τ), (12)

where τ = τ(x) is a complex-valued function determined in implicit way

ċµ(τ)x
µ + ċ4(τ) = 0, (13)

and cµ(τ), c4(τ) are arbitrary smooth functions satisfying conditions

cµc
µ = ċµċ

µ = 0. (14)

(hereafter, a dot over a symbol means differentiation with respect to a corresponding
argument).

It is not difficult to check that solutions (12)–(14) are complex (see the Lemma 1
below). An another class of complex solutions of the system (2) with n = 4 was
constructed by Yerugin [11]. But neither the Bateman’s formulas (12)–(14) nor the
Yerugin’s results give the general solution of the system (2) with n = 4.
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3. Proofs of Theorems 1–3

It is well-known that the maximal symmetry group admitted by equation (1) is finite-
dimensional (we neglect a trivial invariance with respect to an infinite-parameter
group u(x) → u(x) + U(x), where U(x) is an arbitrary solution of Eq. (1), which is
due to its linearity). But being restricted to a set of solutions of the eikonal equation
the set solutions of PDE (1) admits an infinite-dimensional symmetry group [14]! It
is this very fact that enables us to construct the general solution of (2).

Proof of the Theorem 1. Let us make in (2) the hodograph transformation

z0 = u(x), za = xa, a = 1, n− 1, w(z) = x0. (15)

Evidently, the transformation (15) is defined for all functions u(x), such that ux0
6≡

0. But the system (2) with ux0
= 0 takes the form

n−1∑

a=1

uxaxa
= 0,

n−1∑

a=1

u2
xa

= 0,

whence uxa
≡ 0, a = 1, n− 1 or u(x) = const.

Consequently, the change of variables (9) is defined on the whole set of solutions
of the system (2) with the only exception u(x) = const.

Being rewritten in the new variables z, w(z) the system (2) takes the form

n−1∑

a=1

wzaza
= 0,

n−1∑

a=1

w2
za

= 1. (16)

Differentiating the second equation with respect to zb, zc we get

n−1∑

a=1

(wzazbzc
wza

+ wzazb
wzazc

) = 0.

Choosing in the above equality c = b and summing up we have

n−1∑

a,b=1

(wzazbzb
wza

+ wzazb
wzazb

) = 0,

whence, by force of (16),

n−1∑

a,b=1

w2
zazb

= 0. (17)

Since u(z) is a real-valued function, it follows from (17) that an equality wzazb
= 0

holds for all a, b = 1, n− 1, whence

w(z) =

n−1∑

a=1

αa(z0)za + α(z0). (18)

In (18) αa, α ∈ C2(R1,R1) are arbitrary functions.
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Substituting (18) into the second equation of system (16), we have

n−1∑

a,b=1

α2
a(z0) = 1. (19)

Thus, the formulas (18), (19) give the general solution of the system of nonlinear
PDE (16). Rewriting (18), (19) in the initial variables x, u(x), we get

x0 =

n−1∑

a=1

αa(u)xa + α(u),

n−1∑

a=1

α2
a(u) = 1. (20)

To represent the formulas (20) in a manifestly covariant form (4), (5) we redefine
the functions αa(u) in the following way:

αa(u) =
Aa(u)

A0(u)
, α(u) = − B(u)

A0(u)
, a = 1, n− 1.

Substituting the above expressions into (20) we arrive at the formulas (4), (5).
Next, as u = const is contained in the class of functions u(x) determined by the

formulas (4), (5) under Aµ ≡ 0, µ = 0, n− 1, B(u) = u+const, JSSF (4), (5) give the
general solution of the system of the PDE (2) with an arbitrary n ∈ N. The theorem
is proved.

Let us emphasize that the reasonings used above can be applied to the case of
a real-valued function u(x) only. If a solution of the system (2) is looked for in a class
of complex-valued functions u(x), then JSSF (4), (5) do not give its general solution
with n > 3. Each case n = 4, 5 . . . requires a special consideration.

Proof of the Theorem 2. Case 1: ux0
6= 0. In this case the hodograph transformati-

on (15) reducing the system (2) with n = 5 to the form

4∑

a=1

wzaza
= 0,

4∑

a=1

w2
za

= 1, wz0 6≡ 0 (21)

is defined.
The general solution of nonlinear complex Eqs. (21) was constructed in [15]. It is

given by one of the following formulas:

(1) w(z) =

4∑

a=1

αa(τ, z0)za + γ1(τ, z0), (22)

where τ = τ(z0, . . . , z4) is a function determined in implicit way

4∑

a=1

βa(τ, z0)za + γ2(τ, z0) = 0 (23)

and αa, βa, γ1, γ2 ∈ C2(C2,C1) are arbitrary smooth functions satisfying the relations

4∑

a=1

α2
a = 1,

4∑

a=1

αaβa =
4∑

a=1

β2
a = 0,

4∑

a=1

αa
∂βa
∂τ

= 0; (24)
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(2) w(z) =

4∑

a=1

αa(z0)za + γ1(z0), (25)

where αa, γ1 ∈ C2(C1,C1) are arbitrary functions satisfying the relation

4∑

a=1

α2
a = 1. (26)

Rewriting the formulas (23), (24) in the initial variables x, u(x), we have

x0 =

4∑

a=1

αa(τ, u)xa + γ1(τ, u), (27)

where τ = τ(u, x) is a function determined in implicit way

4∑

a=1

βa(τ, u)xa + γ2(τ, u) = 0, (28)

and the relations (24) hold.
Evidently, the formulas (27), (28) are obtained from (6)–(8) with a particular

choice of functions Aµ, Bµ, C1, C2

A0 = 1, Aa = αa, C1 = −γ1,

B0 = 0, Ba = βa, C2 = −γ2,
(29)

where a = 1, 4.
Next, by force of inequality wz0 6≡ 0 we get from (22)

4∑

a=1

(αaz0 + αaτ τz0)xa + γ1z0 + γ1τ τz0 6= 0. (30)

Differentiation of (23) with respect to z0 yields the following expression for τz0 :

τz0 = −
(

4∑

a=1

βaz0xa + γ2z0

)(
4∑

a=1

βaτxa + γ2τ

)−1

Substitution of the above result into (30) yields the relation

(
4∑

a=1

βaτxa + γ2τ

)−1

∣∣∣∣∣∣∣∣∣∣

4∑

a=1

αaz0xa + γ1z0

4∑

a=1

αaτxa + γ1τ

4∑

a=1

βaz0xa + γ2z0

4∑

a=1

βaτxa + γ2τ

∣∣∣∣∣∣∣∣∣∣

6= 0.

As the direct check shows, the above inequality is equivalent to (9) provided the
conditions (29) hold.
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Now we turn to solutions of the system (21) of the form (25). Rewriting the
formulas (25), (26) in the initial variables x, u(x) we get

x0 =

4∑

a=1

αa(u)xa + γ1(u),

4∑

a=1

α2
a(u) = 1.

Making in the equalities obtained the change αa = AaA
−1
0 , a = 1, 4, γ1 = −C1A

−1
0 ,

we arrive at the formulas (10), (11).
Thus, under ux0

6≡ 0 the general solution of the system (2) is contained in the
class of functions u(x) given by the formulas (6)–(9) or (10), (11).

Case 2: ux0
≡ 0, u 6= const. It is a common knowledge that the system of PDE

(2) is invariant under the generalized Poincaré group P (1, n− 1) (see, e.g. [16])

x′µ = Λµνx
ν + Λµ, u′(x′) = u(x),

where Λµν , Λµ are arbitrary complex parameters satisfying the relations ΛαµΛ
α
ν =

gµν , µ, ν = 0, n− 1. Hence, it follows that the transformation

u(x) → u(x′) = u(Λµνx
ν) (31)

leaves the set of solutions of the system (2) invariant. Consequently, provided u(x) 6=
const we can always transform u to such a form that ux0

6= 0. Thus, in the case 2 the
general solution is also given by the formulas (6)–(11) within the transformation (31).

Case 3: u = const. Choosing in (10), (11) Aµ = 0, µ = 0, 4, C1 = u = const we
come to the conclusion that this solution is described by the formulas (6)–(11).

Thus, we have proved that, within a transformation from the group P (1, 4) (31),
the general solution of the system of PDE (2) with n = 5 is given by the formulas
(6)–(11). But these formulas are represented in a manifestly covariant form and are
not altered with the transformation (31). Consequently, to complete the proof of the
theorem it is enough to demonstrate that each function u = u(x) determined by the
equalities (6)–(11) is a solution of the system of equations (2).

Differentiating the relations (6), (7) with respect to xµ, we have

Aµ + τxµ
(Aντx

ν + C1τ ) + uxµ
(Aνux

ν + C1u) = 0,

Bµ + τxµ
(Bντx

ν + C2τ ) + uxµ
(Bνux

ν + C2u) = 0.

Resolving the above system of linear algebraic equations with respect to uxµ
, τxµ

,
we get

uxµ
=

1

∆

(
Bµ(Aντx

ν + C1τ ) −Aµ(Bντx
ν + C2τ )

)
,

τxµ
=

1

∆

(
Aµ(Bνux

ν + C1u) −Bµ(Aνux
ν + C2u)

)
,

(32)

where ∆ 6= 0 by force of (9). Consequently,

uxµ
uxµ = ∆−2

(
BµB

µ(Aντx
ν + C1τ )

2 − 2AµB
µ(Aντx

ν + C1τ )(Bντx
ν + C2τ ) +

+AµA
µ(Bντx

ν + C2τ )
2
)

= 0.

Analogously, differentiating (32) with respect to xν and convoluting the expression
obtained with the metric tensor gµν , we get gµνuxµxν

≡ 25u = 0.
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Next, differentiating (10) with respect to xµ we have

uxµ
= −Aµ(Ȧνxν + Ċ1)

−1, µ = 0, 4,

whence

uxµxν
= −(ȦµAν + ȦνAµ)(Ȧαx

α + Ċ1)
−2+AµAν(Äαx

α + C̈1)(Ȧαx
α + Ċ1)

−2.

Consequently,

uxµ
uxµ = AµA

µ(Ȧνx
µ + Ċ1)

−2 = 0,

25u ≡ uxµxµ = −2(AµȦ
µ)(Ȧνx

ν + Ċ1)
−2 +

+AµA
µ(Äνx

ν + C̈1)(Ȧνx
ν + Ċ1)

−2 = 0.

The Theorem 2 is proved.
The Theorem 3 is a direct consequence of the Theorem 2. Really, solutions of the

system of PDE (2) with n = 4 are obtained from solutions of the system of PDE (2)
with n = 5 provided ux4

≡ 0. Imposing on functions u(x) determined by the formulas
(6)–(11) a condition ux4

≡ 0 we arrive at the following restrictions on the functions
Aµ, Bµ, C1, C2:

A4 = 0, B4 = 0

the same as what was to be proved.

4. Applications: reduction of the nonlinear
d’Alembert equation

Following [8, 15, 16], we look for a solution of the nonlinear d’Alembert equation

24w = F (w), F ∈ C1(R1,R1) (33)

in the form

w = ϕ(ω1, ω2), (34)

where ωi = ωi(x) ∈ C2(R4,R1) are supposed to be functionally-independent. The
functions ω1(x), ω2(x) are determined by the requirement that the substitution of
(34) into (33) yields two-dimensional PDE for a function ϕ = ϕ(ω1, ω2). As a result,
we obtain an over-determined system of PDE [16]

24ω1 = f1(ω1, ω2), 24ω2 = f2(ω1, ω2),

ω1xµ
ω1xµ = g1(ω1, ω2), ω2xµ

ω2xµ = g2(ω1, ω2),

ω1xµ
ω2xµ = g3(ω1, ω2), rank

∥∥∥∥
∂ωi
∂xµ

∥∥∥∥
2 3

i=1µ=0

= 2,

(35)

and besides, the function ϕ(ω1, ω2) satisfies a two-dimensional PDE,

g1ϕω1ω1
+ g2ϕω2ω2

+ 2g3ϕω1ω2
+ f1ϕω1

+ f2ϕω2
= F (ϕ). (36)
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Consider the following problem: to describe all smooth real functions ω1(x), ω2(x)
such that the Ansatz (34) reduces Eq. (33) to an ordinary differential equation (ODE)
with respect to the variable ω1. It means that one has to put coefficients g2, g3, f2
in (36) equal to zero. In other words, it is necessary to construct a general solution of
the system of nonlinear PDE

24ω1 = f1(ω1, ω2), ω1xµ
ω1xµ = g1(ω1, ω2),

ω1xµ
ω2xµ = 0, ω2xµω2xµ

= 0, 24ω2 = 0.
(37)

The above system includes Eqs. (2) as a subsystem. So, the d’Alembert-eikonal
system (2) arises in a natural way when solving the problem of reduction of Eq. (33)
to PDE having a smaller dimension (see, also [15, 17]).

With an appropriate choice of a function G(ω1, ω2) the change of variables

v = G(ω1, ω2), u = ω2

reduces the system (37) to the form

24v = f(u, v), vxµ
vxµ = λ, (38)

uxµ
vxµ = 0, uxµ

uxµ = 0, 24u = 0, (39)

rank

∥∥∥∥
vx0

vx1
vx2

vx3

ux0
ux1

ux2
ux3

∥∥∥∥ = 2, (40)

where λ is a real parameter taking the values −1, 0, 1.
Before formulating the principal assertion, we will prove an auxiliary lemma.

Lemma 1. Let a = (a0, a1, a2, a3), b = (b0, b1, b2, b3) be four-vectors defined in the
real Minkowski space M(1, 3). Suppose they satisfy the relations

aµb
µ = bµb

µ = 0,

3∑

µ=0

b2µ 6= 0. (41)

Then, an inequality aµa
µ ≤ 0 holds.

Proof. It is known that any isotropic non-null vector b in the space M(1, 3) can be
reduced to the form b′ = (α, α, 0, 0), α 6= 0 by means of a transformation from the
group P (1, 3). Substituting b′ = (α, α, 0, 0) into the first equality from (41), we get

α(a′0 − a′2) = 0 ⇔ a′0 = a′3.

Consequently, the vector a′ has the following components: a′0, a
′
1, a

′
2, a

′
0. That is

why, a′µa
′µ = a′20 − a′21 − a′22 − a′20 = −(a′21 + a′22 ) ≤ 0. As the quadratic form aµa

µ is
invariant with respect to the group P (1, 3), hence it follows that aµaµ ≤ 0.

Let us note that aµaµ = 0 if and only if a2 = a3, i.e. aµaµ = 0 if and only if the
vectors a and b are parallel.

Theorem 4. Eqs. (38)–(40) are compatible if and only if

λ = −1, f = −N
(
v + h(u)

)−1
, (42)

where h ∈ C1(R1,R1) is an arbitrary function, N = 0, 1, 2, 3.
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Theorem 5. The general solution of the system of Eqs. (38)–(40) being determined
within a transformation from the group P (1, 3) is given by the following formulas:

a) under f = −3
(
v + h(u)

)−1
, λ = −1

(
v + h(u)

)2
= (−ȦνȦν)−1(Ȧµx

µ + Ḃ)2 +

+ (−ȦνȦν)−3(εµναβAµȦνÄαxβ + C)2,

Aµx
µ +B = 0;

(43)

b) under f = −2
(
v + h(u)

)−1
, λ = −1

(
v + h(u)

)2
= (−ȦνȦν)−1(Ȧµx

µ + Ḃ)2, Aµx
µ +B = 0, (44)

where Aµ = Aµ(u), B = B(u), C = C(u) are arbitrary smooth functions satisfying
the relations

AµA
µ = 0, ȦµȦ

µ 6= 0, (45)

c) under f = −
(
v + h(u)

)−1
, λ = −1

(
v + h(x0 − x3)

)2
=
(
x1 + C1(x0 − x3)

)2
+
(
x2 + C2(x0 − x3)

)2
,

u = C0(x0 − x3),
(46)

where C0, C1, C2 are arbitrary smooth functions;
d) under f = 0, λ = −1

(1) v = (−ȦνȦν)−3/2εµναβAµȦνÄαxβ + C, Aµx
µ +B = 0, (47)

where Aµ = Aµ(u), B = B(u), C = C(u) are arbitrary smooth functions satisfying
the relations (45);

(2) v = x1 cos
(
C1(x0 − x3)

)
+ x2 sin

(
C1(x0 − x3)

)
+ C2(x0 − x3),

u = C0(x0 − x3),
(48)

where C0, C1, C2 are arbitrary smooth functions.
In the above formulas (43), (47) we denote by εµναβ the completely anti-symmetric

fourth-order tensor (the Levi-Civita tensor), i.e.

εµναβ =





1, (µ, ν, α, β) = cycle (0, 1, 2, 3),

−1, (µ, ν, α, β) = cycle (1, 0, 2, 3),

0, in the remaining cases.

Proof of the Theorems 4, 5. By force of (40) u 6= const. Consequently, within
a transformation from the group P (1, 3) ux0

6= 0. That is why, one can apply to
Eqs. (38)–(40) the hodograph transformation

z0 = u(x), za = xa, a = 1, 3, w(z) = x0, v = v(z0, za).

As a result, the system (38), (39) reads

3∑

a=1

w2
za

= 1,
3∑

a=1

wzaza
= 0, (49)
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3∑

a=1

vza
wza

= 0, (50)

3∑

a=1

v2
za

= −λ,
3∑

a=1

(vzaza
+ 2w−1

z0 vza
wzaz0) = −f(v, z0). (51)

As v(z) is a real-valued function, λ ≤ 0. Scaling, if necessary, the function v we
can put λ = −1 or λ = 0.

Case 1: λ = −1. As it is shown in the Section 2, the general solution of the system
(49) in the class of real-valued functions w(z) is given by the formulas (18), (19) with
n = 4. Substituting (18) into (50), we obtain a first-order linear PDE

3∑

a=1

αa(z0)vza
= 0, (52)

whose general solution is represented in the form

v = v(z0, ρ1, ρ2). (53)

In (53),

z0, ρ1 =

(
3∑

a=1

α̇2
a

)−1/2( 3∑

a=1

α̇aza + α̇

)
,

ρ2 =

(
3∑

a=1

α̇2
a

)−3/2 3∑

a,b,c=1

εabczaαbα̇c

are the first integrals of Eq. (52) and what is more,
3∑
a=1

α̇2
a 6= 0 (the case αa = const,

a = 1, 3 will be treated separately), εabc is the third-order anti-symmetric tensor with
ε123 = 1.

Substitution the expression (53) into (51) yields the system of two PDE for a functi-
on v = v(z0, ρ1, ρ2)

vρ1ρ1 + vρ2ρ2 + 2ρ−1
1 vρ1 = −f(v, z0), (54)

v2
ρ1 + v2

ρ2 = 1. (55)

To get rid of an arbitrary element (function) f(v, z0) from (54) we consider instead
of system (54), (55) its differential consequence

vρ2(vρ1ρ1 + vρ2ρ2 + 2ρ−1
1 vρ1)ρ1 − vρ1(vρ1ρ1 + vρ2ρ2 + 2ρ−1

1 vρ1)ρ1 = 0, (56)

v2
ρ1 + v2

ρ2 = 1, (57)

that is obtained by differentiating the first equation with respect to ρ1, ρ2, multiplying
the expressions obtained by vρ2 and −vρ1 , respectively, and summing.

Further, we will consider the subcases vρ2ρ2 = 0 and vρ2ρ2 6= 0 separately.
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Subcase 1.A: vρ2ρ2 = 0. Then,

v = g1(z0, ρ1)ρ2 + g2(z0, ρ1), (58)

where g1, g2 ∈ C2(R1,R1) are arbitrary functions.
Substituting (58) into (57) and splitting an equality obtained by the powers of ρ2,

we have

g1ρ1 = 0, g2
1 + (g2ρ2)

2 = 1,

whence

v = αρ1 ±
√

1 − α2ρ2 − h(z0). (59)

Here α ∈ R
1, h is an arbitrary smooth function.

Inserting (59) into (56) we get an algebraic equation α
√

1 − α2 = 0, whence α =
0,±1.

Finally, substitution of (59) into (54) yields the equation for f(v, z0)

2αρ−1
1 = −f

(
αρ1 ±

√
1 − α2ρ2 − h(z0), z0

)
. (60)

From Eq. (60) it follows that, under α = 0,

f = 0, v = ±ρ2 − h(z0) (61)

and under α = ±1,

f = −2
(
v + h(z0)

)−1
, v = ±ρ1 − h(z0). (62)

Subcase 1.B: vρ2ρ2 6= 0. In this case one can apply to Eqs. (56), (57) the Euler–
Ampére transformation

z0 = y0, ρ1 = y1, ρ2 = Gy2 , v +G = ρ2y2, vρ1 = −Gy1 , vρ2 = y2,

vρ2ρ2 = (Gy2y2)
−1, vρ1ρ2 = −Gy1y2(Gy2y2)−1,

vρ1ρ1 = (G2
y1y2 −Gy1y1Gy2y2)(Gy2y2)

−1.

(63)

Here y0, y1, y2 are new independent variables, G = G(y0, y1, y2) is a new function.
Being rewritten in the new variables y, G(y) the Eq. (57), becomes linear

Gy1 = ±
√

1 − y2
2 ,

whence

G = ±y1
√

1 − y2
2 +H(y0, y2), H ∈ C2(R2,R1). (64)

Making in the Eq. (56) the change of variables (63) and inserting the expression
(64), we transform it as follows

(
y2 − (1− y2

2)3/2Hy2y2

)−2(
3y2Hy2y2 + (y2

2 − 1)Hy2y2y2

)
+ 2y−2

1 y2Hy2y2 = 0.(65)

Splitting (65) by the powers of y1 and integrating the equations obtained, we get

H = h1(y0)y2 + h2(y0).
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Substituting the above result into (64) and returning to the initial variables z0,
ρ1, ρ2, v(z0, ρ1, ρ2) we obtain the general solution of the system of PDE (56), (57)

v + h2(z0) = ±
(
[ρ2 − h1(z0)]

2 + ρ2
1

)1/2
. (66)

At last, inserting (66) into the equation (54), we arrive at the conclusion that the
function f is determined by the formula (42) with N = 3.

If αa = const, a = 1, 3, then the equality α2
1 + α2

2 + α2
3 = 1 holds. Applying, if

necessary, a transformation from the group P (1, 3) one can put α1 = α2 = 0, α3 = 1,
i.e. u = C0(x0 − x3), C0 ∈ C2(R1,R2).

As a consequence of Eqs. (39) we get v = v(ξ, x1, x2), where ξ = x0−x3, and what
is more, Eqs. (38) take the form

v2
x1

+ v2
x2

= 1, vx1x1
+ vx2x2

= −f
(
v, C0(ξ)

)
. (67)

It is known [15, 18] that Eqs. (67) are compatible if and only if f = 0 or f =
−(v + h(u))−1, h ∈ C1(R1,R1). And besides, the general solution of (67) is given by
the formulas (48) and (46), respectively.

Thus, we have completely investigated the case λ = −1.
Case 2: λ = 0. By force of the fact that the function v is a real one, it follows

from (51) that v = v(z0). Consequently, an equality v = v(u) holds that breaks the
condition (40) which means that under λ = 0 the system (38)–(40) is incompatible.

Thus, we have proved that the system of nonlinear PDE (38)–(40) is compatible if
and only if the relations (42) hold and that its general solution is given by one of the
formulas (46), (48), (61), (62), and (66). To complete the proof, one has to rewrite
the expressions (61), (62), (66) in the manifestly covariant from (43), (44), (47).

Consider, as an example, the formula (62)

v = ±ρ1 − h(z0) ≡ ±
(

3∑

a=1

α̇2
a(u)

)−1/2( 3∑

a=1

xaα̇a(u) + α̇(u)

)
− h(u), (68)

the function u(x) being determined by the formula (20),

3∑

a=1

αa(u)xa + α(u) = x0,

3∑

a=1

α2
a(u) = 1. (69)

Let us make in (68), (69) a substitution αa = AaA
−1
0 , α = −BA−1

0 , whence

Aµ(u)x
µ +B(u) = 0, AµA

µ = 0,

v = ±
(

3∑

a=1

(ȦaA
−1
0 −AaȦ0A

−2
0 )2

)−1/2

×

×
(

3∑

a=1

xa(ȦaA
−1
0 −AaȦ0A

−2
0 ) +BȦ0A

−2
0 − ḂA−1

0

)
− h(u) =
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= ±
(

3∑

a=1

(Ȧ2
aA

−2
0 +A2

aȦ
2
0A

−4
0 − 2ȦaAaȦ0A

−3
0 )−1/2

)
×

×
(

3∑

a=1

xa(ȦaA
−1
0 −AaȦ0A

−2
0 ) +BȦ0A

−2
0 − ḂA0

)
− h(u) =

= ±
(
−ȦµȦµA−2

0 −AµA
µȦ2

0A
−4
0 + 2ȦµA

µȦ0A
−3
0

)−1/2

×

×
(
−A−1

0 (xµȦ
µ + Ḃ) +A−2

0 Ȧ0(xµA
µ +B)

)
− h(u) =

= ∓(−ȦµȦµ)−1/2(xµȦ
µ + Ḃ) − h(u).

The only thing left is to prove that ȦµȦµ < 0. Since AµAµ = 0, the equality
ȦµA

µ = 0 holds. Consequently, by force of the Lemma −ȦµȦµ ≥ 0, and what is
more, the equality ȦµȦ

µ = 0 holds if and only if Ȧµ = k(u)Aµ. General solution of
the above system of ordinary differential equations reads Aµ = l(u)θµ, where l(u) is
an arbitrary function, θµ are arbitrary real parameters obeying the equality θµθµ = 0.

Hence it follows that αa = AaA
−1
0 = θaθ

−1
0 = const, and the condition

3∑
a=1

α̇2
a 6= 0

does not hold. We come to the contradiction, whence it follows that ȦµȦµ < 0.
Thus, we have obtained the formula (44). Derivation of the remaining formulas

from (43), (47) is carried out in the same way. The theorems are proved.
Substitution of the results obtained above into the formula (34) yields the following

collection of Ansätze for the nonlinear d’Alembert equation (33):

(1) w(x) = ϕ
([(

−Ȧν(u)Ȧν(u)
)−1(

Ȧµ(u)x
µ + Ḃ(u)

)2
+

+
(
−Ȧν(u)Ȧν(u)

)−3(
εµναβAµ(u)Ȧν(u)Äα(u)xβ + C(u)

)2]1/2
, u
)
;

(2) w(x) = ϕ
((

−Ȧν(u)Ȧν(u)
)1/2(

Ȧµ(u)x
µ + Ḃ(u)

)
, u
)

;

(3) w(x) = ϕ
([(

x1 + C1(x0 − x3)
)2

+
(
x2 + C2(x0 − x3)

)2]1/2
, x0 − x3

)
;

(4) w(x) = ϕ
((

−Ȧν(u)Ȧν(u)
)−3/2(

εµναβAµ(u)Ȧν(u)Äα(u)xβ + C(u)
)
, u
)

;

(5) w(x) = ϕ
(
x1 cosC1(x0 − x3) + x2 sinC1(x0 − x3) + C2(x0 − x3), x0 − x3

)
.

