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NMPETHCJIOBHE

B nocjenHee BPeMsl HHTepPeC K LEMHLIM (HENPEPhiBHLIM) APo6sM 3HAYMTENb-
HO BO3POC, O YeM CBHJETEJbCTBYIOT MHOTOYHC/IEHHBIE MEXKAYHapOJHbIE KOH-
depeHIHH, NOoCBAlleHHpEe HENPepuIBHBIM JPOGAM MM TECHO CBA3AHHBLIM C HHMH
annpokcuManuaM Ilage, a Takke BbHIXONL HECKOJbKHX MOHOrpaduii no
naHHoH TemaTuke [56, 73, 75, 77, 81, 90 u np.].

[Toxany#i, nau6osee GJH3KHM K [eNHLIM ApOGAM sABJseTCS pasjien Teo-
puH npHGJHKeHHA (YHKIMH, IJe paccMaTPHBAIOTCA pPayHOHaNbHble MPHOJIH-
KeHHsI CO CBOGOAHBIMH MOJICCaMH. 3f1eCb MOJYYeHh HHTEPECHBiE Pe3yabTaThl
0 CBf3H CTPYKTYDHHIX CBOHCTB (YHKUHHA CO CKODOCTbIO CTpeMJeHHs K HY-
IO HaHJYYNHX DaLHOHAJbHBIX npubanxenuii [23, 26 n 1p.], ycTaHoBJeH:l
CKOPOCTH cXoaumocTH annpokcumauuii [lage (cM., Hampumep, [24, 25, 46,
53]), Hccse0BaHbl paLHOHAJbHEE M HAaWJYUYlIHe palHOHa/bHbie NpHOAHKE-
HUsl HeKoTOpuX GYHKUMH HaH KJaccoB ¢yHRuui {21, 31,51, 54,63, 72 u ap.].
[Moppo6ubtit 6ubanorpaduueckuii o63op no amnnpoKcHManusm [lage usnoxen
B [74]. OnHako TecHOH B3aHMOCBSI3M MeXAY LENHLIMH Zpo0sAMH H palHo-
HaJbHBIMH TIPHOJIHKEHHAMH B HacTOsIllee BpeMsl ellle He YCTaHOBJEHO,

FoBopst 0 HenmpephbiBHHX [pOGSX, MH CPaBHHBaeM KX C TaKHMH Cpej-
CTBAaMH NpeJCcTaBJEeHHs] aHaJUTHYeCKNX GYHKUHHA, KaK pagbl WiaH OeCKoHeu«
Hele TpoH3BefieHHA. Ecii cTeneHHOH psiji, npejcTaBJsIOMUH aHANIHTHYECKYIO
(YHKIHIO, CXOMHTCSH B KpPyre, paiuyC KOTODOro ONpPefessieTcsi pacCTOsHHEM
o GaHiKaHero moJoca, H pacXOJUTCsi BHe 3TOTO Kpyra, TO pa3foXeHus
OCHOBHBIX 3/1eMEHTAapHEIX (QYHKIuUIl B LeNHble APOGH, KaK NPaBHJIO, CXOASIT-
cfl BO Bcell KOMIJIEKCHOI! MJIOCKOCTH 3a HCKJIOUEGHHEM TMOJIOCOB (yHKIIHH,
OgnHako oflHX TeopeM B 5TOM ILIaHe emle He YCTaHOBJIeHo, Henpepbipisie
Jpo6H TpejCTaBJAIOT HE TOJBKO TeoPeTHUeCKHH HHTepec, HO ¥ SIBJAAIOTCA
XOpDOIIMM aNnapaToM BbIUHCAHTENBHOH MaTeMaTHKH, 06/1aJaloliuM CBOHCTBOM
MaJoro HAKONJIEHHSl MOTPelIHOCTH B mpouecceé BhluHC/AeHHH. Paspa6oraHbl
3¢ dexkTHBHLIE aATOPHTMBl JJsi mojcyeTa KO3(PGHLUHEHTOB MLeNHHX Apoleil
H HX NOAXOAAMEX ApcGed.

B TeopnH HenpepelBHLIX Apobell CylecTBYIOT JBa HalpaBJIeHHS: Teope-
THKO-YHCJIOBOE H aHaiauTuuecKoe. [lepBoe HampaBieHHe 3aHHMaeTcs H3Y-
YeHHeM peryJsipHbBIX [LenmHuX JApo6ed, KoTopbie 00pasyloTcsl NpH  pasio-
JKEHUH NeHCTBHTENbHBIX YHcen [0 anropuTMy EBkanaa. 3rxech, TJaBHBIM
06pa3oM, H3yyaeTcsi cTeneHb NPHOJIUIKEHHS € MOMOILLIO n-H aNNpOKCHMAHTLI,
paccMaTpuBalOTCSl INPHJIOMKEHHS LENHBIX Apo6edt J/is pelleHHs] AHO(DaHTOBLIX
ypaBHeHu#. Bosbiot paspen npepcTapasieT MeTpHYeCKas TEOPHS HelpPephiB-
HbIX ppobed.

BTopoe HampaBsieHHe 3aHMMaeTcsi M3yueHHeM TaKHX BONpPOCOB, KaK pa3-
JIOXKEHHS1 QYHKIMHA B lenHsle Jpo6H, YCTAHOBJEHHE ONEHOK MOrPelrHOCTH
NPHOJIUXKEHUS C NOMOILBLIO N-X aNnpOKCHMAHT, HCCJAeLOBAHHE CBOHCTB (yHK-
uui, npeicTaBHMBIX COOTBETCTBYIOIIHMH THIIAMH HeNpPepHBHBIX Apo6elt, ycTa-
HOBJIEHHe NPH3HAKOB CXOJMMOCTH H BHIYHC/IHTR JIbHOH YCTOHuMBOCTH. Kpome
TOTO, 37leCb PAacCMaTpUBAIOTCS pa3/iHuHble TNPHMeHEHHs LeNHHX Jpc6eli b
aHamu3e JJf aHaMHMTHUECKOro Mpojo/akKeHHs (yHKnHH, NPH HCCAe[OBaHHH
YCTOHYHBOCTH MOJHHOMOB, IJsl YCTAHOBJEHHS CBsidell ¢ mpoSieMoll MOMeH-
TOB, C OPTOTOHALHLIMH NOJHHOMaMu H T. J. .

[MoapoGHEIH HCTOPHYeCKHH 0530p, NMOCBSAUWEHHBIA LEMHEIM ApOGsM, H3J0-
XKeH B paboTe [81], rae oTMeuaeTcss GoMbLUIOH BKJIajJ PYCCKHX MaTeMaTHKOB
I1. JI. Ye6buuena [68, 69], A. A. Mapkosa [40] B co3ganne aHanuTHYecKol
TEODHH HenpepbiBHLIX 1poGed.
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B  TeopeTHKO-YMCJOBOM HampaBjJeHHH Aaf dejdelt Teopuu uHcesa GbIIH
AOCTPOEHBl MHOTOMepHble OGOOUleHHA HelpepblBHEIX Apobell. Ecan nenHule
IpoGH TNpPHMEHSVIHCH IPH PELICHHH JIMHeHHBIX JHO(AHTOBBLIX YpaBHEHHH C
IBYMS NepeMeHHbiMH Wi ypaBHewu# Ilens, To yc/ioxHeHue AHODaHTOBBIX
ypaBHEHHH HJH pPacCMOTpeHHE CHCTEM IHODAHTOBBIX YPaBHRHHH eCTECTBEHHO
NPUBOAMIO K GoJiee OOUIHM, YeM HeNMHble Jpo6u, KOHCTPYKUuAM, OJHHM H3
Hauboslee yAauHBIX obo6uleHAH saBasdercd aaropuT™ SIko6u — [leppona [79,
86], KoTopEIli MOXHO NPHMEHHTh TaKXe H B aHajuH3e /s NPHOJIHIKeHHS
BeKTOp-QYHKUHH OJHOrO MepeMeHHOro (cM., Hanpumep, [48]).

Vicnonb3ys MHTeprnperalluio HenHOH ApoSH B Buje rpada H paccMaTpH-
Basi Gosee oblye rpadul THna Aepea, B. SI. Ckopo6oratbko gaa ompese-
JIeHHe MHOFOMEPHOTO aHa/Jora HenpepbiBHON ApOGH, KOTOPHIA B nmepBOA Iy-
6/IMKaluK 1TOJYYHI Ha3paHHe BeTBsulefica uenHoll apobu (BILLJL). Hekotopble
YaCTHHlE CIy4Yad BETBALIHXCA MeNHblX JApoGefl BCTpewanuch H paHee: Ha-
npuMep, B pabore [88] mepuoamueckas BI[Il Bo3HuK/Ia KaK KOMIO3MIHA
MHOTOMepHBIX OToGpakeHu# )KyKoBckoro.

DyHjaMeHTaJbHOE 3HAYCHHE B TEODHH LENHLIX JApoGell HMeioT pekyp-
peHTHBIE GOPMYJIbl JJIA YHCJAHTENCH H 3HaMeHaTesedl MOAXOAAIWMX ApodeH.
[Toatomy BmosHe ecTeCTBEHHO, UTO mepBble IDAaTH B TeopHuH BLIJ] 6buin
HANpABJEHB Ha [OUCKH AaHAIOTHYHBIX (GOPMYJ A/ BeTBSIIHXCH LenHBIX
ApoGelf. PasHple BapHaHTbl TakMX (opmys Guii ycraHoBieds B [19]. Opnua-
KO 13-3a CBOeHl 'POMO3AKOCTH OHA OKa3aduch Mal>3bdeKTHBHEIMU NMpH HCCaE-
RoBaHHH cxoauMocTd BIL/L, X0T1 HEeCKOJDBKO NepBSbIX NPH3HAKOB CXOAUMOCTH
6L yCTAaHOBJIEGHH HMEHHO TaKUM nyrtem (cM., HampHMep, TeopeMmy 3.1).
Bompoc cxoguMocTH Foaroe BpeMs OCTaBajiCAd OTKPHITBIM. B To XKe Bpess
BeIXChb Pa3paGoTKH NO NpuMeHeHHio ammapata BI{/ B Teopun uucen — aas
NpeACTaBaeHHA aareSpanueCKHX HPPALHOHAJbHOCTEH BHICIUMX cTemeHedt [19,
49], ana peteHHs AHOhAHTOBBIX ypaBHeHuH [39], B TeopHH BepodATHocTeld —
L H305paXKeHHs BHIXOJHBIX BePOSTHOCTEH AHCKPETHOTO MApKOBCKOro Npo-
‘necca [19], B BblUMCJHTEIbHOA MaTeMaTHKe — JJS pPEUIEHHS CHCTEM JHHeH-
HblX anre6paHuecKux ypaBHeHHH [44], Haq paspaGOTKH HeJHHEHHLIX YHCJEH-
HbIX MeTOJOB peileHHA JH(DepeHuHanbHLIX ypaBHeHHH ¥ HX cucTeM [20,
38, 50 u ap.], B aHaIM3e — NI NpUOJAHKeHHT YHKUHH MHOTHX mepemeH-
Heix [19, 27, 34, 56], Aas pewieHust npobneMbl MoMeuTos [18], B TexHHKe —
IJISL CHHTe3a MHOIONMOMIOCHHKOB {28, 76], /s mocTpoeHHs MaTeMaTHueCKOH
Mogeau tpaHsuctopoB [30]. MHOrHe M3 3THX pe3yabTaTOB M3JIOXKEHLL B MO-
Horpaduax [19, 56], a Takxe cTaThfiX, ONMySJHKOBAaHHBIX B XKypHale
«BecTHHK JIbBOBCKOTO NMOJHTEXHHYECKOrO HHCTHTYTa» (CM., Hampumep, Ne 141,
150, 169, 173, 182).

[JlanHasi MoHOrpadHst NOCBSAIIEHA aHAMHTHYECKOH TEOPHH BeTBSLUUXCA
nenHeXx ApoGeill. [TaBHoe BHHMAaHHe yjeisieTCs BOMpOcaM O0OCHOBAHUSA anma-
para BILJI, HcenieioBaHHIO CXOAHMOCTH UHCJOBHX H HEKOTOPHIX THMOB (YHK-
IMOHAJbHEIX BETBALHXCH LENHHX JApoGefi. B Hauaje xaxjoft rmaBH npH-
Be JeHa aHHOTauHs H3JMOXeHHOro B Hell matepuana. [TostoMmy Ha xapakTepmuc-
THKE COJepXKaHHsl OCTAHABJIHMBATLCA He GygeM. Bo BBejeuuu u npu ccoli-
Kax Ha BBeJeHHe TNPHMeHAeTCS OJMHapHass HyMepauus.

OcHoBHbIE pe3yJbTaThl, M3JOXKeHHble B MoHorpabud, AOK/IaJbIBAIHCh Ha
Pa3IHYHEIX CeMHHapax H KOH(epeHIHAX, MHOTHe H3 HUX NMYOIHKYIOTCS 34eCh
BrepBele. Ilonb3ysach ciayuaeM, aBTOp BblpaaeT HCKPeHHIOW 0JaroflapHocTb
BCEM YYaCTHHKAM CEMHHApOB, NPHHABIUHX AaKTHBHOE y4acTHe B OGCYXJeHHH
pesy/ibTatoB paBoTel, 4TO, KOHEUYHO, CMOCOSCTBOBAIO YJYy4MIEHHIO H3/I0KeHHs
MaTtepuana. OcofeHHO XOoTeJoch OBl OTMETHTH LeHHbIE 3aMEYyaHHsd H IoXe-
JanHs, BeickasaHuwe C. M. HukosbeckuM, JI. 1. KyapasuesuM, B. K. Ias-
aoikoM, A. M. Cremanuom, A. M. Snymayckacom, A. A. F'oibabeprom.
ApTop BhipaKaeT Takxe NIYyGoKyio GnarogapHocts B. $I. CkopoBorartbko 3a
[0oCTOS HHOe BHUMaHue K pabore H H. C. Boanap 3a nomouibs NpH IOATOTOB-
Ke DYKOIHCH K IeuaTH.



BBEIEHHWE

Berpsmuecs nenHsle Apo6H SBJAIOTCS MHOTOMEpHBIMH 0606e-
HHAMH UENHHIX MJH, KaK HX eule HasbBaloT, Hel pepbIBHBIX
Apo6eti. JInTepaTypsl Ha pPyCCKOM fi3BIKE, MOCBALIEHHOH LielHBIM
JIpoBaM, OYeHb MaJo, Gojiee TOTO, 3TO KHHUTH CTAaporo HU3JaHus,
npeicTaplsAOMMe B Hacrosiee Bpems G6GuOaHOTpadHuecKylo
peaxkoctb. Huetowmiics 3jgech npobes T0JKeH BOCHOJHHTB Fo-
TOBALULMHCA B H3laTeJbcTBe «MHp» TlepeBoj Ha PYCCKHH SA3BIK
MOHOrpadHH H3BECTHBIX CIENHA/JHCTOB B 3TOH 067acTH ¥ HIbsAMA
B. /:xoynca u B. Ix. Tpona [81]. Mnl npuBefeM HeKOTOphHIE
CBeJleHHs1 M3 TEOpHH LEeMHBIX Apobel, Janeko He MpeTeHIyIOLIHe
Ha MOJHOTY WJIH CHCTEMATHYHOCTb, HO B KAKOH-TO CTemeHH He-
o6xoaumble 1A yno6CTBa 4YHTATENS.

HenpepoiBHylo 1po0b oOmpefesiMM ¢ MNOMOUIBIO KOMIO3HIIHA
JpoGHO-MTHHEeHHBIX 0TOo6pazeH uit

b(2)=by+2 () =abe+2) (k=12 .0, (1)

rne a;, b; (i=1,2, ..., j=0,1, 2, ...) —KOMIJIEKCHble
uhcsIa; z — KOMIJIEKCHAsl nepeMeHHas, npuueM a; =0 ([ =1,
2, ...). Ilycts

To(@)=1,(2), Tp(2)=Tp1(tx(2) (k=1,2, ..). (9

[{enHolt apo0blo Has3blBaeTCs Mpeaen nocaefoBateqbHOCTH Ty (0)
npu k—oo, T. €. BblpaKeHHe BHJA
ay
bo + a : (3)
2

b —_—
]+b2++g_k+
bpTe.,

M yno6Hoit 1 sKoHOMHOH 3amnucH (3) GyaeM B JajbHelillleM
NpHMEHATL COKpallleHHble 0003HAuUeHHS, MpejIoXKeHHble Po -
JKEpCoM

a a ap
by + =+ | 2 - 4
L T N A )
Cy1uecTByloT, HO, K COXaJeHHIO, MHOTOUHC/IEHHbIe, 0603HAUEHH s
uenHuix JApoGed (3), cxonHble ¢ 0603HaUEeHUSIMH, NPHMEHSEMEIMHU
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Ins pajoB, HanpHUmep:
by K 2L, b+ D 3, 7o,
0 * 11=<1 b; 0 +i=1 b; bo +i=l by

Mul xe, cneays momorpaduu B. f. CkopoGorateka [56], aas
sanHcu apobu (3) 6yneM mpHMeHATh OGO3HAUYeHHE

by+ D <t (5)

i=1

Koneunrle nenpepbiBHbIE 1poGH

= byt D 5=yt ——= (n=1,2 .. 6
l-i_bz'i"- an
.+b_

Ha3LIBAIOTCS N-MU TIOAXOASUIMMH ApOGSIMH MM N-MM anfpOKCH-
MaHTaMH LenHoi apoGu (5).

Ilpn usyueHnnm wnenHerx apoGefl, Kak MpaBHJIO, OrpaHHUEHHe
a0 (i =1, 2, ...) cuumaercsi. B »TOM ciyyae Moxer BO3-
HHKHYTb HeomnpefenenHocTs: f, = 0/0. Torma 6ynem rosopurs,
yTo f, He HMeeT CMhIcJa.

Hennas Apo6b CXOAHTCA, eC/IH BCe ee MOAXOASILHE IpoBH
MMEIOT CMBICJ HJIH JIHUIb KOHEUHOe YHCJIO MOAXO/SILHX Apobeit
He UMeeT CMbICJAa H CYUIeCTBYeT KOHEUHBIA MNpejes 1oc/Ie0Ba-
TEALHOCTH [, TIPH 1 —- oo,

Kaxaylo n-10 annmpoOKCHMaHTy MOXHO MNpeJCTaBHTb B BHjE
OTHOIUEHHS

fo= g, ™)

npuueM jyuisl BbiuHcaeHHs A, W B, —n-ro UHCAHTENs] W 3HaMe-
HaTe/Jsl CpaBe]JIHBLl PEKyppeHTHble GopMyJs [65, 67]

An = bnAn-l =+ anAn—‘z' Bn = ann—l + aan«2(n =1, 2’ ) (8)
HPH HaUYaJIbHBIX YCJOBHSX

Ay=b, A,=1 B,=1 B, =0. 9)

Jlannasi moHorpadus NocBsiiieHa aHAMMTHYECKOH TEOPHH Ber-
BAmMXCS LenHbIX ApoGelt. IlostoMy BO BBeldeHHH NpHBEAEM He-
KOTOphie pe3yJibTaThl TOTO HanpaBleHHS B TEOPHH HerNpephIBHBIX
npoGet.

HenHble Apo6H, y KOTOPHIX BCe COOTBETCTBYIOLIHE alMpoK-
CHMaHTHI COBNAAAIOT, HA3bIBAIOTCS 3KBHBaJEeHTHBIMH. [IpoHsBosp-
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HyI0 1pofb, SKBHBaNeHTHYIO (5), MOXHO 3anucath B BHae [87]
n PPt

by + D =1L 10

0 Pl pib[ ’ ( )
rae p; — HEKOTOpHIe OTJIHYHBIE OT HyJA KOMIJIEKCHHIE YHCIa,
po = 1. Ecnn obossaunte C,, D,—n-fi uncautenb u n-#i sua-
MeHaTtesb Jpo6u (10), To cnpasemiuBbl COOTHOLIEHHS [67]

Cn=plpz"'pnAn’ Dnzplpz"'pan (n= 1, 2,. .e) (11)

Hna uenHeix gpoGefi ¢ MOJIOXKHTENBHBIMH UJIEHAMH ChpaBel-
JIHEO CBOFCTBO BHJIKH, BbIDaXKeHHOE CHCTEMOH HepaBeHCTB

for < forto << Foprr <foj—r, (12)

rie k, j—npousBoJibHBIE HaTypalbHble 4HCJa. Bompoc cxonw-
MOCTH TaKHX JIpo6efl NOJMHOCTBIO pellaeTcs cyie IYIOMHM KpHTepHeM.
Teopema 1 (3einens [92]). Henpepowsnas 0pobo

=

=l 4
AneMeHmamML Komopoll feasromes Oelicmeumenvrele NOAOH U~
meabubie qucaa, cxodumcsa moeda u MmMoAbKO moeda, Koeda
pacxodumes. pad

oo

N b, (14)
=1

K uncny nauGonee ynoTpeSUTeJNBHBIX KAACCHYECKHX NpH3Ha-
KOB CXOAMMOCTH LENHBIX OpoGeHd OTHOCATCH, KpOMe KpHTepHs
Sefinens, HeoOXoAMMHIE npH3Hak cxoguMoctH Koxa [82], po-
CTaTOuHKle Mpu3Haku cxoauMoctd Bopnutckoro [101), Cnemun-
ckoro— Ilpunrcreiiva [58, 89], Teopema Ban ®unexa [97) u na-
pabosnnueckye Teopembl [81]. Kpome nepeuncseHHBIX cyllecT-
ByeT OIPOMHOE MHOMXKECTBO JPYruX NpPU3HAKOB CXOIWMOCTH (cM.,
Hanpumep, {81, 87, 100], a Takxke [66, 78, 96] u ap.). Cob-
CTBEHHO, OoJsbllas wacTb BceX pafoT 00 LEeNHHM JApodsM
NOCBsILEHA BOIPOCY HX CXOIHMOCTH.

Crnenys [81], mamum onpejeneHne o0/acTH 31MEMEHTOB, 00-
JacTH 3HaueHHHA M 06JIACTH CXOAMMOCTH LenHOH apofu (5), rue,
He orpaHuuuBasi OOWHOCTH, mosoxum b, = 0. IlocmenoBaresn-
HOCTH HemycThlXx MHOxecTB {€2,} u {V,}, Takux ut0 O £Q,
cCxC 9 =V,cC (k=1,2, ...,i=0,1,2 ...) Ha-
3pIBAlOTCSA MOCJIEI0BAaTeJbHOCTAMHU O6NacTell 3/71eMeHTOB H obJac-
Tell 3HaueHWH wenHoff npob6u (C-— pacliupeHHAas KoMIJIeKcHas
TVIOCKOCTB)

D &, (15)



ecJiu
%f:EVn_i ans (a,, b)eQ, (n=1, 2, ...) (16)

LVysV,y aaa, b)EQ, (n=1,2, ..)). (17

MHorne H3 CyIIECTBYIOIMIHX OPH3HAKOB CXOJMMOCTH LeHHBIX
IpoGell ¢ KOMIUIEKCHBIMH 3JIEMEHTaMH SIBASIOTCS NpH3HAKaMH
THna oGmactelt cxo;mmocm IocnenosarenvHocTs obnacrel a.e-
mentoB {Q,} (n =1, ..) Ha3bIBAETCH [0CJeN0BATETLHOCTBIO
06JIaCT6H CXO,U,I/IMOCTI/I 11p06H (15), ecan ycmoBus (a,, b€,
(n=1, ..) o0ecHeuuBalOT CXOIHMOCTb 3TOH 11p06y1 LIaLue
IPpyrux paCCManHBamTCﬂ cnydanw: Q, =Q((n =1, 2, ...) (npoc-
Tasg 00JacTb  CXOJHMOCTH), 92/;_-1 =Q, ngzgz (=1,

..} (cnapeHHple obaactH cxomumocTtd). B uwacTHOCTH, OTBeET
Ha Bonpoc © HauGoJbllei KpyroBod o6AacTH CXOJQUMOCTH
C LEHTPOM B HauaJje KOOpAHHAT JaeT cJeiyiomas Teopema.

Teopema 2 (Bopuutcknit [101]). Ecau 043 yenuod 0pobu

(1+ D b ‘k("") , (18)

20e ¢, (2) — KomnneKcCHole GYyHrkyuu, 3sadanHsle 8 obaacmu
D < (G, swunoanawomea Ycaogus

lee(@) <5 (k=2 3, ...), (19)

mo
a) Opobe (18) pasromepuo cxodumca @ D;
6) obaacmbro 3Ha4eHull asasemca Kpye

|2—1%/3] < %y (20)

8) xoncmanma '/, ¢ (19) u obaractne (20) agaawmes Hau-
AYdIUMIL, M. €. KOHCMAHMY HeAb3A Yeeauuums, a obracme
YMeHbLUIL M.

Cnenywouass TeopeMa B JHTepaType HMEHYETCs TeOpPEMOi
[punrcreiiva [89], xors Obia ycranosneHa CremnacxiuM [58]
Ha 10 ser paublle. AHa/JOTHYHas TeopeMa OhlJa yCTAHOBJIEHA
takxke A. A. Mapkosev [40] a9 nefic TBUTEJLHBIX 3JeMEHTOB,

Teopema 3 (Cuewruncknit — [Ipunrcreiim [58, 89]). I[enxas
0pobe (5) ¢ xomniaexcroimu dieMenmamu cxodumes, ecau

|ba] > la,l+1 (n=1,2, ... @1
[as n-x annpokcumanm Cnpagediuso Hepasercmeo
[fl<l (r=1,2,..). (22)



Teopema 4 (Ban ®aek (971). [Tycmb 048 aaemermos uen-
Hot Opobu (13) seinoanatomes Ycaosus

bi;&O’ ]argb[,<%-—a (;—_:O, 1, 2, ), (23)
2de & — npoussoabroe KaK YyeoOHo maroe Oelicmaumerbroe 4ic-

40 (O <s<—g—).

Toeda

a) n-a annpoxcumanma [, Opobu (13) ydosremsopaem ye-
106U10

fo0, largf,|<Z-—e (i=0, 1,2 ..)

6) cyuiecmeyrom KoHedwele npedeavt 4emHbIX U HE4E HIHbLX

annpoOKCUManm,
8) 0aa cxodumocmu yenwoli dpobu (13) neobxodumo u Oo-

cmamouno, wmobsl pacxodurca pad
L, 1ol (24)

[Toapo6Heili 0630p MO OAHOMY H3 OYEHb BaXKHBIX Harpasie-
HHE B HCC/ENOBAaHHH CXOAMMOCTH LENHbIX ApoOel, Tak Ha3biBae-
MbIM mapalonuyeckuM TeopemaM, H3J0XeH B MoHorpaduu [81].
Mer copMynupyeM nepBblif, MOJyYEHHBIH B 3TOM HalpaB/JeHHK
pesynbTar.

Teopema 5 (Ckort — Youaa [91]). Mrooecmso moyex S < (,
CUMMEMPULHOE OMHOCUMEAbHO OelicmaumerbHol ocu, A6Aemcs
obracmero cxodumocmu yenHod 0pobu

* ar)7? .
( 1+ D T) (25)

p=2

moeda u MoAbKO mo2da, Koeda S — 02paHuyerHoe MHONCECTEO,
npunadrescawee napaboaudeckol odaacmu

P={z¢C:|z2]—Rez < 1/2}. (26)
Bonee moeo, ecau a, ¢ P (k= 2,3, ...), mo 0pods (25) cxodumes
moeda 1 moavbko moeda, kozda

a) cyuecmsyem undekc p, maxod amo a, = 0;
6) sce a,0 u pao (24) pacxodumcs, 2de

by=1, a,y =(bb,,)7 (p=1, 2, 3, ...). (27)

Teopema 6 (Kox [82]). Ecau pad (24) cxodumcsa, mo yen-
Han 0poby (13) ¢ KomnaekcHeiMu SACMEHMAMU PACXOOUMOA,

9



6oaee moeo,
lim A2k = FO’ ”m A2k+1 = Fl’ (28)
A=+ b=+

]lm B‘?.k = GO’ llm Bﬁk’rl = Gl

b=+ o k=00

4 BbINOAHAEMCA COOMHOULEHUE
FyGy— FyGy = 1. (29)
Teopema 7 [100]. [Tepuoduueckas yennas 0pobs

a a a

T+ T 4
cxodumes 08 Kaxncozo a €, 8a UCKAO4CHUEM MOYeKk a =
= 1/4—¢, e0e c¢— npoussosrstoe Odelicmeumenstoe noAOKHCU-
MERbHOE HUCAO.

[Ipu joKasaTeJbCTBE CXOAMMOCTH IeNHbIX apofeft cymecTt-
BEHHO HCHOJB3YIOTCA JBa (baKTopa: BO-EPBLIX, HaJIH4He DeKyp-
PEHTHBIX CcOOTHOUWeHHH (8), BO-BTOPHIX, TO, YTQ COBOKYMNHOCTBb
JApoOHO-THHEHHBIX oTOOpaxkeHu# obpasyer rpymmy. 3aMeTHM, HTO
HH TIEPBOE, HH BTOPOE He HMEET MeCTa JIi BeTBALIHXCA Leln-
HbIX Apobedt,

OnHUM M3 METOHOB J0KA3aTENLCTBA CXOAHMOCTH LEMHBIX
Apoleli siBAsieTCS METOJ, OCHOBaHHLIH HA NpUMEHeHHH (yHIa-
MEeHTa/MbHbIX HepaBeHcTB. Tak, Obutd (cMm., Harnpumep, [100])
JOKasaHul TeopeMbl 2, 5 W MHOrHe apyrHe. ByjaeM TOBODMTb,
9TO HempepulBHast Apolb (25) ypoBnerBopsieT (yHIaMEHTaNLHBIM
HEPABEHCTBAM, €CJH CYIIeCTBYIOT TaKHe JeHCTBHTE/bHBIE YHCJa

r, >0, 4T0 1A 3neMeHTOB J1POCH @, BBUIONHAIOTCA HEpABEH-
CTBa

rplap+ap+1+ 1]>f rp—zlapl+|ap+1| (p=1: 2r )' (30)

The ay=ry=1r_,;=20.

Teopema 8 [100] Ecau 0aa yennod dpobu (25) ewnoans-
10Mmca PYROAMEHMANbHELE HEPABEHCMBA, MO 6Ce N-e SHAMEHA-
meau B,==0 u cnpasedausa oyenka

n—I1

n—inl< 3 riry ... 1 (31)

CywiecTByIOT JBe HHTeprnperaudH (yHIAMEHTANbHLIX Hepa-
BEHCTB.

I uaTepnpertanus: ecau jisa apobu (25) BrimosHAKTCA
dyHIaMeHTa/lbHble HepaBeHCTBA H PAl

>

L r1f2 PN fk

=1 .
CXOAHTCA, To LenHas Apobb (25) cxoaurcs.
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II uHTepnpeTauns: ecad ans apobu (25) BHIMONHSIOTCH
¢yHnamerTanbHEle HepaBeHcTBa (30), rae nmepsble 1Ba HepaBeH-
CTBa CTPOTrHE, TO CYLIECTBYIOT IpeJeJbl YEeTHBIX M HEYeTHLIX
noaxoasmux apobefi,

prmep 1. Ilpu BbNOJHEHHH YCJOBHH Teopembr Bopnur-
ckoro uenHas ApoOb (25) ynoB/eTBopseT (QyHAaMeHTalbHBIM
nepaseHctBaM (30), rae 7, = p(p + 2)7!, Npu BbINOJHEHHH Yyc-
JoBuH napabosinueckoll TeopeMul r, = 1

PaccmoTpuM  HeKoTOpble THNB  (yHKUHOHA/IbHBIX UEIHBIX
npobeit,

HenpepeiBHasi apo6b

o 2 -1

—a

(bl—{—?l—{— b~z ) (32)
=2 btz

rje ai, bi—'KOMHJleKCHbIe qHcJaa, Z,—KOMHJIeKCHbIe HepeMeH'

Hble, Ha3bIBAe€TCHd MMOJIOKHTEJNbHO OnpeﬂeﬂeHHOﬁ, eCJIn HeOTpHua-

TeJILHO ONpesesieHb AeHCTBUTE/bHEIE KBajapaTHuecKHe (hopMbl

n—1

1;_—1 ﬁk’éi— 2k§1 Otkgkgku >0(n=1, 2 .., (33)

rae B, =1mb,, a,=1Ima,, E,(k=1, 2, ...)— npou3BonbHbIE
JeACTBHTEbHBIE UHC/A.

Teopema 9 (Yoan —Beuueas [100]). Lenuaa Jdpobs (32)
noa0scumenbro onpedesena moeda u moasbko mozda, Kozda
BOLNOAHAIOMCS YCAOBUSL:

a) Br>=0 (=1, 2, ...)

6) cywecmeyrom Qeticmeumenbroe uucsa g;:0 < g; <1

(2i=1, 2, ...) makue, umo oy =PPr(l —gr1)gr (=1,

Teopema 10 [100]. Ecau yennas Opobe (32) noaoocumens-
Ho onpedesena, moeda n-e snamenamea B,(2)5=0 (n =1,
2, ..) e obracrnu Imz,>0 (i=1, 2, ...).

[lenHast npoOb (32) HasbiBaercs J-apoObio, €c/H Bce 2; =
(i=1, 2, ...), roe {— KoMmiaekcHas nepeMeHHas. IlonpoOHbiit
0630p, MOCBAWEHHBIH IIOJOXHTEALHO ONpeaeneHHBM apobsam
u J-npobam, uanoxen B MoHorpadbuu [100]. BoJabliioe BHUMaHHe
1i3y4eHHIO IeHCTBHTeNbHBIX J-apobeit yaenssn I1. JI. UeGbien
[68, 69] n A. A. Mapkos [40].

HenpepniBHas apo6b BHIa

= (1—g, 1) gz \1
(1 + k21 1 ) ! (34)

rie 0 < gp <« 1, z€ [, HasbiBaercst g-7pobbio.



Teopema 11 [100]. Llennas Opobv (34) pasHomepuo cxo-
dumcea na xaxdom Komnaxme obaacmu

G={zcQ:255—1, |arg(z+ 1)|<<m}.

Ham 6ynyr HeoOXONMMBI HEKOTOpbIE CBEAEHHSI O IEMHBIX
NocJe0BaTeNLHOCTAX, OGoJiee nogpoGHO H3JIOKEHHBHIE B MOHO-
rpaduu [100].

ITocnenoBarenbHOCTb AEHCTBHTENLHBIX HEOTPHIIATE/IbHBIX UH-
cen {a,} Ha3bIBAeTCsS LEMHOH, €CJAM CYUIeCTBYIOT Takue aeHCT-
BUTEJIbHbIE 4YHCJIa

0O<gn<! (n=0,1,2 ..), uro a, = (1 — g,_1) g
k=1, 2, ..).

Uucna g, (n =0, .) Ha3bIBAIOTCS NapameTpaMH LEnHo# mno-
cJle [0BaTeJJbHOCTH. HapaMeprI ONpefeNsloTCsl HeOAHO3HAYHO.
Onnarko ans KaXkuo# LemHO# mociefoBaTesbHOCTH {a,} Bcerja
cymeCTBy}OT TaK HasblBaeMble MHHHMaJbHEIE mapaMeTpsl 11, (n = 0,
1, 2, ...) u MakcuManbsble napametpel M, (n=0, 1, 2, ...)
TaKHe, uto ap=(1—my_)ym, a,=1—M,_ )M, (k—— 1,

Jum,<g, <M, (n=0, 1, 2, ..)) a1a Bcex ADPYrux
3HaueHHH napaMerpoB JaHHOH LEMHOH MocsenoBaTeNsHOCTH. MH-
HUMaJibHbie W MaKCHMaJbHBIE [apaMeTpel OnpejensloTcs ORHO-
3HayHO MO opMyJam

0, ecin m, =1 _
My =0, mv+1“{a,,+1(1 —mp), eemt my<1 P2 (35))

MD=1'—’ (1117+1 _ a,_iH-z _ apl+3 o (p=0’ 1, ') (36)

Ecnn {a,} — uennas mnocnenoBarensHocTb, Y Kortopoit a,>0
(k=1,2, ..), Tom,=M, (p=0, 1, 2, ...) Torga H TONLKO
TOrjla, KOrja pacXoiuTcs psx

o0

M S

b=] (=l

[TocnenoBaTebHOCTD {aZ} sBJIAETCS LENMHOH TOraa M TOJIBLKO

TOrLa, KOTia 1JIs Bcex JeHcTBUTe bHbIX 3HadeHufl &, (i =1, 2, ...)
HEOTPHIATEJIbHO ONpeje/leHbl KBajpaTH4ecKHe (PopMel

n n—-1

21 gg—2p§1 angpgml >0 (ﬂ = 2’ 3’ ')

p=

Ecan {ag}-—uem{aﬂ noc/el0BaTe/bHOCTD H B2 < of (=1, 2,
...}y T0 {BZ} — uenHas moc/e0BaTENLHOCTD,
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Perynsapuoit C-npoGbto Ha3eiBaeTcst apoOb BHza

N ag?
1-}—k21 > (37)
rie a,+0 (k=1, 2, ...) — KoMmJeKcHble yHc/Ia, 2€ (.

S-gpobrio HaswBaercs apo6b (37), rae a, > 0. OueBHHO,
yTo g-Apo0b fBJISETCH YACTHHIM cayyaeM S-apofu.

HaunGonee XapakTepHHIMH M ynoTpeOHTENbHBIMH NPH3HAKAMH
cxonuMocti C-npobei sisastorcsi Teopema Ban ®reka o mpe-
JeJIbHO TNEePHOJHYeCKHX LEeNHBIX Jpo0sX, KOrjga CyLlecTBYeT
lima, npu k- oo, u KapguouaHasi Teopema [81].

Ja S-npoGeill xapakTepHOH sBJAseTCA cleayiollas TeopeMa.

Teopema 12 (Ctuarbec [601). Jdra yennod Opobu (37), ede
a,>0(k=1, 2, ..), 2€(, cnpasedauser caedyrouye ymee po-
denus:

a) wemmuvie u Hewemwvie nodxodauyue O0pobu (37) pasuo-
Mmepro cxoldamea Ha KaxOom Komnakme obaacmu

G={2e(: |argz| <}

K Qynkyuu, eoromopprol e G;

6) uennaa Opobe (37) cxodumes K 20A0MOPPHOG PYyHKyLU
8 G moeda u moavko moeda, koeda pacxodumcs pad (14),
202 b, (i =1, 2, ...) onpedzasomen coesacro (27);

8) ecau yennaa Opobe (37) cxodumca 6 Kaxod-aubo mowke
obracmu G, mo oxa cxodumca 8 KasxOod mouke obaacmu G.

KpoMe rnepeuncieHHbIX CYLIECTBYIOT W JpYTHe THIbI (QYHK-
[UOHANbLHEIX LenHuiX ApoOeit, Hampumep T-apobu [81], npobu,
y KOTOpHIX pasnaraioTcs QyHKUHH KJaacca Iepriorua [64, 100]
" Ap.



Taaga 1

ONPENEJEHAE U JJIEMEHTAPHBIE CBOHCTBA
BETBAMUAXCA OENRBIX JPOBEH

CymecTBYIOT /B2 MOAXOAA K ONPeleJIeHHIO BETBALHXCH LENHLIX
JpoGeit. X pOHOMOTHYHO MEPBbIM ObIT MOAXOJ, KOTOPHIH [peajo-
xun B. $. CxopoSoratbko [56, 57). OH ocHOBaH Ha npUMeHe-
HHH reoMeTPUYECKHX MOHATHH Thna rpados. Bropoit noaxon,
npeanoxenuni [1. M. Bonnapuykom [19], ucnonb3yeT KoMNO3HLMHA
MHOTOMEPHBIX J1pOOHO-JMHHENHbIX 0TOOpaXKeHHH.

Mbl Jaaum onpejiesleHHe BETBAIHXCHA LENHBIX japobelt ¢ N
BeTKaMH BeTBlteHHss (N ¢ N), caenys ropomy noaxoay. B §1
pPacCMOTPEH TakKiKe alrOPUTM pasJoXKeHHS HATypaJbHOro yHcJ/a
k no crenensM N ¢ OTJHYHBIMH OT HyJs KO3pdHIMeHTamH,
KOTOPHIH HCMoAb3yeTcs AJs onpefieieHHsl OJHOTO BaXKHOTO JJfA
JlaJbHeHINero H3JoXeHus Tuna QUIYpHBIX MOAXOASMIHX Apoleit,

B § 2 obocHoBank GopMyaRl 15 YHCAHTENEH M 3HAMEHaTe-
Jell noaxoAsuux ApoCell B Buje ONpeleauTesneli, KoTopbie Oy nyT
CYLLeCTBEHHO HCNOJMB30BaThCA B M. 4 115 onpejeJieHust U H3y-
YeHHA CBOHCTB MHOTOMEPHBEIX TOJIOXKHTENIBHO —Onpeje/e HHbIX
npoGeit, [lostomy BosHHKJa HeoOX0IUMOCTb B HX cTporoM 06o-
CHOBaHHH. PaHee aHaNoTHUHBIE COOTHOIIEHHS ObIIH MPeiJOKEHE
B. N. Ilmo#oBeiv [32], npaBna, Ges ykasauus ¢opmysa s
OOIIMX YJIEHOB OIpenesHTeNeH,

B § 3 ycranosnena dopmyna pasHocTH JBYyX He 00s3aTenbHO
COCeHHX noAaxolsAwux apobelt (3.3), KoTopasi CYLIECTBEHHO
HCMOJIL3YETCs] NPH HCCJEJOBAHHH CXOJHMOCTH BETBSIIMXCA Lefn-
Heix gpoleii. Ilepewift Bapuaut ¢gopmyan THna (3.3) npemsoxui
HU. 5. Onekcus [15]. [lanbHeiiuiee ee ycoBepineHCTBOBaHHE ObLTO
ocywecreaeno J. M. Boanapom u H. A. HepallKoBcKHM.

Yersepthifi maparpad NOCBsILieH 3KBHBAJEHTHHIM npeolpaso-
BaHHaM BeTBaunxcsa uenHeix gpofeit. Il U. Boamapuyk [19,
¢. b5—b6] nokasan, uro BIIJ (4.2) sksumanmentna (1.9). On-
HAKO, KaK MO0K43biBaeT MPHMEpP, MNPOH3BOJILHOE 3KBHBAJIEHTHOE
npeo6pasoBaune apo6u (1.9) Hemw3s sanucath B BHue (4.2).
Ycranoenensl HeoOXojHMble H JAOCTATOYHBIE YCJOBHS, 4YTOOHI
B BHjie (4.2) MOXHO GBIJIO 3aMHCATH NPOH3BOJBLHOE SKBHBAIEHTHOE
npeo6pasobanue BILJ (1.9).
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B § 5 uanmoxkenn pesysbTaThl, NOCBSIUEHHBIE OGNACTAM 3J€-
MEHTOB H ofacTsM 3HaueHHH /A BeTBAIMXCS uenHwix apoGeil.
Teopemn 1.12—1.14, 1.20, 1.21 6b1u ycranosnens E. A. Bon-
TapoBHyeM. B coorBercTBylOmHX pa3paboTKax oOKasanach MpH-
MEHHMOH MeTOAMKa HCCIeIOBaHHA aHAJOTHYHBIX BOMPOCOB
B TeOpHH ueuHHX apobeit [80, &81].

§ 1. Onpenenenne reTBAmMENCA nenuo# Apodn.
Ilopxonamme xpodu

Ecmu iy, i, ..., i,— HeKOTOpHIH HaGop HHAEKCOE (i, =1, N,
p=1, k), To ¢ nenvio coxpalieHHs 3alHCH B jAanpHefimem Gy-
JleM TNPUMEHSITb MYJbTHHHJAEKC

[(R) =iy ... ip (1.1)
Ilyers by, buy, aiwy k=1, 2,...,i.=1, N)— Komnuexc-
HHE uYHeaa, 2z (R=1, 2, ..., i, =1, N)— KoMIJIeKcHbIE
nepeMeHHble, TpuueM ayp =0 (B=1, 2, ..., i,=1, N) u
nycTb ‘
to(zl' 22""’ZN)=b0+zl+22+"'+ZN! (12)
tiw @i, Ziwas o s Zion) = Qi (bugy + 2t + -+ +
+2i(k)N)-1 (k= 17 2’ LRI ik= 1, N)

eCThb HEKOTOpas COBOKYMHOCTb N-MepHBIX JpOCHO-JIHHeHHBIX
oroGpaxennfi. O6osnaunm ziy Bektrop H3 7 (p =N, rEN)
BHJA
% = v Zapreaz -0 Zwnen) (13
ol Mgt

——
r r r

B 4YaCTHOCTH,

r) —
z —'211...1’ 21...12’ ey ZNN...N)v
S el Ne——r
r r r

rae xoMmnoHeHTH BekTopa (1.3) zigmin (s=1, N, s=1,7r)
€CTECTBEHHBIM 00pa3oM YDOPSIIOYEHBl, T. €. Zimn() = 2ikmir)
ectt n(r)=m(r) u n(r)—<m(r), ecau n,<<m; HIA CymeCT-
ByeT Takoi uuaekc s (1 <s<<r), uro n,=m, (p=1,s) u
ns+1<ms+l'

Tlycts

Wiy =t () (=T, N, k=1, 2,...). (1.4

Onpegennm wig cornacuo (1.3). Torma no amanoruu c (2)
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PACCMOTPHM KOMMO3HUHH N-MepHHX APOGHO-MTHHEAHHIX OTOoGpa-

JKEHHHA
Ty (@)= £y (200), Ty(2t0) = Ty, (@) (k= 1,

) (L.9)

1 nocienoBarenbiocTh {7T,(0)}, rme O Gepercss u3a coorBercrT-
BYIOLIEr0 INpPOCTPAHCTBA., DBBIYHCAHM fIBHBIE BbIPaXKeHHA MJId

T,(00) (=0, I, 2, ...). Uveem

T4(0) =£,(0) = by,

Ty (@) = 14 (@) = £y (6, EO), .oy Ly ().
[Tostomy

N
Ti(0) = byt (0)s vy £0(0) = by + ¥ “l“
fy=1 1
Hanee
Ty (2®) =Ty (w?) = £, ({ (@]), ..., 1y (@)=
—to(t1(t11(z(1[1)): A v /\3)) cee tN(tNl (z/(\};)’
t v &)
Iloatomy
T,(0) =, (f, (211 (0Y, . 1N(O)), e L‘N(L‘NI(O),

a,-x
NN _b + N

H T. X., HCIOJB3YSl 06O3HAuUeHHs (1‘1), HMeeM

N
a;y
Tp(0) = b, -+ =
;2
=t bi ¥ 2bz<2)+ A
i(k)
by
L=l

(1.6)

Cunraem, uro T,(0) HMeeT cMBICT, eclM B Mpoilecce CBOPayH-
BaHHSA ﬂpoﬁn (1.6) y Hac He BO3HHKHET HeolpejeJseHHOCTb 0/0

Mul npexnonaraem, uto 1/0 = oo, 1/oo = 0 u ‘31 + _"61 4

O

a 0 "
+—0’i = 5, eau n>1. Ecan cymectsyer takoii Habop HH-
HeKCOB iy, iy, ..., ip HTO byy =0, 1O, AaA TOrO HTOOH

Ipobb (1.16) rMena cmpica, Heo6XoauMO, 4TOGHI
bip—nj =0 (=1, N, j5=ip).
16



Betpsmiiecsa nemxo#t apo6eio ¢ N BeTKaMH BETBJCHHAl HA3hi-
BaeTcsi BhIpayKeHHe

N

a; 1
by + N = ’ (1.7)
at(2)
(=1 b[(l) + 2 b (@ +
Iy=1 2 a,(k)
L+

lk—‘

KOTOpO€ MO aHaJIOTHH C (4) # (5) KOMNaKkTHO 3anuuieM B BHJE

N
a a N a
b {0} g1t} \ %) 1
b¢(1)+2 by + -+ + l;;l b + o (1.8)
HWIH B BHIE
b, Y g 0o

ps b

Bameyanue 1.1, Onpepensis BLLIL ¢ N BerkaMu BeTBJIeHHH,
KaK KOMNO3HLHIO N-MepHbIX ApoOHO-muHefiHEIX oToOpaxeHHi (1.2),
MBI €CTECTBEHHO TNPEANOJIArajH, TaK e Kak T0 LeJaeTcs B OJ-
HomepHoM cayuae [81], uTto Bce

a[(k)$0 (ik= 1, N, k=1, 2, ...). (1.10)

Bnpenpb, paccMatpusass BILJ (1.7), Gynem nonyckaTe H BEIDOXK-
JeuHsie ciaydad, Korga orpanudenusa (1.10) cuumarorcs.

Beckoneunyto BIIJ (1.7) crmepyer mnoHMMare KaK fpejen
soipaxkenut (1.6) mpu k— oo. TlostoMy npennosnaraeM, uro,
HauyuHasi ¢ HEKOTOpOro HoMepa £k,, Bce roce Ayroie Tk(O)
HMEIOT CMBICJI.

SDnementsl Apo6H (1.7) a;z HasHIBAIOTCA K-MH YacTHBIMH
UHCJHTENAMH, by — k-MH YaCTHBHIMH 3HaMeHaTensiMH, b, —
CBOGOJHRIM UYJIEHOM; OTHOIIEHHS Qup/biyy HaE3HBAOTCA Eevn
YacTHHIMH 3BeHbsIMH., COBOKYIMHOCTb BCEX k-X 3BeHbeB 00pasyeT
k-#i staxk BerBsmeiics uenHolt apoGu (1.7). Kowneunnie BILL]
Buzga (1.6)

fo= by, f,.—b+D2 2 (n=1, 2, .. (111)

=1 l(k)

HA3BIBAIOTCR N-MH NOJXORSIHMH APOOSIMH WJH A-MH  annpoKCH-
MmaHTamu zpobu (1.9).

o 550 EEéiaaramArm-swmm‘
ca B

H vn

et




IMycrs {i,} — duxcuposannnift Habop wHHuekcos (k= 1, 2,
eevs ip=1, N). Obnunas uenHas npo6b

5 G . a9 iy
=t b biy by e by A
HasbBaeTcsl (fy, fgy ..., g ...)-BeTKOH BeTBAllEHCS LemHOH

npo6u (1.9). Tlox niuHON KOHEYHOH BETKH, T. €. KOHEYHOH
nenHoit ApobH, NOAPa3yMeBaeM KOJHYECTBO ee 3TaxeH.

XapaxkTepHo#l ocofeHHOCTBIO n-H moaxoasmed apotu (i.11)
BIL (1.9) siBaisieTcs TO, YTO BCe €€ BETKH HMEIOT 7 3Taxed.
[Toaxonsiine Apo6H MOMXKHO KOHCTPYHPOBaTh H TakK, YTOOH ee
pasJiMyHble BETKH HMeJH He 06s3aTeJbHO OJHHAKOBYIO JJIHHY.
Tague annpoOKCHMAaHTH HAa3HBIBAKOTCS (PHIYDHBIMH NOAXOASIIMMU
apo6simu BLUJL (1.9). ®durypHele anmpoOKCHMaHTH MOXKHO KOH-
CTPYHpOBaTh M0-pPasHOMY. B HeKOTOpEIX 3ajayax OHH BO3HH-
KaloT BHOJIHE ecTecTBeHHO [1, 34].

[Mpumep 1.1. Ilpeanosmoxkum, uTo Kaxnas HoBas (uryp-
Has NoAXojsiuias Apo6h oGpasyeTcs foGaBJieHHeM MOCAeLYIOIIErO
3BeHa B ecrecTBeHHoH samucu BILO (1.7), T. e.

T ] a

Fombe Fi=bot 2, Fi=bot 2, .,
N

N
- a; ~ a;
(§)) a4 (1)
Fy=bo+ N 2 G = b+ +
N 0 bi(l) ’fN+l 0 b1+§.1—1 bi(l) )
11

=1 i[=2

JIerko mpoBepUTh, YTO B 3TOM CJyuyae k-a (hurypras anmpo-
KCHMaHTa f, — 5T0 s-51 oObl4Has noixoisumwasi Apo6hb, B KOTOPOH
BCE S-€ 4YaCTHble 3BEHbS, CJEYIOUIHE 32 Grg/brs), 3aMeHEHH]
Ha O/1, rme HMHIEKCHI 7y, 7y, ..., Iy ONPENENSIIOTCA M3 Pasfio-
XeHHA uhcaa kB mo cremensm N C OTJIMYHBIMH OT HYyJs K03d-
dui HeRTaMH

B=r N1+ r,N=24 ... 4 ri(l<r, <N, p= Ls). (1.12)
JeficTBHTETbHO, PacCMOTPHM MHOXKECTBO [y HaGOPOB HHIEKCOB
i(p,raei,=1,N,p=1, 2, ..., 1 ynopsiioYHM €ro cjexyio-
wuM obpasom:

i(p)—3](q), ecomn p<aq,

i(p) ]_(p), ec iy <Jy, (1.13)

i(p)—=j(p), ecau CYILeCTBYeT r(l <r<<p), uro

ik=jk(k =1, f) H ir+1<jr+1’

ITponymepyem ssiemMeHTH MHOXecTBa [y C yueToM BBeJEHHOTO
Bbillle INOPSJAKAa H BHIYHCAHM, KaKOH HOMep MOJYYHT SJeMEeHT
r(s). KomunuectBo snemeHTOB j(p), rae p<<s Gyzer N 4 N2 -
+ +++ 4 N°"t, MHOXeCTBO 3/1eMEHTOB j(S), NMPeNUECTBYOUIHX
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r(s), paspenuM Ha rpymne: I rpymma—sto r(s)=r(s—1)js
rie jo<<r, Il rpynma—ato r(s)=r(s—2)j_ij,, The jo, <<
<rs 1, J; NPOU3BOJBHOE H T. M. S-A rpymnna-— 3to f(s), rie
ji<<r,, a Bce OCTa/jbHbIe j, NPOHM3BOJbHBIE. KoJsHuecTBO 3ne-
MEHTOB B KaxJAoH rpymme Oyner cooTBercTBeHHO (ry— 1),
N(@ei—1), ..., N (r;—1). CnenopaTesqbH0o, 3JE€MEHT
C HHIEKCOM r (S) MOJNYYUT HOMED

h=NA4N Ao N (r,— )+ N (o — ) -+
I S T, R Sr

Mul npuxoauM K pasioxenuio (1.12),
Taxkum o6pasom,

a A a
— by + E gy 2 Bus—1y \ ( t’(s))
I )
L= bl(l) R R S —i t(s D + - bt'(s)

(1.14)

rne ‘5k< s) ) _ {a,-(s)/b,-(s), ecau i(s)Xr(s)
bi(s) O/lr €CJIH L.(S)%‘Y(S),

9HCJIO S, HHIAEKCHI Iy, g ..., Iy ONPEAEJAOTCS [0 AJITOPHTMY
(1.12), a nopanok Ha MHOXecTBe HHIEKcOB — coryiacHo (1.13),

JlokaxeM, uTo KO3D(QHLUHEHTHI 7y, Iy, ..., Iy DA3JIONKEHHS
upcna k no aaropurmy (1.12) naxomstes opHosHayHo. [loka-
3biBaeM OT mpoTuBHoro. ITycTe uncjao £ umeer ngBa mpencTas-
JIeHHs

k=r N1 r N2 oo f-r, (1<sr, <N, p=T1, s),

k=r'1Ns'-—l+réNs’——2+...+r;.' (1<r5\<N,p=l, ')_

[pennosoxkuM, 4To S>>s’, TOrja, HMCXOAsS W3 MNEPBOTO Mpen-
CTaBJICHHS, NOJYYHM OUEHKY Rk > N1 - N2 L ... 4 |, a us
BTOPOrO — ONEeHKY R < NS+ N¥—14-... + N, Mu npuxoium
K nporuBopeynto Ns—1 Ns=2 4 ... L 1 < N¥ J N1 f-... |
4 N ¢ ycnosuem s>s’. CienoBatesbHo, s=s'. He orpanu-
uuBas OOLIHOCTH, CUWTaeM, uTO ry > r;. 10Orj]a, NOBTOpPss aHa-
JOTHYHBle cOOOpaXkeHHs, HONyYuM Kk > riN®! - N°-2 4 N5-3 L
+ -+, kN4 N"L L N2 ..o + N, YTO TIPOTH-
BOPEUHUT YCJIOBHIO r{>r7.

Tag Kak 1/ NpOM3BOJNBHOTO HATypalbHOrO YHCJa £ cyie-
CTBYeT 3JeMeHT r(S) MHOXKecTBa [y, HMEIOUMH NOPANKOBHI
HoMep k& unH, Kak ObLIO MOKa3aHO paHee,— NOPAIKOBEIH HOMep
PN, N"2 - ot o7, TO oOTCIOAR CJelyer, 4YTo k=
= r N*1 - r,N°°2 4. ... - r,. DT0 I0OKa3LBaeT CyILlEeCTBOBaHHE
pasnoxenns (1.12) nias npomnssoasHoro RERN.
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MNpumep 1.2. OnpegenuM k-0 GHrypHYIO HOAXOASALLYIO
1pobb F, BetBsuleiicsa uenHol apobu (1.9) kak koHeunyio BILL,
CoflepKalllylo BCe Te 3JIEMEHTH dipy, Di(p), CYMMa HHAEKCOB KO-
TOPBIX iy + i+ -+ Fip <k, T e

Fk=’é i (“rrm) (1.15)

t(p)

rre v ( z(p)) {a[@/b;(,,), ecau iy ig+ o +ip <k
F\bigy ) \O/1, ecnn iy 4 i+ -- - F i, >k,
Hpobu f, u F, uMeloT cMBIC], ec/iH B MNpollecce HX CBopa-
YHBAHHS He BO3HHUKHET HeomnpejejeHHocTs 0/0.

§ 2. ®opmyuan paa aucaureneii n 3nameHareaei
TIOAXOAIMX Jpodeit

Tak kak moaxopsmue apo6u (1.11) u (1.14) BeTBawelics wnen-
Holt 1pobu (1.9) cBsi3aHbI COOTHOLIEHHEM

fx =T (2.1

=N+ N*4 ... 4 N*, (2.2)
TO ¢ Ueablo u30exaHHsI TPOMO3JAKHX (POPMYJIHPOBOK noj k-t
nogxoasuueii apobeto BILIL (1.9) B AaHHOM naparpade Oy aem

NOHUMaTb (UI'YPHYIO MOAXOASWYIO APoGhb f,.
CHayana onuiieM airopuT™ CBOpauHBaHHs ApoGu (1.14).

rue

Bnpeas sanmcs —Z— = Ec Gyner oGo3HauaTh PaBEeHCTBO ABYX Apo-

Geil M BBINOJIHEHHE ycnosm a=c, b=d. Toxnuecrso
n

bonbk+2 at [1 b
= =1, k+i (23)
[1 0

k=l
3anHueM B COKpalleHHOM BHJE

2 =
b —

S=b+ Yo (2.4)

[Iponecc cBopauuBanusi apo6u (1.14) npousBoputcs no cieny-
IOIEMY DEKYPPeHTHOMY aJrOPHTMY;

~ Ap
= 2.5
fr= % (2.5)
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rie

Z N
~ a
—k = by +
A = bl(l) (2.6)
H
’ N ’
Lim) __ Z 8 4m4 1,0 i(m41) 2.7
i) . O it 130 mt1y T Lomyy
Iy 1=1
im=1, N, m=s—2, 53, ...,1),
0/1, ecnn i(s— 1)s—r(s—1),
r
ai(s) .
. o ecan i(s—1)=r(s—1),
i) =1 (2.8)
i(s—1)
2 %O ecu i(s—1)=3r(s—1).
bz(s)
i —-—1
HHAeKCH 7y, 7y,° ..., ry ONPElENSIOTCS H3 Pas/OXKeHHs uucIa

k no aaropurmy (1.12).