(70)

Here B, C, C1, C2 are arbitrary smooth functions of the corresponding arguments,
Aµ(u) are arbitrary smooth functions satisfying the condition AµA

µ = 0 and the
function u = u(x) is determined by JSSF (10) with C1(u) = B(u), n = 4. Note
that arbitrary functions h contained in the functions v(x) (see above the formulas
(43), (44), (46)) are absorbed by the function ϕ(v, u) at the expense of the second
argument.

Substitution of the expressions (70) into (33) gives the following equations for
ϕ = ϕ(u, v):

(1) ϕvv +
3

v
ϕv = −F (ϕ), (71)

(2) ϕvv +
2

v
ϕv = −F (ϕ), (72)
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(3) ϕvv +
1

v
ϕv = −F (ϕ), (73)

(4) ϕvv = −F (ϕ), (74)

(5) ϕvv = −F (ϕ), (75)

Equations (4), (5) from (71)–(75) are known to be integrable in quadratures.
Therefore, any solution of the d’Alembert-eikonal system (2) corresponds to some
class of exact solutions of the nonlinear wave equation (33) that contains arbitrary
functions. Saying it in another way, the formulas (70) make it possible to construct
wide families of exact solutions of the nonlinear PDE (33) using exact solutions of the
linear d’Alembert equation 24u = 0 satisfying an additional constraint uxµ

uxµ = 0.
It is interesting to compare our approach to the problem of reduction of Eq. (33)

with the classical Lie approach. Within the framework of the Lie approach functions
ω1(x), ω2(x) from (34) are looked for as invariants of the symmetry group of the
equation under study (in the case involved it is the Poincaré group P (1, 3)). Since the
group P (1, 3) is a finite-parameter group, its invariants cannot contain an arbitrary
function (a complete description of invariants of the group P (1, 3) had been carried
out in [19]). Therefore, the Ansätze (70) cannot, in principle, be obtained by means
of the Lie symmetry of the PDE (33).

All Ansätze listed in (70) correspond to a conditional invariance of the nonlinear
d’Alembert equation (33). It means that for each Ansatz from (70) there exist two
differential operators Qa = ξaµ(x)∂xµ

, a = 1, 2 such that

Qaw(x) ≡ Qaϕ(ω1, ω2) = 0, a = 1, 2

and besides, the system of PDE

24w − F (w) = 0, Qaw = 0, a = 1, 2

is invariant in Lie’s sense under the one-parameter groups with the generators Q1, Q2.
For example, the fourth Ansatz from (16) is invariant with respect to the operators:
Q1 = Aµ(u)∂µ, Q2 = Ȧµ(u)∂µ. A direct computation shows that the following rela-
tions hold:

Qi
2

(24ω) = −(Ȧαxα + Ḃ)−1Aµ∂µQiw, i = 1, 2,

[Q1, Q2] = 0,

where Qi
2

stands for the second prolongation of the operator Qi. Hence it follows

that the nonlinear d’Alembert equation (33) is conditionally-invariant under the two-
dimensional commutative Lie algebra having the basis elements Q1, Q2 (for more
details about conditional symmetry of PDE see [20, 21]). It should be said that the
notion of conditional symmetry of PDE is closely connected with the “non-classical
reduction” [22–24] and “direct reduction” [25] methods.
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5. On the new exact solutions
of the nonlinear d’Alembert equation

According to [26], general solutions of Eqs. (74), (75) are given by the following
quadrature:

v +D(u) =

∫ ϕ(u,v)

0

(
−2

∫ τ

0

F (z)dz + C(u)

)−1/2

dτ, (76)

where D(u), C(u) ∈ C2(R1,R1) are arbitrary functions.
Substituting the expressions for u(x), v(x) given by the formulas (4), (5) from

(70) into (76) we obtain two classes of exact solutions of the nonlinear d’Alembert
equation (33) that contain several arbitrary functions of one variable.

Equations (71) and (72) with F (ϕ) = λϕk are Emden–Fowler type equations. They
were investigated by many authors (see, e.g. [26]). In particular, it is known that the
equations

ϕvv + 2v−1ϕv = −λϕ5, (77)

ϕvv + 3v−1ϕv = −λϕ3 (78)

are integrated in quadratures. In the paper [27] it has been established that Eqs. (77),
(78) possess a Painlevé property. This fact makes it possible to integrate these by
applying rather complicated technique. In [28] we have integrated Eqs. (77), (78) using
a standard technique based on their Lie symmetry. Substituting the results obtained
into the corresponding Ansätze from (70) we get exact solutions of the nonlinear PDE
(33) with F (w) = λw3, λw5, which include an arbitrary solution of the system (2)
with n = 4. Consequently, we have constructed principally new exact solutions of the
nonlinear d’Alembert equation (33) depending on several arbitrary functions. Let us
stress that following the classical Lie symmetry reduction procedure one can not in
principle obtain solutions with arbitrary functions since the maximal symmetry group
of Eq. (33) is finite-dimensional (see, e.g. [16]).

Below we give new exact solutions of the nonlinear d’Alembert equation (33) obtai-
ned with the use of the technique described above. We adduce only those ones that
can be written down explicitly

1. F (w) = λw3

(1) w(x) =
1

a
√

2
(x2

1 + x2
2 + x2

3 − x2
0)

−1/2×

× tan

{
−
√

2

4
ln
(
C(u)(x2

1 + x2
2 + x2

3 − x2
0)
)
}
,

where λ = −2a2 < 0,

(2) w(x) =
2
√

2

a
C(u)

(
1 ± C2(u)(x2

1 + x2
2 + x2

3 − x2
0)
)−1

,

where λ = ±a2;
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2. F (w) = λw5

(1) w(x) = a−1(x2
1 + x2

2 − x2
0)

−1/4
{

sin ln
(
C(u)(x2

1 + x2
2 − x2

0)
−1/2

)
+ 1
}1/2

×

×
{

2 sin ln
(
C(u)(x2

1 + x2
2 − x2

0)
−1/2

)
− 4
}−1/2

,

where λ = a4 > 0,

(2) w(x) =
31/4

√
a
C(u)

(
1 ± C4(u)(x2

1 + x2
2 − x2

0)
)−1/2

,

where λ = ±a2.

In the above formulas C(u) is an arbitrary twice continuously differentiable functi-
on on

u(x) =
x0x1 ± x2

√
x2

1 + x2
2 − x2

0

x2
1 + x2

2

,

a 6= 0 is an arbitrary real parameter.

6. Conclusion

The present paper demonstrates once more that possibilities to construct in explicit
form new exact solutions of the nonlinear d’Alembert equation (33) (as compared
with those obtainable by the standard symmetry reduction technique [16, 19, 27])
are far from being exhausted. A source of new (non-Lie) reductions is the conditional
symmetry of Eq. (33).

Roughly speaking, a principal idea of the method of conditional symmetries is the
following: to be able to reduce given PDE it is enough to require an invariance of
a subset of its solutions with respect to some Lie transformation group. And what is
more, this subset is not obliged to coincide with the whole set. This specific subsets
can be chosen in different ways: one can fix in some way an Ansatz for a solution to
be found (the method of Ansätze [16, 17] or the direct reduction method [25]) or one
can impose an additional differential constraint (the method of non-classical [22–24] or
conditional symmetries [20, 21]). But all the above approaches have a common feature:
to find new (non-Lie) reduction of a given PDE one has to solve some nonlinear over-
determined system of differential equations. For example, to describe Ansätze of the
form (34) reducing Eq. (33) to ODE one has to integrate system of five nonlinear PDE
(37). This is a “price” to be paid for the new possibilities to reduce a given nonlinear
PDE to equations with less number of independent variables and to construct its
explicit solutions.

As mentioned in the Introduction, the Ansatz (34) can also be interpreted as a
map (more exactly, a family of maps) from the set of solutions of the linear d’Alembert
equation,

24u = 0 (79)

into the set of solutions of the nonlinear d’Alembert equation (33).
Really, we started with a subset of solutions of Eq. (79) which was chosen by

an additional eikonal constraint uxµ
uxµ = 0. Then, we constructed the functions
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v(x) and ϕ(v, u) in such a way that the function w(x) determined by the equality
w = ϕ(v(x), u(x)) satisfied the nonlinear d’Alembert equation (33) (see below the
Fig. 1).

There is an analogy between the map described above and Bäcklund transforma-
tions of partial differential equations. System of PDE (38)–(40) and the Ansatz (34)
(level 2 of the Fig. 1) can be interpreted as a Bäcklund transformation of a set of
solutions of linear PDE (level 1 of the Fig. 1) into a set of solutions of nonlinear PDE
(level 3). A principal difference is that a classical Bäcklund transformation acts on
the whole spaces of solutions of equations under study and the above map acts on
subsets of solutions of the linear and nonlinear d’Alembert equations. It is known
that technique of linearization of PDE with the use of Bäcklund transformations
can be effectively applied to two-dimensional equations only. The results obtained in
the present paper imply the following way of extension of applicability of Bäcklund
transformations: one should consider Bäcklund transformations connecting subsets of
solutions of linear and nonlinear equations. And these subsets may not coincide with
the whole sets of solutions.

Linear d’Alembert equation
24u = 0

d’Alembert-eikonal system
24u = 0, uxµ

uxµ = 0
Ansatz

w = ϕ(u(x), v(x))

Nonlinear d’Alembert equation
24w = F (w)

��������

-

��������

Figure 1.

As an illustration we consider the case when in (33) F (w) = 0, i.e. the case when
the map constructed above transforms a subset of solutions of the linear d’Alembert
equation into another subset of solutions of the same equation. Integrating ODE
(71)–(75) we obtain explicit forms of functions ϕ(v, u)

(1) ϕ(v, u) = f1(u)v
−2 + f2(u),

(2) ϕ(v, u) = f1(u)v
−1 + f2(u),

(3) ϕ(v, u) = f1(u) ln v + f2(u),

(4) ϕ(v, u) = f1(u)v + f2(u),

(5) ϕ(v, u) = f1(u)v + f2(u),

where f1, f2 are arbitrary smooth enough functions. Consequently, we have the follo-
wing maps transforming subsets of solutions of the linear d’Alembert equation (79)



General solution of the d’Alembert equation with a nonlinear eikonal constraint 385

into another subsets of its solutions:

(1) u→ f1(u)
[(
−Ȧν(u)Ȧν(u)

)−1(
Ȧµ(u)x

µ + Ḃ(u)
)2

+

+
(
−Ȧν(u)Ȧν(u)

)−3(
εµναβAµ(u)Ȧν(u)Äα(u)xβ + C(u)

)2]−1
+ f2(u),

(2) u→ f1(u)
[(
−Ȧν(u)Ȧν(u)

)1/2(
Ȧµ(u)x

µ + Ḃ(u)
)]−1

+ f2(u),

(3) x0 − x3u→ f1(x0 − x3) ln
[(
x1 + C1(x0 − x3)

)2
+

+
(
x2 + C2(x0 − x3)

)2]−1/2
+ f2(x0 − x3),

(4) u→
(
−Ȧν(u)Ȧν(u)

)−3/2(
εµναβAµ(u)Ȧν(u)Äα(u)xβ + C(u)

)
,

(5) x0 − x3 → f1(x0 − x3)(x1 cosC1(x0 − x3) +

+ x2 sinC1(x0 − x3) + C2(x0 − x3).

Note that in the cases 4, 5 function f2 is absorbed by arbitrary functions C, C2.
And one more remark seems to be noteworthy. If one takes as a particular soluti-

on of the system (2) the function u(x) = (x0x1 ± x2

√
x2

1 + x2
2 − x2

0)/(x
2
1 + x2

2) and
substitutes it into the first, second and fourth Ansätze from (70), then the following
Ansätze are obtained:

(1) w(x) = ϕ

(
x2

1 + x2
2 + x2

3 − x2
0,
x0x1 ± x2

√
x2

1 + x2
2 − x2

0

x2
1 + x2

2

)
,

(2) w(x) = ϕ

(
x2

1 + x2
2 − x2

0,
x0x1 ± x2

√
x2

1 + x2
2 − x2

0

x2
1 + x2

2

)
,

(4) w(x) = ϕ

(
x3,

x0x1 ± x2

√
x2

1 + x2
2 − x2

0

x2
1 + x2

2

)
.

Provided the above Ansätze do not depend on the second argument, the usual Lie
Ansätze are obtained which are invariant under some subgroups of the Poincaré group
P (1, 3) [19]. Consequently, if we imagine invariant solutions as dots in a solution space
of the nonlinear d’Alembert equation, then through some of them one can draw curves
which are conditionally-invariant solutions. In this respect a number of interesting
questions arise, let us mention two of these:

(1) Is any invariant solution of the nonlinear d’Alembert equation (33) a particular
case of some more general conditionally-invariant solution?

(2) Does there exist such conditionally-invariant solution of Eq. (33) that all invari-
ant solutions of Eq. (33) are its particular cases? (saying about invariant soluti-
ons we mean solutions invariant under some subgroup of the symmetry group
of Eq. (33)).

An answer to the first question seems to be positive. A positive answer to the
second one would provide us with a concept of a “general invariant solution”. But so
far this problem is completely open and needs further investigation.

Acknowledgments. One of the authors (R. Zhdanov) is supported by the Ale-
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Симетрiя рiвнянь лiнiйної та нелiнiйної

квантової механiки

В.I. ФУЩИЧ

We describe local and nonlocal symmetries of linear and nonlinear wave equations
and present a classification of nonlinear multi-dimensional equations compatible with
the Galilei relativity principle. We propose new systems of nonlinear equations for
the description of physical phenomena in classical and quantum mechanics.

Описанi локальнi i нелокальнi симетрiї лiнiйних та нелiнiйних хвильових рiвнянь,
класифiкацiї нелiнiйних багатовимiрних рiвнянь, сумiсних з принципом вiдносно-
стi Галiлея. Запропоновано новi системи нелiнiйних рiвнянь для опису фiзичних
процесiв у класичнiй та квантовiй механiцi.

Проблема побудови нелiнiйних математичних моделей для опису процесiв у
механiцi, фiзицi, бiологiї була i є однiєю з головних задач математичної фiзики
[1–4]. Сьогоднi ми не можемо вважати, що класичнi рiвняння Ньютона–Лоренца,
Даламбера, Нав’є–Стокса, Максвелла, Шрьодiнгера, Дiрака та iншi рiвняння ру-
ху послiдовно i повно описують реальнi фiзичнi процеси. У зв’язку з цим досить
сказати, що нинi ми не знаємо жодного рiвняння руху в квантовiй механiцi для
двох частинок, яке було б сумiсне з принципом вiдносностi Лоренца–Пуанкаре–
Ейнштейна. Широкий спектр рiвнянь, якi запропонованi багатьма дослiдниками,
як правило мають принциповi недолiки i часто приводять до абсурдних фiзичних
наслiдкiв.

Характерна особливiсть сучасного математичного опису реальних процесiв
полягає в тому, що рiвняння руху для частинок, хвиль, полiв є складними нелi-
нiйними системами диференцiальних i iнтегро-диференцiальних рiвнянь. Як бу-
дувати такi рiвняння? Як розв’язувати i дослiджувати такi системи? Очевидно,
що пiдхiд Лагранжа–Ойлера (механiчний у своїй основi) до побудови рiвняння
руху у багатьох випадках є обмеженим. Досить нагадати, що в рамках класично-
го методу Лагранжа–Ойлера неможливо одержати без переходу до потенцiалiв
рiвняння Максвелла для електромагнiтних хвиль.

В наших роботах [3–12] запропоновано нелагранжевий пiдхiд для побудови i
класифiкацiї рiвнянь руху. В основi цього пiдходу лежать принципи вiдносностi
Галiлея та Лоренца–Пуанкаре–Ейнштейна. Короткий огляд деяких результатiв у
цьому напрямку подається далi.

1. Короткий коментар про вiдкриття Шрьодiнгера. Перш за все нага-
дуємо, що 70 рокiв тому Ервiн Шрьодiнгер вiдкрив рiвняння руху i цим самим
заклав математичну основу квантової механiки. 21 червня 1926 р. Шрьодiнгер
представив до друку роботу [2], в якiй запропонував рiвняння

SΨ = 0, S = p0 −
p2
a

2m
− V (t, x),

p0 = i~
∂

∂t
, pa = −i~ ∂

∂xa
, a = 1, 2, 3,

(1)

де Ψ = Ψ(x0 = t, ~x) — комплекснозначна хвильова функцiя, V — потенцiал.

Передруковано з Укр. мат. журн., 1997, 49, № 1, C. 164–177 за дозволом
c© 1997 Iнститут математики НАН України



388 В.I. Фущич

Ця робота була останньою з серiї чотирьох статей пiд однiєю назвою, в яких
розв’язана проблема квантування в атомнiй фiзицi.

Чи можна сказати, що Ервiн Шрьодiнгер вивiв своє рiвняння?
Знайомство з оригiнальною роботою [2] дає нам однозначну вiдповiдь на це

питання. Шрьодiнгер не вивiв рiвняння. Рiвняння (1) було написано без строгого
обґрунтування, бiльше того, Шрьодiнгер вважав, що правильним рiвнянням ру-
ху в квантовiй механiцi повинно бути рiвняння четвертого порядку для дiйсної
функцiї, а не рiвняння (1) для комплексної функцiї. Шрьодiнгер розглядував
рiвняння (1) як деяке допомiжне, промiжне рiвняння, яке дає змогу спрощувати
обчислення.

В основi попереднiх його робiт були рiвняння

∆Ψ − 2(E − V )

E2

∂2Ψ

∂t2
= 0, (2)

∆Ψ +
8π2

~2
(E − V )Ψ = 0, (3)

де Ψ — дiйсна функцiя.
Коли потенцiал V не залежить вiд часу, Шрьодiнгер виводить з (2), (3) хви-

льове рiвняння четвертого порядку

(
∆ − 8π2

~2
V

)2

Ψ +
16π2

~2

∂2Ψ

∂t2
= 0, (4)

де Ψ — дiйсна функцiя.
Про рiвняння (4) Шрьодiнгер пише: “ . . . рiвняння (4) є єдиним i загальним

хвильовим рiвнянням для польового скаляра Ψ . . . хвильове рiвняння (4) за-
ключає в собi закон дисперсiї i може служити основою розвинутої мною теорiї
консервативних систем. Його узагальнення на випадок потенцiалу вимагає де-
яку обережнiсть . . . спроба перенести рiвняння (4) на неконсервативнi системи
зустрiчається зi складнiстю, яка виникає через член ∂V

∂t . Тому далi я пiду по iн-
шому шляху, бiльш простому з обчислювальної точки зору. Цей шлях я вважаю
принципово самим правильним. (4) є рiвняння коливання пластинки.”

У листi до Лоренца (6 червня 1926 р., Цюрiх) Шрьодiнгер пише: “ . . . з рiвнянь
(2) i (3) ми одержуємо загальне хвильове рiвняння (4), яке не залежить вiд кон-
станти iнтегрування E. Воно точно спiвпадає з рiвнянням коливання пластинки,
яке мiстить квадрат оператора Лапласа. Вiдкриття цього простого факту забра-
ло у мене багато часу.”

У листi до Планка (14 червня 1926 р., Цюрiх) Шрьодiнгер пише: “ . . . отже,
справжнiм хвильовим рiвнянням є рiвняння четвертого порядку вiдносно коор-
динат . . .”.

I далi Шрьодiнгер виписує рiвняння (1) для комплексної функцiї Ψ. Якраз у
цьому мiсцi статтi [2] Шрьодiнгер робить генiальний (i алогiчний) крок, запису-
ючи рiвняння (1) для комплексної функцiї.

Вiдносно рiвняння (1) Шрьодiнгер пише: “Деяка труднiсть, без сумнiву, ви-
никає в застосуваннi комплексних хвильових функцiй. Якщо вони принципово
необхiднi, а не є тiльки способом полегшення (спрощення) обчислень, то це буде
означати, що iснують принципово двi функцiї, якi тiльки разом дають опис стану
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системи . . . Справжнє хвильове рiвняння, найбiльш вiрогiдно, має бути рiвнян-
ня четвертого порядку. Для неконсервативної системи

(
∂V
∂t 6= 0

)
менi, одначе, не

вдалось знайти таке рiвняння”.
З наведеного ми можемо зробити такi висновки.

Висновок 1. В 1926 роцi Шрьодiнгер вважав, що правильним рiвнянням руху в
квантовiй механiцi має бути рiвняння четвертого порядку. Для випадку, коли
потенцiал не залежить вiд часу, це рiвняння має вигляд (4).

Висновок 2. В червнi 1926 року Шрьодiнгер вважав, що рiвняння (1), першого
порядку за часом i другого порядку за просторовими змiнними, для комплексної
функцiї є промiжним (не основним), яке треба використати тiльки для спро-
щення обчислень.

Висновок 3. Шрьодiнгер вважав, що в тому випадку, коли потенцiал V зале-
жить вiд часу, рiвняння руху має бути також четвертого порядку для дiйсної
функцiї (йому його не вдалось одержати).

Висновок 4. Шрьодiнгер нiколи пiзнiше не обговорював рiвняння четвертого
порядку.

Сьогоднi можна однозначно сказати, що Шрьодiнгер помилявся вiдносно важ-
ливостi (фундаментальностi) рiвнянь (1), (4). Дiйсно, рiвняння (1) є основним
рiвнянням руху квантової механiки, а рiвняння (4) не може бути рiвнянням руху,
оскiльки воно не сумiсне з принципом вiдносностi Галiлея.

Це твердження є наслiдком симетрiйного аналiзу рiвнянь (1) i (4) [3]: рiвнян-
ня (1) iнварiантне вiдносно групи Галiлея. У зв’язку з наведеним у наступному
параграфi дано вiдповiдь на такi питання:

1. Якi лiнiйнi рiвняння другого, четвертого, n-го порядку сумiснi з принципом
вiдносностi Галiлея?

2. Чи iснують лiнiйнi рiвняння першого порядку за часовою змiнною i четвер-
того порядку за просторовими змiнними, якi сумiснi з принципом вiдносно-
стi Галiлея?

Пiд принципом вiдносностi Галiлея ми розумiємо iнварiантнiсть (у сенсi Лi)
рiвняння вiдносно перетворень

t→ t′ = t, ~x→ ~x′ = ~x+ ~vt, (5)

коли хвильова функцiя перетворюється за лiнiйним зображенням групи (5) [4]:

Ψ → Ψ′ = TgΨ. (6)

Перш нiж дати вiдповiдь на сформульованi питання наведемо добре вiдомi
факти про локальну симетрiю лiнiйного вiльного (V = 0) рiвняння Шрьодiнге-
ра (1).

Теорема 1 [3]. Максимальною (у сенсi Лi) алгеброю iнварiантностi (1) є 13-
вимiрна алгебра Лi

AG2(1, 3) = 〈P0, Pa, Jab, Ga, D,Π, Q〉,
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з базисними елементами

P0 = i
∂

∂x0
= p0, Pa = −i ∂

∂xa
= pa, Jab = xapb − xbpa,

Ga = tpa −mxa, a = 1, 2, 3, D = 2x0p0 − xapa,

Π = x2
0p0 − x0xapa +

in

2
x0 −

m

2
x2
a, Q = i

(
Ψ
∂

∂Ψ
− Ψ∗ ∂

∂Ψ∗

)
.

(7)

Оператори Ga породжують (генерують) перетворення Галiлея (5) i таке пере-
творення для хвильової функцiї:

Ψ → Ψ′ = exp

{
i

(
~v~x+

~v 2t

2

)}{
Ψ(t, x)

∣∣∣
~x→~x+~vt

}
(8)

(деталi доведення див. у [4] i цитованiй там лiтературi).
Ми вживаємо наступнi позначення:

AG(1, 3) = 〈P0, Pa, Jab, Ga〉 — 10-вимiрна алгебра Галiлея;

AG1(1, 3) = 〈P0, Pa, Jab, Ga, D〉 — розширена алгебра Галiлея;

AG2(1, 3) = 〈P0, Pa, Jab, Ga, D,Π〉 — повна алгебра Галiлея;

AE(1, 3) = 〈P0, Pa, Jab〉 — алгебра Евклiда;

AE1(1, 3) = 〈P0, Pa, Jab, D〉 — розширена алгебра Евклiда.

Теорема 2 [5]. Максимальною алгеброю iнварiантностi рiвняння (4) (V = 0) є
розширена алгебра Евклiда AE1(1, 3).

З наведених теорем маємо такi наслiдки.

Наслiдок 1. Рiвняння (4) несумiсне з принципом вiдносностi Галiлея (5). Це
означає, що (4) не може розглядатись, як рiвняння руху частинки (поля) в
квантовiй механiцi. Вся множина розв’язкiв рiвняння (4) не iнварiантна вiд-
носно перетворень Галiлея (5), (6).

Зауважимо, що будь-який гладкий розв’язок рiвняння (1) є розв’язком рiв-
няння (4) (при V = 0), тобто множина розв’язкiв (4) мiстить у собi розв’язки (2).

2. Виведення рiвняння Шрьодiнгера i рiвняння високого порядку.
Виведемо рiвняння Шрьодiнгера з вимоги iнварiантностi рiвняння вiдносно пе-
ретворень Галiлея (5), (8) i групи часових i просторових трансляцiй.

Розглянемо довiльне лiнiйне рiвняння першого порядку за часом i другого
порядку за просторовими змiнними

i
∂Ψ

∂t
= alk(t, ~x)

∂2Ψ

∂xl∂xk
+ bl(t, ~x)

∂Ψ

∂xl
+ c(t, ~x)Ψ, (9)

де alk(t, ~x), bl(t, ~x), c(t, ~x) — довiльнi гладкi функцiї.

Теорема 3 [5, 6]. Серед множини рiвнянь (9), iнварiантних вiдносно групи (5)
i групи трансляцiй, для комплексної функцiї Ψ є тiльки одне рiвняння, яке ло-
кально еквiвалентне рiвнянню Шрьодiнгера (1).

Отже, клас лiнiйних рiвнянь, якi сумiснi з класичним принципом вiдносностi
Галiлея, зводиться до одного рiвняння (1).
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Зауваження 1. Якщо в (9) Ψ — дiйсна функцiя, то єдиним рiвнянням, сумiсним
з принципом Галiлея, є рiвняння теплопровiдностi

∂u

∂t
= λ∆u, (10)

де λ — довiльний параметр.