®akTHueckd anropu™™ (2.5)—(2.8) BbiuHCcIeHHSA NioAXOAsAIIeH
npo6u (1.14) sKBUBaJleHTEH TOMY, YTO Mbl BBHIMOJNHSEM IOCTE-
neHHoe cBopauHBaHue japoGu (1.14) cHH3y — BBepxX TakuM o6pa-
30M, YTO HHKAKO€ H3 OTHOIIEHHH Qjgm/bimy HAH Qs /bis) TpH
3TOM HE 3aMeHfeM eMy COOTBETCTBEHHO PaBHLIM OTHOLLEHHEM
Oim)[(Pbim) WM payy/(pbyy), TRe p %0, 1, m=1, s—1,
ip=1, N, k=1 m, {(s)—=r(s). Ecau xe npu BblYHCJIEHUH
B (l.14) no anropurmy (2.5)—(2.8) BMecTo aipm U bipm)
(unH ays B bysy) B3ATH OQitm) H ODiem (WM Pays B pbiy) NPH
O[IHOM JIONyCTHMOM HaGope HHAEKCOB, a BCE OCTa/bHLE 3Je-
MEHTBHl OCTaBHTbL (€3 H3MEeHEHHS, TO OKOHYATEJLHO HOJYYHUM

]?k P4
0 By

Uucmmrenp _ornomwenus (2.6) ﬁk Ha3blBaeTCH k-M YHCJIHTEIEM,
3HaMeHaTeslb B, —k-M 3HameHateseM (HIYPHOH mnopxopslelt
npoSu (1.14). .71,, SBJISIETCS HOJHHOMOM OT MEPEMEHHBIX by, i),
by, a B, — NOJMHHOMOM OT IEPEMEHHBIX iy, Dup), 32 HCKJIO-
uenneM aiyy (I, =1, N), rae i(p)—3r(s). k- uncnutenn Ay
u k-ii sHameHaTesb B, noaxo;mmen ,21p06]/[ (1.11) cooTBeTCTBEHHO
paBubl A, =4, By = B,, rae ! onpeensercs coracho (2.2).
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YcraHoBUM ¢GopMyJBl A BHLIYHCJAEHHS YHCJHTeNeH M 3Ha-
MeHaresefi noaxoxsamux apobelt BLJ (1.9). Ilpeasapurennno
paccMOTpUM aHAJIOTHYHBIE BONpPOC ISl LEemHOH ApO6H

by+ D . (2.9)
k=1 k

Ymeepowdenue 1.1 [100]. n-e WUCAHTENH H n-€ 3HAMEHATENH
HenpephiBHOH Jpobu (2.9) BeluHcasioTes no ¢opmysiam

A, =AY B, =AY n=1, 2, ..., (2.10)
rae A® (=0, 1; n=1, 2, ...)— TpexaHaroHaJbHLIe Ompe-
JleTUTeNI, COCTABIEHHBIE H3 3/eMeHToB japobu (2.9):

b, a,, O 0 O R 0
—1 by @, 0 O . e 0
A(k)= 0 —1 bk+2 Qpysg 0 ¢t 0 (211)
0 0 v s . 0 _1 bn—]. an
0 0 . .. 0 0 —1 9,

JorkaszateabcTBO. PackphBasi onpeaenuTeNb Aff’ no
noc/IeAHeMy CTOJIOIY, MOJYUHM DEKYPPEHTHOE COOTHOILEHHE
AP = b AP 4 a, AP (=0, 1, =3, 4, ...). (2.12)

- n-n—

Ecau nosoxute
AP =b,, A% =1, AP =1, AN=0, (2.13)

TO, KaK JIETKO NpPOBEpPHTb, cooTHomenus (2.12) Gyayt Beinod-
HATbed M npu k=0, 1, n=1, 2. CpaBuuBaa Qopmy.n (2.12)
M HayanbHbie 3Havenus (2.13) ¢ (8) u (9), coorBeTcTBEHHO yOeXK-
naeMmcsl B crpasefausoctd (2.10).

YcranoBuMm aas Berssiefica venHoit apo6u (1.9) ¢opmyast
tHna (2.10). 3xecb BO3HHKAIOT HEKOTODHIE TPYLHOCTH B CBS3H
¢ orcyterBueM Ais BLLIL pekyppeHTHHIX cooTHoweHui Buaa (8).

PaccmoTtpum MaTpuibl

Cip Cipvt » + o Cup
Creli c; e e C ,

Cf: z+1.z o z+.1p:1 e .“fk (i=0,1,k=1,2..),
Cri Cov1 + + » Cpp

(2.14)

3/IEMEHTHl KOTOPHIX CBA3aHbl ¢ KomnoHentamu BILJL (1.14) cae-
aywowuM ofpasom. Ecau p — npousBosibHOE HaTypaJsbHOE HHCIIO,
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takoe 4T0 | < p <k W uHAEKcH ji, [y, ..., ], onpeiensiorca
U3 pasjoXKeHusi uucaa p no aaroputmy (1.12)

p:lem—l+j2Nm-2_l_ ..-+jm (1<jn<N, n:l, m),

(2.15)
TO
€= bim (p=T, B, (2.16)
Cpq:dj(m)[mﬂ’ €Cnn p = 1, &, q:pN"l‘imq-lv L1 = 1, W,
(2.17)
Coo = by, Gy, =10, (=1, N), (2.18)
co=—1(q9=1, N), ¢cpp=—1, ecmu p=T1, &,
g=pN—+i,4, i,=1,N, (2.19)

Cpq = 0 BO BCex OCTalbHHIX CJyyafX.

Mpumep 1.3. B kauecTBe WMIOCTpallMH PacCMOTPHM CJIy-
yait N =2, k=7. Toraa no amropurmy (1.12) Haxoaum k =
=1.224+1.2+4 1. CreaoBaTenbHo, €;; = by U
b, a a 0 0 0 O 0
—1 & 0 ay a, 0 0 0
—1 0 bb 0 0 ay a,, O
—1 0 b, 0 0 0 ap
—1 0 0 b, 0 O 0
0O —-1I 0 0 b, 0 O
0O —1 0 0 9a O
0 0 0 —1 0 0 0 by

OTMETHM HEKOTOPble KOHCTPYKTHUBHEIE OCOGEHHOCTH MaTpHLL
Ck, HenocpeicTBeHHO CllelyloUIHe M3 ONpefe/IeHHs,

Ceoticmeo 1. Kamppiit -t cronGen marpumpr CF q =T, k)
CpeiH BceX 3/JeMeHTOB, paclOJOXKeHHBIX BhlLIE IVIABHOH JHaro-
Ha/li, cOJepXKHuT camoe GoJiblllee OAMH OTIMYHBIM OT HyJs aJe-
MEHT Cp,, KOTOpHIH ompenensercs cordacHo (2.18), ecin p =0,

unu corjacuo (2.17), ecim p > 1, rae p HaxoZMTCA H3 pasJio-
JCHHS

g=pN 4 ing I <ipa<N. (2-20)
Takum ofpasom, onpefensis p u3 (2.20), umeem
Crg=0, ecmn O r<<p, p<<r<<q. (2.21)

JleAcTBUTENIbHO, U3 YCIOBHA r<lp Ciexyer, uto r—+l<p
u Nr4 N < Np. llostomy g=pN +i, > Nr+N+i, >
>Nr + N u coracHo onpegenenuio Matpuusl CF snement
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¢rg==0. AHanoruuno, ecjiu p<<r<<q, 0 p<r—1un pN <
<rN—N. llostomy ¢ =pN 4+ i,y <tN—N+i,,,<rN+
+1 ¥ Tak Kak ¢>r, TO CONIaCHO ONpEJENEHHIO MaTPHIb!
(2.14) ¢,y=0.

Ceoticmeo 2. Kaxnbiii g-#i croaben MatpHibl C{,‘, coepxa-
WMH Ha FJIaBHOH JHaroHaJlH YacTHbI€ 3HAMEHATEIH MOCJ/eAHHX
TYNHKOBLIX 3BeHbeB k-#i mopxoxsueil apobu (1.14), nmeer Huxe
T1aBHOH JHAaroHalH Bce 3JIEMEHTHI, paBHble HyJo. Ecn

=N N2 os oy

pasnioxeHHe uncaa £ no aaroput™y (1.12), to, mcxoms u3 onpe-

JeNeHHs R-H QurypHo#i noxxopsuieit apo6u (1.14), sameTum, uTo

YaCTHblE 3HAMEHATeNH INOCJAEeJHHX TYIMHKOBBIX 3BeHbeB OyAyT

umeTe cornacho (1.13), (1.14) nopsiakoBbie HOMepa ¢, yIOBie-

TBOPAIOLIHE OLEHKe

PNS"2 L NS e r  <<q <P NV 41, N¥°2 ey,
(2.22)

Torna ¢,, =0, ecnn g<<r < k, ¢ ynoBneTBOPsieT HepPaBEHCTBaM
(2.22). JleficTBUTENbHO, yuMThHIBAsi OrpaHMuEHHs Ha ¢, MOJYYHM

9> PN rNS-S oo prg 1,

[Tostomy
Ng+i,>r N1 4+r, N2+ ..o fr, N+i,+N>k (2.23)
rie | <i,, <N. Tak kak cormacio (2.19) ¢,,=—1, ecm

g<r<k, r=Ng+i,, l<i,<N, n ¢,;=0 B npoTHBHOM
cnyuae, rae g<<r <k, 10 B cuay (2.23) umeeM ¢, =0 ana
Beex ¢<r < k. . N

Teopema 1.1. k-e qucaumeau A, u k-e suamenamesu B
k- pueyprnoli nodxodawed Opobu (1.14) semeaweiica yennod
Opobu (1.9) seuucasromea no popmyram

Ay =detCt B,=detC® (k=12 ...), (2.24)
0

20e Cf (i =0, 1)— mampuyet euda (2.14).
JloKa3aTeNbCTBO TeopeMbl MPOBEJEM METOAOM MaTeMaTHuecKoH
HHAYKIHMH 10 k.
pu k=1, 2 Hmeem

- ' by all

-A—IEb +_‘ﬁ=b0b1+‘115 —1 b

B, o T =T 5 5

bo a; a,
A + S
A =y a 8 bobiby - aibstash, _ | —1 0 by
By o+ by + by bib, - ,81 2 ’
‘ E



IMpennonoxuM, aro A, = det Cty B, =detC" naan <k.
Jokakem cnpaBeainBocTp cOOTBETCTByoU[HX GOPMYN A1 n ==
=k + 1. Pasnoxum ducno k£ no aaroputmy (1.12)

R=r N1, N2 oo ry (1<, <N, p=1,5).
Torna
a) R4 1=r Nl fr,N"2 ... +r, 41, ecnn r,<N;
0) &+ 1 =r1Ns-1+r2Ns—z+ _I__’.m_le-m+1+(rm+ 1) %
X NFPAL NI NSm=2 L ... 1], ecam cyllecTByeT m (m=
1,s—1), rakoe, uro r,=N, (p=m+1,9), r,<AN;
B) R4 1=N* 4 N1 ... - N 41, ecan rp=N(p=t_§).
ITyets ¢4,y 441 7 0. JlOKasaTenncTBO BO BCeX Tpex cJydasx
MPOBOJKTCA aHaMOrHYHO. JIJIsi OnpeneeHHOCTH PacCMOTPHM CJIy-

yai a).
BBenem o6o3znauenne

a
* r{(s—1)r +1
bris—1y = bris—1y + —b—s—- . (2.25y
r(s—-l)rs+l

3aMeTHM, 4TO COIVIACHO I1PeATOoNOKEHHIO brs—iyr+1 = Craa, g1 # 0.
Paccmorpum BerBsimiytocs uenHywo apobs (1.14), y koropoi
E 3
br(s—1) 3aMeHeHO Ha by;_;), a BCe OCTaNbHBIE 5JEMEHTH OCTaB-
e ~¥ o

seHb! Oe3 M3MeHeHHsi, H 06o3HauMM uepes A, W B, ee k- unc-
JIUTE/Ib H 3HaMeHaTesb COOTBETCTBEHHO.

AnnpokcHMaHTy [,,, MOXHO 3anucath B Buze (1.14), ecan
BMecTO Jpobu

Ir(s—1)

rS
b,:(s_”_i_z Zr(s—l)l
e ris=1/
B3AThb el paBHOe OTHOIIEHHE
r(s—1)Pris—1yr +1

7
s
b* b + ar( s—l)jbr(s—l)rs+1
r{s=1) r(s——l)rs+1 b (s—1);
pu rs—1);

210 cpady caenyer u3 aaroputma (2.5)—(2.8) cBopaynBaHus
BLLI (1.14) u 3ameuanus nocae copmy.er (2.8). INostomy

A Rl = br(s—l)rs+l-'4:r Bpa = bris— )rs+IB:- (2.26y

2z




ckt!

Onpenenurens det 3aMHIIEM B Buje

detCH' =
by. .. O 0 ... 0 0
0. . .ae— ar(s—2)rs_1+1 ... 0 0
- 0. . . brs—y 0 I ¢ VA Qr(s—1)r +1
0 « s . 0 br(s—Z)rs_1+1 o e e 0 0
0. .. —1 0 ... by 0
0 . e e _1 0 * s e 0 br(s—l)r5+l

(2.27)

i3 cBofictB 1, 2 MaTpHIH C§+1 ciaefyeT, 4TO MOCAEHHA CTOM-
Gen, colepxuT camoe Oonbluee [Ba OTAHYHBIX OT HyJsi 3EMEHTa
r(s—r 41 H b,(s_l),s_H. ITo Ke camoe OTHOCHTCH H K MOCJE[-
Helt crpore. BriHeceM u3 mocjeaHero Croafia OTJIHYHBIE OT
HYJsl MHOXHTENb brs—y 41 Ecnn x cronGiy, coxepxatuemy
SneMeHT by(s—1, 106aBHTH nocaefHH cTonGer, npeBapHTe/bHO
pasueneHHelfi Ha br(s—1)r 41, TO COLMIACHO NPETIONOMKEHHIO HH-

JYKUHH TIOYYHM  Dr(s—1yr +1Ak, 4TO paBHO Ak+1 B cuay (2.26).

Ecan e brs—1yr 41 =0, T0, cBOpaunBas ApoGp

ar(s—l)
r+1
(s—1)]
—py + 2 i
Pris= par r—ni
110 anroput™y (2.5)—(2.8), moayuum
r
s
0 _ U ar(s-—-l)rs-l—l ][=]1 br(s-—l)]
rs = r

1.

@ris—1Lyr 1 ﬂ bris—ny1 Cr(s—1ir gt l’ll bris—b
= =

TlpennosoxuM, 4To
,
S

Ar(s—1yr +1 /l—ll brs—1y; 3= 0.

(2.28)

[ycte m =k —r,. Paccmotpum m-10 QUIyPHYIO NMOAXOAAWLYIO
apo6s BLLI (1. 9) B cMbicie onpegpeienus (1.14), B _KoTopoH

3BEHO @,(s—1)/brs—1) 3ameHeno Ha 0/1, u o6o3HaAYHM C
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ee /m-e UYHCJHTENH M 3HAMEHATENH COOTBeTCcTBeHHO. Toraa
COIVIACHO 3aMedaHHuio nocse dopmyanl (2.8) umeem

' Ak+l = a,(s_,l)rs+1 “ br(s—l)/ém,
{ = (2.29)

s ~
I = ar(s—l)r5+1 n br(s—l)/‘D .
J=1

Crpoka onpenenuteds (2.27), cofepxamas bys_1, HMEeT Crpasa
OT 3TOro 3JEMeHTa BCe HYJH, 3a HCKJOUeHHeM, BO3MOXHO,
TOCNEAHHX 7y + | SJIEMEHTOB Qrs—1)1, r(s—1)2, « -+ s Qr(s—lyr +1-
Kaxaplli us nocieguux ry+ 1 cronbuoB coryacHo cBodcTBaM
MaTpHLEI Cﬁ"" HmeeT camoe OoJblliee JBA OTJIHYHBIX OT HyJis
BJIeMeHTa. _

Insa m-ro uncaurenss C, COIVIACHO NpPEeANONOXKEHHIO HHAYK-
uuu cnpaBennauBa dopmyaa C, = detCy', rie BMeCTo ais—i
H bps—yy B3sT0 O 1 | cooTBercTBeHHO. PacKphiBas onpejenuTeb
detCy' mo croabuy, comepxawmemy by—p =1, yOexnaemca
B TOM, 4TO OH paBeH B C/lyuae, KOraa Ors—nr+1 =0, onpeze-
gutento (2.27), JeneHHOMY Ha BblpaxeHHe (2. 28) ecau omnpe-
Jenutenp (2.27) mnpeiBapuTeNbHO pACKPBHITH IO  [OCJIEIHEMY
croablly, nociaeiHed CTPOKE H OCTaBUIMUMCs IOCHEAHHM r
croaflam.

~ k1
Yunrosas (2.29), nonyuum A, = detCit'.
Ecau
rs

Qr(s—1)r +1 ]]___'1 br(s—l)i =0,

TO, Kak Jerko sameruts BUJI f,., He umeer cmeicsa, T. e.
A,M—O Bpy=0. B sroM cayuae uz (2.27) CNneAyeT, uTo

det C¥*' Toxe papen my.o.
Ecu k 4+ 1 ompenensercs mo anroput™my 6) HJIH B), TO AO-
Ka3aTe/IbCTBO IPOBOJIHTCS COBEPLIEHHO aHAJIOTHYHO, 1aXe HEMHOTO

npome. B
Ymeepocdenue 1.2. BerBamasica gpobb f, (1.11) umeer
CMBICJI TOTJ@ U TOJMBbKO TOTAa, KOTAa

(detC;)? + (det C;)? 5 0,

rae =N+ N*4+ ... N4,
Ymeepxcdenue 1.3. Berpawasncs uensas apo6s f, (1.14) HMeeT
CMBIC/T TOTAa H TOJBKO TOTAa, KOTAa

(det Ch? + (det CH?2 # 0.
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§ 3. ®opmyaa pazHOCTH ABYX MOxXoAAMMX npodei.
CroikcTBO BHIKH

YcraHOBHM  GOpMyJy PasHOCTH ABYX MOAXOAAWLHX AapoOed
fn — fm» KOTOpas B janbHeiimieM OyneT CylleCTBEHHO HCIOJb30O-
BaTbCsA NpPH H3YueHHH cxopumoctu BLLI.

BBesnieM peKyppPeHTHO COKpalleHHble 0003HaueHHs

N
a.,
Q) = busy, Q) = by -+ V =2, 3.1)
~ Qe+
Lp41™=
rne s=1,2, ..., p=1 s—1, i,=1, N, k=1, s

Ilycte n>m, Torpa, yuutbiBas (3.1), Ha mepBoM Luare no-

JYUHM
fa— _b+2 — —( +Z ‘f,i’)
&R ° A

iy=1

2y (n) (m)
=— Z o o (Qity — Qicty)-
4 (1) i)
iy=1
AHanoruyHO A/l IPOH3BOMBLHOTO r << M YCTaHABIHBAETCS COOT-
HOLLIEHHe

(r2) (m) i
Qi(r) ;(r) = t(r+ ) (Qi(r+1) — Ql(f+1) (32)
Q:<r+1)Qt<r+1>

IocnenoBaresnbHO mpHMeHsss cooTHouleHHe (3.2) M yuHTbIBas,

uTo
N

(r) ny dim+1)
Qigm) — Qitmy = —
Qz(m+1)

i =]

m+1
nocse (m - 1)-ro mara OKOHYATeIbHO MOJYYHM
N m--1

[_]lai(r)
fn—fnz = (_l)m Z ) = ™ . (3.3

(1) (m)
Lgs Bgy pones L™ l—l Qi(r) l:l Qi(r)

Ilpu BhBozE (popMyJIbI (3.3) ecrectBeHHO mpeAmnONaraercd, 4To
Bee Qfth #0 (i, =1, N, r=1, 5, s=n, m).
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Ymeepwdenue 1.4. Tlycrb snementamu BILI (1.9) spng-
IOTCSl MOJIOKHTENbHbIE JefiCTBHTeNbHbIe YHCaa, Torma cnpasen
JINBO CBOHCTBO BHJIKH, BbIPa’X€HHOE CHCTEMOH HEpPAaBEHCTB

for <fort2 << [ojts < f2i-t, (3.4)

rie k£, j— npoH3BOJIbHEIE HATYPAJbHBIE YHCJA.
HNokasaTeabcTBo. TaK Kak Bce ayy >0, Q>0

(i,=1, N, r=1, s, s=n, m), To, nonoxus B tdopmy.se (3.3)
n=2%-+42 m=2k win n=2j 41, m=2j—1, ybexknaemca
B TOM, YTO YeTHhle MOAXOAsiiHe APoOH MOHOTOHHO BO3PACTaloT,
HeueTHble MOHOTOHHO yOwBatoT. Ecan B (3.3) nosoxure n =
=2+ 1, m=2k unu n =2k, m=2j+ 1 B 3aBUCHMOCTH OT
Toro 2j - 1>2k um 2j + 1 <2k, To yGexnaemcss B TOM, 4TO
foj+1 = for AN MPOM3BONBHHIX HaTypastbHbiX | u k. KR

§ 4. OxBuUBaseHTHbIE NPEOGPA3OBAHAA BETBAINUXCA
mennsix apodeit

IlpeoGpasoBanue BLLIL, He H3MeHsOLlee BEMHYHH MOAXOXAIHX
Japobel, HaspiBaeTCsl SKBHBAJCHTHBIM. BeTBsllliecs LenHbie 1po6H,
y KOTOPHIX BCe COOTBETCTBYIOIIHE amIPOKCHMAIHHM COBNAlaoT,
HA3bIBAIOTCS 3KBUBAJEHTHBIMH.

HanoMHuM, 4To MpoH3BOJbHOE 3KBHBaJeHTHoe mnpeofpa3oBa-
HHe uenHoit apobu (5) MOKHO 3amHcaTh B BHie [87}.

® a0, P
b, + D %‘L, (4.1)
k=1 P
rie po=1, p,%0(k =1, 2,...) —nNpoOH3BOJbHEE KOMIIIEKC-
Hble 4HCJIa.
Jlerko mposeputh, uro BILJ]
N
- 840 Pu( 1)t
b0+ D t(k)b k—1)Vi(8) , (4.2)
= O]

rae =1, 0, %0 (i,=1, N, k=1, 2, ...) — npoussosp-
Hble KOMIIJIEKCHBIZ YHCJA, 3KBHBAJeHTHA BeTBsillefics LemHoMH
apobu (1.9). Ecnu o6osnauuth n-e mnoaxogsmue apoGu (1.9)
u (4.2) yepez f, U f, COOTBETCTBEHHO, TO BHINOJHAITCA TOXK-
JlecTsa

fo=fn (n=0,1,2,...). (4.3)

Ho He Bcakoe skBuBaJienTHoe npeoGpasosanue BILI (1.9) MoxHO
sanucatb B BHIe (4.2), ecqu TpebOBaTh TONLKO BHIMNOJHEHHS
ToxnecTB (4.3).
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B KauecTBe KOHTpPIpHMepa AOCTaTOYHO PACCMOTPETH HEMHYIO
1po6b

a a a
T+T4+T1 ...
rie a% 0. Ecmu kaxmoe a pacnucaTh B BHJE CYMMEl @ ==

1 2 1 3
=ga-+3a WH a=ga-+ ga, NOIYyYHM JBE SKBHBA/IEHT-
Hble BETBAIMECH LENHbE APOOH ¢ ABYMSA BETKAMH BETBJEHHS

I 2,

i, oz, * T, T
1+1-i. JF1+3. 1+1Jf. +1Jf.

P P P
e T

Hu omny us smux gpoGefi Heab3si npeoGpasoBath B APYTyo,
HCMoOJIb3ysl KBHUBaJleHTHbIE MPpeo6paszoBanust (4.2). deficrsurensHo,
B S5TOM CJIy4ae JOJIKHbI BHIIOMHATHCS, HAalpPHMED, NPOTHBOPEUYH-
Bble PaBEeHCTBA
1 1 1 1
3A=7WuoPr o { 792= 3900 0
1=1'p1’ 1=1'p1’

rie 0, = I, a 0.
Bmecte ¢ BILJ (1.9) paccMOTpHM NpoH3BOJILHYIO eif SKBH-
Ba/NIEHTHYIO BETBAINYIOCS LENHYIO APOoGb
i *
oo a...
bo + D {03

k=l b*
i €

4.4)

ok TR
¥ 0603Ha4YuM f,, f, ee k-e moxxoxsumue npoGH, ompejenseMble
mo (1.11) u (1.14) cooTBeTcTBeHHO. M3 ompeieneHus 3KBHBa-
JIEHTHOCTH CJeJyeT, 4TO JOJKHO BbIMOJHATHCH DAaBEHCTBO

fk=f: (k=0’ l, 2,-.-).

Ho sroro eme me pocratouHo, yrobsl apoGb (4.4) npuHAMa BUR
(4.2) npH HeKOTOPIX sHaueHusx o, (i, =1, N, k=1,2,..),
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Ymeepaxcderue 1.5. TIponsBosbHOE 3KBHBANEHTHOE Npeofpa-
soBanue BIIT (1.9) moxHO 3anucaTs B Buje (4.2) Torna U TOJABKO
TOrJa, KOrja y JaHHOH H efi 3KBUBaJIeHTHOHN Npo6u cOBmajaoT
Bce ¢urypuele noaxoasimue npobu BHpa (1.14), T. e.

Fo=T (k=0,1,2 ... (4.5)

JdokxasareabcTBO. I[IpeamosoxuM, uTO NPOU3BOJIBHYIO
npo6b, skBHBaseHTHYI0 BILI (1.9), MOXKHO npenctaBuTh B BHLE
(4.2). Torna, nocnefoBaTenbHO COKpallas k-10 QUIypHyIo mof-
xomsuiylo 1pobb f, BILJL (4.2) Ha OTIHuYHblE OT HyJs 4HCHAR
Priny (p=1,5, i(p)=3r(s), s, ry, ry, ..., I, ompefensiorcs
cornacHo (1.12)) nerko yOexnaemcs B crnpaBefHBOCTH (4.5).

Jokaxem obparHoe, T. €. UTO CYLIECTBYIOT OTJIHUHBlE OT
HyJs YHCJA P, , TaKHe, UTO

E * ——
T = LpPie—Piry Ol = Ouw@iy (4.6)

rae ip=1, N, k=1, 2, ..., p, =1. JleiicTBurensto, u3
DaBeHCTBA [, = [, CJedyer, uro a,/b, =da}/b] nan afja, =
=bj/b,=p,. Eam af =0 u b} 0, To HEOGXOMUMO a; = 0
u by % 0. Torna p, = b/b; % 0. Ecm af =0, b3 =0, 10 p,——
MPOU3BOJIBHOE, OTIHUHOE OT Hyas uHcado. Ecmn xke b =0,
o * # &
a; 70, 10 p;=a;/a,+0. TIoaTOMy~ a1 == @040,y by = b,0,,
TIe 0y, = 1, py =0. M3 paBeHctsa f, = f: H yXe J0Ka3aHHOIo
caenyer, 4To a} = 00;0)%2> b% = byp,, tne p,5=0 u 1. 1. Ta-
kiM obpasoM, dopmynnl (4.6) mpu & = 1 cnpaBensuBeI.
[pennonaras, uro cooTHouenus (4.6) BepHel mpH k < n,

JIOKa3KEeM HX CrpaBefIuBoCTb mpH kR =n - 1. [lycte m =N
+N24--.. - N" I(m)=11...1. PaccmoTpum ¢urypuyto noj-

L
m

Tk
XOASULYIO Apo6b f,., H IepenHiueM ee KOMMOHEHTHI C yUYETOM
(4.6), rae k < n. BoimosHAs nocTeNeHHOE COKPAIIeHHe CBEPXY —

BHH3 Ha OTJIHUHBIE OT HYJf 4HCJA O (p=1,n, i,=1, Ny
H HCHOJBb3ys paBeHcTBo (4.5) npu £ = m - 1, nomyuum

A 1m) — Tom)
Um0 QFim-+1) P1(m)
0 By T gy
OTKy 13
Gmtty _ mt 1 Osem fmyy  _ OTmyyy 0
= , = = )
brmt1) bFemtv O 1m) @i (mt1) brmtn) temtb)
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[Tosromy

b#

Imgly = O rmin?