В [7] запропоноване таке узагальнення рiвняння (V = 0) Шрьодiнгера (1):
(
λ1S + λ2S

2 + · · · + λnS
n
)
Ψ = λΨ,

S2 =

(
p0 −

p2
a

2m

)2

, . . . , Sn =

(
p0 −

p2
a

2m

)n
,

(11)

λ, λ1, λ2, . . . , λn — довiльнi параметри.
Рiвняння (11) сумiсне з принципом вiдносностi Галiлея i iнварiантне вiдносно

алгебри Галiлея AG(1, 3), але не iнварiантне вiдносно масштабного D i проектив-
ного Π операторiв (λ1 6= 0, λ2 6= 0).

Повну iнформацiю про симетрiю рiвняння (11) дає наступна теорема.

Теорема 4 [13]. Серед лiнiйних рiвнянь довiльного порядку є тiльки рiвняння
(11), яке iнварiантне вiдносно алгебри AG(1, 3). У випадку, коли λ = λ1 = λ2 =
· · · = λn−1 = 0, рiвняння (11) iнварiантне вiдносно алгебри AG2(1, 3).

Таким чином, клас лiнiйних галiлей-iнварiантних рiвнянь довiльного порядку
досить вузький i зводиться до рiвняння (11). Всi iншi галiлей-iнварiантнi рiвнян-
ня локально еквiвалентнi рiвнянню (11).

3. Алгебра Лоренца для рiвняння Шрьодiнгера. Лiнiйне рiвняння
Шрьодiнгера (коли V = 0 i при деяких специфiчних видах потенцiалiв V (t, x))
має крiм локальної (теорема 1) i нелокальну симетрiї (див. [4] i цитовану там
лiтературу). Наведемо одну з таких незвичних (нелокальних) симетрiй.

Теорема 5 [8]. Рiвняння Шрьодiнгера (1) (коли V = 0) iнварiантне вiдносно
алгебри Лоренца AL(1, 3) = 〈Jab, J0a〉, базиснi елементи якої задаються опера-
торами

Jab = xapb − xbpa, J0a =
1

2m
(pGa +Gap),

p ≡ (p2
1 + p2

2 + p2
3)

1/2 = (−∆)1/2,

Ga ≡ x0pa −mxa, [J0a, J0b] = −iJab.

(12)

Важливо пiдкреслити, що псевдодиференцiальнi оператори 〈J0a〉 не генерують
нi перетворення Лоренца, нi перетворення Галiлея:

xa → x′a = exp{iJ0ava}xa exp{−J0bvb} 6= лоренц-перетворення, (13)

x0 → x′0 = exp{iJ0ava}x0 exp{−J0bvb} = x0. (14)

Час при таких нелокальних перетвореннях не мiняється.

4. Нелокальна галiлей-симетрiя еволюцiйного рiвняння четвертого
порядку. Розглянемо рiвняння першого порядку за часовою змiнною i четвер-
того порядку за просторовими змiнними

p0Ψ = H(p2)Ψ, H(p2) = a0m0 + a2p
2 + a4

p4

8
, (15)
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p2 = p2
a = p2

1 +p2
2 +p2

3 = −∆, a2 = 1
2m0

, a0, a2, a4, m0 — довiльнi дiйснi константи.

Гамiльтонiан (15), коли a0 = 1, a4 = −m−3
0 , являє собою першi три члени

розкладу в ряд Тейлора релятивiстського гамiльтонiана

H(p2) = (p2 +m2
0)

1/2 = m0 +
p2

2m0
− p4

8m3
0

.

У тому випадку, коли a0 = a4 = 0, рiвняння (15) спiвпадає з рiвнянням Шрьо-
дiнгера (1).

Зi стандартної (загально прийнятої) фiзичної точки зору рiвняння (15) не
можна розглядувати як рiвняння руху в квантовiй механiцi, оскiльки воно не
iнварiантне нi вiдносно групи Галiлея, нi вiдносно групи Лоренца. Тобто нi один
з вiдомих принципiв вiдносностi (Галiлея або Лоренца–Пуанкаре–Ейнштейна) не
виконується для рiвняння (15).

Застосовуючи метод Лi, можна довести, що максимальною алгеброю iнварiан-
тностi рiвняння (15) є алгебра Евклiда AE(1, 3) = 〈P0, Pa, Jab, I〉, I — одиничний
оператор. Виявляється, що крiм локальної симетрiї рiвняння (15) має широку
нелокальну симетрiю. Зокрема, рiвняння (15) iнварiантне вiдносно алгебри Галi-
лея AG(1, 3), базиснi елементи (оператори Ga) якої задаються операторами 3-го
порядку. Бiльш точно, справедливе наступне твердження.

Теорема 6 [9, 10]. Рiвняння (15) iнварiантне вiдносно 20-вимiрної алгебри Лi,
базиснi елементи якої задаються операторами

P0 = i
∂

∂t
, Pa = −i ∂

∂xa
, Jab = xapb − xbpa, (16)

Ga = (tVa − xa)m0, (17)

Va =
1

m0

(
1 + a4

p2

2m2
0

)
pa, (18)

Rab = a4

(
PaPb +

1

2
δabP

2

)
. (19)

Оператори (16)–(19) задовольняють комутацiйнi спiввiдношення

[Jab, Gc] = i(δacGb − δbcGa), [Pa, Gb] = iδabI, [Ga, Gb] = 0,

[P0, Ga] = iVa, [Va, Gb] = i(Rab − a2δabI),

[Jab, Rcd] = i(δacRbd + δbdRac − δbcRad − δadRbc),

[Jab, Vc] = i(δacVb − δbcVa), [Ga, Rbc] = ia4(δabPc + δbcPa + δacPb).

Пiдкреслимо, що оператори (17)–(19) є операторами третього i другого поряд-
ку, а це означає, що вони породжують нелокальнi перетворення. Так, оператори
Галiлея Ga (17) генерують стандартнi локальнi перетворення для часу i коорди-
нат

t→ t′ = exp(iuaGa)t exp(−iubGb) = t,

xa → x′a = exp(ivbGb)xa exp(−vlGl) = xa + vat,
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i нелокальнi перетворення для хвильової функцiї [3]

Ψ(x) → Ψ′(x) = exp

{
im0

(
xaua +

~u 2

2
t− 1

2
a4tuaPaP

2

)}
Ψ. (20)

Як добре вiдомо, швидкiсть частинки в релятивiстськiй механiцi визначається
за формулою

va =
pa
m
, m = m(~v 2), m = m0(1 − ~v 2)−1/2. (21)

У механiцi, побудованiй на базi рiвняння (15), вiдповiдна формула має вигляд

va =
pa
m0

+
a4p

2

2
pa. (22)

Якщо швидкiсть частинки задати формулою (21) i використати (22), то одер-
жимо формулу залежностi маси (в новiй механiцi) вiд швидкостi

m

m0
+
a4

2
m3v2 − 1 = 0. (23)

Розв’язавши кубiчне рiвняння (23), одержимо (в залежностi вiд знака коефiцiєнта
a4) такi формули:

m = m0
3

ω
sin

{
1

3
arctg

ω√
1 − ω2

}
, a4 < 0, ω 6= 1, (24)

m = m0
3

ω
sh

{
1

3
ln(ω +

√
1 + ω2)

}
, a4 > 0, (25)

ω =

(
3

2

)3/2

(~v)2
√
m3

0|a4|.

Отже, у квантовiй механiцi, побудованiй на рiвняннi (15), виконується не-
стандартний принцип вiдносностi Галiлея (формула (20)) i маса частинки (поля)
залежить вiд швидкостi згiдно з формулами (24), (25).

5. Принцип вiдносностi Галiлея i нелiнiйнi рiвняння типу Шрьодiн-
гера. За останнi роки багато авторiв, виходячи з рiзних мотивiв i мiркувань,
запропонували широкий спектр нелiнiйних узагальнень рiвнянь Шрьодiнгера.
Багато з нелiнiйних рiвнянь, запропонованих для опису нелiнiйних ефектiв у
плазмi, оптицi, квантовiй механiцi, не задовольняють принцип вiдносностi Галi-
лея. У зв’язку з цим в серiї наших робiт [3, 4, 6, 7, 11] проведено симетрiйну кла-
сифiкацiю нелiнiйних рiвнянь типу Шрьодiнгера, якi iнварiантнi вiдносно групи
Галiлея та рiзних її розширень.

У цьому пунктi наведемо деякi результати про класифiкацiю нелiнiйних рiв-
нянь типу Шрьодiнгера, якi мають таку ж симетрiю (або ширшу), як i лiнiйне
рiвняння Шрьодiнгера (1).

Розглянемо нелiнiйне рiвняння другого порядку

i
∂Ψ

∂t
+

1

2
∆Ψ + i

∆ϕ(Ψ∗Ψ)

2Ψ∗Ψ
Ψ = F

(
Ψ∗Ψ, (~∇(Ψ∗Ψ))2,∆(Ψ∗Ψ)

)
Ψ, (26)

де ϕ, F — довiльнi гладкi функцiї.
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Теорема 7 [7, 11]. Рiвняння (26) у випадку, коли ϕ = 0, а функцiя F (Ψ∗Ψ) не
залежить вiд похiдних, iнварiантне вiдносно повної алгебри AG2(1, n) з бази-
сними елементами (7) тодi i тiльки тодi, коли

F (Ψ∗Ψ) = λ|Ψ|4/n, (27)

де n — число просторових змiнних.

Теорема 8 [12]. Рiвняння (26) iнварiантне вiдносно алгебри AG2(1, n) i опера-
тора I тодi i тiльки тодi, коли

F
(
Ψ∗Ψ, (~∇(Ψ∗Ψ))2,∆(Ψ∗Ψ)

)
=

∆|Ψ|
|Ψ| N

(
|Ψ|∆|Ψ|
(~∇|Ψ|)2

)
, ϕ(Ψ∗Ψ) = |Ψ|2, (28)

де N — довiльна гладка функцiя.

В тому випадку, коли N = 1/2, ϕ = 0, рiвняння (26) набуває вигляду

i
∂Ψ

∂t
+

1

2
∆Ψ =

1

2

∆|Ψ|
|Ψ| Ψ. (29)

Рiвняння (29) запропоновано у роботах [14–18]. Воно має унiкальну симетрiю.

Теорема 9 [19]. Рiвняння (29) iнварiантне вiдносно алгебри Лi з базисними
операторами

P0 = i
∂

∂t
, Pa = −i ∂

∂xa
, I = Ψ

∂

∂Ψ
+ Ψ∗ ∂

∂Ψ∗ ,

Jab = xaPb − xbPa, a, b = 1, 2, . . . , n,

Ga = tPa +
xa
2
Q, Q = i

(
Ψ
∂

∂Ψ
− Ψ∗ ∂

∂Ψ∗

)
,

D = 2tP0 + xaPa −
n

2
I, Π = t2P0 + txaPa +

|~x|
4
Q− nt

2
I,

(30)

G(1)
a = −i ln Ψ

Ψ∗Pa + xaP0, D(1) = −i Ψ

Ψ∗Q+ xaPa,

Π(1) = −
(

ln
Ψ

Ψ∗

)
Q− 2i

(
ln

Ψ

Ψ∗

)
xaPa + |~x|2P0 + in

(
ln

Ψ

Ψ∗

)
I,

Ka = txaP0 −
( |~x|2

2
+ it ln

Ψ

Ψ∗

)
Pa + xaxbPb −

n

2
xaI − i

xa
2

(
ln

Ψ

Ψ∗

)
Q.

(31)

Виписана алгебра еквiвалентна конформнiй алгебрi AC(2, n) в (2 + n)-ви-
мiрному просторi Мiнковського. Якщо вiд комплексної функцiї Ψ перейти до
амплiтуди-фази

Ψ = A(t, x) exp{iΘ(t, x)},

то наведенi формули значно спрощуються. Алгебра симетрiї рiвняння (29) еквi-
валентна алгебрi симетрiї класичного рiвняння Гамiльтона [3]

∂u

∂t
=

∂u

∂xk

∂u

∂xk
.
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Отже, нелiнiйне рiвняння (29) має значно ширшу симетрiю, нiж лiнiйне рiвня-
ння Шрьодiнгера (1). Аналогiчний ефект має мiсце i для пуанкаре-iнварiантного
нелiнiйного хвильового рiвняння [16, 17]

2Ψ =
2|Ψ|
|Ψ| Ψ. (32)

6. Нелокальна симетрiя лiнiйного пуанкаре-iнварiантного хвильово-
го рiвняння. Сiмдесят рокiв тому, у 1926 р. майже одночасно сiм учених: Шрьо-
дiнгер, де Броль, Дондер ван Дунген, Клейн, Фок, Гордон i Кудар вiдкрили рiв-
няння

(p2
0 − p2

a)u(x0, ~x) = m2u (33)

для скалярної комплексної функцiї u. У випадку, коли m = 0 (33) спiвпадає з
хвильовим рiвнянням Даламбера.

Вiдомо, що рiвняння (33) iнварiантне вiдносно алгебри Пуанкаре AP (1, 3) з
базисними елементами

P0 = p0, Pk = pk, k = 1, 2, 3,

Jµν = xµpν − xνpµ, µ, ν = 0, 1, 2, 3,
(34)

тобто виконуються умови:

[p2
0 − p2

a −m2, Jµν ] = 0, [p2
0 − p2

a −m2, Pµ] = 0. (35)

Алгебра AP (1, 3) = 〈Pµ, Jµν〉 є максимальною (у сенсi Лi) алгеброю iнварiан-
тностi рiвняння (33).

Оператори 〈J0a〉 генерують стандартнi перетворення Лоренца

xµ → x′µ = exp(iJ0ava)xµ exp(−iJ0bvb) = перетворення Лоренца.

В [20] поставлено i дано позитивну вiдповiдь на таке питання: чи має рiвнян-
ня (33) додаткову симетрiю, вiдмiнну вiд (34)?

Щоб виявити додаткову (нелокальну) симетрiю (33), перепишемо його у ви-
глядi системи двох рiвнянь першого порядку за часовою змiнною i другого по-
рядку за просторовими змiнними

i
∂Φ

∂t
= HΦ,

H =
1

2κ

{
(E2 + κ2)σ1 + i(E2 − κ2)σ2

}
,

E2 = −∆ +m2, κ 6= 0, Φ =

(
Φ1

Φ2

)
, κΦ1 = i

∂u

∂t
, Φ2 = u,

(36)

κ — довiльна константа, σ1 i σ2 — (2 × 2)-матрицi Паулi.

Теорема 10 [20]. Рiвняння (36) iнварiантне вiдносно алгебри Пуанкаре, базиснi
оператори якої мають вигляд

P
(1)
0 = H, P

(1)
k = pk, J

(1)
ab = xapb − xbpa = Jab, (37)

J
(1)
0a = x0Pa −

1

2
(Hxa + xaH) 6= J0a. (38)
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Прямою перевiркою можна переконатись, що оператори (37), (38) задоволь-
няють умови

[
i
∂

∂t
−H, J0a

]
= 0,

[
i
∂

∂t
−H, Jab

]
= 0. (39)

Iстотна рiзниця мiж операторами J (1)
0a i J0a полягає в тому, що J (1)

0a — оператори
другого порядку i генерують нелокальнi перетворення; J0a — оператори першого
порядку i генерують стандартнi локальнi перетворення Лоренца.

Пiдкреслимо, що оператори J
(1)
0a генерують тотожне перетворення для часу,

тобто час iнварiантний вiдносно операторiв J (1)
0a :

t→ t′ = exp(iJ
(1)
0a va)t exp(−iJ (1)

0b vb) = t. (40)

Просторовi перетворення змiнних xa, якi генеруються операторами J (1)
0a , не спiв-

падають з перетвореннями Лоренца:

xk → x′k = exp(iJ
(1)
0a va)xk exp(−iJ (1)

0b vb) 6= перетворення Лоренца. (41)

Таким чином, ми встановили, що множина розв’язкiв рiвняння (33) має ду-
альну симетрiю:

1) лоренцову (локальну) симетрiю; час змiнюється при переходi вiд однiєї iнер-
цiйної системи до iншої за формулами Лоренца.

2) нелоренцову (нелокальну) симетрiю (40), (41); час не змiнюється при пере-
ходi вiд однiєї iнерцiйної системи до iншої.

7. Нелокальна галiлей-симетрiя релятивiстського псевдодиференцi-
ального хвильового рiвняння. Розглянемо псевдодиференцiальне рiвняння

p0u = Eu, E ≡ (p2
a +m2)1/2, u = u(x0, ~x). (42)

Рiвняння (42) можна розглядувати як “корiнь квадратний з хвильового опера-
тора (33)” для скалярної комплексної функцiї u. Прямим обчисленням можна
переконатись, що рiвняння (42) iнварiантне вiдносно стандартного зображення
алгебри Пуанкаре (34) i не iнварiантне вiдносно стандартного зображення алге-
бри Галiлея (7).

Теорема 11 [9]. Рiвняння (42) iнварiантне вiдносно 11-вимiрної алгебри Галiлея
з такими базисними операторами:

P
(2)
0 =

p2

2m
= − ∆

2m
, P (2)

a = pa = − ∂

∂xa
, J

(2)
ab = xapb − xbpa ≡ Jab,

G(2)
a = tp̃a −mxa, p̃a ≡ m

E
pa, E = (p2

a +m2)1/2.

(43)

Доведення теореми зводиться до перевiрки умови iнварiнтностi

[p0 − E,Ql]u = 0, (44)

де Ql — будь-який оператор з набору (43).
Оператори (43) задовольняють комутацiйнi спiввiдношення алгебри Галiлея;

G
(2)
a — псевдодиференцiальнi оператори, якi генерують на вiдмiну вiд стандар-

тних операторiв Ga нелокальнi перетворення.



Симетрiя рiвнянь лiнiйної та нелiнiйної квантової механiки 397

Отже, множина розв’язкiв рiвняння руху (42) для скалярної частинки (по-
ля) з позитивною енергiєю має нелокальну галiлеєву симетрiю, алгебра Лi якої
задається операторами (43).

8. Нелокальна галiлей-симетрiя рiвняння Дiрака. Вiдомо, що рiвняння
Дiрака

p0Ψ = (γ0γapa + γ0γ4m)Ψ = H(p)Ψ (45)

iнварiантне вiдносно алгебри Пуанкаре з базисними операторами (див., напри-
клад, [3, 4])

P0 = i
∂

∂x0
, Pk = −i ∂

∂xk
,

Jµν = xµpν − xνpµ + Sµν , Sµν =
i

4
[γµ, γν ].

(46)

Рiвняння Дiрака, як це встановлено в наших роботах (див., наприклад, лiтера-
туру в [3]), має широку нелокальну симетрiю.

У цьому пунктi встановимо нелокальну галiлей-симетрiю рiвняння Дiрака.
Для цiєї мети, наслiдуючи метод [4], за допомогою iнтегрального оператора

W =
1√
2

(
1 + γ0

H

E

)
, E = (p2

a +m2)1/2, H = γ0γapa + γ0γ4m (47)

перетворимо систему чотирьох зв’язаних диференцiальних рiвнянь першого по-
рядку на систему незв’язаних псевдодиференцiальних рiвнянь

i
∂Φ

∂t
= γ0EΦ, γ0 =




1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


 , (48)

Φ = WΨ, γ0E = WHW−1. (49)

Встановлюючи додаткову симетрiю рiвняння (48), одночасно встановлюємо
симетрiю рiвняння Дiрака 45).

Теорема 12 [9]. Рiвняння (48) iнварiантне вiдносно 11-вимiрної алгебри Галiлея
з базисними операторами

P
(3)
0 =

~p 2

2m
, P (3)

a = pa = − ∂

∂xa
, I,

J
(3)
ab = xapb − xbpa + Sab, G(3)

a = tp̃a −mxa, p̃a ≡ γ0
m

E
pa.

(50)

Оператори (50) задовольняють комутацiйнi спiввiдношення алгебри Галiлея
AG(1, 3).

Для доведення теореми треба переконатися, що умова iнварiантностi

[p0 − γ0E,Ql]Ψ = 0 (51)

виконується для довiльного оператора Ql з набору (50); G(3)
a — iнтегральний

оператор, що генерує нелокальнi перетворення, якi не спiвпадають з класичними
перетвореннями Галiлея.
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Отже, рiвняння (48), а тому i рiвняння Дiрака (45), має нелокальну симетрiю,
яка задається операторами (50). Явний вигляд операторiв (50) для рiвняння (45)
обчислюється за формулою

Q̃l = W−1QlW. (52)

9. Деякi новi рiвняння нелiнiйної математичної фiзики. У цьому пунк-
тi наведено серiю нових нелiнiйних рiвнянь, якi можна розглядати як матема-
тичнi моделi для опису нелiнiйних процесiв у класичнiй та квантовiй механiцi,
електродинамiцi, гiдродинамiцi.

1. Рiвняння Ньютона–Лоренца для зарядженої частинки природно узагальни-
ти так:

d

dt
(m~v) = λ1

~D + λ2
~B + λ3(~v × ~D) + λ4(~v × ~B) +

+ a1( ~E × ~D) + a2( ~E × ~B) + a3( ~H × ~D) + a4( ~H × ~B),

(53)

де m = m(~v 2, ~E2, ~H2, ~E ~H,~v ~E,~v ~H) — маса частинки, яка залежить вiд швидкостi
~v 2 i ( ~E, ~H) — електромагнiтного поля, яке створює сама заряджена частинка;
( ~D, ~B) — зовнiшнє електромагнiтне поле; λ1, λ2, . . . , a1, a2, . . . — деякi параметри.

У випадку, коли маса m є константою i a1 = a2 = a3 = a4 = 0, λ2 = λ3 = 0,
рiвняння (53) спiвпадає з класичним рiвнянням Ньютона з силою Лоренца.

Явна залежнiсть маси вiд ~v 2 i власного електромагнiтного поля ( ~E, ~H) може
бути встановлена з вимоги iнварiантностi (53) вiдносно групи Галiлея або групи
Пуанкаре.

Гiдроелектродинамiчнi узагальнення рiвняння Ойлера для зарядженої час-
тинки мають вигляд

(
∂

∂t
+ vl

∂

∂xl

)
m(~v 2, ~E2, . . .)~v = λ1

~D + λ2
~B + a1( ~E × ~D) +

+ a2( ~E × ~B) + · · · , l = 1, 2, 3.

(54)

Пуанкаре-iнварiантне рiвняння для зарядженої частинки має вигляд
(
vα

∂

∂xα

)
m(vνv

ν , ~E2 − ~H2, ~E ~H)vµ = λRµνv
ν ,

де Rµν — антисиметричний тензор зовнiшнього електромагнiтного поля ( ~D, ~B).
Нелокальне (псевдодиференцiальне) узагальнення рiвняння Ньютона для ча-

стинки можна подати у виглядi
(
m2 d

4

dx4
+ λ

)1/2

~x(t) = F (t, ~x, ~̇x, ~̈x). (55)

У випадку, коли параметр λ = 0, рiвняння (55) спiвпадає з класичним рiвнянням
руху Ньютона.

2. Рiвняння для скалярного комплексного поля u зi змiнною швидкiстю v
можна задати так:

(
−~

2 ∂
2

∂t2
+ ~

2v2∆ −m2v4

)
u = F (|u|)u, (56)
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∂vk
∂t

+ vl
∂vk
∂xl

= g(|u|)∂|u|
∂xk

, v2 ≡ v2
1 + v2

2 + v2
3 , (57)

де g(|u|) — довiльна гладка функцiя.
Швидкiсть поширення поля u задається рiвнянням (57). Отже, хвильове рiв-

няння (56) (i при F (|u|) = 0) з умовою (57) є нелiнiйним рiвнянням. При стандар-
тному пiдходi v2 = c2, де c — постiйна швидкiсть поширення свiтла у вакуумi;
у цьому випадку рiвняння (56) лiнiйне. Явно пуанкаре-iнварiантне рiвняння для
поля u має вигляд

(
vµvν

∂2u

∂xµ∂xν
−m2v4

)
u = 0, (58)

vα
∂vµ
∂xα

= g(|u|)∂|u|
∂xµ

, vµv
µ ≡ v2

0 − v2
1 − v2

2 − v2
3 > 0. (59)

Важливою властивiстю цiєї системи є те, що вона лоренц-iнварiантна, швидкiсть
поля vµ не є сталою величиною i залежить вiд амплiтуди i швидкостi змiни ам-
плiтуди поля.

3. Стандартна класична i квантова електродинамiка побудована в термiнах
потенцiалiв Aµ. Однак до цього часу не використанi iншi можливостi (моделi)
формулювання електродинамiки. Не вводячи потенцiалiв, можна запропонувати
таку пуанкаре-iнварiантну систему рiвнянь для тензора електромагнiтного поля
Fµν i спiнорного поля Ψ:

∂Fµν
∂xν

= jµ, jµ = g1Ψ̄γµΨ + g2Ψ̄pµΨ,

∂Fµν
∂xα

+
∂Fνα
∂xµ

+
∂Fαµ
∂xν

= g

(
∂Ψ̄SµνΨ

∂xα
+
∂Ψ̄SναΨ

∂xµ
+
∂Ψ̄SαµΨ

∂xν

)
,

(60)

γµ (pµ − γαFµα) Ψ = mΨ, pµ = igµν
∂

∂xν
,

Sµν =
i

4
[γµ, γν ] ≡

i

4
(γµγν − γνγµ).

(61)

Другу модель електродинамiки, без потенцiалiв, можна будувати на основi
нелiнiйних рiвнянь другого порядку

2Fµν = gΨ̄SµνΨ, (62)

(pµ − λγνFµν)(p
m − λFµαγα)Ψ = m2Ψ. (63)

4. Одне з можливих нелiнiйних узагальнень рiвнянь Максвелла для електро-
магнiтного поля, яке поширюється зi змiнною швидкiстю v, має вигляд [21]

d ~E

dt
= v rot ~H +~j, div ~E = ρ,

d ~H

dt
= −v rot ~E, div ~H = 0, v = (v2

1 + v2
2 + v2

3)1/2,

(64)
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λ1

(
∂

∂t
+ vl

∂

∂xl

)
vk + λ2

(
∂

∂t
+ vl

∂

∂xl

)2

vk + λ3vk =

= a1Ek + a2Hk + a3εklnElHn, k, l, n = 1, 2, 3,

(65)

d

dt
≡ ∂

∂t
+ b1El

∂

∂xl
+ b2Hl

∂

∂xl
+ b3vl

∂

∂xl
,

де λ1, λ2, λ3, a1, a2, a3, b1, b2, b3 — функцiї, якi залежать вiд iнварiантiв ~E2− ~H2,
~E ~H, ~v2.

Виписана система спiвпадає з класичним рiвнянням Максвелла при умовi, що
v є сталою величиною i всi λ1, λ2, ḃ3 дорiвнюють нулевi.

Рiвняння другого порядку для електромагнiтного поля ( ~E, ~H) iз змiнною
швидкiстю має вигляд

(
∂2

∂t2
− v2∆

)
~E = c1 ~E + c2 ~H + c3( ~E × ~H) + c4(~v × ~E) + c5(~v × ~H),

(
∂2

∂t2
− v2∆

)
~H = d1

~E + d2
~H + d3( ~E × ~H) + d4(~v × ~E) + d5(~v × ~H).

Швидкiсть ~v електромагнiтного поля ( ~E, ~H) визначається з рiвняння (65).
5. Пуанкаре-iнварiантне узагальнення класичного рiвняння Ойлера має ви-

гляд

(λ1L+ λ2L
2)vµ = r1vµ + r2

∂P

∂xµ
+ r3

(
vα
∂vν
∂xα

)2

vµ,

L ≡ vα
∂

∂xα
, L2 ≡

(
vα

∂

∂xα

)(
vα

∂

∂xα

)
,

(66)

де r1, r2, r3 — гладкi функцiї вiд iнварiантiв vαvµ, P .
Застосування виписаних нелiнiйних рiвнянь до опису конкретних фiзичних

процесiв дає можливiсть уточнити довiльнi функцiї, якi входять у рiвняння. Ви-
мога iнварiантностi до запропонованих рiвнянь вiдносно групп Галiлея, групи
Пуанкаре та їх рiзних розширень дозволяє iстотно звузити класи допустимих
моделей.
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Higher symmetries and exact solutions

of linear and nonlinear Schrödinger equation

W.I. FUSHCHYCH, A.G. NIKITIN

A new approach for the analysis of partial differential equations is developed which
is characterized by a simultaneous use of higher and conditional symmetries. Higher
symmetries of the Schrödinger equation with an arbitrary potential are investigated.
Nonlinear determining equations for potentials are solved using reductions to Wei-
erstrass, Painlevé, and Riccati forms. Algebraic properties of higher order symmetry
operators are analyzed. Combinations of higher and conditional symmetries are used
to generate families of exact solutions of linear and nonlinear Schrödinger equations.

1. Introduction

Higher order symmetry operators (SOs) have many important applications in modern
mathematical physics. These operators correspond to hidden symmetries of partial di-
fferential equations, including Lie–Bäcklund symmetries [1, 2], as well as super- and
parasupersymmetries [3–7]. Higher order SOs can be used to construct new conservati-
on laws which cannot be found in the classical Lie approach [3, 8]. These operators
are applied to separate variables [9]. Moreover, one should use SOs whose order is
higher than the order of the equation whose variables are separated [10].

In the present paper we investigate higher order SOs of the Schrödinger equation,
which are “non-Lie symmetries” [8, 11]. The simplest non-Lie symmetries are consi-
dered in detail and all related SOs are explicitly calculated. The potentials admitting
these symmetries are found as solutions of the corresponding nonlinear compatibility
conditions. It is shown that the higher order SOs extend the class of potentials which
were previously obtained in the Lie symmetry analysis.

Algebraic properties of higher order SOs are investigated and used to construct
exact solutions of the linear and related nonlinear Schrödinger equations. We propose
a new method to generate extended families of exact solutions by using both the
conditional symmetries [8, 12–14] and higher order SOs.

The Schrödinger equation with a time-independent potential V = V (x) is studied
mainly. Time-dependent potentials V = V (t, x) are discussed briefly in Section 6.
By this, we recover the old result [15] connected with the Lax representation for
the Boussinesq equation, and generate some other nonlinear equations admitting this
representation.

The distinguishing feature of our approach is that coefficients of symmetry opera-
tors and the corresponding potentials are defined as solutions of differential equations
which can be easily generalized to the case of multidimensional Schrödinger equation
contrary to the method of inverse scattering problem. This paper continues (and in
some sense completes) our works [16–18] where non-Lie symmetries of the Schrödinger
equation were considered. A detailed analysis of higher symmetries of multidimensi-
onal Schrödinger equations will be a subject of our subsequent paper.

Reprinted with permission from J. Math. Phys., 1997, 38, № 11, P. 5944–5959
c© 1997 American Institute of Physics
Original article is available at http://scitation.aip.org/jmp/



Higher symmetries and exact solutions of Schrödinger equation 403

2. Symmetry operators of the Schrödinger equation

Let us formulate the concept of higher order SO for the Schrödinger equation

LΨ(t, x) = 0, L = i∂t −H,

H =
1

2

(
−∂2

x + U(x)
)
, ∂t ≡

∂

∂t
, ∂x ≡ ∂

∂x
.

(2.1)

In every sense of the word, a SO of equation (2.1) is any (linear, nonlinear, di-
fferential, integro-differential, etc.) operator Q transforming solutions into solutions.
Restricting ourselves to linear differential operators of finite order n we represent Q
in the form

Q =

n∑

i=0

(hi · p)i, (hi · p)i = {(hi · p)i−1, p}, (hi · p)0 = hi, (2.2)

where hi are unknown functions of (t, x), {A,B} = AB +BA, p = −i∂x.
Operator (2.2) includes no derivatives w.r.t. t which can be expressed as 1

2

(
p2 + U

)

on the set of solutions of equation (2.1).

Definition [8]. Operator (2.2) is a SO of order n of equation (2.1) if

[Q,L] = 0. (2.3)

Remark. The more general invariance condition [3] [Q,L] = αQL, where αQ is
a linear operator, reduces to relation (2.3) if L and Q are operators defined in (2.1),
(2.2). Terms proportional to i ∂∂t cannot appear as a result of commutation of Q and L;
hence, without loss of generality, αQ = 0.

For n = 1, 2 SOs (2.2) reduce to differential operators of the first order and can
be interpreted as generators of the invariance group of the equation in question. For
n > 2 these operators (which we call higher order SO) correspond to non-Lie [8, 11]
symmetries.

Lie symmetries of equation (2.1) were described in Refs. [19–21]. The general form
of potentials admitting nontrivial (i.e., distinct from time displacements) symmetries
is as follows

U = a0 + a1x+ a2x
2 +

a3

(x+ a4)2
, (2.4)

where a0, . . . , a4 are arbitrary constants. No other potentials admitting local invari-
ance groups exist.

Group properties of equation (2.1) with potentials (2.4) were used to solve the
equation exactly, to establish connections between equations with different potentials,
to separate variables, etc. [9]. Unfortunately, all these applications are valid for a very
restricted class of potentials given by formula (2.4).

The class of admissible potentials can be essentially extended if we require that
equation (2.1) admits higher order SOs [17]. The problem of describing such potentials
(and the corresponding SOs) reduces to solving operator equations (2.2), (2.3). Eva-
luating the commutators and equating the coefficients for linearly independent diffe-
rentials we arrive at the following system of determining equations (which is valid for
arbitrary n) [5]:

∂xhn = 0, ∂xhn−1 + 2∂thn = 0,
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∂xhn−m + 2∂thn−m+1 −

−
[m−2

2 ]∑

k=0

(−1)k
2(n−m+ 2 + 2k)!

(2k + 1)!(n−m+ 1)!
hn−m+2k+2∂

2k+1
x U = 0,

∂th0 +

[n−1

2 ]∑

p=0

(−1)p+1h2p+1∂
2p+1
x U = 0,

(2.5)

where m = 2, 3, . . . , n, and [y] is the entire part of y.
Formulae (2.5) define a system of nonlinear equations in hi and U . For n = 2 the

general solution for U is given by formula (2.4).
Let us consider the case n = 3, which corresponds to the simplest non-Lie sym-

metry, in more detail. The corresponding system (2.5) reduces to

h′3 = 0, h′2 + 2ḣ3 = 0, 2ḣ2 + h′1 − 6h3U
′ = 0, (2.6a)

2ḣ1 + h′0 − 4h2U
′ = 0, ḣ0 − h1U

′ + h3U
′′′ = 0, (2.6b)

where the dots and primes denote derivatives w.r.t. t and x respectively.
Excluding h0 from (2.6b) and using (2.6a) we arrive at the following equation:

F (a, b, c;U, x) ≡ aU ′′′′ − (2äx2 + 6aU + c− 2ḃx)U ′′ −
− 6(2äx+ aU ′ − ḃ)U ′ − 12äU − 2(2∂4

t ax
2 − 2

...

b x+ c̈) = 0,
(2.7)

where a, b, c are arbitrary functions of t.
Equation (2.7) is nothing but the compatibility condition for system (2.6). If

potential U satisfies (2.7) then the corresponding coefficients of the SO have the
form

h3 = a, h2 = −2ȧx+ b, h1 = g1 + 6aU,

h0 = −4

3

...
a x3 + 2b̈x2 − 2ċx− 4ȧϕ+ 4(b− 2ȧx)U + d,

(2.8)

where

g1 = 2äx2 − 2ḃx+ c, ϕ =

∫
Udx, u = ϕ′, d = d(t). (2.9)

3. Equations for potential

Equation (2.7) was obtained earlier [17] (see Ref. [22]) and, moreover, particular
solutions for U were found [17]. Here we analyze this equation in detail.

First of all, let us reduce the order of equation (2.7). Integrating it twice w.r.t. x
and choosing the new dependent variable ϕ defined in (2.9) we obtain

a[ϕ′′′ − 3(ϕ′)2] − (g1ϕ)′ =
1

3
∂4
t ax

4 − 2

3

...

b x
3 + c̈x2 + dx+ e. (3.1)

Using the fact that ϕ depends on x only while a, b, c, d, e are functions of t, it is
possible to separate variables in (3.1). Indeed, dividing any term of (3.1) by a 6= 0,
differentiating w.r.t. t and integrating over x we obtain the following consequence

ġ1a− g1ȧ

a2
ϕ = ∂t

1

a

(
1

15
∂4
t ax

5 − 1

6

...

b x
4 +

1

3
c̈x2 +

1

2
dx2 + ex+ f

)
. (3.2)
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Consider equation (3.2) separately in two following cases:

ġ1a− g1ȧ 6= 0, (3.3a)

ġ1a− g1ȧ = 0. (3.3b)

Let condition (3.3a) be valid. Then dividing the l.h.s. and r.h.s. of (3.2) by ∂t(g1/a)
we come to the following general expression for ϕ

ϕ = α3x
3 + α2x

2 + α1x+ α0 +
α4

x+ α5
+

β1x+ β2

x2 + β3x+ β4
, (3.4)

where α0, . . . , α5, β1, . . . , β4 are constants.
It is possible to verify by a straightforward but cumbersome calculation that relati-

on (3.4) is compatible with (3.1) only for β1 = β2 = 0. We will not analyze solutions
(3.4) inasmuch as they correspond to potentials (2.4) and to SOs which are products
of the usual Lie symmetries [19–21].

If condition (3.3a) is valid, we obtain from equation (3.2)

ä = ak1, ḃ = k2a, c = k3a, (3.5)

where k1, k2, k3 are arbitrary constants. The corresponding equation (3.1) reduces to

ϕ′′′ − 3(ϕ′)2 − (G′′ϕ)′ = 2k1G+ k4x+ k5, (3.6)

where

G =
1

6
k1x

4 − 1

3
k2x

3 +
1

2
k3x

2, G′′ = g1 = 2k1x
2 − 2k2x+ k3, (3.7)

k4 and k5 are constants.
Let us prove that, up to equivalence, equation (3.6) can be reduced to one of the

following forms:

U ′′ − 3U2 + 3ω1 = 0, (3.8a)

U ′′ − 3U2 − 8ω2x = 0, (3.8b)

(U ′′ − 3U2)′ − 2ω3(xU
′ + 2U) = 0, (3.8c)

ϕ′′′ − 3(ϕ′)2 − 2ω4(x
2ϕ)′ =

1

3
ω2

4x
4 + ω5, U = ϕ′, (3.8d)

where ω1, . . . ω5 are arbitrary constants. Indeed, by using invertible transformations

ϕ→ ϕ+ C1x+ C2, x→ x+ C3, (3.9)

where Ck (k = 1, 2, 3) are constants, it is possible to simplify the r.h.s. of (3.6). These
transformations cannot change the order of polynomial G, and so there exist four
nonequivalent possibilities:

k1 = 0, k2 = 0, k4 = 0, (3.10a)

k1 = 0, k2 = 0, k4 6= 0, (3.10b)
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k1 = 0, k2 6= 0, (3.10c)

k1 6= 0. (3.10d)

Setting in (3.9)

C1 = −1

6
k3, C2 = C3 = 0, k5 −

1

12
k2
3 = ω1, (3.11a)

C1 = −1

6
k3, C2 = 0, C3 = −k5

k4
+

k2
3

12k4
, k4 = 8ω2, (3.11b)

C1 =
k4

4k2
, C2 =

k5

2k2
+

3k2
4

32k3
2

+
k3k4

8k2
2

, C3 =
k3

2k2
+

3k4

4k2
2

, k2 = −ω3, (3.11c)

C1 = −1

6
k3 +

k2
2

12k1
, C2 = − k4

4k1
− k2k3

6k1
+

k3
2

24k2
1

,

C3 =
k2

2k1
, k1 = ω4, k5 −

k2
3

12
+
k2k4

2k1
+
k2
2k3

3k1
− k4

2

16k2
1

= ω5

(3.11d)

for cases (3.10a)–(3.10d) correspondingly, we reduce (3.6) to one of the forms (3.8a)–
(3.8d) respectively.

From (2.2), (2.8), (3.4), (3.9)–(3.11) we find the corresponding symmetry operators

Q = p3 +
3

4
{U, p} ≡ 2pH +

1

2
Up+

i

4
U ′, (3.12a)

Q = p3 +
3

4
{U, p} − ω2t, (3.12b)

Q = p3 +
3

4
{U, p} + ω3

(
tH − 1

4
{x, p}

)
, (3.12c)

Q± =
1√
24

[
p3 ± i

4
ω{{x, p}, p} +

1

4
{3ϕ′ − ω2x2, p}±

± i

2
ω

(
ϕ+ 2xϕ′ − ω2

3
x3

)]
exp(±iωt), ω =

√
−ω4,

(3.12d)

where U and ϕ are solutions of (3.2) and H is the related Hamiltonian (2.1).
Thus, the Schrödinger equation (2.1) admits a third-order SO if potential U satis-

fies one of the equations (3.8). The explicit form of the corresponding SOs is present
in (3.12).

4. Algebraic properties of SOs

Let us investigate algebraic properties of SOs defined by relations (3.12). We shall see
that these properties are predetermined by the type of equations (3.8) satisfied by U .
By direct calculations, using (2.3), (2.1) and (3.12), we find the following relations

[Q,H] = 0, (4.1a)
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Q2 = 8H3 − 3

2
ω1H − C

8
(4.1b)

if the potential satisfies equation (3.8a) (C is the first integral of equation (3.8a), refer
to (5.1));

[Q,H] = iω2I, [Q, I] = [H, I] = 0 (4.2)

if the potential satisfies equation (3.8b);

[Q,H] = −iω3H (4.3)

if the potential satisfies equation (3.8c), and

[H,Q±] = ±ωQ±, (4.4a)

[Q+, Q−] = ω

(
H2 +

1

48
(2ω2 + ω5)

)
(4.4b)

if the potential satisfies (3.8d).
It follows from (4.1)–(4.3) that non-Lie SOs Q and HamiltoniansH form consistent

Lie algebras which can have rather nontrivial applications.
Formula (4.1b) presents an example of the general theorem [23, 24] stating that

commuting ordinary differential operators are connected by a polynomial algebraic
relation with constant coefficients. In Section 7 we use relations (4.1) to integrate the
related equations (2.1).

Relations (4.2) define the Heisenberg algebra. The linear combinations a± =
1√
2
(H ± iQ) realize the unusual representation of creation and annihilation operators

in terms of third-order differential operators.
In accordance with (4.3), Q plays a role of dilatation operator which continuously

changes eigenvalues of H. Indeed, let

HΨE = EΨE , (4.5)

then the function Ψ′ = exp(iλQ)ΨE (where λ is a real parameter) is also an eigen-
vector of the Hamiltonian H with the eigenvalue λE.

It follows from (4.4) that for ω4 < 0 the operators Q+ and Q− are raising and
lowering operators for the corresponding Hamiltonian. In other words, if ΨE sati-
sfies (4.5) then Q±ΨE are also eigenfunctions of the Hamiltonian which, however,
correspond to the eigenvalues E ± ω:

H(Q±ΨE) = (E ± ω)(Q±ΨE). (4.6)

Relations (4.6) are typical for creation and annihilation operators of the quantum
oscillator. This observation shows a way for constructing exact solutions of the Schrö-
dinger equation whose potential satisfies relation (3.8d). Moreover, relations (4.4a)
allow Q to be interpreted as a conditional symmetry [8, 12]; such symmetries are of
particular interest in the analysis of partial differential equations [14, 25, 26]. Thus,
third-order SOs of equation (2.1) generate algebras of certain interest. Moreover,
algebraic properties of these SOs are the same for wide classes of potentials described
by one of equations (3.8).
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5. Reduction of equations for potentials

Let us consider equations (3.8) in detail and describe the corresponding classes of
potentials. A solution of some of these nonlinear equations is a complicated problem
which, however, can be simplified by using reductions to other well–studied equations.

5.a. The Weierstrass equation. Formula (3.8a) defines the Weierstrass equation
whose solutions are expressed via either elementary functions or via the Weierstrass
function, depending on values of the parameter ω1 and the integration constant.
Here we represent these well-known solutions (refer, e.g. to the classic monograph
of E.T. Whittaker and G.N. Watson [28]) in the form convenient for our purposes.

Multiplying the l.h.s. of (3.8a) by U ′ and integrating we obtain

1

2
(U ′)2 − U3 + 3ω1U = C, (5.1)

where C is an integration constant which appeared above in (4.1b). Then by changing
roles of dependent and independent variables it becomes possible to integrate (5.1) and
to find U as an implicit function of x. We will distinguish five qualitatively different
cases:

C2 − 4ω3
1 = 0, C > 0, (5.2a)

C2 − 4ω3
1 = 0, C < 0, (5.2b)

C = ω1 = 0, (5.2c)

C2 − 4ω3
1 < 0. (5.3a)

C2 − 4ω3
1 > 0. (5.3b)

For (5.2a)–(5.2c), solutions of (5.1) can be expressed via elementary functions,
while (5.3a,b) generate solutions in elliptic functions.

For our purposes, it is convenient to transform (5.1) to another equivalent form.
Using the substitution

U = V − µ

2
, (5.4)

where µ is a real root of the cubic equation

µ3 − 3ω1µ+ C = 0, (5.5)

we obtain

1

2
(V ′)2 − V 3 − ω̄0V

2 + 4ω̄1V + 8ω̄0ω̄1 = 0, (5.6)

where ω̄0 = 3
2µ and ω̄1 = 3

4 (ω1 − µ2) are arbitrary real numbers.
The substitution (5.4), (5.5) transforms conditions (5.2), (5.3) to the following

form:

ω̄1

(
ω̄1 − ω̄2

0

)2
= 0, ω̄0 < 0, (5.7a)

ω̄1

(
ω̄1 − ω̄2

0

)2
= 0, ω̄0 > 0, (5.7b)
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ω̄1

(
ω̄1 − ω̄2

0

)2
= 0, ω̄0 = 0, (5.7c)

ω̄1

(
ω̄1 − ω̄2

0

)
6= 0, ω̄1 > 0, (5.8a)

ω̄1

(
ω̄1 − ω̄2

0

)
6= 0, ω̄1 < 0. (5.8b)

If relations (5.7a) are satisfied, then ω̄1 = ω̄2
0 or ω̄1 = 0. Moreover, the correspon-

ding solutions for V differ by a constant shift: V → V + 2ω̄0, ω̄0 → ω̄0/2. Without
loss of generality we restrict ourselves to the former case, then solutions of equation
(5.6) corresponding to conditions (5.7a-c) have the following forms:

V = ν2
[
2 tanh2 (ν(x− k)) − 1

]
, ω̄0 = −1

2
ν2, ω̄1 =

1

4
ν4, (5.9a)

V = ν2
[
2 coth2 (ν(x− k)) − 1

]
, ω̄0 = −1

2
ν2, ω̄1 =

1

4
ν4, (5.9a′)

V = ν2
[
2 tan2 (ν(x− k) − 1)

]
, ω̄0 =

1

2
ν2, ω̄1 =

1

4
ν4, (5.9b)

V =
2

(x− k)2
. (5.9c)

Here, k and ν are arbitrary real numbers.
For the cases (5.8) the general solution of (5.1) has the form

V = 2℘(x− k) +
1

2
µ, (5.10)

where ℘ is a two-periodic Weierstrass function, which is meromorphic on all the
complex plane. The invariants of this function are g2 = − 4

3

(
ω̄2

0 + 3ω̄1

)
and g3 =

− 4
27 ω̄0

(
ω̄2

0 − 9ω̄1

)
. Moreover, if condition (5.8a) holds, the corresponding solutions

are bounded and can be expressed via the elliptic Jacobi functions

V = Bcn2(Dx+ k) + F, (5.11a)

where

B = (e3 − e2), D =
√

(e1 − e3)/2, F = e2, (5.11b)

e1 > e2 > e3 are real solutions of the cubic equation from the r.h.s. of (5.6).
We note that formulae (5.9) present the set of well-known potentials which cor-

respond to the exactly solvable Schrödinger equations [27]. In accordance with the
above, these equations admit extended Lie symmetries.

5.b. Painlevé and Riccati equations. Relation (3.8b) defines the first Painlevé
transcendent. Its solutions are meromorphic on all the complex plane but cannot be
expressed via elementary or special functions.

Equation (3.8c) is more complicated. However, by using the special change of
variables and applying the Miura [29] ansatz, we shall reduce it to the Painlevé form
also. Indeed, making the following change of variables

U = − 3

√
ω2

3

6
V, x = − 3

√
1

6ω3
y, (5.12)
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we obtain

V ′′′ + V V ′ − 1

3
xV ′ − 2

3
V = 0, V ′ = ∂V/∂y. (5.13)

The ansatz

V = W ′ − 1

6
W 2 (5.14)

reduces (5.13) to
(
∂y −

1

3
W

)(
W ′′′ − 1

6
W 2W ′ − 1

3
yW ′ − 1

3
W

)
= 0.

Equating the expression in the second brackets to zero and integrating it we come
to the second Painlevé transcendent

W ′′ =
1

18
W 3 +

1

3
yW +K, (5.15)

where K is an arbitrary constant.
To make one more reduction of equation (3.8c) we take U = ϕ′. Then, integrating

the resultant equation, we obtain

ϕ′′′ − 3 (ϕ′)
2 − 2ω3 (xϕ)

′
= C. (5.16)

Then, defining

ϕ = 2 3
√

2ω3ξ +
1

4
y2 +

C

2ω3
, y = 3

√
2ω3x,

Ŵ = ξ′ − ξ2 − 1

2
y, ξ′ =

∂ξ

∂y

(5.17)

we represent (5.16) as

Ŵ ′′ − 4ξ′Ŵ + 2ξŴ ′ − yŴ = 0. (5.18)

The trivial solutions of (5.18) correspond to the following Riccati equation for ξ:

ξ′ − ξ2 − 1

2
y = 0. (5.19)

It follows from the above that any solution of equations (5.15) or (5.19) generates
a potential U defined by relations (5.12), (5.14) or (5.17). The corresponding Schrö-
dinger equation admits a third-order SO.

The last of the equations considered, i.e., equation (3.8d), is the most complicated.
The change

ϕ = 2f − 1

3
ω4x

3 (5.20)

reduces it to the following form:

f ′′′ − 6(f ′)2 + 4ω4(f
′x2 − xf) = ω4 +

1

2
ω5. (5.21)
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Multiplying (5.21) by f ′′ and integrating we obtain the first integral

1

2
(f ′′)2 − 2(f ′)3 + 2ω4(f − xf ′)2 −

(
ω4 +

1

2
ω5

)
f ′ = C (5.22)

which is still a very complicated nonlinear equation.
Let us demonstrate that (5.21) can be reduced to the Riccati equation. To realize

this we rewrite (5.21) as follows

F ′′ + 2fF ′ − 4f ′F =
1

2
ω5 − ω4, (5.23)

where

F = f ′ − f2 − ω4x
2.

Choosing ω5 = 2ω4 we conclude that any solution of the Riccati equation

f ′ = f2 + ω4x
2 (5.24)

generates a solution of equation (3.8d), given by relation (5.20).
One more possibility in solving of equation (3.8d) consists in its reduction to

the Painlevé form. Making the change of variables ϕ =
√−w4χ, x = 1√−ω4

y and
differentiating equation (3.8d) w.r.t. y, we obtain

(
Ũ ′′ − 3Ũ2

)′′
+
(
6Ũ + 6xŨ ′ + 2Ũ ′′

)
= 4x2, (5.25)

where Ũ = ∂χ
∂y = − 1

ω4
U .

Using the following generalized Miura ansatz

Ũ = −V ′ + V 2 + 2V y + y2 − 1, (5.26)

we reduce equation (5.25) to the form

∂y (∂y − 2V − 2y − 2) ×
×
(
V ′′′ − 6V 2V ′ − 4V2 − 12yV V ′ − 4yV − 4V ′y2 − 2V ′) = 0.

Equating the expression in the right brackets to zero, integrating and dividing it
by 2V , we come to the fourth Painlevé transcendent

V ′′ =
V ′2

2V
+

3

2
V 3 + 8yV 2 +

(
2y2 − 1

)
V +

b

V
. (5.27)

We note that the double differentiation and consequent change of variables

ϕ′ = −
√
ω4

3

(
Φ +

1

6
y2

)
, x =

1
4
√

4ω4
y

transform equation (3.8d) to the form

∂4Φ + Φ′′Φ + Φ′Φ′ − 1

3

(
8Φ + x2Φ′′ + 7xΦ′) = 0

which coincides with the reduced Boussinesq equation [3, 12]. The procedures outlined
above reduces the equation either to the fourth Painlevé transcendent (5.27) or to the
Riccati equation (5.24).

Thus, the third-order SO are admitted by a very extended class of potentials
described above. We should like to emphasize that in general the corresponding
Schrödinger equation does not possess any nontrivial (distinct from time displace-
ments) Lie symmetry.
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6. Equations for time-dependent potentials

Consider briefly the case of time-dependent potentials U = U(x, t). The determining
equations (2.6) are valid in this case also. Moreover, the compatibility condition for
system (2.6) takes the form

F (a, b, c;x, U) + 12aÜ − 4(b− 2ȧx)U̇ ′ = 0, (6.1)

where F (a, b, c;x, U) is defined in (2.7).
Equation (6.1) is much more complicated than (2.7) due to the time dependence

of U , which makes it impossible to separate variables. For any fixed set of functions
a(t), b(t), and c(t), formula (6.1) defines a nonlinear equation for potential. Moreover,
any of these equations admits the Lax representation

[H,Q] = i
∂Q

∂t
, (6.2)

cf. (2.3). See Refs. [30, 31] for the general results connected with arbitrary ordinary
differential operators satisfying (6.2).