* —_—
Tmt) = 2 pimy1)P 1myP rom1y Im+1)?

rne p,(m+l)=;é=0 YuuTHIBasi PaBEHCTBO fp,, = f’:+2 U yXKe JOKa-

3aHHble COOTHOIIEHHs s af, ., ¥ b} ., aH&IOTHYHbHIM O6pa-
30M yCTaHaBAMBaIOTCA (OPMYJIBI

% * —

Uimys = U 1P 1z Plmpz = pl(m)le(m)2

# T. A. Jlerko 3aBepiiaeM JOKa3aTe/JbCTBO TeODeMEBl, yOeluB-
iIMch B crnpaBefquBOCTH (4.6), rie k=m 1. |B

YuuthiBas 3ameuaHue nocse (opmyian (2.8), Heca0KHO 10-
Ka3arb COpaBeIHBOCThL COOTHOWeH U BHAa (11) ans BerBAuIHXCH

v T* ¥ o u
genubix apobeit. Ilycts A,, B, —k-#i uucaurens v k-ii 3sHame-
i
Haresib ApoOu. f,. Torma cnpasepuBel GOpMYJIEL

A = p0p®@ ... p A4, Bf=ptp®@...008, (k=1, 2, ...),
The

p(p) n pf(p) l’ k - l), p(S) = sl—_<]r(s) p[(s)

fipousBe/ieHH sl GepyTcsa MO BCEBO3MOMXKHBIM JONYCTHMBIM Habopam
YHIEKCOB, S, Iy, Iy ..., Iy ONpeletsiorTcs coriacHo (1.12),

Ak, B, — cornacko (2.6). B uacrHoCcTH, M3 (2.2) cnenyer, uro
Af =pp®@ ... p®WA, Bf=p0p®...oWB, (k=1, 2,..)),

rue p(p) n p[(p) (p = —E)
Ecnu B (4 2) uneaa P, M0xo0paTh coeudanbHbIM 06pasoM,

T0 Apo6b (1.9) MoxHO npuBecTH K 6ojee mpocToMy BHAY, He
H3MeHsifl BeJIMYHH ee alllpOKCHMaHT.

Tak, ecnu Bce ayyy 70 (i, =1, N, k=1, 2, ...), To, noa-
craiass B (4.2) p NOC/Te0BaTeNIbHO HalJeHHble H3 CHCTEMBI
ypaBHEHHH

k)’

GProfin =1 (a=T N, k=1,2 ..., p =1), (47)

nonyyum BILJ, skenBajentHyio (1.9), Bce uaCTHEIE uHCAHTENH
KoTopolt paBubl eauHHue [19]. Pemenwe cucteMbl ypaBHeHHH
(4.7) sanumercs B BHJE

k

Oy = p[:-l (@)= (i,=1, N, k=1, 2, ...). (4.8)
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ChaenoBaTesbHO, €C/IH BCe ayy 0, To, moacTaBHB B (4.2) Py’
BHIUHC/IeHHEE No popMynam (4.8), nonyuum BLLI, skBHBasneHT-

nyio (1.9)
N
b,+D V-1, .
+k=l ‘2 Ay (4.9)

rjae
k

diwy = by [ ] (@i (i, =T, N, k=1, 2, ...). (4.10)
p=1

Ecmu xe Bee bypy=+<0(i, =1, N, k=1, 2, ...), To, noxncras-
asa B (4.2)

Oy = (b)™? (=T, N, k=1,2,...), (411

npeobpasyeM (1.9) x skBuBasenTHo#H BILJL ¢ yacTHBHIMH 3HameHa-
TeJISIMH, paBHHIMH eiunuie [19],

b +D Z Sun (4.12)
k=l =1
rae
Cipy = Qpbibi—n (o =1, N, k=1,2, ..., by =1).(4.13)

§ 5. IlocuenosarensnocTn odaacreii oaIeMEeHTOB
" obuacreii 3pageHMIt

PaccMoTpHM NOC/EN0BaTe/IbHOCTH HEMyCTHIX MHOXKeCTB {Qiy}
H {Vip} (£=0,1,2, ..., {,=0, ip=1, N, k>1), rze
Bee @ #*Vipes ([; H O Qf(k) =C % C» ([; — pacIlHpeHHas
KOMIIJIEKCHAsl MJIOCKOCTD.

[MocnenoBarenbHOCTD (€244} Ha3bIBaeTCS MOCAEA0BATENLHOCTHIO
obnacrefi smemeHTOB, {Vi4}— nocienoBarejpHOCTbIO 0OOsacTeit
8HAUEHHH, COOTBETCTBYIOULHX {Q,(k)}, aasa BLL

-1
1183
a (5 +D 2:1 b«k)) , (5.1)
eCJIH
i)
Sy 2
2 T X
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A (a4, bip)EQuw (R=0, 1, 2, ..., [,=0, i,=1, N,
k> 1),

i,(\’f) €Viw (5.3)
b + X Gty

Lrer=

IJIS1 IPOU3BOJIBHEIX v;<k+ﬂ,-(k+l) H (A, bigy) €EQiwy (B =0,
1,2, ...,i,=0,i,=1, N, k> 1). Ycrosue (5.3) ¢ yuerom
0603Ha‘-IeHHH (1. 2) (1.3) B JanpHefiieM OyjgeM 3amHCHIBATL
B BHIE

M
tiw Vi) = Vi

Ecan {Vyy} — nocnegoBatebHOCTD 06/71aCTeH 3HAYEHHUH, COOT-
BETCTBYIOIHX INOC/€0BaTebHOCTH obsacTell a/eMeHTOB {Q:p),
H ecan as Kaxpo#i nocnenoBatenbrocTH {Vig) ofnacrefi sHa-
YEeHHH, COOTBETCTBYIOMHUX {Qyy), HMeeM

VigS Vi (k=0,1,2, ..., {,=0,i,=1, N, k>1),

10 {Vip} HasblBaeTCs Hauayuyumed nocJseloBaTebHOCThIO ofna-
cTefi 3HaueHHH.

Ananoryuno {€} HasblBaeTCA HawIyuIeH ToOC/eROBaTe b~
HocThio ofsactefl 3/1eMeHTOB, COOTBETCTBYIOIIEH MOCJEN0BaTe b~
Hoctd oOnacreft sHavenwit {Viy), ecin 1ist NpoM3sBOJBHOH mMO-
c/1e[oBaTeNILHOCTH obJ1acTei 3/1eMeHTOB {2/}, COOTBETCTBYIONULHX
{Viw), BBINOMHSIOTCS yCNOBHSA

Qs Qw k=0, 1,2, ..., =0, i,=1, N, k>1).

Teopema 1.2. [Tycmo {Quu) — Hexomopas nocaedosamens-
Hocmy obaacmeldl anemenmos u {Viy) — Hexomopas nocaedosa-
meAabrocme coomeemcemayrouux obaacmet snauerud. Tozla

1) 0418 npoussoavrozo m = k

%) €Vip k=0,1,2, ...,iy=0, i,=1, N, k>1),
(5.4)
ecau (i, ,(,,,)EQ,(,,) (k<p<m, i,=0, i,=1, N, p=

=k, m)u Qi onpeae/zmomc'ﬂ cozaacro (3.1), npuuen Qi(o, = by,
2) n0cAed08amesbHOCTL

a
L4 ={Q(’") Kaupy, bipy) € Qs p k, m, i,=1, N} (5.5)
i(k)

(k=0,1,2, ..., i,=0, {,=1, N, k> 1, m » k—npous-
0 k
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80/bROE) ABASLMLSA nocae0o8amenbHOCMbI0  Hauayswux obaa-
cmeti snawenuii, coomeemcmeytouux {Qipm}.

HokasateabctBo. 1. Ilpp m=~Fk cormacho (3.1)
Qt(k) =by, u (5.4) cosnagaer c (5.2). Jss nokasaresbcTBa
(5.4) ucmomb3yeM METOJ MaTeMaTHYecKOH HHAYKIHH MO p ==
=m—k. TIycts @in/QEHEVipy ANA l'IpOPISBOJIbeIX na6opoB
HHIEKCOB, TAKHX, UT0 S—r < p. Torna aim/Qh €Vim, rre
HHIEKCH NPOH3BOMbHEE H j—n = p -+ 1. Jle#cTBHTENBHO, CO-
raacHo (3.1) umeem

iy at(n)
oy
_HntY
bt E z
® Qlrny

Ocraercsa yuecTbh mNpennosiokeHHe HHAYKUHH H cBoficTBo (5.3)
obJiacteli aHaueHHUI.

2. To, uto nocnexosarenvHocTh {Wyy) sBASETCA moOCaENO-
BaTeJqbHOCTbIO o6nacTell 3HaueHuid, cpasy cJaexyer H3 (5.3)
# (3.1). Ecan {V,(k)}—npousso.nbﬂa;{ oC/e0BaTeNbHOCTL 00-
JacTefl 3HaueHHH, COOTBETCTBYIOUHX {Qyy), TO H3 (5.4) caenyer,
yTO

Wi = V-

[Tostomy {W;y)) — Haunyumas nocnezosarenbHOCTh o6nacted
3HaueHHH.
O6o3naunm K MHOXKECTBO

K={V:V<=(, V—aamknyroe mHOKecTBO, IV —
OKPYKHOCTb JIH6O mpsMasn}.

Teopema 1.3. ITycmb {Qyy} — nocaedosamensrocme obaacmed
snemenmos, {Viw) — coomsemcmeytowas nocaedosamenvrocms
obaacmedl snasenull u 66edensl 0603HAYEHUS

K,=T, (Vot)) (n=0,1,2, ...,
2de T, onpedenstomes no pexyppenmnod gopmyse (1.5),
fy (Vo) = @ (bo +V,+ V2 + - VN
tiw Vie) (ie=T, N, k=1, n)
onpedeastomes coeaacro (1.2), Vi, esodames anaroeuuno (1.3).
Toz0a
1) KneK, sV, n=1,2,...) (5.6)

2) nyemv Vin€K (k=0, 1,2, ..., i{p=0, i,=1, N,
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k > 1), npuuem 024 kaxcdozo nabopa undexcos iy, i, ..., Ly
BbINOAHACMCA 00HO U3 Ycaosuli:

a) sce Vyu (i, =1, N)—samxnymoe xpyeu,

6) ecau cywecmsyem i, amo V4 — enewsHocme Kpyea,
mo ece ocmanvutie Viyp—yy (=1, N, j=#i,) obasamervro
SamMKHYmMbLe Kpyeu, nRpuLem

N

fup > X Tige—1)j»
i=1.7#,

20e  ripy— paouycol Kpyeoe & coomeemcmeyiouux 061acmax
8) Viw (i, =1, N) aubo xpye, aubo noaynaockocms, npi-
yem Yyeon HAKAORA 8CeX noaynaockocmed Kk OelicmeumensHod ocu
00ux U mom are.
Ecau npu nexomopom n, muodxcecrmeo K, agasemcs samxny-
motn kKpyeom, mo sce K, (n > n,) — 3amxuymeoe Kpyeu.
ITycms R, u C, obosnauarom paduyc u yeump xpyea K,,
moeda cyuyecmsyrom npedenst
lim Rn=R, llan=C
n—+oo n—+ oo
HokaszareabctBo. 1. Hcnonbsys o6osnadenus (1.3)
H (1.5), umeem

Kn+1 = Tn+1 (V(n+2)) =

T (n+1)
=1, ( b(n+1)+ 1Vm—i—]) + 2V(n+1) + .. + NV(n-H) ) ’

rae Vb —pekrop Buaa (1.3) ¢ QHKCHPOBaHHBIM MOCJEAHHM
HHJIEKCOM R, T. e.

Lt —(Vn e Vi Lod2p oo VN...Np)-
RS
n+1 n+l n+1
Jlasa KaxJ0od KOMIOOHEHTHI BEKTOPa
atn+D

b(n+1)+ 1V(n+1) + 2V(n+1) N +Nv(n+l)
B cuay (5.3) BBIMONIHSETCS yCJOBHE
a1y
bitnt1y + Vit +Vinrye + -+ 4 Vigayn

orkyja ciaeayer (5.6).

2. Bunonnenne yciosufi a), 0), B) rapanTupyer TO, 4TO
K,€K. Uz (5.6) caenyer, uro R, MOHOTOHHO yGBIBa€T HJA
n > n,. M3 nepaseHcTBa

l Cn+m - C | Rn+m _— Rn
CJIeAyeT, YTO CYIIECTBYET lim C,, IpH N~ oo,

S Vinyy,
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Crenylomas TeopeMa yKasblBaeT, Kak NocTpoMtb {Q;x} no
safanHoil mocJjegoBatenbHocTH {Viw}, Koraa sce Vg — Kpyrd.
Teopema 1.4. [Tycmos {Viw}— nocaedosamerstocmo kpyeos

Viw={weC:lw—Tin| < pin} ITin!<<oiw (8.7)
k=0, 1,2 ...,iy=0 is=T, &, k1)

u
Quy = @iy byt agm (biwy + Tiy) —
— Ty (| by + F;'(k)l P,(k) N+ Iat(k) | P,(k) ity (| biwy +
_*"Fl(k)l2 ¢(k))(k_o v 0 =0, k_l N, k>1),
(5.8)
N
ede Fz(k) = L Liey, P;(k) = }.. Qite+1-
Tep1=1 Uern=!

Toeda {Viw) sersemcs nocaedosamervbrocmbro obaactiel
snauenull, coomgemcmeyouux nocaedogamenrvrocmu obaacmet
aremenmos {Qupyl. .

HorkaszarensctBo. Bece Q;p ¥ J, Tak KaK B CUNY BTO-
poro HepasenctBa B (5.7) HepaBeHctBo (5.8) BhInonHsETCS NpH

*
aym = 0. M3 (5.8) crepyer, uro Heo6xo0muMo |biwy + Tiw| >

*x

> Piny. Boam a5 0, 1O

lbi(k) + F’:(k) l > P?;k)- ) (5.9)

O6nactb S;p = biey + 3, Viwtr, The paccMaTpHBaeTCs aplic-
1=l
METHYECKAasi CyMMa MHOXKeCTB Vg 1), ABJAETCS KPYTOM C LEHTPOM
* *
B Touke b;p 4 Tiw U pamuycom p,(k) Ycaosne (5.9) rapantu-
pyer To, uto 0 ¢ Sik), €CAA Q) 5= 0.
C.ne,uOBaTeano MHOK€CTBO I/S,(k) spjsieTcsl KpyroMm. Ecan

Vi = arg (biw + Tiw), T0 TOuKH

Cury = biwy + Ty — P;k) exp (Vi)

digy = biry + Tigey + Otcey €XP (i)
FBJSIIOTCS  KOHILAMH AHAMeTPa Kpyra Sy H NO3TOMY B CHJIY
KOH(OPHCCTH ApOGHC-IHHEAHOTO O0TOGpaXKeHHs, TOUKH 1/Cicpy,
1/dyr sBAAIOTCA KOHLAMH auameTpa Kpyra 1/S.

PaccMoTpuM KPYr ays)/Si(z) M 0OO3HAUHM pys) M Gyz) €rO
pajuyc H 1eHTp COOTBETCTBEHHO. ¥ YUThLIBAS SHAUECHMA NI Cip
H d;r), HMeeM
* : - =
L2400y | Oir) %) Gigey + Vige)

Pik) = s Qur) = - x *5
lbx(k)+rt(k)| —0iey . by 1 — 0s(ky




s BuinonHeHHst ycsaoBHA (5.3) HEo6XoAMMO, YTOGHI
| Tiey — Gice) | + Puey < pute)-
[Tocne HecNOXKHBIX BbIYHCJAEHHH oTcioja mosmydaeM (5.8). m

Teopema 1.5. [Tycmo {Vi4)} — nocaedosamenvrocme noay-
naockocmed

Viry = {w:Re (wexp (—i:)) > — piuw}s Piw >0
(k=0, 1,2, ..., i,=0ip=1 N, k>1) (5.10)
u
Quey = [ airy» bigry) 2| iy | — Re(Guqr) €Xp (—i (Pr + Ppt1)) <
< 2Py [Re (bicry €Xp (—iWpt1)) — Pia]
k=0, 1, ..., 0 =0, ip=1, N, k>1), (511

N
2de puw = X Pty —a<Pp<n (k=0,1,2 ..
fp1=!

Toeda {Vin) nsrsemcs nocaedosamervrocmoto obracmel
BHa4eHUlE, COOMmBemcmeyowux nociedosamevrocmu obracmeti
saemenmos {8y }.

JokazarteabcTBO. YCIOBHA

Re(bi(k) €xp (_'i‘q"k+l)) > pf*(k) (=0,1, ...,
i,=0, =1, N, k>1) (5.12)
ABNAIOTCS HEOGXOAHMBIMH JJIA TOrO, 4ToGbl 06JacTh (5.11) ume-
na cmeics. Ecnn cnpasegnuBo (5.12), To HepaBeHctBa (5.11)

BBINOMHAIOTCS, KOTAA Qyp == 0 ¥ nmostoMy Q= 0.

[Tycts
Re (bigw exp (—Pp11)) = plce- (5.13)
Torna

Ligy (Vith) = (@ :Re (0 exp i (b1 — arg asy)) > 0).  (5.14)

[lpu Bumonnesun paseHcrBa (5.13) obnacte (5.11) 6yaer He-
NYCTHIM MHOXECTBOM JIHIIb B TOM CJy4Yae, eCaH arg Qg = Y-
-+ V4. Boinosmenne nocnepHero paeHcTBa ¢ yyetoM (5.14)
rapantHpyeT BKmovenue (5.3). Tak Kak 0€ Vigrry, TO oTcioza
cleflyeT cnpaBejHBoOCcTb (5.2).

Ilycts

A *
Re (biw €xXp (—iPet1)) > pigyy.
JIeI‘KO NOCYHUTATH, YTO B STOM Cleqae

Ligg (Vi) = {weC | w— ciin | < piy}»



rje

[ at'(k)[
2 [Re (b eXp (—itp, 1)) — Phyl’
Citw = Picw €XP (i (arg Qix) — Ppt1)).

Torga ycioBue (5.3) OyJeT BHINOJHATBCS, €CHH Cigy € Vi
¥ JJs PACCTOSIHHSI OT TOYKH Cyp JO TPAaHHLBL 06MacTH Vg
crpaBeJIHBO HepaBeHCTBO min (| c,(k)—v,(k)l Vi) € WV iey) > DPicay-
[oacrasnss 3HaueHue Aas C;xy B (5.10), nonyuum

—Re [aigry exp (—i (Vp + Vp1)) <
< Digw [Re (bisy €Xp (— iWt1)) — piw)]-

Aro nepaBeHcTBO cexyeT u3 (5.11). OGo3uauuM d;p) TOUKY U3
0V ix), Mas KOTOPOH

| digey — Ciqwl = Min (| ciey — Viewy |s Viwy € WV igy).
HecnoxHo OpOBEpHTb, YTO
digy = exP () [—Piwy + £ Im (Cory €Xp (—ipy)]

Pifp) =

| diy — Ciw | = Prry €OS (arg Augry — Vet — Vi) + Picy.

HepaBenctso |diy — cuw | > prw xBHBanerTHO (5.11). [
O6nacty 3/7eMeHTOB aasa B

-1

a1+ D Z Lt (5.15)

k_.
{ k—l

o6o3HauuM Ejy, T. e. UPeANoNIORHM, YTO
ap€Ewm<sC*k=0,1,2, ..., i,=0,i=1 N, kx1).

Amnanoruuno uepe3 Gy, Oynem ofo3Hauarb OOJIACTH 3JeMeH-

toB BILIJI

-1

N
o 1
b+ kgl ikZ=z biw | (5.16)

INpuBeneM HekoTOphie cJeicTBHs Teopem 1.4 u 1.5,
Credcmsue 1.1. MHOxecTBa

1
V,(k)={w:|w|<§1—v} k=012 ...,
=0, i,=T N, k> 1),
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1
Bu={erlul<d) k=012 ...,

ih,=0,i,=1 N, k>1)
ABJSIIOTCSA COOTBETCTBYIOLIUMH 06/1aCTAMH 3HaueHUd H obsacrs-
mu saementos BLLJ (5.15).
Credcmeue 1.2, MHoxecTBa
1
Vt(k)={W3|w|< T]’
Qi = (@i biwd b | > Nl aiw | + 1}
(=0, 1,2, ..., i,=0,i,=1, N, k>1)

IBTAIOTCA COOTBETCTBYIOUWMMH 06/IacTAMH 3Haue HHH H 06aacTAMH
anemenToB BILI (5.1).
Credcmesue 1.3. MHoxecTBa

Vi = {w:|w]| < puw}s

N
1
Gy = jw:|w| > 2 Puetty + 5o
1=l
k=0,1,2 ..., 0,=0, {,=T, N, k> I)

SBJISIIOTCS COOTBETCTBYIOIMMH 06JacTsMH 3Hau€HHH H ob6jacTs-
mu 37emeHTOB maa BLLI (5.16).
Credcmeue 1.4. MHOXecTBa

Vi =V (a) = {w: Re(wexp (—ia) > —%\1 cos a} ,

Ewpy=E(a)= [w: | w] — Re (wexp (—2ia)) < Q—IN- cos? a}
k=0,1,2 ...,i,=0, iy=T, N, k> 1),

E11 E11
rpe — D) <<a< 7 ABJAIOTCA COOTBETCTBYIOUHUMH o61acTsIMH

3HayeHu# H obsactsMu snementoB BILJ (5.15).
Muoxecreo E (o) sBasercs napabosnueckoll c6JacTbio, Or-

M . « 1

paHHYeHHOH napaGoiod, Dpoxoasmeld uepes TOUKY — o
1

C OCbl0 BLOJMb Jyda argw = 2a H (OKYCOM B TOUKE — ;o X

X cos? o exp (i2a).
PaccMoTpUM Bompoc ¢ HaWMyumHx o6JacTsX 37eMeHTOB.

40



Teopema 1.6. [Tycms (Vi) —sadannas nocredosamens-
Hocmy obaacmed us ([, ydosremeopaowas ycaoeuIo: ecau

N N
—1€ Y Vigrn, mo oo €Vyy u ecau o€ Y Vigry
b=t lppr=t

mo 0€Viy, e0e paccmampusaemcs apupmemuneckas cymma
obracmeil,

ITycme
Efy= N {il + @) Vigy: we Vi £
N
2, B Viso\I=1 )N Vie, (5.17)
ede R=0,1,2, ...,i,=0, iy=1,N, k>1, {—I, co}—

MHOXNCECmE0, cocmostyee u3 0syx mowex —1 u oo,

Ecau ece Eiy# @, mo

1) nocaredosamesvnocme {Vyy) seasemca nocaedosamens-
Hocmobi0 obaacmell 3HAYeHUL, COOMEEMCMEYIOWUX nociedosa-
meabrocmu obracmeii ssemenmos {Eiyy) 042 BIJ (5.15);

2) {Elw} — Hausywwas  nocaedosamenvrocms — obaacmett
s/1e MEHMO8, COOMBEMCMBYOWAn nocredosamenvrocmu obaacmed:
auadenull {Vip}.

JdoxkasareabcTBo. Ycaosue Ejyy % & ABAAETCA HeoO-
XONMMBIM AJIs1 oBsiacTeii snemento. M3 ompenenenus Ej,, cie-

nyet, uto Eju SViy. TakuMm o6pasoM, ycsosue (5.2) Beimon-
HAETCA,
* *
[ycry aiw € Eisyy Qi # 0, TO AJist NPOM3BONBHOTO W E Vi
CYILECTBYET Uy € Vi, YTO Gy = U (1 + w). CrenoBarenwho,
pi)§: | NIPOH3BOJILHBIX wi(k+1,EV,~(k+1, TaKHX, 4TO

N
w= Y Wip1) 7= —1, 00,

1=t
HMeeM
L) G uw (14-w)
STFe = Tife = Ve

N

1

I+ Y Dite+1)
fep1=t

C yuetom ycnoBuii TeopeMbl nOAYuHM s (Vih) S Vig. Takum
obpasom, nyHKT 1) noka3sawm,

Hokaxem nyskr 2). ITycts {E{y)}—npoussoibHast mocie-
JIOBaTEJBHOCTh OG/ACTEH 2JIEMEHTOB, COOTBETCTBY IOIHX OGJIACTAM
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suavenndi {V;y}. Toraa cormacHo (5.2) umeem Ejfyy < V. Vs
{5.3) caenyer, 4To AJ NPOH3BOJABHOTO iz € Ejy H NPOH3BO/L-
HBIX Wige+1) € Vit

%ir)
— V.

N
l+_ L @i(k41)
fet1=1

*
CnenosarenbHo, Ejyu < Eyyy A9 BceX HaGOPOB HHIEKCOB.
Teopema 1.7. [Iycmy {Viy}—3adannas nocaedogsamens-

tocme obaacmeil us (, yaoeﬁemeopﬂtou;aﬂ ycaosuro, ecau

oo € 2 Vi, mo 0€ Vi

lk+l_
u nycme
1
Gl = Q {T—WN €Vim df Z Vt<k+u'—{°°}} Nn V
i) =, e
k+1
(k=0,1,2 ...,05=0, ix=T, N, k>1). (518)

Ecau sce Giy # &, mo

1) nocaedosamensrocme {Vyn} seasemes nocaedosamens-
wocmeto obaacmell 3nayenudl, coomsemcemeyrouux nocaedosa-
measrocmu obaacmei saemenmos {Giy} 022 BIJ (5.16);

2) {G}'fk,}—ﬂau/zyttmaﬂ nocaedosameavHocme  obaacmell
9AeMEHMO08, COOMBeMCmaywWux nocaedosamenvrocmu obaracmeti
srauerud {Vyy}.

JoKa3aTenbCTBO NPOBOJHTCS aHANOTHYHO JOKa3aTeNbCTBY
npeabiayuiei Teopemsl. JeficTBuTenpHO, H3 onpeneneHus (5.18)
cnenyer, 9T0 Giygy < 1/V s, nostomy 1/byy € Vi H, Takum 06-
pasoM, BbioJHseTcs (5.2).

[lyers b,-(k,EG}"(k), TOorga AN TPOH3BOMBHOTO © € Vi
CYLLECTBYET Uy € Vi, 4TO byp = (1/tw) —w.

CaenoBarebHO, AJSI TPOH3BOMBHBIX Wie+1) € Vig41), TAKHX,
4TO

W= Z Wi(g41) 7= OO
fpp1=1

HMeeM

-1
(bt(m + 2 wi(k+1)> = (bipy + @)™ = 4w € Viay.

tp1=1
TlosToMy Zusy (Vith) = Ve
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IMycrs {Giy} — NpoH3BOJILHAS NOCJEA0BATENBHOCTE obnacTeil
S7eMeHTOB, COOTBETCTBYIOIIHX IOC/IENOBATEJIBHOCTH obaacTeil
sHaueHuit {Vip}. Torna coraacho (5.2) nuveem Gigy S1/Vig.
M3 (5.3) crexyer, uTO A/t NPOM3BONBHOTO by € Gye) M mpoH3-
BOJIbHBIX Wi(e+1) € Viget1)

N
1
biw + E Wiget+1) €
Loy =1 £(k)
£t

Cnenorarenbo, Gy <Gy B

Caredcmeue 1.5. [lns Toro 4ro6el nocnenoBatensHocTb {Viy},
y IoBJeTBOpslolas ycaoBuam Teopem 1.6 unn 1.7 Gwita mocae-
JIOBaTeJIbHOCThIO OfnacTefl 3HauyeHHH, COOTBETCTBYIOIIHX NOC]e-
JoBaTesbHOCTH o6sacteil aneMeHToB { £y} aas BLLI (5.15) uau
{Giw} nns BLL (5.16), HeoO6XoauMO H ROCTaTOMHO, YTOOHI BCe

Efw # @ unn Bee Giy 7= @ COOTBETCTBEHHO, TJe EXe), Gra
onpegenstorca B TepmuHax {Vi)} cornacHo (5.17) umm (5.18).



Taaea 2

‘METOIIH ACCIENOBAHUA CXOMUMOCTHA
BETBAIMAXCA LNENHBIX JPOBEN

[Tpo6siemMa cXOQUMOCTH HENHBIX HJH BETBALIMXCA LENHBIX ApO-
6efi sakJwyaercs B TOM, 4TOObl Ha OCHOBaHHH HHGOPMALHH
0 Kosboduuuentax ApobH CAenarh BHIBOJ O €€ CXOJHMOCTH HJH
pacxoaumocti. Hcenonb3ya ocobbie CBOHCTBA CXOAMMOCTH TONO-
MoppHEIX OyHRuui [22], 3Ty 3amauyy MOXKHO HeCKOJBKO VII-
poctHTb. Ecsu, Hanpumep, noaxopsinue ApobH SBAAITCA TO-
JoMOpGbHBEIMH (DYyHKIHAMH B o6nacty D, To IJs1 I0Kas3aTebCTBa
paBHOMEDHOH CXoAWMOCTH ApoGH BHYTpH D H0OCTaTOYHO J0Ka-
3aTb PABHOMEPHYIO OrDAHHYEHHOCTb BHYTPH 3TOH 0071acTH U HC-
CJel0BaThb CXOAMMOCTb HAa !EKOTOPOM MNojaMHOoXkecTBe D,
Y Cruateeca [60] B KayecTBe MOJMHOMECTBA PAacCMaTPHBAETCS
Kpyr, Y Burtann [99] — GeckoHeuHO€ MHOXKECTBO TOUYEK, HMEIO-
Iee NpeiesbHyI0 TOYKY BHYTpH ofnactv D. danpHefimmM pas-
BHTHEM BONPOCOB CXOAMWMOCTH TOJOMOPGHBIX (QYHKUHH fABJISIETCS
BBejleHHe MOHTeJeM TaK HasbiBAEMOrO HOPMAaJLHOrO ceMeficTBa
aHaNuTHUeCKHX GYHKIHE [42].

MeTonnka HCCAeJOBaHHS CXOIHMOCTH MOCJEAOBATENBHOCTH
rojoMopdHbIX (YHKIHHA OJAHOTO MepeMeHHOro B NpHHIIMIE Mepe-
HOCHTCS ¥ Ha (PYHKIMH MHOTHX N€peMeHHbIX. TpyIHOCTH, KOTO-
pble 31eCh BO3HHKAIOT, B OCHORHOM CBfI3aHBEI ¢ TeopeMOH ejlH-
CTBEHHOCTH. MoHuTenp [42] ucciefoBas HOPMaJIbHBEIE CeMeHCTBa
aHaJIMTHYECKHX (QYHKUMH [NBYX nepeMeHHHBIX.