We will not analyze equations (6.1) here, but present a few simple examples
concerning particular choices of arbitrary functions a, b, and c.

a = const, b = c = 0:

−12Ü + U ′′′′ − 6(UU ′)′ = 0; (6.3)

a, b are constants, c = 0:

12Ü − (4bU̇ − U ′′′ + 6UU ′)′ = 0; (6.4)

ȧ = c = 0, ḃ = ω3a:

12Ü − 4(ω3t− 2x)U̇ ′ + (U ′′ − 3U2)′′ + 2ω3(xU
′ + 2U)′ = 0; (6.5)

a = exp(t), b = c = 0:

12Ü + 8xU̇ ′ + (U ′′ − U2)′′ − 12(Ux)′ − 2x2U ′′ − 4x2 = 0. (6.6)

Formula (6.3) defines the Boussinesq equation. The Lax representation (6.2) for
this equation is well known [15]. Formulae (6.4)–(6.6) present other examples of non-
linear equations admitting this representation and arise naturally under the analysis
of third-order SOs of the Schrödinger equation.

7. Exact solutions

Let us regard the case of potentials satisfying (3.8a) or (5.4), (5.6). Taking into account
commutativity of the corresponding SO (3.12a) with Hamiltonian (2.1) it is convenient
to search for solutions of the Schrödinger equation in the form

Ψ(t, x) = exp(−iEt)ψ(x), (7.1)

where ψ(x) are eigenfunctions of the commuting operators H and Q

Hψ(x) = Eψ(x), (7.2a)
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Qψ(x) = λψ(x). (7.2b)

Using (7.2a), (3.12a), and (5.4) we reduce (7.2b) to the first-order equation

(
2E +

V

2
+ ω̄0

)
ψ′ =

(
1

4
V ′ + iλ

)
ψ (7.3)

whose general solution has the form

ψ = A
√
V + 4E + 2ω̄0 exp

(
2iλ

∫
dx

V + 4E + 2ω̄0

)
, (7.4)

where A is an arbitrary constant. Then, expressing ψ′ via ψ in accordance with (7.3)
and using (5.6), we reduce (7.2a) to the following algebraic relation for E and λ
(compare with (4.1b)):

λ2 = 8E2(E + ω̄0). (7.5)

Thus there exists a remarkably simple way to integrate the Schrödinger equation
which admits a third order SO. The integration reduces to the problem of solving the
first-order ordinary differential equation (7.3) and algebraic equation (7.5).

Let us show that the existence of a third-order SO for the linear Schrödinger
equation enables one to find exact solutions for the following nonlinear equation:

i∂tΨ̃ =
1

2
p2Ψ̃ +

1

2A2
(Ψ̃∗Ψ̃)Ψ̃. (7.6)

Indeed, if λ2 > 0, solutions (7.1), (7.4) satisfy the following relations

Ψ∗Ψ = A2(V + 4E + 2ω̄0). (7.7)

Using (7.2a) and (7.7) we make sure that the functions

Ψ̃ = exp(iεt)ψ(x), ε = −3E − ω̄0 (7.8)

(where ψ(x) are functions defined in (7.4)) are exact solutions of (7.6).
Thus, we obtain a wide class of exact solutions of the nonlinear Schrödinger equati-

on, which depend on arbitrary parameters ε, ω̄0, ω̄1, k (see (7.8), (7.4), (5.6), (5.8)).
Properties of these (and some more general) solutions are discussed in the following
section.

8. Lie symmetries and generation of solutions

It is well known that equation (7.6) is invariant under the Galilei transformations
(refer, e.g., to Refs. [2, 3])

x→ x′ = x+ vt,

Ψ(t, x) → Ψ′(t, x′) = exp

[
i

(
vx+

v2t

2
+ ϕ0

)]
Ψ(t, x),

(8.1)
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where v and ϕ0 are real parameters. Using (8.1) and starting with (7.8) it is possible
to generate a more extended family of solutions

Ψ̄ = A
√
V (x− k + vt) + 4E + 2ω̄0 ×

× exp

{
i

[
(2ε+ v2)

t

2
+ vx+ ϕ0 + 2λ

∫ x−k−vt

0

dy

V (y) + 4E + 2ω̄0

]}
.

(8.2)

Here, V is an arbitrary solution of equation (5.6), v, ω̄0, ω̄1, k, ϕ0 and E are real
parameters, λ and ε are defined in (7.5), (7.8).

In order for λ to be real we require ε ≥ 0, other parameters are arbitrary.
Solutions (8.2) are qualitatively different for different values of free parameters

enumerated in (5.7). If ω̄0 and ω̄1 satisfy (5.7a) or (5.7c), possible V are given by
formulae (5.9a), (5.9a′) or (5.9c). Solutions (8.2), (5.9a) are bounded for any x and t,
whereas solutions (8.2), (5.9a′) and (8.2), (5.9c) are singular at x − k − vt = 0.
For ω̄0 and ω̄1 satisfying (5.7b) the modulus of the complex function (8.2), (5.9b)
is periodic and singular at x − k − vt = (2n + 1)π/2ν. All the above mentioned
singularities are simple poles. If ω̄0 and ω̄1 satisfy relations (5.8a), the solutions (8.2)
are expressed via the two-periodic Weierstrass function ℘ (refer to (5.10)) and are,
generally speaking, unbounded. But if we restrict ourselves to solutions (5.11) for
potential, the corresponding solutions (8.2) are periodic and bounded.

To inquire into a physical content of the obtained solutions let us consider in more
detail the cases (8.2), (5.9a) and (8.2), (5.11).

For potentials (5.9a) the corresponding relation (7.5) reduces to

λ2 = 4E2ε, ε = 2E − ν2, (8.3)

and the integral in (8.2) can be easily calculated. This enables us to represent solutions
(8.2), (5.9a) as follows

Ψ̃ =
Aν

cosh[ν(x− k + vt)]
exp

{
i

[(
ν2 + v2

2

)
t+ vx+ ϕ0

]}
, E = 0; (8.4)

Ψ̃ = A
{
ν tanh[ν(x− k + vt)] ± i

√
ε
}
×

× exp

{
i

[(
ν2 + v2

2
− 3E

)
t+ (v ∓

√
ε)x+ ϕ0

]}
, E 6= 0, ε ≥ 0.

(8.5)

For potentials (5.11) we obtain from (8.2)

Ψ̃ = Ψ̃1 = A
√
B cn [D(x+ vt) + k] exp[if1(t, x)], E = 0; (8.6)

Ψ̃ = Ψ̃2 = A
√
B cn2[D(x+ vt) + k] + F exp(if2(t, x)], E + ω̄0 = 0, (8.7)

where

f1(t, x) = f2(t, x) +
3

2
Ft =

(
F +

v2

2

)
t+ vx+ ϕ0,

B, D and F are parameters defined in (5.11b).
For other values of E solutions (8.2), (5.11) are also reduced to the form (8.7)

where the phase f2(t, x) is expressed via elliptic integrals.
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Formula (8.4) presents a fast decreasing one-soliton solution [31]. Relation (8.5)
defines a soliton solution whose behavior at x→ ∞ is typical of solitons with a finite
density. Formulae (8.6), (8.7) describe “cnoidal” solutions for the nonlinear Schrödinger
equation.

9. Conditional symmetry and generation of solutions

Let us return to the linear Schrödinger equation (2.1) with the potential U satisfying
(3.8a). Generally speaking it possesses no non-trivial (distinct from time displace-
ments) Lie symmetry. Nevertheless, its solutions can be generated within the frame-
work of the concept of conditional symmetry [2, 3, 12, 14, 32]. Indeed, these solutions
satisfy (7.7), and equation (2.1) with the additional condition (7.7) is invariant under
the Galilei transformations (8.1) (i.e., condition (7.7) extends the symmetry of equa-
tion (2.1)).

This conditional symmetry enables us to generate new solutions. Starting with
(7.1), (7.4) and using (8.1) we obtain

Ψ = A
√
V (x− k + vt) + 4E + 2ω̄0 ×

× exp



i


(−2E + v2)

t

2
+ vx+ ϕ0 + 2λ

x−k−vt∫

0

dy

V (y) + 4E + 2ω̄0






 .

(9.1)

Functions (9.1) satisfy the Schrödinger equation with a potential V (x − k + vt)
where V (x) is a solution of equation (5.6). In the particular case E = − ω̄0

2 these
functions are reduced to solutions (8.2) of the nonlinear equation (7.6).

One more generation of solutions can be made using a third-order SO. Inasmuch
as V (x) satisfies (5.6), then V (x + vt) satisfies the Boussinesq equation (6.3). It
means that the corresponding linear Schrödinger equation admits a third-order SO.
In accordance with (2.2), (2.6) this SO can be represented in the form

Q = p3 +
1

4
{3V + 2ω̄0 + 6v2, p} +

3

2
vV ≡

≡ 2pH +
1

2
(V + 2ω̄0 + 6v2)p+

3

2
vV +

i

4
V ′.

(9.2)

Formula (9.2) generalizes (3.12a) to the case of time-dependent potential.
Acting by operator (9.2) on Ψ in (9.1) we obtain a new family of solutions

Ψ′ = QΨ = aψ + iv2Ψ1, (9.3)

where a = λ+ 4Ev + ω̄0v − 4v3, Ψ is the initial solution (9.1),

Ψ1 =
V ′ + 4iλ

2(4E + V + 2ω̄0)
Ψ. (9.4)

We note that if Ψ is a soliton solution

Ψ =
νA

cosh[ν[x+ vt)]
exp

[
i

(
v2

2
t+ vx+ ϕ0

)]
(9.5)
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(the corresponding potential is present in (5.9a)), then (9.4) is a soliton solution too:

Ψ1 =
ν2A sinh[ν(x+ vt)]

cosh2[ν(x+ vt)]
exp

[
i

(
v2

2
t+ vx+ ϕ0

)]
. (9.6)

Starting with the potential (5.11) we obtain from (9.1) a particular solution

Ψ = A
√
B cn2z + F exp

[
i

(
v2

2
t+ vx+ ϕ0

)]
, z = D(x− vt). (9.7)

The corresponding generated solution (9.4) reads

Ψ1 = −ABD cn z sn z dn z

B cn2z + 2F
exp

[
i

(
v2

2
t+ vx+ ϕ0

)]
(9.8)

and is also bounded.
Acting by SO (9.2) on solutions (9.3), (9.8) we again obtain new solutions. Mo-

reover, this procedure can be repeated. In particular, in this way it is possible to
construct multisoliton solutions of the linear Schrödinger equation.

We see that higher order SOs present efficient possibilities for solving equations of
motion and generating new solutions starting with known ones.

10. Conclusion

Higher order SOs present a powerful tool for analyzing and solving the Schrödinger
equation. The concept of higher symmetries enables us to extend the class of privileged
potentials (2.4) and to investigate invariance algebras of the equations whose poten-
tials satisfy one of relations (3.8).

We note that potentials (5.9) can be represented in the form V = W 2 +W ′ where
W = ν tanh[ν(x − k)] for solution (5.9a) (superpotentials W for solutions (5.9a)–
(5.9c) can be also easily calculated). Moreover, the corresponding superpartners Ṽ =
W 2−W ′ reduce to constants, therefore it is possible to integrate easily the Schrödinger
equation with potentials (5.9) using the Darboux transformation [33].

It is worth to note that invariance condition (2.3) for operators (2.1), (3.12) can
be treated as a zero curvature condition for equations associated with the eigenvalue
problem for operator Q, or as the Lax condition where a role of the Lax operator L
is played by a SO, refer to (6.2). The reasons stimulating our research of such a well-
studied subject and distinguishing features of our approach are the following:

(1) The main goal of our paper is to present a constructive description of potentials
for the Schrödinger equation which admit higher symmetries. In this way we extend
the fundamental results [19–21] connected with the search for potentials admitting
usual Lie symmetries.

To solve the deduced determining equations for potentials we use direct reductions
to the Painlevé or Riccati forms. The obtained results can be used for analysis and
solution of the Schrödinger equation as well as for construction of exact solutions of
the Boussinesq equation, see item 5 in the following.

In the method of inverse problem, description of pairs of operators (2.1), (2.8) sati-
sfying the Lax condition (6.2) is reduced to the Gelfand–Marchenko–Levitan equati-
ons [34] or to the Riemann problem [15, 31] which can be solved explicitly for a
restricted class of potentials.
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(2) We use non-Lie symmetries of the Schrödinger equation for construction and
generation of exact solutions. Moreover, we are interested not so much in finding
new solutions as in developing a new method of their derivation, which consists in
simultaneous using of higher order and conditional symmetries. Nevertheless, the
cnoidal solutions (9.7), (9.8) and (8.6), (8.7) for the linear and nonlinear Schrödinger
equations can be of interest for physicists as well as infinite series of soliton and cnoidal
solutions generated by a repeated application of the procedure described in Section 9.

We believe that the combination “higher order symmetries + conditional symmet-
ries” may be used effectively in the investigations and analysis of other equations of
mathematical physics.

(3) Our approach admits a direct generalization to multidimensional Schrödinger
equations. Note that higher symmetries of the three-dimension Schrödinger equation
were investigated in [18, 35] for particular potentials.

(4) Algebraic relations (4.1)–(4.4) are valid for extended classes of potentials. They
open additional possibilities in the application of algebraic methods to investigate the
Schrödinger equation, in particular, the use of raising and lowering operators for this
equation with potentials satisfying (3.8d). We note that relations (3.8d) are valid also
for time-independent operators Q̃± = exp(∓iωt)Q± where Q± are given by relations
(3.12d).

(5) Equations (3.8) which describe potentials that admit third-order symmetries
are equivalent to the reduced versions of the Boussinesq equation, which appear under
the similarity reduction [36] (this is the case for (3.8a,d)) and the reduction with using
symmetries [14, 25, 26] (the last is valid for (3.8b,c)). Thus, the results obtained in
Section V can be used to construct exact solutions of the Boussinesq equation.

A systematic study of higher symmetries of multidimensional Schrödinger equa-
tions is planned to be carried out elsewhere.
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On the classification of subalgebras

of the conformal algebra with respect

to inner automorphisms

L.F. BARANNYK, P. BASARAB-HORWATH, W.I. FUSHCHYCH

We give a complete justification of the classification of inequivalent subalgebras of the
conformal algebra with respect to the inner automorphisms of the conformal group,
and we perform the classification of the subalgebras of the conformal algebra AC(1, 3).

1. Introduction

The necessity of classifying the subalgebras of the conformal algebra is motivated by
many problems in mathematics and mathematical physics [1, 2]. The conformal algeb-
ra AC(1, n) of Minkowski space R1,n contains the extended Poincaré algebra AP̃ (1, n)
and the full Galilei algebra AG4(n − 1) (also known as the optical algebra). The
classification of the subalgebras of the conformal algebra AC(1, n) is almost reducible
to the classification of the subalgebras of the algebras AP̃ (1, n) and AG4(n− 1).

Patera, Winternitz and Zassenhaus [1] have given a general method for the classi-
fication of the subalgebras of inhomogeneous transformations. Using this method, the
classification of the subalgebras AP (1, n), AP̃ (1, n), and AG4(n− 1) was carried out
in Refs. [1–9] for n = 2, 3, 4. In Refs. [7–11], this general method was supplemented by
many structural results which made possible the algorithmization of the classification
of the subalgebras of the Euclidean, Galilean, and Poincaré algebras for spaces of arbi-
trary dimensions. Indeed, this was done in Refs. [9] and [10], where the subalgebras
of AC(1, n) were classified up to conjugation under the conformal group C(1, n) for
n = 2, 3, 4.

In order to perform the symmetry reduction of differential equations, it is necessary
to identify the subalgebras of the symmetry algebra (of the equation) which give
the same systems of basic invariants. This observation has led to the introduction
in Ref. [12] of the concept of I-maximal subalgebras: a subalgebra F is said to be
I-maximal if it contains every subalgebra of the symmetry algebra with the same
invariants as F . In Ref. [13], all I-maximal subalgebras of AC(1, 4), classified up to
C(1, 4)-conjugation, were found in the representation defined on the solutions of the
eikonal equation. Using these subalgebras, reductions of the eikonal and Hamilton–
Jacobi equations to differential equations of lower order were obtained in Refs. [9]
and [12]. We note that the list of I-maximal subalgebras for a given algebra can differ
according to the equation being investigated.

In the above works, the question of the connection between conjugation of the
subalgebras of the algebra AP̃ (1, n) under the group P̃ (1, n) (or the group AdAP̃ (1, n)
of inner automorphisms of the algebra AP̃ (1, n)) and the conjugacy of these subal-
gebras under the group C(1, n) was not dealt with. This, and the same problem for
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subalgebras of the Galilei algebra AG4(n−1), is the problem we address in the present
article.

Since the group analysis of differential equations is of a local nature, we concentrate
on conjugacy of the subalgebras under the group of inner automorphisms of the
algebra AC(1, n). Going over to conjugacy under C(1, n) is not complicated, and
requires only a further identification of the subalgebras under the action of at most
three discrete symmetries. The results of this paper allow us to obtain a full classifi-
cation of the subalgebras of AC(1, n) for low values of n. On the basis of these results,
we give at the end of this paper a classification of the algebra AC(1, 3) with respect
to its group of inner automorphisms. The list of subalgebras obtained in this way can
be used for the symmetry reduction of any system of differential equations which are
invariant under AC(1, 3).

2. Maximal subalgebras of the conformal algebra

We denote by AdL the group of inner automorphisms of the Lie algebra L. Unless
otherwise stated, conjugacy of subalgebras of L means conjugacy with respect to the
group AdL. We consider AdL1 as a subgroup of AdL2 whenever L1 is a subalgebra
of L2. The connected identity component of a Lie group H is denoted by H1.

Let R1,n (n ≥ 2), be Minkowski space with metric gαβ , where (gαβ) = diag [1,−1,
. . . ,−1] and α, β = 0, 1, . . . , n. The transformation defined by the equations

xα = xα(y0, y1, . . . , yn), α = 0, 1, . . . , n

of a domain U ⊂ R1,n into R1,n, is said to be conformal if

∂xµ
∂yα

∂xν
∂yβ

gµν = λ(x)gαβ ,

where λ(x) 6= 0 and x = (x0, x1, . . . , xn). The conformal transformations of R1,n

form a Lie group, the conformal group C(1, n). The Lie algebra AC(1, n) of the group
C(1, n) has as its basis the generators of pseudorotations Jαβ , the translations Pα, the
nonlinear conformal translations Kα, and the dilatations D, where α, β = 0, 1, . . . , n.
These generators satisfy the following commutation relations:

[Jαβ , Jγδ] = gαδJβγ + gβγJαδ − gαγJβδ − gβδJαγ ,

[Pα, Jβγ ] = gαβPγ − gαγPβ , [Pα, Pβ ] = 0, [Kα, Jβγ ] = gαβKγ − gαγKβ ,

[Kα,Kβ ] = 0, [D,Pα] = Pα, [D,Kα] = −Kα, [D, Jαβ ] = 0,

[Kα, Pβ ] = 2(gαβD − Jαβ).

(1)

The pseudo-orthogonal group O(2, n+1) is the multiplicative group of all (n+3)×
(n+3) real matrices C satisfying CtE2,n+1C = E2,n+1, where E2,n+1 = diag [1, 1,−1,
. . . ,−1]. We denote by Iab the (n+ 3)× (n+ 3) matrix whose entries are zero except
for 1 in the (a, b) position, with a, b = 1, 2, . . . , n+ 3. The Lie algebra AO(2, n+ 1) of
O(2, n+ 1) has as its basis the following operators:

Ω12 = I12 − I21, Ωab = −Iab + Iba (a < b; a, b = 3, . . . , n+ 3),

Ωia = −Iia − Iai (i = 1, 2; a = 3, . . . , n+ 3),
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which satisfy the commutation relations

[Ωab,Ωcd] = ρadΩbc + ρbcΩad − ρacΩbd − ρbdΩac (a, b, c, d = 1, 2, . . . , n+ 3),

where (ρab) = E2,n+1. Let us denote by R2,n+1 the pseudo-Euclidean space of n + 3
dimensions with metric ρab. The matrices of the group O(2, n + 1) and the algebra
AO(2, n+1) will be identified with operators acting on the left on R2,n+1. Then, with
this convention, O(2, n+ 1) is the group of isometries of R2,n+1.

It is known (see for instance Ref. [9]) that there is a homomorphism Ψ : O(2, n+
1) → C(1, n) with kernel {±En+3}, where {En+3} is the unit (n+3)× (n+3) matrix.
Thus we are able to identify O(2, n+ 1) with C(1, n). This homomorphism of groups
induces an isomorphism f of the corresponding Lie algebras, f : AO(2, n + 1) →
AC(1, n), which is given by

f(Ωα+2,β+2) = Jαβ , f(Ω1,α+2 − Ωα+2,n+3) = Pα,

f(Ω1,α+2 + Ωα+2,n+3) = Kα, f(Ω1,n+3) = −D (α, β = 0, 1, . . . , n).

We shall in this article identify the two algebras, using this isomorphism, so that we
can write the previous equations as

Ωα+2,β+2 = Jαβ , Ω1,α+2 − Ωα+2,n+3 = Pα,

Ω1,α+2 + Ωα+2,n+3 = Kα, Ω1,n+3 = −D (α < β; α, β = 0, 1, . . . , n).

We shall use the matrix realization of the conformal algebra.
Each matrix C which belongs to the identity component O1(2, n+ 1) of the group

O(2, n+ 1) is a product of matrices which are rotations in the x1x2 and xaxb planes
(a < b; a, b = 3, . . . , n + 3) and hyperbolic rotations in the xixa planes (i = 1, 2;
a = 3, . . . , n + 3). Thus each such matrix C can be given as a finite product of
matrices of the form expX, where X ∈ AO(2, n+ 1). From this, it follows that each
inner automorphism of the algebra AO(2, n+ 1) is a mapping

ϕC : Y → CY C−1, (2)

where Y ∈ AO(2, n + 1) and C ∈ O1(2, n + 1), and conversely each mapping of this
type is an inner automorphism of the algebra AO(2, n+ 1).

In the process of our investigation mappings of the above type (2) will occur for
certain matrices C ∈ O(2, n + 1), so we call these types of mappings O(2, n + 1)-
automorphisms of the algebra AO(2, n+ 1) corresponding to the matrix C.

If G is the group of O(2, n + 1)-automorphisms of the algebra AO(2, n + 1), and
H is the subgroup of G consisting of its inner automorphisms, then H is normal in
G and [G : H] ≤ 4. Representatives of the cosets of G/H different from the identity
will be

C1 = diag [−1, 1, . . . , 1,−1], C2 = diag [1, 1,−1, 1 . . . , 1],

C3 = diag [−1, 1,−1, 1, . . . , 1,−1],
(3)

or

C1 = diag [1,−1, 1, . . . , 1,−1, 1], C2 = diag [1, 1,−1, 1 . . . , 1],

C3 = diag [1,−1,−1, 1, . . . , 1,−1, 1].
(4)
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Given a subspace V of R2,n+1, there is a maximal subalgebra of AO(2, n + 1)
which leaves V invariant. We call this algebra the normalizer in AO(2, n + 1) of the
subspace V .

Let Q1, . . . , Qn+3 be a system of unit vectors in R2,n+1. Then the normalizer in
AO(2, n+ 1) of the isotropic subspace 〈Q1 +Qn+3〉 is the extended Poincaré algebra

AP̃ (1, n) = 〈P0, P1, . . . , Pn〉 ] (AO(1, n) ⊕ 〈D〉),

where ] denotes semidirect sum, and ⊕ denotes direct sum of algebras; AO(1, n) =
〈Jα,β : α, β = 0, 1, . . . , n〉. The normalizer in AO(2, n+ 1) of the completely isotropic
subspace 〈Q1 +Qn+3, Q2 +Qn+2〉 is the ful1 Galilei algebra

AG4(n− 1) = 〈M,P1, . . . , Pn−1, G1, . . . , Gn−1〉 ] (AO(n− 1)⊕〈R,S, T 〉⊕〈Z〉),

where

M = P0 + Pn, Ga = J0a − Jan (a = 1, . . . , n− 1), R = −(J0n +D),

S =
1

2
(K0 +Kn), T =

1

2
(P0 − Pn), Z = J0n −D.

The generators of the algebra AG4(n− 1) satisfy the following commutation rela-
tions:

[Jab, Jcd] = gadJbc + gbcJad − gacJbd − gbdJac, [Ga, Jbc] = gabGc − gacGb,

[Pa, Jbc] = gabPc − gacPb, [Ga, Gb] = 0, [Pa, Gb] = δabM, [Ga,M ] = 0,

[Pa,M ] = 0, [Jab,M ] = 0, [R,S] = 2S, [R, T ] = −2T, [T, S] = R,

[Z,R] = [Z, S] = [Z, T ] = [Z, Jab] = 0, [R,Ga] = Ga, [R,Pa] = −Pa,
[R,M ] = 0, [R, Jab] = 0, [S,Ga] = 0, [S, Pa] = −Ga, [S,M ] = 0,

[S, Jab] = 0, [T,Ga] = Pa, [T, Pa] = 0, [T,M ] = 0, [T, Jab] = 0,

[Z,Ga] = −Ga, [Z,Pa] = −Pa, [Z,M ] = −2M,

with a, b, c, d = 1, . . . , n− 1.
From these commutation relations we find that

〈R,S, T 〉 = ASL(2,R), 〈R,S, T 〉 ⊕ 〈Z〉 = AGL(2,R),

where R denotes the field of real numbers.
Let F be a reducible subalgebra of AO(2, n + 1). That is, there exists in R2,n+1

a nontrivial subspace W which is invariant under F . If W is isotropic, then there
exists a totally isotropic subspace W0 ⊂W which is invariant under F . Since dimW0

is 1 or 2, then, by Witt’s theorem [14] there exists an isometry C ∈ O(2, n+ 1) such
that CW0 is either 〈Q1 + Qn+3〉 or 〈Q1 + Qn+3, Q2 + Qn+2〉. Taking into account
that the matrices (3) do not change these subspaces and represent all the components
of the group O(2, n + 1) different from the identity component O1(2, n + 1), then
we may assume that the above C lies in O1(2, n + 1), the identity component. Thus
there exists an inner automorphism ϕ of the algebra AO(2, n + 1) such that either
ϕ(F ) ⊂ AP̃ (1, n) or ϕ(F ) ⊂ AG4(n− 1).