B paborax A. A. T'onuapa u E. A. Paxmanosa (cM., Ha-
npumep, [53]) 3TH pesysbTaThl NONAYUWIH JajbHeliuiee passuTHe.
H3 cxozuMocTH mo eMKOCTH BHYTPH O6JACTH Je/aeTcs 3akJio-
YeHHe O paBHOM€PHOH CX0JHMOCTH IOC/IE1OBATENBEHOCTH FOJOMOP(P-
HBIX HJIA MepoMmopbhHbIX GyHKUHHA BHYTpH obnacty. A. A. 'onuapn
paGote [24] ycTaHOBHUJI NPHHIUIIHAJBHBIN PE3Y ILTAT: H3 roJ0MoD(-
HOCTH AHaroHaJpHbIX annpokcuMarui [Tajge BHyTpH o61acTH, yA0B-
JIETBOPAIOLI e HEKOTOPHIM JONMOJIHUTENBHBIM OTpaHHYEHHsAM, CJe-
AyeT HX paBHOMEepHasi CXOJMMOCTb BHYTPH 3TOH objactH. Itn
coobpaKeHHs MePeHOCATCA W HAa HEKOTOPHIE THIB (PYHKIHOHANb-
HBIX HeNHBIX ApoGedt, HanpnMep Ha Apo6u UeOniuesa, npucoenw-
HeHHBle LenHble Apo6H. OaHako B oflleM cJydae aHaJOTHYHOe
yTBEepKJEHHe AJA LeNHBIX Apo0eli HeBepHO: H3 rosoMopdHOCTH
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ellle He CleJyeT CXONMMOCTb. B KauecTBe KOHTpHpHM epa A0CTa-
TOYHO B3#TH S-Ipo6b
- 2z
b,+ D +
k=l “k

rie b,>0 (=1, 2, ...), z NpPHHALNEKHT NPOU3BOJNLHOMY

KoMnakTy obnactu G = {2€C: z 0, |argz|<n} w pan Y, b,
k=1

cxogurca. Torma ans 3708 Apobu cymlecTBYIOT KOHEYHHIE Mpe-
JeJBl YeTHHIX W HeUeTHHIX MOAXOASIHX Apobeil.

CnefoBatebHO, OOUIHE METOABI HCCJEJOBAHHA CXOAHMOCTH
IOCJIeIOBATENLHOCTH TOJNOMOP(MHBIX (PYHKIHA ynpoulaloT, HO He
CHUMAIOT NPo6ieMy CXONHUMOCTH LENHBIX HJH BeTBSUIHXCH IEMN-
HbIX apobeii. TlostToMy 3amaua HCC/AEeNOBAHHSI CXOLHMOCTH, IO
KpafiHeli Mepe JoKa/nbHOH, IenHeIXx ApoGeH MM MX MHOTOMEp-
HEIX 0000WeHsHA ¢ yYeTOM CTPYKTYPHBIX OCOOeHHOCTeH 3TOro
annapaTa sBAfeTCA aKTyanbHoH. Kpome TOro, ycjiosusi rosomopo-
HOCTH TNOIXOAAWNX JApobeH ToxKe xeJaTeNbHO $HOPMYJIHPOBATh
Ha sI3bIKE€ 3TEeMEHTOB LEMNHBIX HIH BETBALIUXCA LEMHLIX ApoOed.

Tlpu uccren0BaHMH CXOJHMMOCTH HeNpepbIBHEIX JApobeli cyle-
CTB2HHO HCNOJBL3YIOTCA JIMHEHHbIE peKYpPpPeHTHBIE COOTHOUIEHHA
AJS uWCJauTesell M 3HaMeHaTesded MOAXOAAlMX ApoGed M TOT
$hakT, YTO APOGHO-JHHEHHbIe OTOGPAXKEHHS, JIEXKAIHE B OCHOBE
floCTPOeHHs JpoGH, 00pasyloT rpymmy, ec/JH B KayecTBe TIpyIl-
noBo# OmnepanuH PacCMaTPHBATL KOMIOSHIUIO OTOOpameHHH.

Hna BLLJ pekyppeHTHBlE COOTHOIIEHHS, aHAJOTHYHEE (8),
HecnpaBenuBel. COBOKYITHOCTD MHOTOMEPHBIX JIPOGHO-THHEHHBIX
otobpaxkeHul Toxe He ofpasyer rpymmel. Takum o6pasoM, pas-
paboTka OOIMHX MeTOJOB HCCJedOBaHHA cxoauMoctd BLLJL aBas-
eTcH axkTYyaJnHOH 3ajaueh.

B pa6ore C. B. Creukuna u IL. JI. Yabsuosa [59] uzio-
JKeHbI Pe3yJNbTaThl, NOCBALLEHHBIE CXOJHUMOCTH pSANOB, TAe IO
MoBele HUIO NOANOCIEN0BATEIBHOCTH YaCTHHIX CYMM Ha HEKOTOPOM
noaMHoxecTBe E JelaeTcsl 3aKJ/IOUEHHE O MOBEJEHHH HA 3TOM
NOJMHOKECTBe HJIH Ha BceM E BceX YacTHBIX CyMM. DTH HCCTe-
JOEaHHA NPeACTaBAAOT s Hac O6oJblIOH HHTepec, Tak Kak
YCJIOBHA CXOOHMOCTH WM PAaCXOAMMOCTH BEeTBSIIHXCSA LeENHBIX
JApodelt, Kak MnpaBHJO, ¢OPMYJHPYIOTCA Ha SI3bIKE PacXoAHMOCTH
HJIY CXOJHMOCTH DAJLOB, COCTaBJIEHHHX ONpPeJesieHHbIM 00pa3oM
U3 3/1eMeHTOB Apobu.

B §1 onpegeneHbl pasnuunwsle BuAsl cxoaumoctd BLL/, no-
Kas’aHbl [Be TEOpPEeMbl O B3aHMOCBA3H O6e3ayC/JIOBHOH H (PUTypHOH
CXOIHUMOCTH ¢ O6bHOH cxoaumocTbio Anas BLIIL ¢ nonoxuTesnn-
HBIMH 4Jie HAMH,

B §2 pano omnpeneseHnHe W PacCMOTPEHBl MNPHMEPHI MaKCH-
MaHTHOH H MaxopantHo#t BILIl, naHo onpenenenne aHajora
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¢yHIaMeHTaNTbHbIX HepaBeHCTB. DTH MeTOAbl OYNyT NPHMEHSATh-
CSl MPH HCCJej0BaHHH CXOXHUMOCTH BETBALLHXCH LeNHBIX apobed
C KOMIIJIEKCHRIMH KOMIIOHEHTaMH,

[Tpu wnccnenoBanuu cxomumoctd BIIJ] ¢ mosoKHTe/NbHEIMH
3JIeMeHTaMH HCUOJb3YIOTCS HEKOTOPbIE CelHaJbHEIE HEDAaBeHCTBa,
NI0Ka3aTeN1bCTBY KOTODPBIX MOCBAIIEH § 3. DTH HepaBeHCTBA IPEICTAB-
JISIIOT TaKXKe caMocTrosiTesbHEIH HHTepec. B pa6orax P. M. Mu-
Xanb4yKa IJd HHUX YCTAHOBJIEHB KOHTHHYaJbHbIE aHAJOTH.

B §4, ucnonbsys cxeMmy AoKasaTesbCTBa TeopeMbl MoHTeds,
H3JIOKEHHYI0 B nepBoM H3jaaHuu yuebHuka B. B. [la6ara [70,
71], npuBeneHO n0Ka3aTeJLCTBO MHOTOMEDHOrO aHajora STOH
TEOPEMHI.

§ 1. Pazamunsie suanl cxoxgamoctn BI[J]

Paccmorpum BILI ¢ 4MCNOBEIMH KOMIIJIEKCHBIMH 3JIeMEHTaMH

b,+ D E b«k) (1.1)

k=1 iR

Bopeas O6ynem Bcerpa mpeamonaraTh, TOBOps O Pa3iMYHBIX BH-
AaX CXOIHMMOCTH BeTBAIUXCS LENHHIX apobel, 4To BCe HUX MNOJ-
XOJsHe APOOH HMEIOT CMBICJ WJIH JIHIIb KOHEYHOe YHCJO IOj-
XOnAWIUX Apo6Gell He HMeeT CMBIC/A.

Tosopar, yro BILI (1.1) cxoaurtcs, ecau cyulecTBYeT H Ko-
HeueH TpejeJs [OCJeNOBaTENbHOCTH €€ TNOAXOASIIHX Apobeid
(1.11) ra. 1. Benuunny storo npexesa 6yjaeM Ha3blBaTh 3Haye-
HueM OeckoHeyHoll apo6u (1.1). Berpsmmasics uenHas 1apo6b
(1.1) pacxozurcs, ecaH GeCKOHEYHOE UHCJO €€ MOAXOIASAIHX
Ipobell He HMeeT CMBICJAa WJIM HE CYIIECTBYeT €IHHOTO KOHEeY-
HOTO mpejena nocJenoBaTeNbHOCTH {f}, unu lim f, = oo npu
k—oo. U3 cBofictBa BuakH (3.4) ra. 1 caexyer mpeasiokeHue.

I1pedrosicenue 2.1 [57]. BILA (1.1) ¢ neficTBHUTEbHEIMH NO-
JIOXKHUTEJbHBIMH KOMIOHEHTaMH CXOLHMTCSl TOTJa M TOJIBKO TOTJa,
Korja

k]im (fort1 — for) == 0.

HMuorpa yno6Ho paccmaTpuBaTh Gosiee oflee TOHATHE CXO-
mumoctd BLLI[, koropoe, cienys O. Ileppory [87], HasoBeMm
CXOIHMMOCTBIO B INHPOKOM CMEIC]e. ByneM roBopHTh, uto BILJL
(1.1) cxoaurcs B IUMPOKOM CMHICJE, €CJH CYILECTBYeT mpejen
nocnenosareabHocTH (1.11) 1. 1 npu n— oo (BO3MOXKHO, paB-
Hblfi GeCKOHEYHOCTH)
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BerBsiuecs uennble 1po6u BHIA

N
igmy = Digmy + B va—i-(k) .
(m) (m -t . i;: P (1.2)
(m=1,2, ..., im=1, N) HashBaioTcas m-MH OCTaTKaMH
BLLIL (1. 1)

Bersimasica nenHas Apo6b (1.1) HasbiBaeTcsi 6esycsoBHO
cxopsmedicsi, ecad cama Apo6b (l.1) cxoauTcs u Bce ee m-e
octatkd (l1.2) cxopares (m=1, 2, ..., i, =1, N). Ecin
BIL/L (1.1) cxoaurcs, a HEKOTOpbie ee OCTAaTKH PAaCXOAATCS, TG
OHa HasblBaeTCA YCJOBHO CXOAdmiefics,

Teopema 2.1 (5). Jas BLZ (1.1), y xomopod 3iemenma-
Mu A8aA0MmMcs  OelicmeumeNbHbie NOAOKUMENbHbIE Yyucaa, 6e3-
YCA0BHAA CXOOUMOCHL IKBUBANEHMHA 00bi4HOU cxo0umocmu.

HdoxasateasctBo. Heobxonumo ToabKo IOKasarh, 4YTO
3 cxoaumoctd BILJ (1.1) cmeayer cxoamMocTb BceX ee m-X

ocratkoB (1.2), rtne m=1, 2, ... ,iy=1,N, k=1, m.
PaccMoTtpum BeTBsinytocs uUenHyio apoOb

b + D E,,“k’ (i, =T, N) (1.3)

i(k)

H 0003HaUHUM ee 71-€ annpOKCHMAaHTHL f}l’”. W3 cBolicTBa BHJIKH
(3.4) ra. 1 gna BUJ (1.3) caenyer, 4to cylecTBYIOT KOHEUHbIE
npeaensl

"
lim f§ = Giy, lim ft(l) = Fiy

s o0 o> o0
H BHIMOJIHAIOTCS HEPaBeHCTBA

Gy < Fiy (iy=T1, N). (1.4)
Tak kak BUJ (l1.1) cxonurcsi, TO

B, 2 S iy

T (1) ‘.1=] Gy

_CaiepoBatensro, B cuay (1.4) ansi mpousBosbHOTO iy (i) =

=1, N) Fiy =G, 4YTO SKBHBaNeHTHO cxoaumocTH BILIL

(1 3) AHajoruuHo jokaswiBaetcsi exoaumocth BILIL (1.2) ans

NPOH3BOJILHOTO  HATYPAIbHOTO /M H MPOH3BOJILHOIO Habopa HH-
IOEKCOB Iy, iy, vuu o im.
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Bynem rosoputs, uTo BIJ (l.1) cxomurcs a6cosoTHO,
€CJIH CXOIHUTCA PAX

S Ve =il (1.9)

COCTaBJIEHHBI! U3 ee noaxoAsawux apoGeh (1.11) ra. 1,

[lycTts {(D } — HexoTOpbiM 06pasoM YHOPAJOYEHHAS MOCJe-
JOBATEeJbHOCTb MPOM3BOJBLHBIX (HIYDHBIX NOAXOASMIKX ApoGeit
BOJ (1.1). Bosmoxuo, ®,=f, um @, =F, (cm. (1.14),
(1.15), ra. 1), Ho He o6szarenpHo. O6o3HauuM m, u M, Mu-
HUMaJbHYI0O H MaKCHMA/bHY!0 AJMHBI BETBeH MoAXoasuled apoGu
®,. Ilpepnaraercs, uto m,— 0o mpu k— oo.

BYJIEM rosopute, yto BIUI (1.1) cxoaurca ¢urypho, ecau
BCE (Dk (k==1, 2, ...) UMEIOT CMHICJI HJIH JHIIL KOHEYHOE YHC-
no @, He MMeeT CMEICAA, MMHMMaJbHad JIJHHA /1, BETOK k-H
¢urypHofi moaxonsuled ApoGH cTpeMHTCA K OeCKOHeYHOCTH NDH
k— 0o, CylUleCTBYeT M KOHeueH mpejes [oCJel0BaTeJbHOCTH
®, npu k— oco.

OcTaHOBHMCSI BKpaTile Ha B3aUMOCBSI3H (urypHo# H o6bIY-
HOM CXOJMMOCTH AJISl BETBAIIMXCHA LENmHbIX Apobeil ¢ NoJioKu-
TeJILHBIMH YJIeHaMH,

Teopema 2.2 [3]. Ecau BIA (1.1) ¢ noromumensroimu
OeficmaumenbHu MU KOMIOHEHMAMI CX00UMCA, MmO OHa Cxodum-
ca ueypro u Kk momy xe npeleny.

dokasareabcTBoO. PaCCMOTpHM KoHeuHylo BILI

2p4-1 a
foo41 = b, + D Z bt(k) (1.6)
€

rae biw = biw (B <2p) U brgpyn) > bugpn (=1, N, k=
=1,2p+1).

ﬂﬂﬂ BL (1.6) no anamornu c (3.1) rsi. 1 BeemeM cokpa-
1eHHEe 0603HAYeHHs Qf(,‘:;r Y, MeronoM MaTeMaTHYeCKOH HHAYK-
LMH JIETKO NpPOBEPHTB, UTO

ry(2o+1) (2p+1) 0 m
Qigeri) > Qi(zery (R=0, m).
[TostoMy fapt1 < fop+1- U3 cBofictBa Buaku (3.4) ra. 1 caeny-
er, 410 fap < fap4i1.
s MpoM3BOJIBHOTO CKOJb YrojHo GoJsibHioro Homepa k cy-

IIECTBYET TaKOH HOMEDP p, 3aBUCALIHA OT £, 4YTO AJf ECEX 71 »
> k crnpaBejJiMBa OUEHKA

f2p<fn f2p+l- (1-7)
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Yucno p BHIOHpaeM M3 YCJIOBHs
2p+1<min(ma:n > k)< 2p 42,

TaK Kak #p—> 0o TPH fi—> 00, TO H p—> 00 NPH 1 —> oo,

Ouenka (1.7) cnenyer us npeblyIHX PAcCyXIeHHH, ecnau
BBECTH _COOTBETCTBYIOUIME NepeoGO3HAYeHHS TaKHM o6pasoM,
qTOGH! f,,— fop+1. TI03TOMY M3 OOBIYHOH CXOAMMOCTH B cHIy
npepaoxenus 2.1 Burekaer, yto BILLL (1.1) cxomutcs ¢uryp-
HO H K TOMY Xe Tipelieny. -

OG6paTHoe yTBepxkKaeHHe, BooOlLle roBopsi, HeBepHo. B kaue-
cTBe KoHTpnpuMepa joctatoudo B3are BILI ¢ nmoaoxurtenphp-
MH JefCTBHTeNbHBIMH YJeHaMH, (UrypHbIE MOAXOJALIHE 1po6H
KOTOPOH COBHAJAI0T ¢ YETHBIMH HJIH HEUETHBIMH [10JXOMASLLUMU
npobamu. IIpefe/iel 4eTHBIX HJIM HEYETHBIX MOAXOAAULHX ApoGeit
BCErJa CYUIECTBYIOT, cama e Apo6b MOXKET CXOAHTLCS MU
pacxoauTheA.

3amewarue 2.1. Eemn @, =f, (k=1, 2, ...), Trhe }kﬂ
¢urypHas nojAxojsmasi Apo6p Ompejessercss COrJIacHO (1 14)
ra. 1, To B cuay TeopeMm 2.2 u coorHowenud (2.1) ra. 1

CXOlIPIMOCTb B (1.1) ¢ nosoxkHUTe/NbHBIMH YJIEHAMH SKBHBa-
JeHTHa OOGBIYHOH CXOJHMOCTH.

[yerb b,(2), @i (2), buw(2) (ip=1,N, k=12, .. )—
HeKOTOPHIE Habop KoMmjeKCHBIX (YHKUHH, onpejeNieHHEIX B 06-
aacta D < ", 2 = (24, 24, ..., 2n). PaccMoTpuM PyHKUMHOHAMD-
nyto BILI

i1 (z) .
b, (2) + D Z b;(:)) 5 (1.8)

u oGo3HauuM f.(2) ee k-lo annpokcumanty, Ag(2), B, (2) — k-i
YHCJIHTENb H 3HAMeHaTesh COOTBETCTBEHHO.

Bynem roeopurs, yro BLLI (1.8) paBHOMepHO cXoiuTca Ha
MHoxecTBe E < D, ecin HayuHas C HEKOTOPOTO HOMepa n,
Bciony Ha E Bk(z) %0 (2 »n,) U a1 npPoH3BOJBHOrO &> (
CylleCTBYeT TakKoil HOMep n;, > ny, UYTO IJs BCeX N, M >,
H TIPOH3BOJILHOIO Z € E BHINOJIHSIETCS HEPABEHCTBO

[fn(2) — fm (2)] <e.

Ecin Bce cKasaHHOe BbIlIE CHPABEIJHBO JJIst [IPOH3BOJIBHOTO
MHoxkecTBa E & D, 10 roeopsit, uro BIL/ (1.8) paBHOMepHO
cxoauTcs BHYTPH obmacth D. 3pmech cumBoa E € D osnaua-

er, uto E — D, rue E — sambikanue E.
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§ 2. Meron maskopaHT. ARajor MeTona
{yRIaMEHTANLHBIX AEPABEHCTH

Has toro 4T0o6b y6eIHTbCH B €CTECTBEHHOCTH TPHBEJEHHBIX
HIXKE ONpelreseHUl, H3JOXeHHhX B paGore [10], BcnomummM, uto
Ma)KOPaHTHHIM PAIOM 1 QYHKUHOHAMLHOTO pAfa

i fe(2), 2.1)
b=1

rae f.(2) (R=1, 2, ...)— KommnekcHpe (PYHKUHK KOMIICK-
CHOTC MEPeMEHHOTO 2, 3aJaHHble B HEKOTOpoH ofjacTu D, Ha-
3LIBAETCH YUCJOBOH Psii

X (2.2)
=1
ree a, >0 (B=1, 2, ...), Takue, uto
[fe@l<ar (B=1,2, ...). (2.3)

Ecmu o603nauuth S, ¥ S, n-e 4acTHble CyMMH psiioB (2.1) u
(2.2), To ycnoeue (2.3) MOXHO NepenHcarb CJAEAYIOUEM 06-
pasoM:

1Se—Seil < |sp—spa| k=1, 2, ..)). (2.4

Onpenenenne (2.4) ecrecTBeHHO 06006Ia€TCA U Ha BETBAIIHECS
uenHeie Apobu, ecad nox S, H s, NOApasyMeBaTs k- MOAXo.sA-
mue apobu naHHOR u MaxopanTHOH BIIJL cooTBeTcTBeHHO.
BerBsunascs nenHast Apo6b
N,
w o
d,+ D Y J2 (2.5)
k=1, iR
k
C YHCJIOBHIMH KOMIJIEKCHBIMH 3JIEMEHTAaMH HAa3biBA€TCS MAKCH-
mantoft (MuHuManTto#) BUJL (1.1) wmu (1.8), ecsiu nas mpows-
BOJIbHOTO HEOTPHIATEJbHOTO LEJOro YHeJIa k CIpaBeiJHBO CO-

OTHOLIEHHE
[fel < lgel ([ Fel > lge]) (2.6)

e <lgel (fe(2)] = |8l (2.7y

rae N, €N, He ofsisatesbHo paBHoe N, H f,, fi(2), go— k-e
annporcumantel BILA (1.1), (1.8) u (2.5) cooTeeTcTBEHHO.

IIpumep 2.1. Hecnoxuo nposeputh, YTO MaKCHMaHTaMy

HJIH

k=1

N
b+ D ¥ L 2.8
ot Eﬂ e 2.8)



¢ JNeHCTBUTEJBHEIMH MOJIOXKHMTEJIbHEIMH SJEMEHTaMH  SIBJSIOTCA
HenHsle 1po6u, T. e. N; =1, BHIa

N N N N
b0t Bt @ Bat oo (2.9)
HJIH
N N N N
B T B+ O+ Bt o (210
a MUHHMAHTAMH -— LICITHBIE [LpO6H BHJa
N N N N
ot B a bt @1n
HJIU
N N N N
OBl A i R (2.12)

rae N — uncno Berok serssenus BLJ (2.8) u
op=min(byy:ip=1, N, p=1, k), fr=max(bipn:ip =1, N,
p==1, k) — COOTBETCTBEHHO MHHHMAaJbHBIH H MaKCHMANbLHBIH
sneMentsl BUJ (2.8) nHa k-M 3Taxe, MHHHMYM H MakCHMYM
6epyTcsl IO BCEBO3MOMXKHLIM HaGopaM HHAEKCOB iy, Iy, ... , ig,
KamxAblH H3 KOTOPHIX He3aBuciMO mpoberaer 3HaueHHs ot | go V.

H3 cxopumoctn makcumanter BLJ (1.1) wim (1.8) eme He
cjiegyeT CXOAHMOCTL NaHHOH apoGH.

BerBsimasica nenHas 2po6b (2.5) ¢ KOMIIEKCHBIMH YHCJIOBHI-
MU 3j€MEHTaMH Has3blBaeTcs MaxopaHTOH (Munopantofi) BILIJ
(1.1) nmu (1.8), ecam CyIIeCTBYIOT TaKOe HEOTpHLATENLHOE UH-
CJI0 1, U MOJIOXKNTeJbHasi KOHCTaHta M, 4To JJs Bcex ILeJbiX
n, m >» n, CIpaBelJHBO COOTHOLIEHHE

|fn—fml < Mlgn—gm|(|fn—[n| > M|gn—gn]) (2.13)
WIH

lfn(z)“fm(z)l < Mlgn_gml(lfn(z)—
'—fm(z)l>Mlgn_‘gml), (2.19)

rae N €N, He o6ssarenbHo coBmagaomee ¢ N, u fn, fa(2),
gn—n-e mnoaxopsumue apo6u BLL (1.1), (1.8) u (2.5) coor-
BETCTBEHHO,

OueBHAHB! CJERYIOUIHE YTBEPKAEHHS.

I1pedaoscenue 2.2, Ecau. maxopanra (2.5) B (1.8) cxo-
" AuTCs, TO caMa Apo6b (1.8) paBHOMepHO cxonuTcs B oGaacTH D.

I1pedaoxcenue 2.3. Ecau maxopanta (2.5) B (1.8) cxo-
AuTCsi abCOJIIOTHO, To caMa apo6b (1.8) cxomurcsi aGCoJIOTHO
A DaBHOMEPHO.
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[MTpumep 2.2. Tlokaxem, dgro Maxoparnrtoii BILJ (1.1)
€ KOMIUIEKCHBIMH KOMIOHEHTaMH, YJOBJIETBOP SIOIIHMH YCJIOBH M

'b[(k)|>N|ai(/¢)|+1 (ik: 1, N, k=1, 2, ), (215)

asasiercss BLL

b+ D Z iLICES (2.16)

Vi |

JeficTBuTeNbHO, €CaH A5 BLL}], (2.16) no anamoruu ¢ (3.1)
ra. 1 BBeCTH peKYpPPeHTHO COKpalieHHble 0G03HAYeHHs

N
la, j
Qh = i |, Q)= bin) [ — Z ‘ﬁ-lﬁ) (2.17)
b=t io+D
s=1,2 ..., =1, s—1 s—1, i,=1 N, k=1, s), to mero-
p

JOM MaTeMaTHYeCcKou HHILYKU.HPI JIEFKQ (IPOBEPHTL, YTO

‘Qi‘(s/)e)l > Qf(k)>N|az(k)| k=s,
s—1, ..., 1, ip=1, W) (2.18)

JleAcTBHTENBHO, TIPH R == § HMeeM
lQ% | = lbiw | = Q% > N |ayg| + 1> N|as [

[lpeanonaras, urn HepaBeHcTBO (2.18) cnpaBeainBo mpu n =
=k 4 1, nokaxewm ero cnpaBequBocrb npu n = k. Hueem

(s) [(k-H)
Q0 | = | biw + Z D | > (b | —

‘k"‘l_l (1)
N
_ et | E | Zegny |
(1QiG4y | W Q)
f1= fppr=t “HGFD

= Qt(k)>lbi(k)|— > Naygyl.

Cnenosarenbro, Q) 0, Q> 0. TlosTomy A pastocreii
ABYX moaxoasmux apobet BLIA (1.1) u (2.16) fn—fm, gn—
~gm, rle n > m, MOXKHO BOCNOJIb3OBATbCS opmynoi (3.3)

ra. 1. Hmeem
m—+1

a ﬂ | sy |
Nin—Tfml < Z ® <
Lo 1, =1 ﬂ lQ:(k)lﬂ ]Qf%)

or bpq



N m-+1

k[]l (=)o)
< (1 A = — (5~ )
1y, &y s =1 r] Ql(k) r]l Ql((’z))

Bropoi#t Meton, koTopsiit Mbl GyxeM HCNOJNb30BaTh NPH HCCJIe-
AoBaHuM cXoaumoctn BILJl, xoTs M TeCHO NPHMLIKAIOMIUI K Me-
TONY MAa’KOpaHT, BCe Ke B MJeHHOM OTHOLIEHHH O/HXKe K U3BeCT-
HOMY B TE€ODHH LEnHbIX JpoGefi Merony (GYHIAMEHTANbHBIX He-
paBeHCTB {cM. (30)). Ero nocTOHHCTBOM SIBJASIETCS TO, YTO OH AAeT
BO3MOXHOCTb OLUEHHBATb CKOPOCTb CXOAUMOCTH BRETBALIHXCS LeM-
HBIX Jpo6ed.

Bynem rosopurs, uto aas BLIJL (1.8) BmnosusooTcs ¢yHua-
MEHTANbHbIE HEePAaBEHCTBA, €CJIH

Q=0 (k=T 5 =1 N, s=12 ..) (2.19

H CYIIECTBYIOT MOJOXHTEJbHBIE KOHCTAHTH P, (R=1, 2, ...)
TakKue, 4To

N
ﬂ(‘;(;—)(z’ <p (s=1,2 .. (2.20)
f=1 i(1)
. @
Z 1(k+1) @ < 0t | buy (2) - Z u:ajn (2.21)
=l L(k-l-l) ipp1=1 Qt(k—l—l)

(lk—lNk—ISS~—12 ).

I pedroncerue 2.4 [37]. Hych ana BILJL (1.8) suimosnHs-
Iores yHnameHrasbHeie HepaBeHcTBa (2.19)—(2.21).

Torna (1.8) pasHomepHO cxoxuTest B ofsacth D, ecaH,

[0, =0, 6onee Toro,
k=1

m+1 -
[ (@) —fn(@] < ;D_x Op (2.22)
rre f(z) — sHauenne 6eCKOHEUHOR BILI (1.8), fm(2) —ee m-n

annpoKCHMaHTa.
HokasaTeabcTBO. YuuthiBas obosHauenus (3.1) ri. 1,
ycaosHs (2.21) sanumyTcs B Buze

N
Biety) (2)
Tt (2.23)
L Qi Ay
k+1 i

Tak Kkak Bce Qi) #0, To 118 pasmocTH IBYX HOIXOASI{HX
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apobed f, —f, BLLA (1.8) (n>m) Bocnoapsyemcsi ¢opmyJof
(3.3) ra. 1. 3anHcaB npoH3BeleHHdA, CTOAILHE B 3HaMeHaTe/sx
dopmyant (3.3) ra. 1 B BHze

r
Qi) n (G5 Qietn) rzl:lx (Qi -1y Qleh) »

ecnid m = 2r, Wad B BHJE

r—1

r
QW I:l (QBe—1 QfBs) l"ll (Qft QEd+1y)s

ecn m == 2r — 1, mocJjie HEeCNOXKHBIX BBIKIAJ0K ¢ yueroM (2.23)
n {2.20) umeem

=3
x

Ifn (2)_fm (Z)l <

OTKyJa npejenLHbIM NEPeX0JOM NpH # —- oo noayduM (2.22).