If W is a nondegenerate subspace, then, by Witt’s theorem, it is isometric with
one of the following subspaces: R1,k (k ≥ 2), R2,k (k ≥ 1), Rk (k ≥ 1). Each of the
isometrics (3) leaves invariant each of these subspaces, so that we may assume that the
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isometry which mapsW onto one of these subspaces belongs to O1(2, n+1). From this,
it follows that a subalgebra F is conjugate under the group of inner automorphisms
of the algebra AO(2, n+ 1) to a subalgebra of one of the following algebras:

(1) AO′(1, k) ⊕AO′′(1, n− k + 1),

where AO′(1, k) = 〈Ωab : a, b = 1, 3, . . . , k + 2〉 and

AO′′(1, n− k + 1) = 〈Ωab : a, b = 2, k + 3, . . . , n+ 3〉 with n ≥ 3

and k = 2, . . . , [(n+ 1)/2];

(2) AO(2, k) ⊕AO(n− k + 1), where

AO(n− k + 1) = 〈Ωab : a, b = k + 3, . . . , n+ 3〉 with k = 0, 1, . . . , n.

In order to classify the subalgebras of these direct sums it is necessary to know
the irreducible subalgebras of algebras of the type AO(1,m) (m ≥ 2) and AO(2,m)
(m ≥ 3). It has been shown in Ref. [15] that AO(1,m) has no irreducible subalgebras
different from AO(1,m). In Refs. [16] and [17] it has been shown that every semisimple
irreducible subalgebra of AO(2,m) (m ≥ 3) can be mapped by an automorphism of
this algebra onto one of the following algebras:

(1) AO(2,m);

(2) ASU [1, (m/2)] when m is even;

(3) 〈Ω14 +
√

3Ω13 + Ω25,−Ω15 + Ω24 −
√

3Ω23,Ω12 − 2Ω45〉 when m = 3.

It follows then that when m > 3 is odd, the algebra AO(2,m) has no irreducible
subalgebras other than AO(2,m). If m = 2k and k ≥ 2, then, up to inner automor-
phisms, AO(2,m) has two nontrivial maximal irreducible subalgebras: ASU(1, k) ⊕
〈Y 〉, and ASU(1, k)′ ⊕ 〈Y ′〉, where

Y = diag [J, . . . , J ], Y ′ = diag [J,−J, J . . . , J ]

with

J =

(
0 −1
1 0

)
.

We note that a subalgebra L of AG4(n−1) is conjugate under AdAO(2, n+1) with
a subalgebra the algebra AP̃ (1, n) if and only if the projection of L onto AGL(2,R) =
〈R,S, T 〉 ⊕ 〈Z〉 is conjugate under AdAGL(2,R) with a subalgebra of the algebra
〈R, T, Z〉.

3. Conjugacy under Ad AP (1, n) of subalgebras
of the Poincaré algebra AP (1, n)

The Poincaré group P (1, n) is the multiplicative group of matrices

(
∆ Y
0 1

)
,
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where ∆ ∈ O(1, n) and Y ∈ Rn+1. Let I ′ab, a, b = 0, 1, . . . , n+1 be the (n+2)×(n+2)
matrix whose entries are all zero except for the ab-entry, which is unity. Then a basis
for AP (1, n) is given by the matrices

J0a = −I ′0a − I ′a0, Jab = −I ′ab + I ′ba, P0 = I ′0,n+1, Pa = I ′a,n+1,

with a < b; a, b = 1, . . . , n. These basis elements obey the commutation relations (1).
It is sometimes useful in calculations to identify elements of AO(1, n) with matrices
of the form

X =




0 β01 β02 · · · β0n

β01 0 β12 · · · β1n

β02 −β12 0 · · · β2n

· · · · ·
β0n −β1n −β2n · · · 0




and elements of the space U = 〈P0, . . . , Pn〉 are represented by n + 1-dimensional
columns Y . In this case, we take

P0 =




1
0
...
0


 , P1 =




0
1
...
0


 , . . . , Pn =




0
0
...
1




and with this notation it is easy to see that [X,Y ] = XY . We endow the space U
with the metric of the pseudo-Euclidean space R1,n, so that the inner product of two
vectors




x0

x1

...
xn


 ,




y0
y1
...
yn




is x0y0 − x1y1 − · · · − xnyn. The projection of AP (1, n) onto AO(1, n) is denoted
by ε̂. We also note that AO(n), contained in AO(1, n), is generated by Jab (a < b;
a, b = 1, . . . , n).

Let B be a Lie subalgebra of the algebra AO(1, n) which has no invariant isotropic
subspaces in R1,n. Then B is conjugate under AdAO(1, n) to a subalgebra of AO(n)
or to AO(1, k) ⊕ C, where k ≥ 2 and C is a subalgebra of the orthogonal algebra
AO′(n− k) generated by the matrices Jab (a, b = k + 1, . . . , n). In the first case, B is
not conjugate to any subalgebra of AO(n− 1).

Proposition 1. Let B be a subalgebra of AO(n) which is not conjugate to a subalgebra
of AO(n− 1). If L is a subalgebra of AP (1, n) and ε̂(L) = B, then L is conjugate to
an algebra W ]C, where W is a subalgebra of 〈P1, . . . , Pn〉, and C is a subalgebra of
B ⊕ 〈P0〉. Two subalgebras W1 ] C1 and W2 ] C2 of this type are conjugate to each
other under AdAP (1, n) if and only if they are conjugate under AdAO(n).

Proof. The algebra B is a completely reducible algebra of linear transformations of
the space U and annuls only the subspace 〈P0〉 (other than the null subspace itself).
Thus, by Theorem 1.5.3 [9], the algebra L is conjugate to an algebra of the form
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W ]C where W ⊂ 〈P1, . . . Pn〉 and C ⊂ B⊕〈P0〉. Now let W1]C1, and W2]C2 be of
this form, conjugate under AdAP (1, n). Then there exists a matrix Γ ∈ P1(1, n) such
that ϕΓ(W1 ] C1) = W2 ] C2, and from this it follows that ϕΛ(B1) = B2 for some
Λ ∈ O1(1, n). Let V = 〈P1, . . . , Pn〉. Since [B1, V ] = V , then [B2, ϕΛ(V )] = ϕΛ(V )
and ϕΛ(V ) = V . Thus we can assume that Λ = diag [1,Λ1] where Λ1 ∈ SO(n), so
that the given algebras are conjugate under AdAO(n). The converse is obvious.

Proposition 2. Let B = AO(1, k) ⊕ C, where k ≥ 2 and C ⊂ AO′(n − k). If L
is a subalgebra of AP (1, n) and ε̂(L) = B then L is conjugate to L1 ⊕ L2 where
L1 = AO(1, k) or L1 = AP (1, k), and L2 is a subalgebra of the Euclidean algebra
AE′(n − k) with basis Pa, Jab (a, b = k + 1, . . . , n). Two subalgebras of this form,
L1 ⊕L2 and L′

1 ⊕L′
2 are conjugate under AdAP (1, n) if and only if L1 = L′

1 and L2

is conjugate to L′
2 under the group of E′(n− k)-automorphisms.

Proof. The proof is as in the proof of Proposition 1.

Lemma 1. If C ∈ O(1, n) and C(P0 + Pn) = λ(P0 + Pn) then λ 6= 0 and

C =




1 + λ2(1 + v2)

2λ
λvtB

−1 + λ2(1 − v2)

2λ
v B −v

−1 + λ2(1 + v2)

2λ
λvtB

1 + λ2(1 − v2)

2λ



, (5)

where B ∈ B(n−1), v is an (n−1)-dimensional column vector, v2 is the scalar square
of v and vt is the transpose of v. Conversely, every matrix C of this form satisfies
C(P0 + Pn) = λ(P0 + Pn).

Proof. Proof is by direct calculation.

Lemma 2. Let C ∈ O(1, n) have the form (5), with λ > 0. Then

C = diag [1, B, 1] exp[(− lnλ)J0n] exp(−β1G1 − · · · − βn−1Gn−1),

where Ga = J0a − Jan and



β1

...
βn−1


 = B−1v.

Proof. Direct calculation gives us

exp(−θJ0n) =




cosh θ 0 sinh θ
0 En−1 0

sinh θ 0 cosh θ




and

exp(−β1G1 − · · · − βn−1Gn−1) =




1 +
b2

2
bt

b2

2
b En−1 −b

b2

2
bt 1 − b2

2



,
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where b = (β1, . . . , βn−1)
t. On putting λ exp θ we have

cosh θ =
λ2 + 1

2λ
, sinh θ =

λ2 − 1

2λ
.

Since we have



λ2 + 1

2λ
0

λ2 − 1

2λ
0 En−1 0

λ2 − 1

2λ
0

λ2 + 1

2λ







1 +
b2

2
bt

b2

2
b En−1 −b

b2

2
bt 1 − b2

2




=

=




1 + λ2(1 + b2)

2λ
λbt

−1 + λ2(1 − b2)

2λ
b En−1 −b

−1 + λ2(1 + b2)

2λ
λbt

1 + λ2(1 − b2)

2λ



,

then

exp(−θJ0n) exp(−β1G1 − · · · − βn−1Gn−1) = diag [1, β−1, 1]C

from which it follows directly that

C = diag [1, B, 1] exp[(− lnλ)J0n] exp(−β1G1 − · · · − βn−1Gn−1)

and the lemma is proved.
The set of F of matrices of the form (5) with λ > 0 is a group under multiplication.

The mapping

C →
(
λB λv
0 1

)

is an isomorphism of the group F onto the extended Euclidean group Ẽ(n− 1). Thus
we shall mean the group F when talking of the extended Euclidean group, and the
connected identity component Ẽ1(n− 1) will be identified with the group of matrices
of the form (5) with λ > 0 and B ∈ SO(n− 1). From Lemma 2 it follows that the Lie
algebra AF of the group F is generated by the basis elements Jab, Ga, J0n (a < b;
a, b = 1, . . . , n− 1).

Lemma 3. If C ∈ O1(1, n) and C(P0 + Pn) = λ(P0 + Pn) then λ > 0 and B ∈
SO(n− 1) in (5).

Proof. Since

1 + λ2(1 + v2)

2λ
> 0,

then we have λ > 0. From Lemma 2, diag [1, B, 1] ∈ O1(1, n), so that detB > 0. Thus
B ∈ SO(n− 1) and the lemma is proved.

Lemma 4. If C ∈ O(1, n) and ±C 6∈ Ẽ(n − 1) then C = ±A1C
′A2 where A1, A2 ∈

Ẽ(n− 1) and C ′ = diag [1, . . . , 1,−1].
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Proof. We can choose a matrix Λ ∈ O(n−1) so that ΛC(P0+Pn) = αP0+βP1+γPn
where α2 − β2 − γ2 = 0. If β 6= 0 then α− γ 6= 0. Let θ = β/(α− γ). Then,

exp(θG1)(αP0 + βP1 + γPn) =
α− γ

2
(P0 − Pn)

and so there exists a matrix Γ ∈ Ẽ(n − 1) such that ΓC(P0 + Pn) = λ(P0 + Pn) or
ΓC(P0 + Pn) = λ(P0 − Pn). In the first case, ±ΓC ∈ Ẽ(n− 1), so that then we have
±C ∈ Ẽ(n−1), which is impossible. In the second case, C ′ΓC(P0 +Pn) = λ(P0 +Pn).
For λ > 0 we find C ′ΓC ∈ Ẽ(n− 1). Put C ′ΓC = A2, Γ = A−1

1 . Then C = A1C
′A2.

If λ < 0 then we put −C ′ΓC = A2, in which case C = −A1C
′A2, and the lemma is

proved.

Lemma 5. If C ∈ O1(1, n) and C 6∈ Ẽ1(n − 1), then C = D1QD2, where D1, D2 ∈
Ẽ1(n− 1), and Q = diag [1,−1, 1, . . . , 1,−1].

Proof. If ±C ∈ Ẽ(n − 1), then C(P0 + Pn) = γ(P0 + Pn). By Lemma 3, γ > 0 and
C ∈ Ẽ1(n−1), which contradicts the assumption. Thus, ±C 6∈ Ẽ(n−1). By Lemma 4,
C = ±A1C

′A2. From this it follows that C = D1ΓD2, where D1, D2 ∈ Ẽ1(n−1), and
Γ is one of the matrices ±C ′, ±Q. However, Γ ∈ O1(1, n), since Γ = D−1

1 CD−1
2 , find

from this it follows that Γ = Q. The Lemma is proved.
Direct calculation shows that the normalizer of the space 〈P0 + Pn〉 in AO(1, n)

is generated by the matrices Ga, Jab, J0n (a, b = 1, . . . , n − 1), which satisfy the
commutation relations

[Ga, Jbc] = gabGc − gacGb, [Ga, Gb] = 0, [Ga, J0n] = Ga.

This means that the normalizer of the space 〈P0 +Pn〉 in the algebra AO(1, n) is the
extended Euclidean algebra

AẼ(n− 1) = 〈G1, . . . , Gn−1〉 ] (AO(n− 1) ⊕ 〈J0n〉)

in an (n−1)-dimensional space, where the generators of translations are G1, . . . , Gn−1

and the generator of dilatations is the matrix J0n.
Let K be a subalgebra of AP (1, n) such that its projection onto AO(1, n) has an

invariant isotropic subspace in Minkowski space R1,n. The subalgebra K is conjugate
under AdAP (1, n) with a subalgebra of the algebra A = AG1(n − 1) ] 〈J0n〉 where
AG1(n−1) is the usual Galilei algebra with basis M , T , Pa, Ga, Jab (a, b = 1, . . . , n−
1), and M = P0 + Pn, T = 1

2 (P0 − Pn).

Proposition 3. Let L1 and L2 be subalgebras of A, with L1 not conjugate under
AdA to any subalgebra having zero projection onto 〈G1, . . . , Gn−1〉. If ϕ(L1) = L2

for some ϕ ∈ AdAP (1, n), then there exists an inner automorphism ψ of the algebra
A with ψ(L1) = L2.

Proof. Since AdA contains automorphisms which correspond to matrices of the form

exp

(
n∑

γ=

aγPγ

)
(6)

and since P (1, n) is a semidirect product of the group of matrices of the form (6)
and the group O(1, n) of matrices of the form diag [∆, 1], then we may assume that
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ϕ = ϕC with C ∈ O1(1, n). If C 6∈ Ẽ1(n− 1), then by Lemma 5, C = D1QD2. In that
case we find that

(D1QD2)ε̂(L1)(D
−1
2 QD−1

1 ) = ε̂(L2),

whence

Q(D2ε̂(L1)D
−1
2 )Q = D−1

1 ε̂(L2)D1. (7)

However,

QGaQ = Q(J0a − Jan)Q =

{
J0a + Jan, when a 6= 1,

−(J01 + J1n), when a = 1.

This means that QGaQ 6∈ A. Because of this, the left-hand side of (7) does not belong
to A, whereas the right-hand side of (7) is a subalgebra of A. This then implies that
we must have C ∈ Ẽ1(n− 1) and thus we have ψ(L1) = L2 for some ψ ∈ AdA.

Proposition 4. Let Ã be a Lie algebra with basis P0, Pa, Pn, Jab, J0n (a, b =
1, . . . , n− 1) and let L1, L2 be subalgebras of Ã such that at least one of them has a
nonzero projection onto 〈J0n〉. If ϕ(L1) = L2 for some ϕ ∈ AdAP (1, n), then there
exists an inner automorphism ψ ∈ Ã so that either ψ(L1) = L2 or ψ(L1) = ϕQ(L2)
where Q = diag [1,−1, 1, . . . , 1,−1].

Proof. As in the proof of Proposition 3, we may assume that ϕ = ϕC where C ∈
O1(1, n). We shall also assume that the projection of L1 onto 〈J0n〉 is nonzero. If
C ∈ Ẽ1(n − 1) and C 6∈ Õ1(n − 1) then the projection of the algebra ϕ(L1) onto
〈G1, . . . , Gn−1〉 is nonzero, and hence the projection of L2 onto 〈G1, . . . , Gn−1〉 is
nonzero, which contradicts the assumptions of the proposition. Thus, if C ∈ Ẽ1(n−1)
then ϕ ∈ Ad Ã.

Let C 6∈ Ẽ1(n − 1). By Lemma 5, C = D1QD2 where D1, D2 ∈ Ẽ1(n − 1). Then
ϕ(L1) = L2 can be written as

ϕQ(σD2
(L1)] = ϕD−1

1

(L2).

If D2 6∈ Õ1(n− 1) then the projection of ϕD2
(L1) onto 〈G1, . . . , Gn−1〉 is nonzero and

hence ϕQ[ϕD2
(L1)] does not belong to A. But then ϕD−1

1

(L2) is also not in A. This is

a contradiction. Thus D1, D2 ∈ Õ1(n− 1). From this it follows that ϕQ(ψ(L1)) = L2

where ψ = ϕD is an inner automorphism of the algebra Ã. This proves the proposition.

Proposition 5. Suppose 2 ≤ m ≤ n− 1. Let F be a subalgebra of the algebra AO(m)
which is not conjugate under AdAO(m) to a subalgebra of AO(m− 1), and let L be
a subalgebra of 〈P0, P1, . . . , Pn〉 ] F such that ε̂(L) = F . Then L is conjugate to an
algebra W ]K, where W is a subalgebra of 〈P1, . . . , Pm〉 and K is a subalgebra of F ⊕
〈P0, Pm+1, . . . , Pn〉. Two subalgebras W1 ]K1 and W2 ]K2 of this type are conjugate
under AdAP (1, n) if and only if there exists an automorphism ψ ∈ AdAO(m) ×
AdAO(1, n−m) such that ψ(W1 ]K1) = W2 ]K2 or ψ(W1 ]K1) = Q(W2 ]K2)Q
where

AO(1, n−m) = 〈Jαβ : α, β = 0,m+ 1, . . . , n〉

and Q = diag [1,−1, 1, . . . , 1,−1].
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4. Conjugacy of subalgebras of the extended
Poincaré algebra AP̃ (1, n) under Ad AC(1, n)

Lemma 6. If C ∈ O(2, n+ 1) and C(Q1 +Qn+3) = λ(Q1 +Qn+3) then λ 6= 0 and

C =




1 + λ2(1 − v2)

2λ
−λvtE1,nB

−1 + λ2(1 + v2)

2λ
v B −v

−1 + λ2(1 − v2)

2λ
−λvtE1,nB

1 + λ2(1 + v2)

2λ



, (8)

where B ∈ O(1, n), E1,n = diag [1,−1, . . . ,−1], v is an (n + 1) × 1 matrix and v2

is its scalar square in R1,n. Conversely, every matrix C of the form (8) satisfies the
condition C(Q1 +Qn+3) = λ(Q1 +Qn+3).

Proof. Direct calculation.

Lemma 7. Let C ∈ O(2, n+ 1) have the form (8), with λ > 0. Then

C = diag [1, B, 1] exp[(lnλ)D] exp(−β0P0 − β1P1 − · · · − βnPn),

where



β0

β1

...
βn


 = B−1v.

Proof. The proof of Lemma 7 is similar to that of Lemma 2.

The mapping

f : C →
(
λB λv
0 1

)

is a homomorphism of the group of matrices (8) onto the extended Poincaré group
P̃ (1, n). The kernel of this homomorphism is the group of order two, {−En+3, En+3}.
Let us denote by H the set of matrices of the form (8) with λ > 0. Then f is an
isomorphism of H onto P̃ (1, n). For this reason we shall, in the remainder of this
article, mean the group H when referring to P̃ (1, n). Its Lie algebra is the extended
Poincaré algebra AP̃ (1, n) given in Section 2.

Lemma 8. Let C ∈ O1(2, n + 1) and let it be of the form (8) with λ > 0. Then
B ∈ B1(1, n).

Remark 1. Note that when λ < 0 it is possible that B does not belong to O1(2, n+1).

Lemma 9. If C ∈ O(2, n + 1) and ±C 6∈ P̃ (1, n) then either C = ±A1QA2 or C =
A1F (θ)A2, where A1, A2 ∈ P̃ (1, n), Q = diag [1, . . . , 1−1] and F (θ) = exp[(θ/2)(K0+
P0 +Kn − Pn)].

Proof. There exists a matrix ΛP̃ (1, n) such that

ΛC(Q1 +Qn+3) = α1Q1 + α2Q2 + α3Qn+2 + α4Qn+3,
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where α2
1 + α2

2 − α2
3 − α2

4 = 0 and α2α3 ≥ 0. If α1 6= α4 then, as in the proof of
Lemma 4, we obtain that

exp(β0P0 + βnPn)ΛC(Q1 +Qn+3) = γ(Q1 ±Qn+3)

for some real numbers β0, βn, γ. From this it follows that

Γ exp(β0P0 + βnPn)ΛC(Q1 +Qn+3) = λ(Q1 +Qn+3),

where λ > 0 and Γ = ±En+3 or Γ = ±Q. By Lemma 6 and Lemma 7, we obtain

Γ exp(β0P0 + βnPn)ΛC = Λ̃, Λ̃ ∈ P̃ (1, n).

Since ±C 6∈ P̃ (1, n), then Γ = ±Q, and so C = ±A1QA2, where A1 = Λ−1 exp(−β0P0

−βnPn), A2 = Λ̃.
If α1 = α4, then also α2 = α3. It is easy to verify that

F (θ)ΛC(Q1 +Qn+3) = (α1 cos θ + α2 sin θ)(Q1 +Qn+3) +

+ (α2 cos θ − α1 sin θ)(Q2 +Qn+2).

If α1 = 0 then we put θ = (π/2), when α2 > 0 and θ = −(π/2), when α2 < 0. If
α1 6= 0 then we let α2 cos θ − α1 sin θ = 0. In that case,

tan θ =
α2

α1
, α1 cos θ + α2 sin θ = α1 cos θ(1 + tan2 θ).

We choose the value of θ so that α1 cos θ > 0. With this choice of θ we have

F (θ)ΛC(Q1 +Qn+3) = λ(Q1 +Qn+3),

where λ > 0. But then, as a result of Lemma 6 and Lemma 7, F (θ)ΛC = Λ̃, Λ̃ ∈
P̃ (1, n), and so C = A1F (−θ)A2, where A1 = Λ−1, A2 = Λ̃. The result is proved.

Lemma 10. Let L1 and L2 be subalgebras of AP̃ (1, n) which are not conjugate under
AP̃ (1, n) to subalgebras of AÕ(1, n) = AO(1, n) ⊕ 〈D〉. Then L1, L2 are conjugate
under AdAC(1, n) if and only if they are conjugate under AdAP̃ (1, n) or if one of
the following conditions holds:

(1) n is an odd number and there exists an automorphism ψ ∈ AdAP̃ (1, n) with
ψ(L1) = C2L2C

−1
2 (see Eq. (3) for notation);

(2) there exist automorphisms ψ1, ψ2 ∈ AP̃ (1, n) with

ψ1(L1) = F (θ)[ψ2(L2)]F (−θ).

Proof. Let CL1C
−1 = L2 for some C ∈ O1(2, n+ 1). By Lemma 9, we may assume

that ±C ∈ P̃ (1, n) or that C is one of the matrices ±A1QA2, A1F (θ)A2 (we use the
notation of Lemma 9). If C ∈ P̃ (1, n) then, by Lemma 8, C belongs to the identity
component of the group P̃ (1, n) and thus ϕC is an inner automorphism of the algebra
AP̃ (1, n). Now suppose −C ∈ P̃ (1, n). Then by Lemma 7, C = −diag [1, B, 1], where
B ∈ O(1, n) and ∆ ∈ P̃1(1, n). Thus we may assume that C = −diag [1, B, 1]. From
this it follows that B ∈ O1(1, n) for odd n and we have

diag [1, 1,−1, 1, . . . , 1, 1]B ∈ O1(1, n)
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For even n this means that the algebras L1, L2 are conjugate to each other under
AdAP̃ (1, n) or that there exists an automorphism ψ ∈ AdAP̃ (1, n) such that ψ(L1) =
C2L2C

−1
2 .

Let C = ±A1QA2. Then C = Γ1∆Γ2 with Γ1,Γ2 ∈ P̃ (1, n) and ∆ = ±diag [1, ε1, 1,
. . . , 1, ε2,−1] with ε1, ε2 ∈ {−1, 1}. Clearly, ∆ ∈ O1(2, n+ 1). When C = A1QA2 we
have ε1 = 1, ε2 = −1 and when C = −A1QA2, ε1 = 1, ε2 = (−1)n. Since

∆Pn∆
−1 = ±Kn, ∆Pα∆−1 = ±Kα

with α < n, then from Γ−1
1 L2Γ1 = ∆(Γ2L1Γ

−1
2 )∆−1 it follows that the algebra

Γ−1
1 L2Γ1 has a nonzero projection onto 〈K0,K1, . . . ,Kn〉, which is impossible. Thus

the matrix C is different from ±A1QA2.
Now let C = A1F (θ)A2. If Γ is one of the matrices (4), then ΓF (θ)Γ−1 = F (±θ),

so that

C = A′
1F (θ)A′

2∆,

where A′
1, A

′
2 ∈ P̃ (1, n) and ∆ = E or ∆ is one of the matrices (4). Since ∆ can be

represented as a product of matrices in O1(2, n), then the last case is impossible, and
we have proved the Lemma.

Theorem 1. Let L1 and L2 be subalgebras of AP̃ (1, n) which are not conjugate under
AP̃ (1, n) to subalgebras of AÕ(1, n) and such that their projections onto AO(1, n)
have no invariant isotropic subspace in R1,n. The subalgebras L1 and L2 are conjugate

under AdAC(1, n) if and only if they are conjugate under AdAP̃ (1, n) or when there
exists an automorphism ψ ∈ AdAP̃ (1, n) such that ψ(L1) = C2L2C

−1
2 , where C2 =

diag [1, 1,−1, 1, . . . , 1].

Proof. By Lemma 10 we may assume that ψ1(L1) = F (θ)[ψ2(L2)]F (−θ) for some
ψ1, ψ2 ∈ AP̃ (1, n). Under the given assumptions, the projection of ψ2(L2) onto
AO(1, n) contains an element of the form

X =

n−1∑

b=1

(αbJ0b + γbJbn) +

n−1∑

b,c=1

σbcJbc,

where αq 6= −γq for some q (1 ≤ q ≤ n− 1). Since

F (θ)J0qF (−θ) = J0q cos θ +
1

2
(Kq + Pq) sin θ

and

F (θ)JqnF (−θ) = Jqn cos θ +
1

2
(Kq − Pq) sin θ

we have that F (θ)XF (−θ) contains the term

F (θ)[αqJ0q + γqJqn]F (−θ) = (αqJ0q + γqJqn) cos θ +

+
1

2
[αq(Kq + Pq) + γq(Kq − Pq)] sin θ

and from this it follows that (αq + γq) sin θ = 0 so that sin θ = 0. But then θ = mπ.
When m = 2d we have F (θ) = En+3. When m = 2d + 1 then F (θ) = diag [−1,−1,
En−1,−1,−1]. However,

F (θ)[ψ2(L2)]F (−θ) = (−F (θ))[ψ2(L2)](−F (−θ))
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from which it follows that we may assume that ψ1(L1) = C[ψ2(L2)]C
−1 where C =

diag [1, 1,−En−1, 1, 1]. If n is odd, then ϕC is an inner automorphism of AP̃ (1, n).
If n is even, then ϕC2

ϕC is an inner automorphism of the algebra AP̃ (1, n). In the
first case, ψ3(L1) = L2 where ψ3 = ψ−1

2 ϕ−1
C ψ1 is an inner automorphism of the

algebra AP̃ (1, n). In the second case, ψ(L1) = ϕC2
(L2) for some ψ ∈ AdAP̃ (1, n).

The theorem is proved.

Theorem 2. Let L1 and L2 be subalgebras of AÕ(1, n) having no invariant isotropic
subspaces in R1,n. The subalgebras L1, L2 are conjugate under AdAC(1, n) if and

only if they are conjugate under AdAÕ(1, n) or when there exists an automorphism
ψ ∈ AdAÕ(1, n) such that ψ(L1) = CL2C

−1 where C is one of the (n+ 3)× (n+ 3)
matrices

diag [1, 1,−1, 1, . . . , 1], diag [1, . . . , 1,−1], diag [1, . . . , 1,−1,−1].

We note that AÕ(1, n) ⊂ AO(2, n+ 1) and that the matrix C is (n+ 3)× (n+ 3).

5. Subalgebras of the full Galilei algebra

Lemma 11. Let C ∈ O(2, n + 1) and W = 〈Q1 + Qn+3, Q2 + Qn+2〉. If CW = W ,
then

C = exp[θ(S + T )] diag [1, ε,K, ε, 1] exp(αR+ βZ) ×

× exp

(
n−1∑

i=1

γiGi

)
exp

(
δM + λT +

n−1∑

i=1

µiPi

)
,

(9)

where ε = ±1, K ∈ O(n− 1).

Proof. We have

C(Q1 +Qn+3) = α1(Q1 +Qn+3) + α2(Q2 +Qn+2)

and so

F (−θ)C(Q1 +Qn+3) = (α1 cos θ − α2 sin θ)(Q1 +Qn+3) +

+ (α2 cos θ + α1 sin θ)(Q2 +Qn+2).

If α1 = 0 then we put θ = (3π/2) when α2 > 0 and θ = (π/2) when α2 < 0. If α1 6= 0
then we put α1 sin θ+α2 cos θ = 0 and then tan θ = −α2/α1 and α1 cos θ−α2 sin θ =
α1 cos θ(1 + tan2 θ). We choose θ so that α1 cos θ > 0. For this choice of θ we have
F (−θ)C(Q1 +Qn+3) = ξ(Q1 +Qn+3), where ξ > 0. Using Lemma 7, we obtain

F (−θ)C = A = diag [1, B, 1] exp([ln ξ]D) exp

(
−

n∑

i=0

βiPi

)
∈ P̃ (1, n),

where B ∈ O(1, n). Then C = F (θ)A. The matrix A has the form (8). Direct calcula-
tion gives

A(Q2 +Qn+2) = α(Q1 +Qn+3) + βQ2 + γQn+2 +

n+1∑

i=3

δiQi.
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From this it follows that

F (θ)A(Q2 +Qn+2) = (α cos θ + β sin θ)Q1 + (−α sin θ + β cos θ)Q2 +

+ (γ cos θ − α sin θ)Qn+2 + (γ sin θ + α cos θ)Qn+3 +
n+1∑

i=3

δiQi.

Now we have F (θ)A(Q2 +Qn+2) ∈W , from which we have

α cos θ + β sin θ = γ sin θ + α cos θ, −α sin θ + β cos θ = γ cos θ − α sin θ

and so we conclude that β = γ and δj = 0, j = 3, . . . , n+ 1. But in that case we have

diag [1, B, 1](Q2 +Qn+2) = β(Q2 +Qn+2).

By Lemma 2, we have

±B = diag [1,K, 1] exp[(− ln |β|)J0n] exp

(
n−1∑

i=1

γiGi

)
,

where K ∈ O(n− 1). We note that

K0 + P0 −Kn − Pn = 2(S + T ), J0n =
1

2
(Z −R), D = −1

2
(Z +R),

P0 =
1

2
(M + 2T ), Pn =

1

2
(M − 2T ), [D,Ga] = 0, [D, J0n] = 0.

The lemma is proved.

Lemma 12. Let C ∈ O1(2, n + 1) and W = 〈Q1 + Qn+3, Q2 + Qn+2〉. If CW = W
then the matrix C has the form (9) with ε = 1 and K ∈ SO(n− 1).

Proof. From the conditions of Lemma 1 1 and the fact that we ask for C ∈ O1(2, n+1),
it follows that diag [1, ε,K, ε, 1] ∈ O1(2, n+ 1). It follows now that ε > 0 and that

∣∣∣∣
K 0
0 ε

∣∣∣∣ > 0

and thus we have ε = 1 and |K| > 0, whence K ∈ SO(n− 1). This proves the lemma.

The matrices of the form (9) with ε = 1 and K ∈ SO(n− 1) form a group under
multiplication, which we denote by G4(n − 1) since its Lie algebra is the full Galilei
algebra AG4(n− 1). It is easy to see that G4(n− 1) ⊂ O1(2, n+ 1).

Lemma 13. If C ∈ O1(2, n + 1) but C 6∈ G4(n − 1), then C = A1ΓA2, where
A1, A2 ∈ G4(n− 1) and Γ is one of the matrices

Γ1 = diag [1, . . . , 1,−1], Γ2 = diag [1, 1,−1, 1, . . . , 1,−1, 1]. (10)

Proof. Let

C(Q1 +Qn+3) =

n+3∑

i=1

αiQi, α2
1 + α2

2 − α3
3 − · · · − α2

n+3 = 0.

There exists a matrix Λ = diag [1, 1,∆, 1, 1] with ∆ ∈ SO(n− 1) such that ΛC(Q1 +
Qn+3) does not contain Q4, . . . , Qn+1. Hence we may assume α2

1 + α2
2 − α2

3 − α2
n+2 −

α2
n+3 = 0.
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Since

S + T =
1

2
(K0 + P0 +Kn − Pn) = Ω12 + Ωn+2,n+3,

then, up to a factor exp[θ(S+T )], we may suppose that α1 6= 0, α2 = 0. If α2
1 = α2

n+3

then α3 = 0, αn+2 = 0. Assume α1 6= αn+3. As in the proof of Lemma 4, we find that

exp(β1P1 + β2P2)(α1Q1 + α3Q3 + αn+2Qn+2 + αn+3Qn+3) =

= α′
1Q1 + α′

n+3Qn+3,

where α′2
1 − α′2

n+3 = 0. Thus there exists a matrix A1 ∈ G4(n− 1) such that

A−1
1 C(Q1 +Qn+3) = γ(Q1 ±Qn+3),

A−1
1 C(Q2 +Qn+2) = δ1Q1 + δ2Q2 + δ3Q3 + δ4Qn+2 + δ5Qn+3.

(11)

Since the pseudo-orthogonal transformations preserve the scalar product, it follows
that the right-hand sides in (11) are also orthogonal, which implies that γ(δ1∓δ5) = 0
so that δ5 = ±δ1. If δ2 6= δ4 then multiplying the left- and right-hand sides in (11) by
exp(θG1) does not change the right-hand side of the first equality, and allows us to
eliminate δ3 by transforming it into 0. If δ2 = δ4, then one easily deduces that δ3 = 0.
Thus we may assume that δ3 = 0. But then we have δ4 = ±δ2 because δ5 = ±δ1 and
δ21 + δ22 − δ24 − δ25 = 0.

Let W = 〈Q1 + Qn+3, Q2 + Qn+2〉. The above reasoning implies that for some
matrix A1 ∈ G4(n−1) we have ΓA−1

1 CW = W where Γ is one of the matrices (10). The
fact that ΓA−1

1 C ∈ O1(2, n+ 1) implies, using Lemma 12, ΓA−1
1 C = A2 ∈ G4(n− 1).

Thus C = A1ΓA2 and the lemma is proved.

Lemma 14. The subalgebras L1 and L2 of AG4(n−1) are conjugate under AdAC(1, n)
if and only if they are conjugate under AdAG(n− 1) or if there exist automorphisms
ψ1, ψ2 in AdAG4(n− 1) with ψ1(L1) = Γ[ψ2(L2)]Γ

−1, where Γ is one of the matri-
ces (10).

Proof. The result follows immediately from Lemma 13.

In the following table we give the action on the full Galilei algebra AG4(n− 1) of
the automorphisms ϕΓ1

, ϕΓ2
, ϕC1

, ϕC4
, ϕC5

, where

C4 = exp
(π

2
(S + T )

)
, C5 = exp(π(S + T ))

(see (3) and (10) for the notation).

Theorem 3. Let L1 and L2 be subalgebras of AG4(n − 1) which are not conjugate
under AdAG4(n− 1) with subalgebras of

〈M,T, P1, . . . , Pn−1〉 ] (AO(n− 1) ⊕ 〈D, J0n〉

and

AO(n− 1) ⊕ 〈S + T,Z〉.

Then the subalgebras L1 and L2 are conjugate under AdAC(1, n) if and only if they
are conjugate under AdAG4(n− 1).
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Table 1. Action of automorphisms on elements of AG4(n − 1) for n ≥ 2.

Element of
AG4(n − 1)

ϕΓ1
ϕΓ2

ϕC1
ϕC4

ϕC5
Restrictions

P1 K1 −P1 −P1 −G1 −P1

Pa Ka Pa −Pa −Ga −Pa a = 2, . . . , n − 1
M K0 − Kn 2T −M M M
G1 J01 + J1n −(J01 + J1n) G1 P1 −G1

Ga J0a + Jan J0a + Jan Ga Pa −Ga a = 2, . . . , n − 1
J1a J1a −J1a J1a J1a J1a a = 2, . . . , n − 1
Jab Jab Jab Jab Jab Jab a, b = 2, . . . , n − 1
R −R Z R −R R
S T 1

2
(K0 − Kn) −S T S

T S 1
2
M −T S T

Z −Z R Z Z Z

Proof. If the subalgebras L1 and L2 are conjugate under AdAG4(n−1) then they are
conjugate under AdAC(1, n). Now suppose that they are conjugate under AdAC(1, n).
In order to prove their conjugacy under AdAG4(n− 1) it is sufficient (by Lemma 14)
to show that for an arbitrary ψ ∈ AdAG4(n − 1) and for each matrix Γ of the form
(10), the subalgebra Γψ(L1)Γ

−1 either equals ψ(L1) or is not contained in AG4(n−1),
for then the only possibility is that they are conjugate under AdAG4(n− 1).

If the projection of ψ(L1) onto 〈G1, . . . , Gn−1〉 is nonzero, then, using Table 1, the
subalgebra Γψ(L1)Γ

−1 contains an element Y whose projection for some a, 1 ≤ a ≤
n−1 onto 〈J0a, Jan〉 is of the form λ(J0a+Jan) with λ 6= 0. If Γψ(L1)Γ

−1⊂ AG4(n−1),
then the projection of Y onto 〈J0a, Jan〉 would have the form µ(J0a−Jan) which would
imply λ = µ = −µ = 0, an obvious contradiction.

Now let the projection of ψ(L1) onto 〈G1, . . . , Gn−1〉 be zero. Denote by τψ(L1)
the projection of ψ(L1) onto 〈R,S, T 〉. If τψ(L1) = 〈R,S, T 〉, then 〈R,S, T 〉 ⊂ ψ(L1).
From this it follows that Γ2ψ(L1)Γ

−1
2 is not a subset of AG4(n−1). If we assume that

Γ1ψ(L1)Γ
−1
1 ⊂ AG4(n − 1), we obtain, from Table 1, that the projection of ψ(L1)

onto 〈P1, . . . , Pn,M〉 is zero, and consequently we have either ψ(L1) = 〈R,S, T 〉 or
ψ(L1) = 〈R,S, T 〉 ⊕ 〈Z〉. In this case, Γ1ψ(L1)Γ

−1
1 = ψ(L1). If τψ(L1) = 〈R +

αS, T +βS〉, with α 6= 0, then Γ2ψ(L1)Γ
−1
2 is not contained in AG4(n− 1). If we had

Γ1ψ(L1)Γ
−1
1 ⊂ AG4(n− 1), then the projection of ψ(L1) onto 〈P1, . . . , Pn,M〉 would

be zero. But then ψ(L1) would be conjugate under AdAG4(n− 1) with a subalgebra
of AO(n − 1) ⊕ 〈R, T, Z〉, which contradicts the assumptions of the theorem. The
theorem is proved.

Theorem 4. Let L1 and L2 be subalgebras of the algebra

L = 〈M,T, P1, . . . , Pn−1〉 ] (AO(n− 1) ⊕ 〈D, J0n〉)

having nonzero projection on 〈J0n〉 and 〈D〉 and are not conjugate under AdL with
subalgebras of the algebra 〈M,T 〉 ] (AO(n − 1) ⊕ 〈D, J0n〉). Then L1 and L2 are
conjugate under AdAC(1, n) if and only if they are conjugate under AdL or if there
exists an automorphism ψ ∈ AdL such that ψ(L1) = ΛL2Λ

−1 where Λ is one of the
matrices Γ2, C5, Γ2C5 (see Table 1).

Proof. If ψ ∈ AdAG4(n− 1), then ψ = ϕC where C is a matrix of the form (9). By
theorem IV.3.4 of Ref. [9], the subalgebra L1 is, up to an automorphism of AdAG4(n−
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1), one of the following algebras:

(1) (U1 + U2 + U3) ] F, where U1 ⊂ 〈M〉, U2 ⊂ 〈T 〉, U3 ⊂ 〈P1, . . . , Pn−1〉
and F ⊂ AO(n− 1) ⊕ 〈D, J0n〉;

(2) (U1 + U2) ] F, where U1 ⊂ 〈T 〉, U2 ⊂ 〈P1, . . . , Pn−1〉
and F is a subalgebra of AO(n− 1) ⊕ 〈R,M〉;

(3) (U1 + U2) ] F, where U1 ⊂ 〈M〉, U2 ⊂ 〈P1, . . . , Pn−1〉
and F is a subalgebra of AO(n− 1) ⊕ 〈Z, T 〉.

By assumption, the projection of L1 onto 〈P1, . . . , Pn−1〉 is nonzero.
If ψ(L1) = L2, then in formula (9) θ = 0 or θ = π because for other values

of θ the projection of ψ(L1) onto 〈G1, . . . , Gn−1〉 is nonzero. For this reason, γ1 =
· · · = γn−1 = 0 and so ψ ∈ AdL or ϕC5

ψ ∈ AdL. Let there be automorphisms
ψ1, ψ2 ∈ AdAG4(n−1) with Γψ1(L1)Γ = ψ2(L2) where Γ is one of the matrices (10).
If AdL did not contain ψ1 and ϕC5

ψ1, then the projection of ψ1(L1) on 〈G1, . . . , Gn−1〉
would be nonzero, and so, by Table 1, ψ2(L2) would not be in AG4(n−1). Thus ψj or
ϕC5

ψj belongs to AdL for each j = 1, 2. For Γ = Γ1 the projection of Γψ1(L1)Γ onto
〈K1, . . . ,Kn−1〉 is nonzero, so we have Γ = Γ2. In this case Γψ2(L2)Γ = ψ′

2(ΓL2Γ).
Using Lemma 14, the theorem is proved.

In a similar way, one proves the following results.

Theorem 5. Let B be a subalgebra of the algebra

N = 〈M,P1, . . . , Pn−1〉 ] (AO(n− 1) ⊕ 〈D,T 〉)

and let B have nonzero projection onto 〈D〉. Then B is conjugate under AdAC(1, n)
to the algebra

F = (W1 ⊕W2) ] E, (12)

where E is a subalgebra of the algebra AO(n−1)⊕〈D〉, W1 ⊂ 〈P1, . . . , Pn−1〉 and W2

is one of the algebras 0, 〈P0〉, 〈Pn〉, 〈M〉, 〈P0, Pn〉. If W2 = 〈Pn〉, or W2 = 〈P0, Pn〉
then the subalgebra W1 ]E is not conjugate under AdAO(n− 1) with any subalgebra
of 〈P1, . . . , Pn−2〉 ] (AO(n − 2) ⊕ 〈D〉). Subalgebras F1, F2 of the type (12) of the
algebra N with nonzero projection onto 〈D〉, which are not conjugate under AdN to
subalgebras of 〈M,T 〉 ] (AO(n − 1) ⊕ 〈D〉), will be conjugate under AC(1, n) if and
only if they are conjugate under AdL or when there exists an automorphism ψ ∈ AdL
with ψ(F1) = Γ2F2Γ

−1
2 (see (10)), where L = AO(n− 1) (we consider AdAO(n− 1)

to be a subgroup of AdAC(1, n)).

Theorem 6. Let B be a subalgebra of the algebra

N = 〈M,P1, . . . , Pn−1〉 ] (AO(n− 1) ⊕ 〈J0n, T 〉)

and let B have nonzero projection onto 〈J0n〉. Then B is conjugate under AdAC(1, n)
with the algebra

F = W ] E, (13)

where E is a subalgebra of the algebra 〈P1, . . . , Pn−1〉 ] (AO(n − 1) ⊕ 〈J0n〉) and W
is one of the algebras 0, 〈M〉, 〈P0, Pn〉. Let L = N ] 〈D〉. Subalgebras F1, F2 of the
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type (13) of the algebra N which are not conjugate under AdN with subalgebras of
the algebra 〈M〉 ] (AO(n− 1)⊕ 〈J0n, T 〉), will be conjugate under AdAC(1, n) if and
only if they are conjugate under AdL or if there exists an automorphism ψ ∈ AdL
with ψ(F1) = ΛF2Λ

−1 where Λ is one of the matrices Γ2, C5, Γ2C5 (see Table 1).

Theorem 7. Let L1, L2 be subalgebras of the algebra L = 〈M,S+T,Z〉⊕AO(n− 1)
which have nonzero projection onto 〈S + T 〉. The algebras L1 and L2 are conjugate
under AdAC(1, n) if and only if they are conjugate under AdL or if there exists an
automorphism ψ ∈ AdL such that ψ(L1) = Γ1L2Γ

−1
1 (see Table 1).

6. Subalgebras of AC(1, 3)

We recall that in this article the conformal algebra AC(1, 3) is realized as the pseudo-
orthogonal algebra AO(2, 4). It turns out that it is convenient to divide the subalgeb-
ras of AO(2, 4) into seven classes:

(1) subalgebras not having invariant isotropic subspaces in R2,4;

(2) subalgebras conjugate to subalgebras of AG1(2);

(3) subalgebras conjugate to subalgebras of AG1(2) ] 〈J03〉 and having nonzero
projection onto 〈J03〉;

(4) subalgebras conjugate to subalgebras of AP (1, 3) but not conjugate to subalgeb-
ras of AG1(2) ] 〈J03〉;

(5) subalgebras conjugate to subalgebras of AG1(2)] 〈J03, D〉 but not conjugate to
subalgebras of AG1(2) ] 〈J03〉;

(6) subalgebras conjugate to subalgebras of AP̃ (1, 3) but not conjugate to subalgeb-
ras of AG1(2) ] 〈J03, D〉;

(7) subalgebras conjugate to subalgebras of AG4(2) but not conjugate to subalgeb-
ras of AP̃ (1, 3).

Since subalgebras conjugate under AdAC(1, 3) are identified, we omit mentioning
conjugacy when referring to classes. So, for instance, we shall consider the second class
as consisting of subalgebras of AG1(2). In order to have a better survey of subalgebras
it is convenient to split the classes into subclasses corresponding to certain properties
of the projections of the subalgebras of a class onto the homogeneous part of the
algebra.

The division of the set of subalgebras of AC(1, 3) into the classes (1)–(7) allows
us easily to construct the set of subalgebras of each of the algebras AG1(2), AP (1, 3),
AP̃ (1, 3), AG4(2). Up to conjugacy under AdAC(1, 3) we have

(a) the set of subalgebras of AG1(2) coincides with class (2);

(b) the set of subalgebras of AP (1, 3) is the union of classes (2), (3) and (4);

(c) the set of subalgebras of AP̃ (1, 3) coincides with the union of classes (2)–(6);

(d) the set of subalgebras of AG4(2) is the union of classes (2), (3), (5), and (7).

We use the notation F : U1, . . . , Um for U1 ] F, . . . , Um ] F .
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A. Subalgebras not possessing invariant isotropic subspaces
in R2,4

This class is divided into subclasses by the existence for the subalgebras of invariant
irreducible subspaces of a particular kind in the space R2,4.

1. Irreducible subalgebras of AO(2, 4)

AC(1, 3);

ASU(1, 2) = 〈P0 +K0 + 2J12, P0 +K0 +K3 − P3, P1 +K1 + 2J02,

P3 +K3 +K0 − P0,K2 − P2 + 2J13, P2 +K2 − 2J01,

D + J03,K1 − P1 − 2J23〉;
ASU ′(1, 2) = 〈P0 +K0 − 2J12, P0 +K0 +K3 − P3, P1 +K1 − 2J02,

P3 +K3 +K0 − P0,K2 − P2 − 2J13, P2 +K2 + 2J01,

D + J03,K1 − P1 + 2J23〉;
ASU(1, 2) ⊕ 〈P0 +K0 − 2J12 −K3 + P3〉;
ASU ′(1, 2) ⊕ 〈P0 +K0 + 2J12 −K3 + P3〉;
〈P0 +K0 − 2J12 −K3 + P3〉 ⊕ 〈P1 +K1 + 2J02, P3 +K3 +K0 − P0,

K2 − P2 + 2J13〉;
〈P0 +K0 + 2J12 −K3 + P3〉 ⊕ 〈P1 +K1 − 2J02, P3 +K3 +K0 − P0,

K2 − P2 − 2J13〉.
2. Irreducible subalgebras AO(1, 4)

AC(3).

3. Irreducible subalgebras of AO(2, 3)

AC(1, 2);

〈P2 +K2 +
√

3(P1 +K1) +K0 − P0, D + J02 −
√

3J01, P0 +K0 − 2(K2 − P2)〉;
〈P2 +K2 −

√
3(P1 +K1) +K0 − P0, D + J02 +

√
3J01, P0 +K0 − 2(K2 − P2)〉.

4. Subalgebras of AO(2, 2) ⊕ AO(2) with irreducible projection onto
AO(2, 2)

〈J01 −D,K0 − P0 − P1 −K1, P0 +K0 −K1 + P1〉 ⊕
⊕ 〈P0 +K0 +K1 − P1〉 ⊕ F, where F = 0 or F = 〈J23〉;

〈J01 +D,K0 − P0 + P1 +K1, P0 +K0 +K1 − P1〉 ⊕
⊕ 〈P0 +K0 −K1 + P1〉 ⊕ F, where F = 0 or F = 〈J23〉;

AC(1, 1), AC(1, 1) ⊕ 〈J23〉, where AC(1, 1) = 〈P0, P1,K0,K1, J01, D〉;
〈J01 −D,K0 − P0 − P1 −K1, P0 +K0 −K1 + P1〉 ⊕

⊕ 〈P0 +K0 +K1 − P1 + αJ23〉 (α 6= 0);

〈J01 +D,K0 − P0 + P1 +K1, P0 +K0 +K1 − P1〉 ⊕
⊕ 〈P0 +K0 −K1 + P1 + αJ23〉 (α 6= 0).

5. Subalgebras of the type AO(2, 1) ⊕ F with F ⊂ AO(3)

AC(1) ⊕ L, where AC(1) = 〈D,P0,K0〉,
and L is one of the algebras: 0, 〈J12〉, 〈J12, J13, J23〉.
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6. Subalgebras of AO(2) ⊕ AO(4) having an irreducible projection

〈P0 +K0〉; 〈P0 +K0〉 ⊕ 〈2J12 + α(K3 − P3)〉 (|α| ≤ 1);

〈P0 +K0〉 ⊕ 〈J12,K3 − P3〉; 〈P0 +K0〉 ⊕ 〈J12, J13, J23〉;
〈P0 +K0〉 ⊕ 〈2J12 + ε(K3 − P3), 2J13 − ε(K2 − P2),

2J23 + ε(K1 − P1)〉 (ε = ±1);

〈P0 +K0〉 ⊕ 〈2J12 + ε(K3 − P3), 2J13 − ε(K2 − P2), 2J23 + ε(K1 − P1)〉 ⊕
⊕ 〈2J12 − ε(K3 − P3)〉 (ε = ±1);

〈P0 +K0〉 ⊕ 〈K1 − P1,K2 − P2,K3 − P3, J12, J13, J23〉;
〈P0 +K0 + 2αJ12〉 (α 6= 0, |α| 6= 1);

〈P0 +K0 + 2αJ12 + β(K3 − P3)〉 (α 6= 0, |α| 6= 1, β ≥ α, β 6= 1);

〈2J12 + α(P0 +K0),K3 − P3 + β(P0 +K0)〉
(α 6= 0, β ≥ 0, with |α| 6= 1 when β = 0);

〈α(P0 +K0) + 2εJ12 −K3 + P3〉 ⊕ 〈2εJ12 +K3 − P3, 2εJ13 −K2 + P2,

2εJ23 +K1 − P1〉 (α ≥ 0);

〈2εJ12 +K3 − P3, 2εJ13 −K2 + P2, 2εJ23 +K1 − P1〉 (ε = ±1);

〈2εJ12 +K3 − P3, 2εJ13 −K2 + P2, 2εJ23 +K1 − P1〉 ⊕
⊕ 〈2εJ12 −K3 + P3〉 (ε = ±1);

〈K1 − P1,K2 − P2,K3 − P3, J12, J13, J23〉.

7. Subalgebras of AO(1, 2) ⊕ AO(1, 2)

〈P1 +K1, P2 +K2, J12〉 ⊕ 〈K0 − P0,K3 − P3, J03〉;
〈P1 +K1 + 2εJ03, P2 +K2 +K0 − P0, 2εJ12 +K3 − P3〉 (ε = ±1);

〈P1 +K1, P2 +K2, J12〉 ⊕ 〈K3 − P3〉.