§ 3. Hepasencrsa Tana cpeHUX rapMOHBEICCKNX

[Tycrs RY — MHOXECTBO f ynopsAfoueHHBIX 1eHCTBHTEIBHLIX M0J0-
JKHTEeJNBHRIX 4HCe, T. €.

Ry ={xix=(xy %9 ..., %n), x>0, i=1, n}.

Beenem Ha R [NOKOMIOHEHTHO apHQMETHUECKHE  OnepauHH

x4y, Ax, rae A€R+
CpeHHM rapMOHUYECKUM N JEHCTBUTEJBLHLIX [ONOMHUTENLHBIX

yucel Xy, X3, ..., X HIH 3jMeMeHTa x € R} HasbiBaeTca 4HCIO
' —~1 —1 —ly-
Xep=n(x1 +xz + -+ %)L
Teopema 2.3 [6]. [Tycms x, y¢ RY., moeda cnpagedauso He-
pasencmeo
Xep + Yop < (X + Yeps
KOMopoe MONCHO 3anucame 8 Keuearenmuol opme
) g -1 X 1N—1 3 1
-]y — Al -]} — "
(X A"+ B )< (B e+ 9077 @)

Hokasatenbcrteo. HcnonssyeM MeTOx MareMaTHueckoi
HHAYKUHH. [Ipu n =1 HepapenctBo (3.1) oueBHAHO, NpH n = 2
OHO TpPOBEPAETCA HENOCPeACTBEHHO C MOMOLLBIO 3/IeMeHTapHBIX
BbIYHCJIEHHH,
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Beens OBO3HAUEHHS Fnoy = Xmoy 4 X371, g,,'l, =yt + yn“‘
M HMCTOMb3YS MPEANOJONKeHHe HHAYKLHH, OJdyqHM
n n 1 n—2
(X )"+ (B o) = (E 5"+ %) +
n—2 - = n—2 =

+ (};—1 i+ yn_il)—l < (21 (e + yi) 1+ (X + _l~/n—1)_1)_1 <
< (:‘“;1 (e + yoy) ™

[Tocnennee mepapencrBo cmenyer 3 (3.1), rae n =2 u BMecTO
Xy, Xo» Yy, Y, TOJONKEHO Xp_|, Xn, Yn—1» Yn COOTBETCTBEHHO.
ITocsenoBarenbno npumeHsisi (3.1), NPUXOAHM K OCHOBHOMY
HepaBeHcTBY [6].
Teopema 2.4 (ocHoBHoe HepaBeHCTBO). I[lycms x) = (xy,

Xgpy .., Xng) (j =1, k)— Hexomopaa cosoxynnocmo 9nemen-

mos RY. Tozda
k

k
E xé{,) < (E x(i))cp

1=t =1

uayu 6 axeusarernmuol Gopme

S EA=EE W e

Ymeepaucdenue 2.1. Ilycts x€ RY; Torza umeer Mecro pas-
JIOKEHHE eJHHULB!

n n

=N (XY (3.3)

j=1 i=1

Teopema 2.5. Tycms x, 6€ RY.. Toeda cnpasedauso Hepa-

8eHCMBOo
2(6/ + Lx,) n+6cp (3.4)

1=t

HoxaszartenscrBo. B ocHoBHOM Hepaseucrse (3.2) s3a-
MeHUM k Ha n, n Ha n-+ 1 1 BBeaeM obo3HayeHHue

=g G f=Ln), xap, =8 (=T n).
Ucnonbsys nepasencrso (3.2) u pasnoxkeHnue enuHuu (3.3),
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oy YHM

n n . n  ntl - II+!. n =\ =1
A\~ ~ _1 ~

$loe 59 =¥ (S« (15w -

i=t =1 j=1 =1 =1 j=I

=(Z(E’j;)~l+6—;?)_l=n:66p.l

=1 j=1

Caedcmeue 2.1 [15]. Tlycts x€R] u 8 — HeoTpHUATeNbHOE
JNEeACTBHTEJNBHOE YHCJIO; TOrja

n

2( +E:’) <77 (3.5)

=1 =1

PaccmoTtpuM Temepp Bompoc 06 YCTaHOBJIEHHHM OLEHKH CBEpXY

AJIs1 BBIPa*KeHHH
Do+ 3D 0+ Y 6o

=l =1

rxe 8, y — nefiCTBHTe/bHBIE HEOTPHIATeNbHEIE YHCAa; X, y€ R -
TpyaHoCTH, KOTOpBIE 31€Ch BOBHHKAIOT, XOPOLIO MPOC/IEKHBAOTCS
ykKe 118 n=2.

Teopema 2.6. Cnpasedauso wepasetcmso

I+8+07 0+ v+ )+ T +8+x) (1 +v+y) 70 <,
s max{(I+ 8§71+ 2@+ 2+ 3.7)

2de 6 >0, y>0, x>0, y>0—npoussorvnsie deticmsumens-
Hole HucAd.
HoxkasateasctTro. OuerdjHo,

max {(1 +8)7 (1 + )74 2@+ )2+ v =
{ (14811 4+t ecm dy<?2,
Tl2@F 82+ Y)Y, ecan &y > 2.

[Ipn BuinosHenun ycjosus 8y > 2 HepaBeHcTBO (3.7) ¢ MOMOIIBIO
3JIEMEHTAPHLIX BBIYHCJIEHHH JIEKO NPUBOIHMTCA K BHIY

(g + 27y —2)(by —2) + 2(xy~' + x7'y —2)(1 + 8) X
XU 4+9)+ =+ x1—2)[2(1 +79) + (1 +8)(dy—2)] +
+(@+y—2)[12(1 4+ 8 + (1 + ) (6y—2)] > 0. ?
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Ecan xe &y <2, 10 (3.7) mpeobpasyercs K oqeéHnHOMy Hepa-
BEHCTBY

(kg +xty—2)(1 +9)(1 + 8) + (x + 51 —2) (1 4+ 8) +
+@+y*—2)0+V+C+)2+VEC—67)>0. 1

HepaBencrsa thnma (3.7) 6yayT NpPUMeEHSTbCA B CAeAYIOILel
rJaBe A/s NMOJYYEHHS! OUEHKH PasHOCTH MeXAY MOAXOASLUIHMH
Jpo6siMH BeTBALLUXCA LENHBIX ApoGel ¢ NeHCTBHTENbHBIMH I10JIO-
JKUTENBHBIMH 3JeMeHTaMH. OHH paccyMTaHbl Ha MHOTOKPaTHOE
npumMeHeHHe. Bun napameTpoB §, y oueHp IPOMO3JIKHI, M ycTa-
HOBJIEHHe HepaBeHCTB Oy > 2 wuan 8y < 2 aAna Hamumx nened
He TpefcTaB/sercss BO3MOXHBIM. [losroMy nBy3HauHOCTH NpaBoil
gactH (3.7) sl Hac coBepiieHHO He npuemJeMa. CreloBaTesbHO,
Heo6x0AUMO YrayOuTb npaByio yacTb (3.7), He yCIOXKHAS OYeHb
€e BHAA, C LeJablo J0OUTBCS €IUHOTO aHANHTHYECKOTO BhIpaxKe-
Hus. Tak kak

G+D v+ DT=0+v+ 1+
- 1o\t
22461 @ 4N =04yt 2 58]
To, nonaras &y =z, 6 + y =0 u o6o3Hauas ofpaTtHYIO BeJHYHHY
K JeBoH 4yacTH (3.7) w, HepaBeHCTBO (3.7) 3anMmeM B BHJE
b+142, ecn O <2 <2,
W >

b+2+—é~z, ecqH 2 < 2. (3.8)

Ecnu B niockocti (2, w) HauepTHTb ofnacts (3.8), To Hcxons
H3 TeoMeTPHYeCKHX coobpaxkeHWil sCHO, 4TO HaHGoJee NPOCTOH
ofnacTbio, MMEOLleH e[HHOe aHaJHTHYeCKOe BblDaXKeHHe H CO-
aepxameit (3.8), sBasercs yrioBas o6/acTb

w>b+1+452 230 (3.9)

Torna nepapenctBo (3.7) 3anuiuercsi B BHIe
A+0+0) A +y+)+0+ 0+ +y4y )<
<(148+v+500) (3.10)
MoxHo ycTaHOBHTb H GoJlee TOUHOe HepaBeHCTBO, ueM (3.10),

€CJIH OTrpaHHyYMBaTbL w CHH3y runepbosoil I', npoxoxsulell uepes
touky (0, 64 1) B miIockocTH (2, w) U HUMelOWEeH B KauecTse

1
aCHMNTOTHl NpsaMylo w =b -2 72 Torpa nonyuuM Hepa-
BEHCTBO
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A48+ +y4+9) 7+ (1L 4+8+ )11+ y+ 571!
-1
<{8+7v+ ]/}62\72 +28p+ 11,

KOTOPOE HMEET CJIOKHRIH BHJI, He MPHTOIHBIA Js MHOLOKpaT-
HOTC MpHMEHEHHS.

Teopema 2.7. [{a2 npoussossHbLx HeompuyameabHsLx 0edcmsu-
menbmoLx uucea 8,y u anemenmos x, y¢€ R cnpasedaugo uepa-
B8EHCMBO

2(6+>_ 5 v+ 'b (i s ey ) man

j=l

ﬂOKasaTeJIbCTBO. B ocHoBHOM HepaBeHcTBe (3.2) 3a-
MEHHM k£ Ha n, n Ha 4 4 BBelgeM ofo3HaueHHsA

- - C x\"L - \ YAt
X1 =(8y)71, x95 =¥ 1<2x_‘1)  Kop =8 1(271) ’
izl

{=]

x4,-1§n]x) 1(;?)1 (=T,

Hcnonnsys Hepapenctso (3.2) u pasyioxenue enuuuus (3.3),
10Ty YUM
X Yy ( %) Yy ]_1
l+y X Z+o N2+ (X 2) (XY

=1 =1 j=1 j=s j=t

C yueroMm
VIR LR

j=1 =1 =1 j=1 =1

n n 1
y])_
X 2(2 ul
f=1 i=t
3Hak < B HepaseHcrBe (3.11) C/IeNyeT 3aMeHHTb 3HAKOM CTpo-
rOro HepaBeHCTBAa <<, €CJH n > 1.
[Mosropas mokasaTesnscTBo Teopemsl 2.7, modyyuM OGonee

obuiee HEPAaBEHCTBO, KOTOpOe 6y11e'r NPHMEHATLCA MPH YCTaHOB-
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JEHHH MpHsHaKa cXoZHMocTH BILJl ¢ monoxHTENbHBIMH KoMMo-
HEHTaMH, SKBHBAJICHTHOTO JOCTATOYHOCTH KPHTepHs 3Jeijens.
Credcmeue 2.2. 1N npOU3BOJIBHBIX HEOTPHLATENbHBIX Jeil-

CTBHTeJBHBIX uHcen 6, v, B u 3/JemeHTOB ¥, y€ RL cnpasen-
JIUBO HepaBeHCTBO

n

Y[EEHETENETMNE[NE] R

i=1 j=<l *i =1
<(;+a+y+@ﬂ. (3.12)

Teopema 2.8. [Tycmo 8, y, w— npoussorsrsie Oelicmeumens-

Hble HeompuyameasHble wucia 4 x, y€ Ry, maxue, ymo eoinoa-
Haemcs 00Ho U3 Yycaosudi:

Q) X} X< <Xn U Y1 >Yp >0 > Un
unu

0) X, >X32 +* 24 U Y1 <Yy <+ < Yn

Toz0a cnpaeeaxzueo Hepaeeﬂcmeo

NIEDERRWRIE TN

i=1 j=1 j=1
</‘+a+y+n@ . (3.13)

HdokaszatenbcTBo. 3ameTHM, uyTo HepaBeHctBo (3.13)
ABJISETCA YCHJIEHHeM HepaBeHcTBa (3.13) npu BBeJEeHHH AOMNOJHH-
TeJIbHBIX OTPaHHYeHHWH HA napameTphl.

Ilsisi ONpeaeNeHHOCTH MPeANOJNOKHM, YTO BLITOJHSAETCS YCI0-
Bue a). [lokaxeM, 4TO B 3TOM CJyyae HMeeT MeCTO HepaBeHCTBO

n n n

n Y ab < (X a,)(El b:), (3.14)

=l =l =

rae a; = 1/x;, b; = 1/y;. U3 ycioBus a) TeopeMbl cJiefyeT, 4To
cyuecTByeT Tako#t Homep r (1 < r < n), uro

nak—-z a>=0 (k=1,7),
(3.15)
nah~‘21a1<0 (k=r+1, n).

HepagenctBo (3.14) sanuuweM B 3KBHBaJeHTHOH (opme

r

n n n
Y bs(nae— Y ar) <« Y, 6 (Y ar—nay).
= =1 kerl =
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Tak kax

r g n n
7
Y (na,— Y a)= Y (X a —na),
k=1 i=1 R=r+1 =]
10 H3 ycJoBusi b; < b, < - - < b, HemenneHHo caeayer (3.14).

[ToBTOpsIsT NOKA3aTebCTBO npeﬂmaymeu TEOpeMbl C y4eTOM Hepa-
peHcTBa (3.14), JIerko y0exaeMcsi B CIPaBelJHBOCTH HEDaBeH-
ctBa (3.13). A .

3ameuanue 2.2. Kak BUAHO H3 JI0Ka3aTesbCTBa TeopeMbl 2.8,
VCJIOBHE MOHOTOHHOCTH [OCJELOBATeNbHOCTH b; B npeanosoxe-
HHH, YTO MOCJeJ0BaTeNbHOCTh Q; MOHOTOHHO YOBIBaeT, MOXKHO
3aMeHHTb Oosiee caabbiM yCJIOBHEM, a HMEHHO

max(b;:i =1, r)<min(b;:i=r +1, n),

Tle r omnpejessiercs TakuM o6pasoM, 4ToOH BEITOJIHSJIOCH Hepa-
BeHCTBO (3.15).

W3 npuBelieHHOro JOKa3aTejbCcTBa 3aKJAIOYaeM, 4TO ecaHd Mo-
CJ/IeI0BATEJBHOCTH @4, b; OJHOBPEMEHHO MOHOTOHHO BO3pACTAIOT
win yObBaloT, TO HepaBeHCTBO (3.14) clenyeT 3aMeHUTHb Ha Mpo-
THBOIOJIOKHOE.

Teopema 2.9 [8]. [Tycme 6-— neompuyameavroe Oeticmett-

meavrioe wucao, x€ RY. Toz0a cnpasedauso Hepasencmgo
n

2(a+2"') > (64 1)L, (3.16)

=1 j=l1

HokxazatenbcTro. CHauana HemocpeJACTBeHHOH npoBep-
Kol yOexaeMcst B CHpaBeAJMBOCTH HeDaBEHCTBa

-1

(1 +6+Ax+i)—1+(l+6+Ay+%) >
> (1 +6+Ax+y)_l, (3.17)

rie §>0, A0, x>0, y>0—npousBoanme JeHCTBHTE b
Hble YHuCHa. Hoc.ne HECJI0XHBIX Bbiumcsaenn# (3.17) npuBoauTcs
K BHAY '

82 28+ 284 2L > 0.

20+ -ty

Hepagencteo (3.16) nokaxem MeToiOoM MaTeMaTHueCKOH HHIYK-
nuu. Ilpn n=1 310 HepaBeHCTBO O4EBHAHO, IIPH 7 =2 OHO
cnenyer H3 HepaBeHcrsa (3.17), rae A =0. Bsoxs ofosnauenns
—x—"‘—‘x—"—-, HCIOJB3YSl HEpaBeH-

~—1 —1 o=l ~
Xn—1 = Xpe=1- -1 X T. €. Xp—] =
n =] + n n xn-l’i‘xn
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—1 —1 —1
ctBo (3.17), rme A=x + x5 + -+ F 219, x = Xnet, Y=
= X,, H NPEANOJOKEHHE HHlIyKL(HH, MOy YHM

n—2

Z@+Zﬂ V@+V”+XV+
i=1 j=1 i=l 1_1 -1
n—2

@+L“%++“ﬁ @+Z“+“w4)>

j=l ji=1
n—2 n—2 n—2
-1 =~ &yl
> H; (6 V x, i ) + (5 + W "'ﬂ~.1 +fn-1) >
i=l 1_1 n-1 i=

>@+H1H

§ 4. Muorovepnsiii anaisor Teopemn Montenn

Ilycts D —mnekotopas obnacts B (". Byzem roBOpHTb, YTO
MHOXecTBO K KOMIAKTHO mpHHamnexutr obmactu D (K e D),

ecan K = D, rae K — saMbikanue K. PaccmoTpum nocsiefoBa-
tTenbHocTs F ={f,(2), 2z€D, m=1, 2, ...} ronomopbubix
dyukun# B D. TlocnenosarensHocTs F Ha3biBaeTCsl paBHOMEPHO
orpaHHueHHOH BHYTPH D, et/ /151 IPOH3BOJBHOTO MHOXKecTBa K,
KOMIAKTHO TNpHHAAJexailero D, cyumeCTByer KOHCTaHTa M =
= M (K), Takas uto

m(2)| <M

ans Bcex zCK H Beex [, CF.

CemeifictBo (yHKUMA F Ha3biBaeTcsl PaBHOCTENEHHO Hempe-
PbIBHBIM BHYTPH D, €ClH 1/isi NPOMU3BOJBHOrO J€HCTBHTEJIBHOT'O
£>0 u npousBoapHOrO MHOXecTBa K & D Hafiercs Takoe 6 =
= 8(s, K)>0, uro

(@) — I () 1 <e

Aas Beex 2', 2", Takux uro |2’ —2"|<<6, 2, 2"€ K wm Beex
[m€F, roe

n

|2 =2l = (X 12 =)™
- =

CemelicTBO GyHKuMH F Ha3piBaeTcsl KOMMAaKTHbIM B D, ecaH
H3 TIOC/e]OBATENbHOCTH GYHKIHH 3TOTO ceMeHCTBA MOXHO Bblle-
JIMTb TIOMNOC/E]0BATeNIbHOCTD {f,,,}, PaBHOMEPHO CXOISLLyIOCS
Ha TNPOU3BOJBHOM MHOXecTBe K & D.

B cnywae n =1 cnpaBeisuBBl CJeNyIOUIHE KJACCHYECKHE
pe3y/IbTaThl, YCTAHOBJEHHbiE COOTBeTCTBeHHO B 1894, 1903,
1907 rr.
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Teopema 2.10 (Cruarvec [95)). Tycms F = ({f,(2), 2€D,
m=1,2, ..} — cemeilicmso zoromopproix ¢pynxyui 8 obracmu D
u pad

mi,:l Tm (@) 4.1

PABHOMEPHO CX00umcs OAfL 8cex 2, NPUHAOAEHAULUX 3AMKHY-
momy Kpyey K,= D.

Ecau nocaedosamenvrocme wacmubix cymm paoa (4.1) pas-
HOMEpHO ozpaHudena snympu D, mo pad (4.1) pasnomepHo
cxodumes Ha Kaxdom muomecmse K € D k ynkyuu, eono-
mopgproti 6 D.

Teopema 2.11 (Butasu [99]). Ecay nocnenoraresnbnocts F
¢yukuuil, ronomopduux B obsacty D, KOMIAKTHA M CXOAUTCS
Ha HEKOTOpOM MHOxecTBe A — D, HMemoiieM, No KpafiHefl Mepe,
OIHY mpejeJbHYIO TOUKY, NpHHamiexkaumyro D, To ara nocJe-
JOBaTe/IbHOCTb PAaBHOMEDHO CXOJHTCA Ha KaXJIOM MHOMeCTBe
KcD.

Teopema 2.12 (Monrean [41]). [aa moeo umobv. mHOXMce-
cmso pyuxyull F, 2oromopproix 6 obracmu D, 6oiro xomnaxm-
HolM, Heob6x0o0umo u docmamoyno, 4mobb 0Ho Gbia0 pasHomep-
Ho oepanuyeHHbimM sHympu D.

B Hacrosiee BpeMsi LIHPOKO NPHMEHSIETCS CJEAYIOUIAst HH-
TeprpeTaiys 3THX Teopem (cM. [81]).

Teopema 2.13 (Cruarbec — Buramm). [Iycmv F = {f,(2),

2¢D, m=1, 2, ...}— cemeicmeo eoromopprbix pynxyui
8 obracmu D < [, makux, umo [, (2)#a, [, (2)=b Orn ecex
2¢D, m=1,2, ..., e0e a u b— xomnaexcroe wucra (a + b).

[Tycms A < D — 6eckoneunoe mMHOJMCECMBO MOYEK, UMeIOUUX
no gpaineil mepe 00ry npedesbryro MouKy, npuradiexcawiyro D,

Ecau nocaedosamenrvrocme F cxodumen K KoHeuHomy 3HA-
YeHUutw 08 6Cex ZC A, MO OHQ PABHOMEPHO CXO00UMCA HA KA.
Oom komnakme obaacrmu D x eoromopprod ¢ynkyuu 6 D.

PaccMoTpuM Bompoc 0 MHONOMEDHOM aHAjore TeopeMbl O KOM-
NAaKTHOCTH ceMelcTBa rosiomophHeix dyukuui. [lpu stom Oyaem
HCTOJIB30BaTh METOAHKY JOKa3aTeJbCTBA TeopeMul MoHTeus,
NPEJIOKEHHYIO B NEPBOM H3jxaHHH paboThi [70].

Teopema 2.14. Ecau cemeiicmeo pynxyuil F = {f, (2), z€D,
m=1, 2, ...}, ecoromoppreix 8 D= ([", pasromepro ozpatu-
qerno enympu D, mo u cemeticmso ¢pynxyul

Of m .
F,=[—fa;f’—), 2¢D, m=1, 2, } (i =1,n)

pasHomMepro ozparuseno enympu D.
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HokaszareabcrBo. [lycts U — npoussonbunrii NOJUKpYT
takofi, yuto Ue D ’

U={ZZIZ:—Q;I<I,', i=1, "l}
Toraa noctpouM moMHKPYT
V={2:|zi—a;|<R;, i=1 n},

takodt, yto V&€ D u Ry >r; (i =1, n).
CornacHo unTerpanpHoii popmyae Koww [71] 1as npoH3BoJb-
HelX 2€V u fn€F uMeeMm

Ofm(2 1 S,_.Sfm@l&z,---,En)da,...dan (=T, 7

oz,  (@an 7 =1, n),
(@ —&) [] (ze—En)
k=1

H

rae I' —ocroB nosukpyra V. Ilyctb z€U. Tak kak |f,(E)] <
< M(V), 10

.
M) [ 27Rs
k=1

Ofm (2)
| o — M, (U).

(2r) (R; — ri) ]—] (Re —rp)
h=I

CrenoBaresbHO, N0KasaHa paBHOMEepHAst OTPaHHYEHHOCTb [
B nomukpyrax. Ilyete K e D. Tlokpoem K mnomukpyramu. Hs

3TOTO MOKPHITHS BBLIETHM KOHeuHoe NoAnoKphirHe {Uyly=;. ITycTb
M (K) = max (M, (U,):v =1, s).

Torna ans Bcex z€ K W npousBosbHO# f,, € F HMeeM

0 m R —
,%(—z) <M;(K) (i =T, n).

Teopema 2.15. Ecau cemeiicmeo ¢pynxyuid F 2osromopprstx
8 Dc " pasnomepro oepanuneno enympu D, mo ono maxce
u pasHocmenerHo Henpepbisno shympu D.

HokasartennctBo. Ilycth K& D. O6Go3Haunm uepe3 2p

pacCTosiHHe MeX1y 3aMKHYTHIMH MHOXectBaMH K H 0D, T. e.

2 =inf{|z—¢&|:2€ K, t€aD},
a uepes

KO = U {z:lz—z]<p).
2,€K

Ouesnano, K®» € D. M3 Tteopemn 2.14 caepyer, uto cyluecT-
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pyer KoHcranta M, uto nnA Bcex z€ K® W mpousBospHOM
Im€F

lm

9% <M (i=1, n).

» [llycrs 2, 2" — npousBoJibHBIE TOUKH U3 K, Takue, uto | 2" —
—2"|<<p. CoeanHum HX otpeskoM mpsmoil. Ecam z€[2', 2],
To, oueBHAHO, 2€ K®. Tax Kak

E I 2y = [ (2")— I (2),

[z°, 2”1 i=l
TO

af’” Milz,-—z,

[2/, 27} i=1 i=]

|/ (") — [ (&) <
CorslacHo HepaBeHcTBY ByHsikoBckoro — IlIBapia

8 laf — | < Vle—7|
i=
Takum o6pasom,
|fn (@) —fm @) < MV n|2" —2'].

. &
Ecau 8 = min {M Vo
HenpepoipHocTh. W
Teopema 2.16. Ecau cemedcmso ¢yuxyud F, eosomopgreix
8 D (", pasnomepro oepanuseno senympu D, mo ono Kom-
naxmno 8 D.

JdoraszarteabcTBO. JlOKaxKeM cHadajaa, uTo eCJId mocJe-
JIOBATeNbHOCTS [, (2) cXOZUTCA B KaxAOH TOUKe HEKOTOPOTO MHO-
x,ectBa £ — D, Bcroojy IJIOTHOrO B ), TO OHa PaBHOMEPHO CXO-
aurcs Ha KaxaoM K& D. QukcupyeM &>0 H MHOXKECTBO
K& D. HUcnonb3ys PaBHOCTENEHHYIO HENPEPLIBHOCTb CeMefcTBa
F, Boifepem paszbuenne D Ha runepkyObl ¢ rpaHsiMu, nmapajuiedb.
HBIMH KOODJHHATHHIM HJIOCKOCTHM H HACTOJBKO MEJKHMH, yT00BL
A7 mpousBonbHBIX 2°, 2" €K, 2', 2"€q,, rae g,— onuH U3 mpo-
HYMEPOBaHHBIX. THIEPKY G0B, BBHIMOJHSIACH YCJIOBHS

n (@)= @) <5 (m=1,2, ..).

MHoxkecTBO K MOKPOEM KOHEYHBIM YHCJIOM THIepKYGoB ¢, (p =
=1, s). Tak kak E Bclogy miotHo B D, TO B K@KIOM 9,

, p}, TO OTCIOLa CJeAyeT PaBHOCTENEHHAas
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Hafiferca Touka 2 €E. Tar xak [, (2) cxoaurca Ha E, 10 cy-
lIecTByeT Takoe 4yuciao N, 4To

|7 (@) — [, (@) <5

s Bcex r, n > N u kaxkpgoro 2P €E (p=1, s). Ilyctp 2 —
npou3BosbHas Touka uz K. CymectByeT touka 2 € £, KoTopas
JIEXKHT B TOM e runepkyGe, uto H z. Torma ansa scex r, n > N
HMeeM

o (@) —=Fa (2] < |, (2) — 1, (2?) | + 1], (@) — [ (2" [ +
+1f @) —[, (D)< e

Orcrona ciienyer, 4To MOCJaEN0BATENbHOCTh [, (2) PaBHOMEDPHO
cxoantcs Ha K,

Tenepr n0KaxkeM, YTO W3 MPOM3BOJIBHOH MOCJ/IE TOBATENbHOCTH
fm € F MOXHO BBLAENNTb MOAMNOC/EN0BATENLHOCTb, KOTOPas CXO-
JAMTCSl B KawJoOH TOuke MHOKecTBa £ — D, BClOAYy NIOTHOrO
B D. B kauectBe E BHIGEpEM MHOKECTBO TOUEK Z == (24, 25, . . .,
2,)€D,z, = x, + iy, (k=1, n), Tagux, uro x,, Y,-— pauHo-
HaspHble yucaa. [lyers E = {w;)7. OueBnano, E cueTHO u BCIO®
ay naotHo B D. UncnoBasi mocsenoBaresibHOCTh f,, (w,) orpa
HHYeHa, TaK Kak w; < D. M3 Hee BhIgeMM CXoasumlylocs HOA
10CJIe10BaTeIbHOCTh

fa (@) =/m,(2) (k=12 ..).

UucsoBasi nocaenoBaresbHOCTh fy (w,) orpannueHa. Mz Hee
BBIJC/THM CXOJSIIYIOCS MOANOC/IE0BATENBHOCTD fiz(2) == fn,1 (2).
[MocnenoBarensuocts fre(2) cxomurcsi mo KpatiHeil Mepe B TOU-
Kax w; H @, u T. 1. IlocTpoum MOCJ€10BaTeqsHOCTh Gy HKIH
fen (2) (R, n=1, 2, ..)).

JluaronajbHasi mocye0BaTeNbHOCTD

fll(z)’ fzz(z), ey fmz(Z),

CXOJHTCSl B KamJOH TOuKe @, € E, Tak Kak MO MOCTPOEHHIO BCe
YJeHbl 5TOH MOC/eJ0BaTebHOCTH, HauHHasg ¢ k-ro, cXoj1dTcs
B Touke w,. B

Samewanue 2.3. B oO6biuHON ¢OpPMYJHPOBKE, KaK H3BECTHO,
OJHO U3 BaXHBIX CBOHCTB ToJIOMOPOHEIX (PYHKIHH — Teopema
€/IHHCTBEHHOCTH HE MePeHOCHTCS Ha MHOTOMEpHBIH cJ/yuai.
Hanpumep, ¢yuxuua f(2) =z, obpamaercst B uyJsp B (2n — 2)-
MepHoM MHoxkecTBe {2€ (" :2z, = 0}, HO He paBHa HYJIO TOX-
JIECTBEHHO .

Oj1Hako BepHO Takoe yTBepxiaenHe [71].