B. Subalgebras of AG1(2)

The classical Galilei algebra AG1(2) is the semidirect sum of a solvable ideal, generated
by 〈P1, P2,M, T 〉, and the Euclidean algebra AE(2) = 〈G1, G2, J12〉. The projection
of AG1(2) onto AO(1, 3) coincides with AE(2), which has, up to inner automorphi-
sms, the subalgebras 0, 〈J12〉, 〈G1〉, 〈G1, G2〉, 〈G1, G2, J12〉. The first two subalgebras
are completely reducible algebras of linear transformations of Minkowski space R1,3,
whereas the others are not of this type. Thus we divide this class into two subclasses A
and B.

1. Subalgebras with completely reducible projection onto AO(1, 3)

0, 〈P0〉, 〈P1〉, 〈M〉, 〈P0, P3〉, 〈M,P1〉, 〈P1, P2〉, 〈M,P1, P2〉, 〈P0, P1, P2〉,
〈P1, P2, P3〉, 〈P0, P1, P2, P3〉;

〈J12〉 : 0, 〈P0〉, 〈P3〉, 〈M〉, 〈P0, P3〉, 〈P1, P2〉, 〈P0, P1, P2〉, 〈M,P1, P2〉,
〈P1, P2, P3〉, 〈P0, P1, P2, P3〉;

〈J12 + P0〉 : 0, 〈P3〉, 〈P1, P2〉, 〈P1, P2, P3〉;
〈J12 ± P3〉 : 0, 〈P0〉, 〈P1, P2〉, 〈P0, P1, P2〉;
〈J12 ± 2T 〉 : 0, 〈M〉, 〈P1, P2〉, 〈M,P1, P2〉.
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2. Subalgebras whose projection onto AO(1, 3) is not completely redu-
cible

〈G1〉 : 〈P2〉, 〈M,P1〉, 〈M,P2〉, 〈M,P1 + αP2〉 (α 6= 0), 〈M,P1, P2〉,
〈P0, P1, P3〉, 〈P0, P1, P2, P3〉;

〈G1 ± P2〉 : 0, 〈M〉, 〈M,P1〉, 〈P0, P1, P3〉;
〈G1 + 2T 〉 : 0, 〈P2〉, 〈M〉, 〈M,P1〉, 〈M,P2〉, 〈M,P1 + αP2〉 (α 6= 0),

〈M,P1, P2〉;
〈G1, G2〉 : 〈M,P1, P2〉, 〈P0, P1, P2, P3〉;
〈G1 + εP2, G2 − εP1,M〉, 〈G1 + εP2, G2 − εP1 + αP2,M〉 (ε = ±1, α 6= 0);

〈G1 + αP2, G2 + 2T,M,P1〉 (α ∈ R);

〈G1 ± P2, G2,M, P1〉, 〈G1, G2 + 2T,M,P1, P2〉;
〈G1, G2, J12〉 : 〈M,P1, P2〉, 〈P0, P1, P2, P3〉;
〈G1, G2, J12 ± 2T,M,P1, P2〉, 〈G1 + εP2, G2 − εP1, J12,M〉 (ε = ±1).

C. Subalgebras of AG1(2) ] 〈J03〉 with nonzero projection
onto 〈J03〉

We divide also this class into two subclasses which are distinguished by whether or
not they have a completely reducible projection onto AO(1, 3).

1. Subalgebras with completely reducible projection onto AO(1, 3)

〈J03〉 : 0, 〈P1〉, 〈M〉, 〈P0, P3〉, 〈M,P1〉, 〈P1, P2〉, 〈P0, P1, P3〉, 〈M,P1, P2〉,
〈P0, P1, P2, P3〉;

〈J03 + P1〉 : 0, 〈P2〉, 〈M〉, 〈P0, P3〉, 〈M,P2〉, 〈P1, P2, P3〉;
〈J12 + αJ03〉 : 0, 〈M〉, 〈P0, P3〉, 〈P1, P2〉, 〈M,P1, P2〉,

〈P0, P1, P2, P3〉 (α 6= 0);

〈J12, J03〉 : 0, 〈M〉, 〈P0, P3〉, 〈P1, P2〉, 〈M,P1, P2〉, 〈P0, P1, P2, P3〉.

2. Subalgebras with projections onto AO(1, 3) which are not completely
reducible

〈G1, J03〉 : 0, 〈M〉, 〈P2〉, 〈M,P1〉, 〈M,P2〉, 〈M,P1 + αP2〉 (α 6= 0),

〈M,P1, P2〉, 〈P0, P1, P3〉, 〈P0, P1, P2, P3〉;
〈G1, J03 + P2〉 : 0, 〈M〉, 〈M,P1〉, 〈M,P1 + αP2〉 (α 6= 0), 〈P0, P1, P3〉;
〈G1, J03 + P1〉 : 〈M〉, 〈M,P2〉;
〈G1, J03 + P1 + αP2,M〉 (α 6= 0);

〈G1, G2, J03〉 : 0, 〈M〉, 〈M,P1〉, 〈M,P1, P2〉, 〈P0, P1, P2, P3〉;
〈G1, G2, J03 + P1,M〉, 〈G1, G2, J03 + P2,M, P1〉;
〈G1, G2, J12 + αJ03〉 : 0, 〈M〉, 〈M,P1, P2〉, 〈P0, P1, P2, P3〉 (α 6= 0);

〈G1, G2, J12, J03〉 : 0, 〈M〉, 〈M,P1, P2〉, 〈P0, P1, P2, P3〉.



On the classification of subalgebras of the conformal algebra 441

D. Subalgebras of AP (1, 3) which are not conjugate
to subalgebras of AG1(2) ] 〈J03〉

This class consists of those subalgebras of the Poincaré algebra AP (1, 3) whose projec-
tion onto AO(1, 3) do not possess isotropic invariant subspaces in R1,3. Since the
projections are simple algebras, then each subalgebra of the fourth class splits. The
full list of such algebras is

AO(1, 2) : 0, 〈P3〉, 〈P0, P1, P2〉, 〈P0, P1, P2, P3〉;
AO(3) : 0, 〈P0〉, 〈P1, P2, P3〉, 〈P0, P1, P2, P3〉;
AO(1, 3) : 0, 〈P0, P1, P2, P3〉.

E. Subalgebras of AG1(2) ] 〈J03, D〉 which are not conjugate
to subalgebras of AG1(2) ] 〈J03〉

Let K be a subalgebra of AG1(2) ] 〈J03, D〉 with nonzero projection onto 〈D〉, and
let θ̂ be the projection of K onto 〈J03, D〉. By Propositions IV.2.3 and IV.2.5 in
Ref. [9], the algebra K, as a subalgebra of AP̃ (1, 3), is split whenever θ̂(K) is one of
the subalgebras 1) 〈D〉; 2) 〈γD − J03〉 (γ 6= ±1, 0, 2); 3) 〈D, J03〉. This leads us to
dividing this class of subalgebras into two subclasses of nonsplittable subalgebras K of
AP̃ (1, 3), denoted by D and E, for which the projection onto 〈G1, G2〉 is non-zero, and
for which θ̂(K) is 〈J03∓D〉 and 〈J03−2D〉 respectively. It is also useful to distinguish
the subclass A of subalgebras having zero projection onto 〈G1, G2〉. The subalgebras in
this subclass differ from the other subalgebras in that their projections onto AO(1, 3)
are completely reducible algebras of linear transformations of Minkowski space R1,3.
All the other subalgebras are split, and we divide them formally into subclasses B
and C, depending on the dimension of their projection onto 〈D, J03〉.

1. Subalgebras with zero projection on 〈G1, G2〉

〈D〉 : 〈P0〉, 〈P0, P3〉, 〈P0, P1, P2〉, 〈P1, P2, P3〉, 〈P0, P1, P2, P3〉;
〈J12 + αD〉 : 〈P0〉, 〈P3〉 : 〈P0, P3〉, 〈P0, P1, P2〉, 〈P1, P2, P3〉,

〈P0, P1, P2, P3〉 (α > 0);

〈J12, D〉 : 〈P0〉, 〈P3〉 : 〈P0, P3〉, 〈P0, P1, P2〉, 〈P1, P2, P3〉, 〈P0, P1, P2, P3〉;
〈J03 + αD〉 (0 < α ≤ 1);

〈J03 + αD,M〉 (0 < |α| ≤ 1);

〈J03 + αD〉 : 〈P1〉, 〈P0, P3〉, 〈P1, P2〉, 〈P0, P1, P3〉, 〈P0, P1, P2, P3〉 (α > 0);

〈J03 + αD〉 : 〈M,P1〉, 〈M,P1, P2〉 (α 6= 0);

〈J03 −D ± 2T 〉 : 0, 〈P1〉, 〈M〉, 〈P1, P2〉, 〈M,P1〉, 〈M,P1, P2〉;
〈J03, D〉 : 0, 〈P1〉, 〈M〉, 〈P0, P3〉, 〈P1, P2〉, 〈M,P1〉, 〈M,P1, P2〉,

〈P0, P1, P3〉, 〈P0, P1, P2, P3〉;
〈εJ12 + αJ03 + βD〉 (0 < α ≤ β, ε = ±1);

〈J12 + αJ03 + βD,M〉 (0 < |α| ≤ |β|);
〈εJ12 + αJ03 + βD〉 : 〈P0, P3〉, 〈P1, P2〉, 〈P0, P1, P2, P3〉 (ε = ±1, α, β > 0);

〈J12 + αJ03 + βD,M,P1, P2〉 (α 6= 0, β 6= 0);

〈J12 + α(J03 −D ± 2T )〉 : 0, 〈M〉, 〈P1, P2〉, 〈M,P1, P2〉 (α 6= 0);
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〈J12 + αJ03, D〉 : 0, 〈M〉, 〈P1, P2〉, 〈P0, P3〉, 〈M,P1, P2〉,
〈P0, P1, P2, P3〉 (α 6= 0);

〈J03 + αD, J12 + βD〉 : 〈P0, P3〉, 〈P1, P2〉, 〈P0, P1, P2, P3〉 (α2 + β2 6= 0);

〈J03 + αD, J12 + βD〉 : (|α| ≤ 1, β ≥ 0, |α| + β 6= 0);

〈J03 + αD, J12 + βD,M〉 : (|α| ≤ 1, β ≥ 0, |α| + β 6= 0);

〈J03 + αD, J12 + βD,M,P1, P2〉 : (α, β ∈ R, α2 + β2 6= 0);

〈J03 −D ± 2T, J12 + 2αT 〉 : 0, 〈M〉, 〈P1, P2〉, 〈M,P1, P2〉;
〈J03 −D, J12 ± T 〉 : 0, 〈M〉, 〈P1, P2〉, 〈M,P1, P2〉;
〈J03, J12, D〉 : 0, 〈M〉, 〈P0, P3〉, 〈P1, P2〉, 〈M,P1, P2〉, 〈P0, P1, P2, P3〉.

2. Subalgebras with two-dimensional projection onto 〈J03, D〉 and non-
zero projection onto 〈G1, G2〉

〈G1, J03, D〉 : 〈P2〉, 〈M,P1〉, 〈M,P2〉, 〈M,P1 + αP2〉 (α 6= 0), 〈M,P1, P2〉,
〈P0, P1, P3〉, 〈P0, P1, P2, P3〉;

〈G1, G2, J03, D〉 : 〈M,P1, P2〉, 〈P0, P1, P2, P3〉;
〈G1, G2, J12 + αJ03, D〉 : 〈M,P1, P2〉, 〈P0, P1, P2, P3〉 (α 6= 0);

〈G1, G2, J03 + αD, J12 + βD,P1, P2〉 (|α| ≤ 1, β ≥ 0, |α| + β 6= 0);

〈G1, G2, J03 + αD, J12 + βD,P0, P1, P2, P3〉 (α2 + β2 6= 0);

〈G1, G2, J03, J12, D〉 : 〈M,P1, P2〉, 〈P0, P1, P2, P3〉.

3. Split subalgebras with one-dimensional projection onto 〈J03, D〉 and
nonzero projection onto 〈G1, G2〉

〈G1 +D〉 : 〈P0, P1, P3〉, 〈P0, P1, P2, P3〉;
〈G1, D〉 : 〈P0, P1, P3〉, 〈P0, P1, P2, P3〉;
〈G1 +D,G2, P0, P1, P2, P3〉, 〈G1, G2, D, P0, P1, P2, P3〉;
〈G1, J03 + αD〉 : 〈P2〉, 〈M,P1〉, 〈M,P2〉, 〈M,P1 + βP2〉

(|α| ≤ 1, α 6= 0, β 6= 0);

〈G1, J03 + αD〉 : 〈M,P1, P2〉, 〈P0, P1, P3〉, 〈P0, P1, P2, P3〉 (α 6= 0);

〈G1, G2, J03 + αD,M,P1, P2〉 (0 < |α| ≤ 1);

〈G1, G2, J03 + αD,P0, P1, P2, P3〉 (α 6= 0);

〈G1, G2, J12 + αD,P0, P1, P2, P3〉 (α 6= 0);

〈G1, G2, J12, D, P0, P1, P2, P3〉;
〈G1, G2, J12 + αJ03 + βD,M,P1, P2〉 (0 < |α| ≤ |β|);
〈G1, G2, J12 + αJ03 + βD,P0, P1, P2, P3〉 (β 6= 0).

4. Nonsplit subalgebras of AG1(2) ] 〈J03 ∓ D〉 with nonzero projection
onto 〈G1, G2〉 and 〈J03 ∓ D〉

〈J03 −D,G1 ± P2〉 : 0, 〈M〉, 〈M,P1〉, 〈P0, P1, P3〉;
〈J03 −D ± 2T,G1 + αP2,M, P1〉;
〈J03 −D ± 2T,G1,M, P1, P2〉, 〈J03 −D +M,G1, P2〉;
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〈J03 −D,G1 + εP2, G2 − εP1 + αP2,M〉 (ε = ±1, α ∈ R);

〈J03 −D,G1 ± P2, G2,M, P1〉, 〈J03 −D ± 2T,G1, G2, P1, P2,M〉;
〈J12 + α(J03 −D), G1 + εP2, G2 − εP1,M〉 (ε = ±1, α 6= 0);

〈J12 + α(J03 −D ± 2T ), G1, G2,M, P1, P2〉 (α 6= 0);

〈J12 ± 2T, J03 −D,G1, G2,M, P1, P2〉;
〈J12 + 2αT, J03 −D ± 2T,G1, G2,M, P1, P2〉 (α ∈ R);

〈J12, J03 −D,G1 + εP2, G2 − εP1,M〉 (ε = ±1).

5. Nonsplit subalgebras of AG1(2) ] 〈J03 − 2D〉 with nonzero projection
onto 〈G1, G2〉 and 〈J03 − 2D〉

〈J03− 2D,G1 + 2T 〉 : 0, 〈M〉, 〈P2〉, 〈M,P1〉, 〈M,P2〉, 〈M,P1+ αP2〉 (α 6= 0),

〈M,P1, P2〉;
〈J03 − 2D,G1, G2 + 2T 〉 : 〈M,P1〉, 〈M,P1, P2〉.

F. Subalgebras of AP̃ (1, 3) not conjugate to subalgebras
of AP (1, 3) and of AG1(2) ] 〈J03, D〉

This class consists of those subalgebras of AP (1, 3) whose projection onto AO(1, 3)
do not have invariant isotropic subspaces in R1,3 and with a nonzero projection onto
〈D〉. We have

AO(1, 2) ⊕ 〈D〉 : 0, 〈P3〉, 〈P0, P1, P2〉, 〈P0, P1, P2, P3〉;
AO(3) ⊕ 〈D〉 : 0, 〈P0〉, 〈P1, P2, P3〉, 〈P0, P1, P2, P3〉;
AO(1, 3) ⊕ 〈D〉 : 0, 〈P0, P1, P2, P3〉.

G. Subalgebras of AG4(2) which are not conjugate

to subalgebras of AP̃ (1, 3)

LetK be a subalgebra of AG4(2) and τ(K) its projection onto AGL(2,R). By Proposi-
tions V.2.1 and V.2.2 of Ref. [9], the algebra K belongs to this class if and only if
τ(K) is conjugate to one of the following algebras: 〈S + T 〉, 〈S + T 〉+ 〈Z〉 (subdirect
sum), ASL(2,R) = 〈R,S, T 〉, AGL(2,R) = 〈R,S, T, Z〉. Because of this, we divide
this seventh class into three subclasses, each of which consists of subalgebras having
a corresponding projection onto AGL(2,R); those subalgebras whose projections are
either ASL(2,R) or AGL(2,R) are put into the same subclass.

1. Subalgebras whose projection onto AGL(2, R) is 〈S + T 〉

〈S + T 〉 : 0, 〈M〉, 〈G1, P1,M〉, 〈G1 − α−1P2, G2 + αP1,M〉 (0 < |α| ≤ 1),

〈G1, G2, P1, P2,M〉;
〈S + T ±M〉, 〈S + T + αJ12 ±M〉 (α 6= 0);

〈S + T + αJ12〉 : 0, 〈M〉, 〈G1 + εP2, G2 − εP1,M〉, 〈G1, G2, P1, P2,M〉
(ε = ±1, α 6= 0);

〈S + T + εJ12〉 : 〈G1 + εP2〉, 〈G1 + εP2,M〉, 〈G1 + εP2, G1 − εP2,

G2 + εP1,M〉 (ε = ±1);

〈S + T + εJ12 ±M,G1 + εP2〉 (ε = ±1);
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〈S + T + εJ12 + εG1 + P2〉 : 0, 〈M〉, 〈G2 − εP1,M〉,
〈G1 − εP2, G2 + εP1,M〉, 〈G2 − εP1, G1 − εP2, G2 + εP1,M〉 (ε = ±1);

〈J12, S + T 〉 : 0, 〈M〉, 〈G1 + εP2, G2 − εP1,M〉,
〈G1, G2, P1, P2,M〉 (ε = ±1);

〈J12 ±M,S + T + αM〉 (α ∈ R);

〈J12, S + T ±M〉.

2. Subalgebras whose projection onto AGL(2, R) is the subdirect sum
〈S + T 〉 + 〈Z〉

〈S + T + αZ〉 : 0, 〈M〉, 〈G1, P1,M〉, 〈G1 − β−1P2, G2 + βP1,M〉,
〈G1, G2, P1, P2,M〉 (0 < |β| ≤ 1, α 6= 0);

〈S + T,Z〉 : 0, 〈M〉, 〈G1, P1,M〉, 〈G1 − α−1P2, G2 + αP1,M〉,
〈G1, G2, P1, P2,M〉 (0 < |α| ≤ 1);

〈S + T + αJ12 + βZ〉 : 0, 〈M〉, 〈G1 + εP2, G2 − εP1,M〉,
〈G1, G2, P1, P2,M〉 (ε = ±1, α 6= 0, β > 0);

〈S + T + αJ12, Z〉 : 0, 〈M〉, 〈G1 + εP2, G2 − εP1,M〉,
〈G1, G2, P1, P2,M〉 (ε = ±1, α 6= 0);

〈S + T + εJ12 + αZ〉 : 〈G1 + εP2〉, 〈G1 + εP2,M〉,
〈G1 + εP2, G1 − εP2, G2 + εP1,M〉 (ε = ±1, α 6= 0);

〈S + T + εJ12, Z〉 : 〈G1 + εP2〉, 〈G1 + εP2,M〉,
〈G1 + εP2, G1 − εP2, G2 + εP1,M〉 (ε = ±1);

〈J12 + αZ, S + T + βZ〉 : 0, 〈M〉, 〈G1 + εP2, G2 − εP1,M〉,
〈G1, G2, P1, P2,M〉 (ε = ±1, |α| + |β| 6= 0);

〈J12, S + T,Z〉 : 0, 〈M〉, 〈G1 + εP2, G2 − εP1,M〉,
〈G1, G2, P1, P2,M〉 (ε = ±1).

3. Subalgebras whose projection onto AGL(2, R) contains ASL(2, R)

〈R,S, T 〉 : 0, 〈M〉, 〈G1, P1,M〉, 〈G1, G2, P1, P2,M〉;
〈J12〉 ⊕ 〈R,S, T 〉 : 0, 〈M〉, 〈G1, G2, P1, P2,M〉;
〈J12 ±M〉 ⊕ 〈R,S, T 〉;
〈R,S, T, Z〉 : 0, 〈M〉, 〈G1, P1,M〉, 〈G1, G2, P1, P2,M〉;
〈R,S, T 〉 ⊕ 〈J12 + αZ〉 : 0, 〈M〉, 〈G1, G2, P1, P2,M〉 (α 6= 0);

〈R,S, T 〉 ⊕ 〈J12, Z〉 : 0, 〈M〉, 〈G1, G2, P1, P2,M〉.
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groups and reduction of nonlinear equations, Kyiv, Naukova Dumka, 1991 (in Russian).

10. Barannik L.F., Fushchych W.I., On continuous subgroups of the conformal group of Minkowski
space R1,n, Preprint 88.34, Kyiv, Inst. of Math., 1988 (in Russian).

11. Fushchych W.I., Barannyk L.F., Barannyk A.F., Continuous subgroups of the generalized
Euclidean group, Ukr. Math. J., 1986, 38, 67–72 (in Russian).

12. Barannyk A.F., Barannyk L.F., Fushchych W.I., Reduction and exact solutions of the eikonal
equation, Ukr. Math. J., 1991, 43, 461–474 (in Russian).

13. Barannyk A.F., Barannyk L.F., Fushchych W.I., Connected subgroups of the conformal group
C(1, 4), Ukr. Math. J., 1991, 43, 870–884 (in Russian).

14. Lang S., Algebra, Addison-Wesley, Reading, 1965.

15. Chen Su-Shing, On subgroups of the noncompact real exceptional Lie group F ∗
4 , Math. Ann.,

1973, 204, 271–284.

16. Taufik M.S., On semisimple subalgebras of some simple real Lie algebras, Usp. Mat. Nauk,
1975, 30, 261–262 (in Russian).

17. Taufik M.S., On maximal subalgebras in classical real Lie algebras, in Voprosy Teorii Grupp
i Gomologicheskoj Algebry, Jaroslavl Univ., 1979, 148–168 (in Russian).



Змiст

Передмова . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

О.I. Фущич, Спогади про Вiльгельма Фущича . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

Перелiк наукових праць В.I. Фущича . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .24

Вибранi науковi працi В.I. Фущича

В.И. Фущич, О дополнительной инвариантности релятивистских уравнений
движения (Теор. мат. физика, 1971, 7, № 1, С. 3–12) . . . . . . . . . . . . . . . . . . . . . . . 49

W.I. Fushchych, A.G. Nikitin, On the Galilean-invariant equations for particles
with arbitrary spin (Lettere al Nuovo Cimento, 1976, 16, № 3, P. 81–85) . . . . . 59

W.I. Fushchych, A.G. Nikitin, On the new invariance groups of the Dirac and
Kemmer–Duffin–Petiau equations (Lettere al Nuovo Cimento, 1977, 19,
№ 9, P. 347–352) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

А.Г. Никитин, В.И. Фущич, Пуанкаре-инвариантные дифференциальные
уравнения для частиц произвольного спина (Теор. мат. физика, 1978,
34, № 3, С. 319–333) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

W.I. Fushchych, A.G. Nikitin, On the new invariance algebras
of relativistic equations for massless particles (J. Phys. A: Math. Gen.,
1979, 12, P. 747–757) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

А.Г. Никитин, В.И. Фущич, Уравнения движения для частиц
произвольного спина, инвариантные относительно группы Галилея
(Теор. мат. физика, 1980, 44, № 1, С. 34–46) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

W.I. Fushchych, R.M. Cherniha, The Galilean relativistic principle
and nonlinear partial differential equations (J. Phys. A: Math. Gen.,
1985, 18, P. 3491–3503) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

В.И. Фущич, Как расширить симметрию дифференциальных уравнений?
(Симметрия и решения нелинейных уравнений математической физики,
Киев, Институт математики АН УССР, 1987, C. 4–16) . . . . . . . . . . . . . . . . . . . .122

W.I. Fushchych, A.G. Nikitin, On the new invariance algebras
and superalgebras of relativistic wave equations (J. Phys. A: Math. Gen.,
1987, 20, P. 537–549) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

W.I. Fushchych, I.M. Tsyfra, On a reduction and solutions of non-linear
wave equations with broken symmetry (J. Phys. A: Math. Gen., 1987,
20, L45–L48) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

W.I. Fushchych, W.M. Shtelen, On approximate symmetry and approximate
solutions of the non-linear wave equation with a small parameter
(J. Phys. A: Math. Gen., 1989, 22, L887–L890) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

В.И. Фущич, Н.И. Серов, Условная инвариантность и редукция
нелинейного уравнения теплопроводности (Докл. АН УССР, Сер. А,
1990, № 7, С. 24–27) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

В.И. Фущич, Условная симметрия уравнений нелинейной математической
физики (Укр. мат. журн., 1991, 43, № 11, C. 1456–1470) . . . . . . . . . . . . . . . . . . 157

W.I. Fushchych, A.G. Nikitin, The complete sets of conservation laws
for the electromagnetic field (J. Phys. A: Math. Gen., 1992, 25, L231–L233) 174



447

W.I. Fushchych, W.M. Shtelen, M.I. Serov, R.O. Popovych, Q-conditional
symmetry of the linear heat equation (Докл. АН Украины, 1992, № 12,
С. 28–33) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .177

W.I. Fushchych, I.A. Yegorchenko, Second-order differential invariants
of the rotation group O(n) and of its extensions: E(n), P (1, n), G(1, n)
(Acta Appl. Math., 1992, 28, P. 69–92) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

W.I. Fushchych, R.Z Zhdanov, Conditional symmetry and reduction
of partial differential equations (Укр. мат. журн., 1992, 44, № 7, С. 875–886) 204

W.I. Fushchych, V.A. Tychynin, Hodograph transformations and generating
of solutions for nonlinear differential equations (Доп. АН України,
1993, № 10, С. 52–58) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

R.Z. Zhdanov, I.V. Revenko, W.I. Fushchych, Orthogonal and non-orthogonal
separation of variables in the wave equation utt − uxx + V (x)u = 0
(J. Phys. A: Math. Gen., 1993, 26, P. 5959–5972) . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

W.I. Fushchych, R.O. Popovych, Symmetry reduction and exact solutions
of the Navier–Stokes equations (J. Nonlinear Math. Phys., 1994, 1, № 1,
P. 75–113; № 2, P. 156–188.) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 238

W.I. Fushchych, R.Z. Zhdanov, Antireduction and exact solutions of nonlinear
heat equations (J. Nonlinear Math. Phys., 1994, 1, № 1, P. 60–64) . . . . . . . . . . 298

W.I. Fushchych, I.M. Tsyfra, V.M. Boyko, Nonlinear representations
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