[Tycts f(2) — ronomopduas ¢yuruus B obmacty D = (7,
2,€D. Torna f(z) =0 pas Bcex z€D, ecau f(2)=0 B nexo-
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TOpO#i 2n-MePHON OKPECTHOCTH TOYKH 2, win f(z) =0 B Heko-
TOPO# n-MEPHOH AEHCTBHTE/NLHOA OKPECTHOCTH TOYKM Z, T. €.
Ha MHoXecTBe {21x +iyeD =" |x— x| <<r, y=y,}, nm
f(z) =0 B HekoTOPOH MHMMOH OKDECTHOCTH TOUKH 2, T. €. Ha
muoxecte {2ix+ iye D= Q" x =x,, |y—y,|<<r}).

Teopema 2.17. [lycms F ={[n(2), z€D, m=1, 2, ...}~
nocaedosamensHocme 2080M0phHbLx  PyHKryUl 8 0b6aacmu D =
<", pasHomepHrO o2paHudeHHbix eHympu D.

Ecau f,, (2) cxodumes & kaxdod mouke muoxmecmea A <= D,
ABAAOWER0CA 2M-MEPHOL OKPECHOCTbIO, M-MepHol deiicmsu-
MeAbHOl UL M-MePHOU KOMNAEKCHOU OKPEeCMHOCMbIO MOHKY
2,6 D, mo [, (2) cxodumcs pasHOMEPHO HA NPOUIBOALHOM MHO-
acecmge K € D x 2o0aomopprod dynxyuu ¢ D.

HorazareabctBo. M3 npeppiaymell Teopemn ciaenyer,
YTO U3 NOCJCHOBATENbHOCTH f,, (2) MOMKHO BHIAGNHTL HOANOC/E-
ROBATENHLHOCTD [, (2), PABHOMEPHO CXOASAULYIHOCA HA MPOH3BOJb-
Hom MHOXecTBe K &€ D. CornacHO MHOTOMEPHOMY aHAJOry
Teopembl Befiepwtpacca [71] f(z) =limf, (z) aBasercs romo-

k=4 0o

mopduolt dyuxnueil B D. Hns npouasoabHofi Touku 2€ A B cuay
YCAOBUH TEOPEMBI HMEEM

1im f (2) = 1 (2).

[Iyctb S — npousBoabHOE MHOMKECTBO, Takoe, 4To S&€ D n
S>K J A. Beenem o6osuauenue

8, =sup{|f,(z2)—f(2)], 2€S}, 6=£im6p.
Ecau Mul gokaxkem, 410 86 =0, TO CMOKeM 3aKJIOYHTh, YTO

f. (2) paBHOMepHO cxomuTca K f (2) Ha S. lyets py << py<<ovv —
IIOC/Ie{OBATENbHOCTL HHIEKCOB, TAaKHX, UTO

= lim§, .
{~ o {
M3 nocnenoBaTebHOCTH {f,,l (2)} BblZeNHM NOAMOCJEROBATE/b
HOCTb, PaBHOMEPHO cXOAsiLylocd Ha KaxioM K' &€ D, B vact-
HOCTH ¥ Ha S, K aHanuthueckod- oyHkuus B D. Ilyers f*(2)—
npeses 3ToH nocjefosaresvHocTd. Tak Kak f*(2) =[(2) mna
npoH3BOJBHOTO 2 € A, 1o f*(z) = f(2) ana npowussosbHOrO 2€D
B CHJY TeOpeMhl eJUHCTBEHHOCTH L5 TOJOMOPOHHX OYHKIUA
MHOTHX nepemeHHHX [71].
Takum oOpasom, 6§ = 0, Tak Kak
lim§,, = 8 =sup(|f*(2) —f(2)|, 2€S)=0. W
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T1asa 3

OPA3HAKH CXOAUMOCTA BETBAINHXCs NENHWBIX JPOBER
¢ TIOCTOAHHBIMA JJIEMEHTAMHI

C yyeToM MeTO/OB, M3/I0XKEHHBIX BO BTOPOHW IVIaBe, 3Jechb OyIyT
YCTaHOBJIEHHl NPU3HAaKA cxoaumocTd BILJ], ajeMeHTaMu KOTODBIX
ecTb JeHCTBUTeJIbHEIE WM KOMIUIEKCHBIE YHCAa M KOTOpbIe
ABJSIIOTCAA B OCHOBHOM JlaJIbHEAIMM DPa3BHTHEM aHAIOrMYHBIX
pe3yJ/bTaTOB, H3JIOXKEHHBIX B [56].

Ilepsrle npusHaku cxoammocth BILJL npuseneHbl B MoHoOTpa-
¢uu (19], rae ycTaHOBJEHO HECKOMBLKO AOCTATOYHHIX MPU3HAKOB
cxonumoctd BILJ ¢ nosoxuTebHBIMY 3/eMeHTaMH o6lero Buaa,
paHee M3JIOXKeHHBIX B [B5], moKaszaHa CXOIMMOCTb NEPHOIUYECKOH
BI/I ¢ noyioXHTEeNbHHIMH 4JIeHAMH, HCCJIeNOBaHa CXOAHMOCTH
B croenuanbHOR KOHCTPYKIMH, ABASIOWIEHCS pasokeHHeM
JlorapupMHueckoll mpoU3BOAHOH pellleHUs oJHOH KpaeBofl 3ajauH
115 OOGBIKHOBEHHOTO JH(PepeHIHanbHOrO ypaBHEHHsS BTOPOTO
nopsigka (cM. takke [52]). IlepBble npusHaku cxoiumocta BIIJL
ofuiero Buaa (GOpMYJIHPOBANTHCh OYeHb rpomo3ako. OHHM cBUze-
TEJbCTBYIOT O CJOXKHOCTH caMoro ofbekTa HcciaenoBaHuii. B
KauecTBe npumepa paccMoTpuM BILJT ¢ nonoxuTenbHBIMH KOM-
IOHEHTaMH BHIA

N
I ! 1.1
b0+k91 Z by (LI)
T ip=1
Ilyers (eM. (2.4) . 1)
, N
a; 1 . — —
S Z e (=T, k=17,
in) R i(n--1)
ln+1=1

Pacemorpum (n + 1)-to annpokcumanty BILJ (1.1) n ynopsizno-
guM corsacHO (1.13) ri. | ee uacTHuHO cBepHYThle 3BeHbLS

P . .
011,41 ap...12 ANN. N
i~ - —
n n n
b' 3 br y 0y T/ (1'2)
1eeed 1ee.02 ONN...N
N N R ad
n n n
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TMycrs r— npoussonpioe uesoe wHeno O<r<N® u je(k=
= 1, r) — NPOH3BOJBHBIA HAGOp HATYPATBHBIX UHCEN, TAKHX, 4TO
l<jy<jp<-++<jr<ANn ecin r>1. Paccmotpum ¢uryp-
Hyo noaxoasuiyto apoSs BLUIL (1.1), cosnanaromyio ¢ ee n-oft
armpoOKCHMAaHTOH, y KOTOpoH n-¢ 3BeHba 1/bi, 3aMeHeHHl Ha
Qi(my/bitny cooTBeTCTBEHHO (i =1, N, k=1, n) n 3Benbs, umeto-
mue B (1.2) nopankoBHE HOMEDPA i, fay ++ -, jry 3AMEHEHH
) u B

Ha 0/1. OGosnauuM wuepes A, ee

n-e YUCJUTENH H 3HAMEHaTeJH.
Teopema 3.1 [55]. Bl (1.1) cxodumes, ecau

, ! 0
[ biw>1 +E;Bn(jlj2 Dol Tewm =120,
it

i) i

L
Jua v+ dr "\ide o Jr

20e npousgedeHus bepymcs no 6Ce03MONCHbIM Habopam uHdeK-

€08 iy, lyy «v., in, CYMMUDPOBQAHUE NPOUSBOOUMCA NO BCERO3-
momcroim 0 <r < N™ u jy, oy ooy jr Comy = Qigmy, €Cau ()
8 (1.2) umeem 00ur us nNOPaodKoBBLX HOMEPOB ji, fuy -y jr U

Cipmy = biny 8 npomusHom caywae, B,-—n- snamenamens 0Opo-
6u (1.1).

Ilpn uccnenoBanuu cxomumoctd BILJI BOSHUKIH GoJbilHe
TPYAHOCTH, B CBAI3H C OTCYTCTBHEM JJIfl HHX JUHEHHBIX peKyp-
PeHTHBIX cooTHoweHH# tuna (8). Bce noucku B 5TO BpeMa
ObUIM HalpaBJeHbl Ha yCTaHOBJeHHe TakHX dopmyJ. Pasuble ux
BapuaHTel Obutn mpeanoxenwt B. $. Ckopoboratbko [57),
H. ®. Kawinugom, M. II. IlycromenvHukoBeiM (cM. [19],
c. 51—55). OpHako H3-3a GOJBIION TPOMO3JAKOCTH HX IIPHME-
HeHHe 1A uccaenoBaHua cxoiumocT BIL oxasanoce sarpyn-
HHTeJbHLIM. ABTOp B pabore [1] mokasas, 4TO OTHOLIEHHE IBYX
JIMHEHHO HEe3aBUCHMBIX PelleHHH JHHEeHHbIX PEeKYDPeHTHBIX ypaB-
HEHHH

n = QnYn—1 + bn.’/n——? + 8nYn—3 (1 3)

SIBJIfi€TCA BETBAMENCa NenHod Jpo6bl0 ¢ JABYMSA BETKAMH BET-
BReHHs coenuansyoro Buaa. CriefoBaTefbHo, Al TOACYETA
YHCIUTENEH H 3HaMeHaTesNeH MOAXOASUIUX Apobell oflnero Buja
BeTBAWUXCA lenHbx Apobelt ¢opmynan tuna (1.3) Hecmpasea-

JIUBEL.
OGozHauuM o U fr MUHMMaAZbHBIE M MaxkCHMAaJbHLIA £-#

yacTHEIN 3HameHarens BILI (1.1), r. e.

o = min (bi(k) tip= I,N,p= ﬂ), Br = max (bi(k) =
TIe SKCTPeMyMbl GepyTcsi O BCEBO3MOMHBIM HaGopaM HHJEKCOB
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i, fgs + o+ Ip, KaXIBIA M3 KOTOPHIX HE3aBHCHMO mpoGeraer
sgaueHus ot 1 go N.

HoBulfi niogxon npH HccaenoBaHuu cxopumocT BILL, ucnosp-
aylomuit ¢opmyay tuma (3.3) ra. 1, mpewioxer B paGore
I. Y. bopuapa u M. f. Oanekcupa [15], B KoTopoit Obuio
ycraHoBneHo, yto BILJL (1.1) cxoaurcs, ecnd psan

Y crap
k=1

pacXoIHMTCsi, The a Ompenedsiorcsi cordacHo (1.4).
B pa6ore [8] Gbuto ycraHoBaeHo, yTo BILIL (1.1) pacxonures,
€CJIH CXOJNHUTCH PAX

a8

Be,

k

—

rae Pr onpenensiorcs coraacuo (1.4).
Bosuukaa 3ajaua: GyLeT JH YCJIOBHe

JOCTaTOYHbIM st cxogumocta BILI (1.1)?

B Hacrosmiee BpeMs 3Ta 3ajlaua ellle He peHIGHA H Bce Te
IpPH3HAKH, KOTOpble MpHBeleHH B § 1, ABIAIOTCS OTAGNbLHBIMH
3Tanamu ee pelleHMsA. B yacTHOCTH, AJIs LeMHLIX ApoGed ycra-
HOBJIEHAa TeopeMa, KBHBAJICHTHasa KpHUTepHio 3efzesns.

B § 2 paccMoTpeHBl NpHU3HAKH CXOAMMOCTH BeTBSILLUXCA
HeNmHBIX Apofed ¢ HeOTpHLAaTeJIbHBIMH 3JEMeHTaMH. 3aMeTHM,
uyTo TeopeMa 3efifesns 1S TAaKHX LenHBIX ApoGell yxe He cropa-
BeTMBA.

B § 3 uccienoBaHa CXOJIMMOCTE BETBSIIHXCS LETHBIX Ipobefi
¢ KOMIVIEKCHBIMH YHCJOBBIMM 3JIEMEHTAMH. ¥ CTaHOBJEHBI MHO-
roMepHole aHajor# teopeM Ban ®aeka [97, 98], Bopmurckoro
[101], Tlpuurcreiima [89], Cnemnrckoro — IIpunrcreiima [58, 89,
Koxa [82], mapaGosunueckoii teopemul [81] u ap.

B § 4 naHo ompenenenue o6GaacTefi cxogumoctd aas BILJI.
Hccenenosan Bompoc 06 OKPECTHOCTSIX M IQAIHKPYTOBEIX OKpecT-
HocTsix cxoauMmoctn Juiisi BILJ]. PaccMoTpeH KOHTpHIDHMeEp, mO-
crpoeHHnlfi E. A. DBosraposuueMm, ykaswbBalomHA Ha TO, 4YTO,
Kasanocb Obl, B €CTeCTBeHHON (OpMyJIHPOBKe TpPH3HAK CXOJH-
mocTH Jlefitona — Yosa [83] o0 crmapeHHBIX 0OMACTsIX CXOZLH-
MocTH He nepeHocutcss Ha BIIJI. B § 5 paccmotpeHsr o6sacTH
ycrofiuusocrs BILI.
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§ 1. Tpnanaxm cxoxmmoctn BI{JT
€ NONOKHTEIbHBIME YJI€HAMIT

Ha s3bike CXOZMMOCTH HJIH PACXOAMMOCTH PAJOB, COCTaBEHHBIX
onpejesieHHbIM o0pa3oM H3 3snemMeHToB (1.4), cd)opmynupyeM
NpPU3HAKH PACXOIUMOCTH WIH cxomumocTH BILIL (1.

HeobxonuMmbie npn3Hak@m cXOanMOCTH

Teopema 3.2 [8]. BLUI (1.1) ¢ nosroxcumersneumu 4reHamu
pacxodumcs, ecau pad

g_l Be (1.5)

cxooumes, ede B onpedeastomes cozaacro (1.4).
HokasatennctBo. M3 dopmyn (3.3) u (3.1) ri. | cae-
LYET, 4TO

f2m+] “f2m =
N m m
— 1 (2m—4 1) ~2m4-1y — (2 o)\ -
= Y o[ @ e Joem 1=
772 7TTPN ir_)m+1=1 ih ko] k=1
N om-+-1
N Qly \?
= L (2m+l) l—[ ( ik Qicey + Z i@ )
795 PR » fom-1=1 j=1 t(k-—l)]
rae
T -
s=2m+k—2H (k=T 0. (1.6)

[ycrs s onpeaensercs corsacuo (1.6) u
M = max (bige—n Qi i iy =10, N, p=T1, &), k=2, 2m = 1.

Ipu ouenke CHH3Y BbipaKeHHi
N N

Qt’(k}
Z (M’“ T )
{p=t =1 {(k—1)j

Bocnose3yeMcs HepaseHcTBoM (3.16) ri. 2. TlocaegosaresnHo
NPUMEHA 3TO HEPABEHCTBO, MOJYYHM

2m4-1
i2m+l ‘—iQm > C kr! (1 + Mk)-lt (1‘7)
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rae C — nosioxHTeNbHAR KOHCTaHTa, TaKasfd, 4To

2 1
L Q")

i=1

B uwacTHocTH, Kak cienyeT W3 CBOHCTBA BHJKH, B KauecTBe C

MOXHO B3fiTb BTOPYI0 noixonswyto apo6b BILIL (1.1) 6es cBo-
fomHOTO uJNeHa.

Jlerko nposepuTh, uTO MakcuMaHToil (cM. (2.10) rn. 2) pas
BIL Qi% sBasercs uenHas gpoGb

ﬁk+%‘+‘6‘k[\%’.‘2+%+"‘+g—:=Bk+ﬁk+2+"‘+ﬁs'

Tak kak

2m-4-1 2m+-1
2 M, < 2 Be—1 (B + Prga =+ -+ - + Bs),

TO M3 cXonRuMOCTH psina (1.5) camemyer, uro

2m+-1

lim 2 M << oo,

m=roco p=2

[TosTomy B cuny HepaBeHcTBa

2m+41 2m--1
kﬂ (1 4+ M,) < exp ( ;2 M)
= 2 -

u ouerku (1.7) sakarouaem, uro BLL (1.1) pacxomurca. g
Teopema 3.3. BLJ (1.1) ¢ noaoscumessHoiML HAEHAMU
pacxodumcs, ecau

2m--1
lim ﬁk_l(ﬁk+ + +--.+’,§—)<oo, (1.8)

-
Mo 5k+2 Qg3 s
k=2

20e N — wucao gemox eemerenus Opobu (1.1), o, u Pe onpe-

deastomes coeractto (1.4), s— coeracro (1.6).
HokaszateabcrBo. IloBropsis J0Ka3aTeJbCTBO NPEABI-

nymen TeopeMbl, Go/ee TOUHO BHIYHCAHM MaKCHMaHTy mist BLUL

Q,(k), rae s onpeneasiercs corsacto (1.6). HMmeem

N
1
— —_—
Ql(k) b‘(k) + 2 b[(/ﬁ.[) 4+ - -+ 2 b i(s)
tk+1= 's"l
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< Bt 2 _—‘f" 2 ﬁk+2 +...+Z

St 1-1 tpta=l

=B+ — N N N
ak+1 A Brgo + gyt o 55

Ocraercsi Tonbko 3aMeTHtb, yro npegea (1.8) scernma cyume-
CTBYeT, TaK Kak ¢ y4eToMm cBofictea Busku (3.4) ra. 1 Bee
YeHsl, CTOAUIME [OX 3HAKOM cyMmmupomaHus B (1.8), ¢ pocrom
M MOHOTOHHO Bo3pacTaiT. |

lIOCTaTO‘]HbIe npH3HAKR CXOAMMOCTH

Teopema 3.4 [9]. BLA (1.1) ¢ Oedcmsumenvroimu noroxu-
MeAbHBIMU SAEMEHMAMY CX00UMCs, ecau

2m-+1

N N N N
lim Eak‘l(ak+m+@+@:5+"'+55)=°°’ (1.9)

M4~

20e N —uucao semox dpobu (1.1), a, B, onpedesswomes co-
eaacro (1.4), s—cozaacno (1.6).
HNoxasatenbcTBOo. lloBropsas Hayano [AOKA3aTesNbLCTBA
TeopeMul 3.3, NOJYUHM
N

i Im41 Q(s) -
E § (3
f2m+l - f?m < Q(2m+1\ (mk + t( ) )

~1
flareesbopmp1=1 «1 t(k )i

=2
rae s onpejessiercs coriacHo (1.6) n
mp == min (bi(k_l)Q}fg, =1, N, p= l—,_ia), k=2,2m 4 1.

Ilpn oneHke cBepXy BhIpame HHH
N N

Q}s) -1
®)
M+ D ——
Z( hamd ()45 )
;k=l j=1

Bocrnonb3yeMcst HepaBeHcTBoM (3.5) . 2. Tlocnemomarennho
NPUMEHAS] 3TO HePaBeHCTBO, IOJYUYHM
2m-+1

N
foma1— fom <C” N+m,’

k=2

2, Dy~
rae C — nofoXuTeNnbHasi KOHCTauTa, Takas, uTo C E (Q( Ty,
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B yacTHOCTH, Kak c/lelyeT M3 CBOHCTBA BHJIKH, B KagecTse C
MOMKHO B37Tb NEpBYl0 noaxoasmyio apote BILL (1.1) 6es cgo-
foaHOTO 4jeHa.

Briuncaum munumanty BILI Qﬁf;’z) (s ompezessieTcss CornacHo

(1.6))
LR l
Qithy = biw + E t(/;+l) + E >

lk+1* ig=l

>ak+ﬁ+ ol al

T LA

O‘)e+1 @ g
Ecanu BBecTH o6o3HaueHHe
N
et (8) = s (ot et o 1) (1L10)

Qpt2

TO AJst PasHOCTH ABYX noaxonsuunx jpobeit BILI (1.1) nosyunwm
OLIEHKY

2p-+1 N
f2m+l—f2mécnm. (1.11y
k=2

PaCCMOTpHM JBa BO3MOXKHBIX CJayydast

a) cymecTByer OecKOHEYHOe KOJHYECTBO YJIEHOB MOCAeNO-
BAaTebLHOCTH f,_((S), OFPaHHYEHHBIX CHU3Y HEKOTOPBIM YHCIOM r;
6) lim rpq(s)=0

S~ o0 f-r &

B ciyuae a) umeem

N \fm
f2m+1—f2m<c(m) ,

rae f(m)— oo npu m—» oo, Crenoparensio, BLJL (1.1) cxo-
JHTCA.

B cayyae 6) nocnenoBaTesbHOCTD rp—1(S) OrpaHUYEHA CBEPXY
HEeKOTOpEIM YHCIOM R, Tak 4ToO

N . Tt (3) - _ Th )]
NA-r,4 (8 N+r_ = N+R
Fp—1(9)
< exp {'-— m .
Takum ofpasom,

1 2m--1
me-H—me < Cexp{—-m 2 fk(S)}.

k=2
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H3 ycnoBus (1.9) cnenyer cxomumocre BLII (1.1). Kak u npu
LIOKa3aTeJ IbCTBe TeopeMbl 3.3, 3aMeTum, uTo npegen (1.9) Bcerpa
CYlIecTByeT.

Teopema 3.5 [9]. BLA (1.1) ¢ noioxcumenvroimu Komno-
HeHmamu CXO0UMCa, ecau pacxooamcs psobl

Y o, (1.12)
=1

. N N N

ak—l(ak-i-—— — | ) 1.13
;2 B+t + %o+ Bogs 4 - - - ( )
Hoxkasarteabctno. Yeaosue (1.12) B cuny xpurepus
Sefigens (TeopemMa 1) siBAsleTCS AOCTATOYHBIM AJA TOFO, 4YTOOHI
ynedn psza (1.13) umemu cmbien. [loxkaxem, uto pacxoaumocThb
pana (1.13) sxBHBanenTHa BbinosnHennio yeaosusa (1.9). dus

9TOTO BBEJEM COKpailleHHble O003HAYEHH
r a (oc 4 N N N
Bl = Ot [R5 | ——— |
Brt + %egr + Bogs +- -

[Tyctp Boinosnusiercs ycnosue (1.9). Tak kak ¢ yuetom 0603-
HaueHHui (1.10)

)(k=2,3, LO.(1.14)

2m;‘f—l
Y rei(s) =
=2
2m—-1
2 o (OL 4 N N N N)
= 1|y + 57— | — o
o ¢ Bet + %ppo + Bogs + -0 + o
1
'"+a (a RS T N
o+ = — = — | =
<k22 & 0+ak+2+0+...+as)

2m-1

;_2 Cp—1{@e + Qpyo 4+ o+ &),

to psa (1.12) pacxoaurcs u mostoMy uJsenn psiza (1.13) umeror
cMbic1. M3 cBolficTBa BunMkH caenyeT, UTO re—i(s) << rewi (R =
= 2,2m — 1) n, cnenosareabro, psan (1.13) pacxoapurcs.

HaoGopoT, u3 pacxoanumocti paga (1.13) caenyer, uto ans
NpOM3BOJBLHOTO HHJAEKCA S, H MOJOXKHTENbHOH KOHCTaHTH M
CYLIECTBYeT TaKoH HOMep M, 4YTO

o
Y remi > M.

ks,

M3 cxonuMocTH uenHBIX APOGeH rpmi (B = Sy, ny) cACHYyeT, 4TO
A7 DPOH3BOJALHOrO &>>0 CcyllecTByeT HOMep S, TaKoH, 4TO

Thert — Tt (S) <<€ (B == S5,11,)-

74



Takum ofpasom,

Z re—1(s) = Z Mol — 2 lre—1— re—1(s)1 >

k=s, k=8, k=3,

> M—e(n,—s,) >%:

€cJIH € HeoOXOAHMO B3ATb JAOCTATOYHO MaJjbiM. IlosToMy BhI-
noJsHsiercs ycaosre (1.9). g
PaccmoTpuM HenpephiBHYO ;[poﬁb

b+D

L2 bk (1.15)

rae bp(k=1,2, ...)— neficTBUTENbHbIE MOJOXKHUTENbHbIE YHCA,
IMpumensns ansa gpobu (1.15) teopemmr 3.3 u 3.4, noayuum
KpHTepuil CXOAUMOCTH, IKBHBAJeHTHHIA KpuTepuio 3elnens.

Caredcmeue 3.1 [11]. Llennas npo6s (1.15) ¢ nonoxuTenn-
HbIMH YJIEHaMH CXOAMTCA TOrjJa U TOJbKO TOTJAA3, KOrja

2m-+1
lim bk_1<bk+b ! +bi)=oo, (1.16)

o w1+ opro 4 -
Py

rie s onpenensercs coraacHo (1.6).

YuuteiBasi Kputepuit 3elizens u caegctBHe 3.1, moayuum

yTBEPKJeHUe,
Caedcmeue 3.2, PacxopuMocTb psaja

Y, b
k=1
C JeHCTBUTENbHBIMH [1OJIOXKHTe/IbHbIMH 4JleHaMM 3KBHBaJeHTHA

BhitoJHeHHIO yeqoBua (1.16).
Teopema 3.6 [6]. BLJ (1.1) ¢ noroxcumenrsuoimy wreHamu

cxodumes, ecau pacxodumces psao

Y xSkt (1.17)
kam2

20e oy onpedeasromesn cozracro (1.4) u
Se=0ap+N"lop o+ N0t g4 - - + N—1E=D20t,_o61yg. (1.18)

HokasaTenbCcTBO. YuurbiBasi GopMy/ay pasHOCTH ABYX
noxxoxamux ApoGeit (3.3) ri. 1 aas BUJI (1.1), umeem

2m+4
fmi—Fm= % (T] QBT Q8™ (1.19)

[P PYTRRNN 12m+1-l bl kmm]
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[Mpennonaras, uto Besne B RaabHEHILEM Iy, igy o oo lomyg—
NPOH3BOJIbHbIA (HKCHPOBaHHBI HaGop WHAEKCOB (i, =1, N, k=
=1,2m 4 1), BBefeM cokpaileHube 0603HaYeHHA

QS?Z;‘H’ = Qup QW = Qiyy biwy = by, (1.20)
N
Q(2m+1) Q"k
b Yu_ e (1.21
; e ; o, % ’

(2m) ;
Z T ~2Qk E, (1.22)

l(k

MCHOJIbsyﬂ METOJA MaTeMaTHUYeCKOH HHAYKIHH, [JOKaxKeM, 4YTO
2541

NPOU3BEIEHHUS ﬂ Qi, (I < s<m) ABNAIOTCA NOJMHOMAMH OT
fiepeMEeHHBIX §,k (k =1, 2s + 1) u napamerpa Qr,,, BHIa

2541 o
’!;ll Qup = PiyQips gy + Ripeyy (=1, m), (1.23)

rae P[gszpfgs (gi,, gt‘si cesy gfgs)i R[2S+1=R[25+1 (El’w gt‘v cvey gfgs_*_l)—
[IOJIHHOMB! OT COOTBETCTBYIOUW UX IIEPEMECHHBIX, leOBJIeTBOpﬂmeHX
pe}{yppe}ITHbIM COOTHOWIEHHAM

Piyy = (biyg_ b1y + Ein) Pigg_y + biy Rig, 5

R"2s+1 = §f2s+1 (bizs—-lprs—z + Riy ) (1.24)
(s=1,m)
IPH HavyaJbHHIX YCJOBHAX
Ry, =0, P, =1. (1.25)

JeiicrButenbHo, npu § =1, quTbIBaH (3.1) ro. 1, nonyuunm

Q1,Q:,Q:, = (b»,Qr2 + 2 ) Qi =

=1

= (bt,bi, + fo) Qi, - by, ~ gf’ =

=]

= (bs, b, + &,) Qi, + b1,Ei, = P:1,Qi, + Ry,

Ipennonaras, uro coorHomwerus (1.24), (1.25) BumosnswoTCH
AJIA TNPOH3BOJILHOTO § <7, NOKaXeM HX CHPaBelJHBOCTb IIPH
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s=n+ 1. Umeem
2n+3 2n+1

n Qip = ﬂ Q‘kQ‘2n+2Q'2n+3 (P'Qangn+] + ng,,_,_,) X

k=1
x Q‘2n+2Qf2n+3 = (P‘an‘2n+lQi2n+2 + Pf2n§i2n+2 -+

+ Ry Qigngo) Qignys = [(bigy1bi9nyy + 8ignyo) Py, +
+ bf2n+2Rf2n+1] Q‘2n+3 + §f2n+3 (bt'zn+1pi2n + Rt2n+l) =
= Pi2n+2Qf2n+3 + Riypys

AHaJIOTHYHO MOXKHO JI0OKa3aTh, UTO

2542
knq Qi = PuyoGiys g + Rigeyy, (s=1,m—1), (1.26)

rae Pi?s-l-]: Pi2s+1 (Eis’ E“’ e §[23+1)’ Rf25+2 = R[23+2 (Elfc’ gi’p veny
s Blog +2,) — IIOJIMHOMBl OT COOTBETCTBYIOUIMX MEePEMEHHEIX, V40B-

JIETBOPSIOIIHE PEKYPPEHTHBIM COOTHOLICHHAM
Pf25+1 = (bfzs+1b"2s + Ei’25+l) P"zs—x + bf2s+1Rf25’
El2s+2(blzsplzs_r + st) (s= 1 m—
IpU HaYaJbHbIX YCJIOBHSAX
P, =1, R,=0. (1.28)

[lyets pyy, u r;, 310 Te ®e Py u Ry, 1Js KOTOPHIX B pe-
KyppeHTHbIX cooTHomenusx (1.24) u (1.27) BMmecTo Kaxjoro

1.27
Rf25+2 ) ( )

b, B3ATO COOTBETCTBEHHO s (S =1, 2m + 1), rae
s = min(bys:ja=1, N, n =1, s).
Hmeem
Piys = (Qas—10t9s + Eio)) Pigg_y + Ooline 1, (1.29)
{ Figst1 = §f25+1 (Cos—1Pigs_y + Figg_y)s $ = 1, m, ri, =0, p,=1
u
Pigs 1y = (Qos100s + Eige 1)) Pigg_y + Rost17 iy, (1.30)
!r¢2s+2 §i23+2 (Ctospigg_y - Tipg), § = 1, m—1, pi,=1,ri=0.
Torpa, yuntuiBasi dopmyay (3.1) ri 1, uveem
2m+-1
1!-__—]1 Qi > Piy, Qomy1 + Tigmy,
m

!_12 Qi > Pigys_y%am ~+ Tty
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#, CJeJOBATEJNbHO,

N
fomt1 — fom < ¥y (Q:)Y Y (piy, Fomtr +
f1sbgy oo -i2m+l=]
+ r’?m~}-l)_l (p¢2m_‘oc2m + rfzm)_l =
N N
= hY i (Q4) M (Pigyyy@om + rig)) ™ Y P, %emi +
Uy foy vee s l2m=l ‘?m—}-l:l

+ Eiompy (@ome—1piy, o+ riy, N7

Econ pacnumrem ry, .\, Wcnoassys oGosnauenus (1.21), # k no-
caelHell cyMMe NPHMEHUM HepaBeHCTBO (3.5) ra1. 2, 1o nonyuuM
N

f?m—H '_me < Z N(Qél)-l (pfgm_zaW" +

I R

+ 11,,)  pey, ot + N (2metiPiypy_y + Tig_ )17

WJIH, PacKpbiB CKOOKH,

N
fomt1— fom < D 1 N Q) (Qam4-1%omPig, Pigm , +
(L LY
2
+ NtonOom—1Pigy, _ Pigyy oy 1Pioen tom +

+ Na?m—lpiZm__inQm + Na«?mPQm_lf[Qm__; + Nr[‘lmr[Qm—-l)' (1’31)

Bripaxenue, crosiee B mpasofi yacTH HepasenctBa (3.31), ofo-
sHaunM Do,. C nenbio usbexanus rpoMo3akHX sanuceil dopma-
JIH3YeM aJTOPHTM MOJIYUEHHS ONEHKH CBEPXY AJs Pa3HOCTH ABYX
COCENHHX MNOAXOAAMHX APOGelt fomst — fom. B Dom BBIEIHM
TIOCJIENHIOI CYMMY TO fom. HCHosb3yst peKyppeHTHbIE (HOpMYJIbk
(1.29), (1.30), zanumem BrIpaXkeHue I pry,, H iy, H NpHME-
HHM K BbIJeJIeHHOH cymMe HepapeHcTBo (3.12) ra. 2, npenmapu-
TeJbHO DACNHCAB 3HAYEHHe AA NepeMeHHHX &, H &, ~coryac-
HO obosHaveHusam (1.21) m (1.22). Bwipaxenue, -B KOTOpOE
npeobpasyerca Dy, npu 3Tov obosHaunm Dop,;. PopmanbHo
nepexojy oT Vg, K Doy 3aKJI0UAETCA B CJAERYIOIEM: OTOPACH-
Ba€M CYMMHDOBaHHE MO MOCJENHEMY HWHIAEKCY ism, BHIDAXKEHHA
A&, + BEi,, + CEy, ki, + D, crosmune B 3HaMeHatenax Dom,
3amensieM BuipaxeHuamMu A + B 4+ C 4 N“1D, t, e. nojcrasisem
oy =Eiyn == 1, a cBoGonHbit uneH B N pas ymeHbliaeM.
Hanee noBropsieM 3Ty K€ MNpPOUEAYPY M NPH nNepexoae OT
Dom—1 10 Pom—e u 1. A., or O, no O, BrIIOUHTEHO, OKOH-
YaTeJbHO MOJIYUHM OLEHKY

f2m+l —fom < CP‘I(ala,, ey agm+1), (132)
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rae C —KoHcrauta; P(oty, oty « .. 5 Oomy1) — NOMHHOM OT mepe-
MEHHBIX %y, Gy, . .. , Qom41. ¥ CTAHOBHTb SIBHOE BLIPa)XKEHHE AJIst
P(ay, @y, ..., Oomyt) TPyRHO. Ilo3TOMy orpannummcs 6onee
rpyboii olleHKo#, ocraBasas B P(ay, &y, ..., Qomy)) TONBKO
yJEeHH HEe BBIIE BTOPOH CTENEHH OTHOCHTEJNBHO MepeMEHHBIX
Qyy Qgy o ooy O2mls

IlpocsiennM, Kak OyAyT H3MEHSATbCA ClaraeMble B [paBOi
yacTH HepaseHcTBa (1.31) mpu nepexome oT @y, kK D, ¢ yueTOM
OIMHCAHHOTO BhILIE AJTOPHTMa H B MNPEANOJONKEHHH, UYTO BCe
claraeMbie, SBJSIONIHECS MOJHHOMAaMH BbIlle BTOPOH CTeNneHH
OTHOCHTENILHO MEePEMEHHBIX Oy, Oy, .« « . , Qomt1, OTOPACHIBAIOTCS.
Jnasa 3T0ro DOCTaTOYHO MOAYYHTh (OPMYJBI, B KOTOpHIE Mpeol-
pasytorcs npu nepexone oT @, K @p.; BbIpaxKeHHs

QfOnPyy Piyy XPig_ol ty %jP1plty, Rj@nley (i,

rae f, n— NpoH3BOJIbHbIE HATYPaJbHBIE YHCJA, HE TPEBOCXOISA-
wpe 2m + 1. Ilycets

Ei,, €caH k yeTHoe, &,, ecim k ueTHoe,

N, = &, €CIH k HeueTHoe, M =

g, €cau k HeueTHoe.
Torga npu nepexone ot @, k @,y BbipakeHHe

Q[P Piy = Oj%nP i, [(@tkCtr—t + Niy) Prp_g + el
npeoBpasyercss K BHAY

%Pty _oPipys
a BHIpaXKeHue

Py, oty = XjPiy_oMiy (Fk—2Pt, o+ Ti,_y)
K BHOY
QjOk—2Pt_oPiy g + XjPiy_olty_ge
Bupaxenns
0 Piyriy= % [(Xs0e—1Nig) Pry_gt Cri, (1 Ni, (Qr—2pry, 34Tty _g)
H
O iOnl ty yTiy = CQjGnl iy (O _oPiy gt Fey_o)Miy

COOTBETCTBEHHO MpeoGpasyloTcsi K BHAY

O O2Ply oPty g + RjPtp ol iy g + ROk 1 11, 4

a/a,,rgk_Qrgk__l .
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Tenepb HETPYIHO MOCYHTAThb, COBepIMB 2m — | nepexoy oOT
Dy, kK Py, 0T Doy K Ogpy 1 T. 4., 0T O, g0 D, c yue-
TOM Haya/IbHbIX 3HAYEHHH NJS p;, H ry, YTO BbIDaXKeHHe

PigpPigy y \F2m+1%2m + N QomOam—1Ploy 1 Pigy o
npeo6pa3yeTcsi K BHAY
Qom4 1%2m ~+ QamQom—1,
a BbIpaKeHue
Qamt1Pigl gy + NOom—1Digyy ol iy + Nty Pty (Fiy
K BHLY
Aom1 (N agm—s + N 2aom_g+ -+ 4 N=m+la,)
+ com—1 (Gom—s + N l00m—g + N 2a9m—g + « -+ + N—"H2%,)
-+ aon (N_1a2m-—-3 + N~%agm 5 R N—m-Hal)
U, HAaKOHell, mnocJjejfHee cJjaraeMmoe
Ntiy, i,

npeobpasyercss K BHLY
a2m-—-282m—1 -+ a2m_382m_2 + e 4 azsl,

rae S, (k= 1,2m — 1) onpegeasiorcs coryacHo (1.18).
CreoBaTebHO, OKOHYATEJNBbHO MOJYYHM OLEHKY
2m-1 2m--1

fomt1— fom < 2 (2 a; S/—l) 1 < c( Z ajsl._l)-x,

rne c—ﬂpOPBBO.HbHaﬂ KOHCTaHTa, Takasi, 4To

E N Q)<

ll—
(B 4acTHOCTH, M3 CBOHCTBa BHJKH CJelyeT, yTo B kadectse C
MOXHO B35ITb nepByio nopxojsulyio apo6s BLLJ (1.1) Ges cBo-
604HOTO YJIEeHa, yMHOXKEHHy0 Ha N).

3amevanue 3.1. Teopema 3.6 siBJAETCS MHOTOMEPHBIM AaHAa-

JIOTOM JOCTATOYHOCTH KpuTepus 3efiens. [leficTBurenbHO, NpH
N =1 vyacthole cymmur paaa (1.17), Kak Jerko mocyurarhb, npe-
o0pa3yloTcst K BHAY

2m m m
2 0 Sp—1 = (2 O‘Zki-l) (2 052k) ,
=2 =1 =

2m+-1 m-4-1 m
22 Spet = (’El aizp—t) (’fglau)



H MO3TOMY pacxoaumocTb paja (1
N =1 pacxoaumoctu psaga (1.12).

Caedcmeue 3.8. BUIA (1.1) ¢ nonoxuTeNbHBIMK e HaMu
CXOJHTCS, €CJH CYIIeCTBYeT TaKoe IeJ0oe HEOTPHIATeNbHOoe
4HCJIO A, YTO PSA

17) sxBuBaneurna cayqae

kEI Qg o-2n—1 (1.33)

pacXxoaHTcs.

JdokazaTeabCTBO cjaeayer us Tteopemsl 3.6, ecsu npen-
BapuTeJbHO ujeHbl psafa (1.17) neperpynmupoBaTh Mo crere-
uam N. B

Y CcTaHOBHM HHTErPasbHBIH MPH3HAK CXOAHMOCTH BETBSILLEHC S
uenHoit apo6u (1.1) ¢ mosoxuTenbHbIMU 3/emenTamMu. J1ad sToro
npejBapHTesNbHO JAjUM OfpefesieHHe KOHTHHYaJbHOI'0 aHaJora
BILA — unrerpanabHoil nemHoi apobu [56, 62].

[yete b,€C, ar(t), b6-(¢) (r=1,2, ...) — HenpepbIBHBIE
KOMILIEKCHble (YHKIHMH B r-MepHoM runepkybe K, = [a, b]’,
fr=_(f{;,1,, ..., t). DecrkoHeuHyi HHTErpaJbHYI LEMHYIO
IpoGb Onpejes MM Kak npejes Bupax{eﬂnﬁ

a, (') dt,
b+D5 R

r==1 ,
b
_{_‘S' al (1Y) dt, (1.34)
e a, (12) dt
b tl 2 2
i Hj NEE
¢ D oda, (%) dt
_i_ a, (£°) dity
b, (%)

npu k—oo. Jlna sanucH OeCKOHEUHOH HHTErpa/jbHOH I emHOM
apo6u GyneM mcnosb3oBaTh 0003HaueHHe

a,(t")dt,
r—t 9 b, () )

by 4 D (1.35)

Jpo6e (1.35) cxonmcsl €CJIM CYINECTBYeT H KO HedeH npezen
MOC/Ie10BaTENbHOCTH e MOoAXOoAsHX apodeit (1.34) mpu k—oo.
B paGore [41] ycraHoBneH HeoOXOZUMBIH NPH3HAK CXOAHMOCTH
HHTEerpa/pHOf lenHol apoOH
b
+ 515

6 5-534 81

(1.36)



C NOMIOKHUTEJILHBIMU 3leMenTaMi by, > 0,5, (1) >0 (r =1, 2, ._'_),
anaJoruuHeiit TeopeMe 3.2 mas BILL.
Teopema 3.7. Ecau psd

é; max (b, (¢7): 1" € K;) (1.37)

cxodumca, mo unmezpasvHas yenxas Opody (1.36) ¢ noroxcu-
MeAbHbL ML KOMNOHERMAMU PACXOOUMCS.

Teopema 3.8 (11] (MHTerpaabHblli NPH3HAK CXONMMOCTH).
Myemo K, = [0, NV —r-meproui aunepky6 u b, ("), t = (fy,
gy ... L) (r=1,2,...)— nozooumensroie Henpepoirole @ YyHK-
yuu 8 K, makue, umo

be(iN=biy (,=1,N r=12..)

Tim max(b (¢ry:lr€ K,) max (b7 (1) t7 € K;)<oo. (1.38)

-+

Toeda BL I
N
B 2 71— (1.39)

£ NOAOHCUMENbHOIMU 3AeMERMAMU CXOOUMCA, ecal UHMmezpab-
Has yennas Opobs (1.36) cxodumes.

IlokasateasctBo. U3 ycrosua (1.38) crenyer, uto cy-
mecTByer Kocranta M > 0, a8 KoTopo#l BHINOJHSAIOTCA Hepa-
BEHCTBa

max (b, (1) : '€ K,) < Mmin (b, (1N:FEK,) (r=1,2,...).
Ecm a,, B, onpegenstores cornacho (1.4), To, oueBHjaHO,
max (b, (i) : 7€ K.) = B, min(b, (1) : FEK,) < ar
H, CJel0BaTeNbHO,
Br<Ma, (r=1,2,...).

[Tycts uHTerpanbhas uensas apobp (1.36) cxoaurcsa. B cuay
teopembl 3.7 psin (1.37) pacxoaurca. [lostomy psaa (1.12) pac-
xoautest. Tak Kak B, > o, 10 u psan (1.5) pacxoaurca. Cxo-
mumocth BILJL (1.39) caepyer us teopemer 3.9.

HeoGxonuMble M A0CTATOYHBIE NPA3HAKE CXONMMOCTH

Teopema 3.9 [11). Ecau Oaa BILJ] (1.1) ¢ Oelicmsumens-
HOMU  ROAONCUMEALHOIMU KOMNOKEHMAMU CYujecmeyem KoHc-
mauma M > 0, maxas, umo

Br< Ma, (k=1,2,..)), (1.40)
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ede ay, u P, onpedersromes cozracno (1.4), mo smq dpobs cxo-
Oumes mozda u moavko moeda, Kozda pacxodumes pad

kgl Bs. (1.41)

Hokasartenbctno. Pacxoanmocth paja (1.41) spnsercs
HeoOxoauMEIM ycnoBuHeM cxoaumoctd BILIL (1.1) B cuny reope-
Mbl 3.2. Ocraerca AOKasaTb AOCTaTOYHOCTb. M3 HepaBeHcTsa
(1.40) cnenyer, uto ANA NPOM3BONBLHBIX HATYPaNbHBIX HHCE] A
Hins=i

N N N N

Par + oy + Borgs + Ragat oo+ Bon <
N N N N
< Mo + Bor /M 4= Matg g 4 Boy g o/ M+ - + May, —
N N N N
=M (a2t+ Boryr + @orqot+ Bopgat oo +&;> » (1.42)

rie B [OCJEHEM DABEHCTBE HCNONb3YIOTCS 3KBHBAJIEHTHLIE Ipe-
obpazoBanus(4.1) . 1 1 popy1 = M, poppe =M1 (k=i,n—1),
Poi = 1.
llenHas zpo6n
N N N N
p N N NN
0+°‘1+Ba+a3+54+- ..

B CHJY YCJIOBHH TeODEMBI H KDHTeDHl 3efne/s CXORHTCA. ¥4H-
THIBasi CjaefcTBHe 3.1, HMeeM

. < N N N
2_‘1 [Z ey (ﬁzk + oo + Pora + +m\ +
p=1
- N N N oA
+ Z ﬁ?k (a2Hl + B2k+2 + a2k-|-3 + e + a2m-|-1 ]:' =00 (1 ‘43)

k=1
U3 uepasencts (1.40) u (1.42) caenyer, uTo BhIpaXKe€HHE, CTOf-
wee moj 3uakoM npegnena (1.43), oleHHBaeTCA CBEPXY Bhipaxe:
HHEM

2m--1
N N N
M Z aksl(ase‘*'gk—_l_l_l_'o?;Q—l— +&_s) !
p=2

rze s onpegeasercs cornacHo (1.6). Ilostomy us ycaosua (1.43)
caeayior ycaosus (1.9) u B cuny Teopemnl 3.4 CXOAUMOCTb

BLLT (1.1).
6* 8



Teopema 3.10 [9]. Ecau 0aa BI[ ] (1.1) ¢ noaoscumenrvHoimu
delicmeumenbHomy — 3AEMEHMAMU  CYLW4ECTBYem  KOHCMOHMA
M > 0 makas, umo

ﬁk Mock_H, ﬁk-H Mock (k = 1, 2, . .), (144)

ede a, u P, onpedeasromcs coeracro (1.4), mo BLA (1.1)
cxodumesa moada u moavko moeda, koeda pad (1.41) pacxodumcs.
HokasaTeabcTBo, Heo6xonuMocTs ClefyeT H3 TeopeMul
3.2. Jloka3aTeJbCTBO JOCTATOYHOCTH OCHOBAHO Ha NpHMEHEeHHH
teopeMer 3.28 (cM. § 5). PaccMoTpum mnocienoBaTeIbHOCTH

1 1 1 1
fo= ot N7Bppr + G + N7 g Ty 4 oo (1.43)

1 1 1 1
Tk = ﬁ/e + N_lak_i_l _l_ Bk+2 _I_N_lak+3 _l_ B:'_—‘; _l_ ) (1.46)

HMEIOI[He CMAIC] B CHJY YCJOBHH TeopeMsl H KpuTepus 3elinesns
CXOAMMOCTH LEMHBIX Apoleil.

Bo3MoxKHbI iBa cydas: limt,=a>0, lim{,=0. B nep-

=3 koo

BOM CJyyae MNOCJeNOBaTeNbHOCTE {f;} OTpaHHYeHAa CHH3y. YuH-
ThiBast ycaoBue (1.44), saksiouaem, uTo pacxodumoctb psja (1.41)
3KBHBaJeHTHa pacxoaumoctu psna (1.12). M3 orpaHuueHHOCTH
CHH3Y MOCJe]0BaTebHOCTH {f,} H PacCXOAMMOCTH NOCJAELHETO Psijia
caenyer BuinonHeHHe ycaoBus (1.13). TloatoMmy B culy TeopeMbl
3.5 B (1.1) cxoxutcs.
 Tlokaxkem MeToJ0M OT NPOTHBHOTO, YTO BTOPOH cayyafi B ycJo-
BUAX TeopeMbl He uMeer Mecra. Ilyete lim ¢, =0 u {7, } —

R+ oo

NOANOCAE[0BATENBHOCTD, CTPpeMsiasicsl K Hy o, [TosToMy A5 npo-
H3BOJILHOTO K&K YTORHO Majloro JeHCTBHTENbHOTO uHcaa € > 0
CyILIeCTBYET HOMEp f,, YTO LS BCeX n > n, uMeeM f, <e.

Tak kax

N
tkn = Uy + Tk +1
n

CnenoBarenbHO, AJ1st IPOH3BOJIBHOTO KaK YrOAHO GOJIbIIOro AeHCT-
BUTENLHOTO uHcsaa K > e cymectByeT Homep ny, uTo T\ 4y > K
AN Bcex n > ny. Ilycts n, = max(n,, m,) ¥ R,, = s, TOr1a A9
BCEX 7 = N, HMEEM

, TO lim Tkn-H =
n=+oo

ITk,,+1—tk,,| > K—e,
B YAaCTHOCTH,

|Tsg1—ts| > K —e. (1.47)
O6osnauum uepes 5(2p), Tsq1(2p) — 2p-€ anmpoKCUMaHTH! LeD-
Hoix apoGedt (1.45) u (1.46) coorBercTBeHHO. B cuay cxomu-
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moctH (1.45)u (1.46) nna yke BEIOPAHHOTO € CYHIECTBYET TAKOe p,
4To

ts—1ts(2p) <& To1—Tst1(2p) <e.
Takum oOpazom,

| Tspr —ts] < Tspr — Ts1(2p) + ts— 15 (2p) + | Ts41 (2p) —
YuuthiBasi yTBepxaeHue TeopeMbl 3.28, rae N = 1, a;, N84y,
Cst2. N Wsys, ..., Rsgop — TOUHBIE, A PBopr, N7lags, Poys
N7ty ..., Bsy2pt1 — COOTBETCTBEHHO NPUONMKEHHBIE 3Haue-
HHA YaCTHBIX 3HaMeHaTesnell LemHoH ApoOu, MMeem

|Pst1t2e = %ston)
9

| s (29) — 1:(20) | < £:(2p) max |

<k<p s top
l<m<p
I N_las+2m _ N_lﬁs+2m—l | 1 + N—la's+2m - N_lﬁs+2m—1 l_l i
N7 omei N7 om [
<l (2p) max {| Bs+1+2k — Qstop| ’ ! ﬁs+2m—1 — Qg om \} <t (M+1)-
0<k<p Cgtop Qgtom

l<m<p
C yuerom (1.47) npuxognM K NPOTHBOPEUHBOMY HepaBeHCTBY

K—e<|Ts— 1| <e(M+3).

§ 2. IIpusnaku exopamocru BI[]
€ HEOTPHIXATECAbHBIMH JICMECHTAMU

YcranouMm npusHaku cxoaumocr#t BILJL ofmero Bupa
N
b D i) 91
o + b, (2.1)
=1
ik

¢ HEOTPHUATEJNLHHIMH KOMIIOHEHTaMH aig >0, by > 0 ({, =
=1,N,k=1,2,...). 3amernm, uto a4 nenuux apobeii (1.15)
¢ HEOTPHLATEJBbHBIMH 4JIeHaMH KpuTepuH 3eiinens Yyxe ue
cnpaBeanuB. Tak, unenmas apoOn

DI TS U T

0 48,40 +b5+ 0+
C NPOH3BOJBLHBIMH by, > 0 (k =1, 2, .. .) pacxoaurcs.

Teopema 3.11, [Tycme xomnonenmamu BLJ (2.1) seraromes

Heompuyameabrsie Oelicmeumenvrsle uucaa by > 0, ayy >0

(i =1, N,k=1,2,...), ydosaemeoparouue Ycro6uam:
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a) cyuecmeyem Homep ko, maxkoti, 4mo 0a8 Kan 0oeo Haéopa

UHOeKCo8 ©1, iy, .. . 6, (i, =1, N, p=1,k, k> k), npu xomo-
pom by =0, cnpaeeaxzueo HepageHcmao byyp—1,; >0 (j=1, N,
].9& ir);

6) pacxodumcs psd

Y 5, 2.2)
k=1

20e

b 00
ak=min(‘—‘;ﬂﬁ:iﬁ=1,/v,p=1,k+1). (2.3)
(k1)

Toeda BL A (2.1) cxodumes.

IokasaTeabcTBO. M3 pacxognmoctu psna (2.2) crenyer,
YTO CYLLECTBYeT IIOANOC/TeA0BaTebHOCT {k;}, 1aKast, 4T0 8, 5= 0
(j=1,2,...). B nanvuefime™, npeanosaras UBAEKC j QHKCHpO-
BaHHbIM, OyjeM Hcnosb3oBath ofosHaueHwe n = k;. IlosTomy
mpH  KaxJoM QHUKCHPOBaHHOM [ BCe bym # 0, bynpy 5= 0 (i, =
=1,N,k=l,n+l). Tak kak ai(k)¢0 (ik——'—l,N,k:
2,...), TO, HCIOJIb3ys 3KBUBaJeHTHble npeoOpasopanus (4.2)
r1. t, B (2.1) npusenem K Buay (4.9) ra. 1, rae dy, onpe-
neasiorest coryacHo (4.10) ro, 1.

[Noaxonsuuue apobu f; BILI (4. 9) . | HMelT cmelca H
IPHHHMAIOT KOHEYHBIe 3HaYeHNs, ecyi § = k, > ko. JlelicTBuTenn-
HO, npH n = k, Bce dyn > 0. d)opma.nbﬂo Beoas aaa BLUL (4.9)
ri1. | oGosnavenuss THna (3.1) roi. 1, a uMeHHO:

n) = dt’n y = d!. ’ 24
Qo y Qith w + ,g Qi&’+l) (2.4)

rae (i, =1, N, k=1, n) u ucnosb3ys MeTol MaTeMaTHYeCKOH
HHAYKIHH, y6exnaeMcs B ToM, 4To Bce Q) OT/HUHEL OT HyJIs

H NPHHHMAIOT KOHeYHble 3HaueHHs, T. e. Qi € (0, o). Caeposa-
TeJILHO,

N
1
fn=by+ ¥ G € 0, ).
iy=1

Tak kak Bce dim >0, dipy1y >0, To, yUHTEIBasA yCJIOBHE a), sIB-
Jgswolleecs HeoOXONHMBIM /19 TOTO, UTOOb! MOAXOASILIHE JPOGH
fs(s > k;) uMeaH cMbIC, MOJMYYHM

Qi €(0,00) (ip=1,N, p=1,n, n==k, s=>n).
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YUHTLIBAs, YTO

N
— b 1
fs = by + 2 ) + Z dzm Foeee 2 dz(nal) +Z Q"

in—l— in=1

W TOBTOPAS MpeIbIIYLIHE pacCyKAEHHS, NPHBEIEeHHbE IJs Nok-
xonsueli ApobH f., 3akmouaeM, uto [, € (0, o0), eciu s > k.
Bumecre ¢ BILJ (4.9) ru. 1 paCCMOTpHM BLLJL

by + D 2 dl(k)ﬂ (2.5)

{p=1

rae € > 0 — npousBosibHOE AEHCTBUTENbHOE 4HCI0 H 0003HAUUM
ee s-10 noxxoxsuylo apobbp B cmbicye (1.11) ra. 1 uepes fq(e).
Tak xak sjeventamu BLIJ (2.5) sBastorcs nAefcTBHTE/bHbIE
[10JI0 KHTEJIBHBIE UHCJd, TO JJIs 3ToH japofu cnpaBeisuBo CBOH-
cTBO BHAKH (3.4) ra, 1

for (8) <otz (8) < foji (8) < foj—1 (e) (R, EN).
[locKoNILKY CYIIeCTBYIOT KOHeuHwle npexendl lim f,(€) = f,, To
e~0

aas noxxoaamux xpobed BLLIL (4.9) ra. 1 cnpaBensiuso csolcTBO
BHJIKH

for < forte < fojp1 < faj—1 (R, JEN). (2.6)

Orcioja caeayer, 4YTo s JAoKalareabCTBa cXxomguMocTdH BII[
(4.9) ra. 1 mocrarouno Hokasarb, 4YTO fy41— fkl—>0 npu j—
~o00. YuurhiBas (3.3) ra. 1, panee npuHsATOe 0G03HAUEHHE N =
ki u 10, uto Q% >0 (i,=1,N, p=1,k k=15, s=n,
n -+ 1), umMeem

(—1)"
fat1—fn= ” Z n Q(n+l) l"‘l Qg'r(lr)) ) (2.7)
1 o n+1=I r==1 r==1

3anulleM NPOH3BENEHHs1, CTOAIIHEe B 3HameHaressax (2.7) B BHIe

m m
(1) +1) D
Qi k_l——ll(Qi-?zk) Qi) knl Q1) QiBn),

ecay n = 2m, WiH B BHJE

( ( 1 1
l(l)n(Ql’:'-)’k) Qi3 1)) ﬂ (), QiGh),
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ecad n=2m--1. VYyurupas oGosHayenus (2.4), nis s=n,
n-41 u mnpousBosbHOTO Habopa HHAEKCOB iy, gy ... brdl
(r+1 < s) umeem

Q[(r+1)
Qi QP41 = den Qi+ + 2 N

ja=1 Qe

> m]n (d[(r)d[(r+l) . lD = 1 N p - 1 r + + 2 ;f;+]) .

I==1 Ql(r)]
Ha (4.10) ra. 1 caenyer, uto
b, b,
{ 1
di(r)di(r+l) = Ld);::__:)‘ .
Takum o6pasom,
il T+l N .
) Q(s) 5 Qz’(k) -
[fapr —[n] < (Qicy) ™t e—1 T e )
Iyy Ly oo ing1=l =2 j=1 k=]

riue
s = {n + 1, eciu n 4 k& HeueTHOoe,
n, ecyau n -- k ueTHoe.

[TocnenoBarensHO npuMeHsiss HepaBeHcTBO (3.5) 1. 2, xak
H OPH J0Ka3aTesNbCTBe TeopeMbl 3.4, NOJIYUHM OIIEHKY

|fass —Fal < C ﬂ Ve

k=1
OTKYJ2 C yYeTOM DacXOILHMOCTH psja (2.2) saksiouaeMm, uTo
B (2.1) cxoxnures.

Teneps pacemotpum 06wyt cnyuafi, Korja HEKOTOPBIE Ay =0.

Teopema 3.12. [Tycme komnonenmamu BILJ (2.1) agasomen
reompuyameavtvie Oeticmeumenbrvie qucra by >0, Ay > 0
((e=1,N, k=1,2,...), ydosremgopsiouue Yciosusm:

a) Gip +buy #0 (p=1N, k=12 ...)

6) ecau cywecmsyem makoi ua60p ‘undercos Iy, 69 - 0,
(ip=T1,N, p=T1,k, k >2), umo biw = 0, mo npednoraeaemes,
umo éce ocmaastoie big—1y; 7% 0 (j =T1,N, [5=i);

8) bigy, >0 (i, =1, N).

Tozda BL I (2.1) cxodumcs, ecau 6bin0AHAEMCA OOHO U3
deyx ycaosuil: Aubo cywecmeyem makod Homep k, umo ace
aiw =0(ip=1,N, p=1, k), aubo pacxodumcs psd

2 Gk)
=1



20e 8, onpedersiomea coenractHo (2.8), npuuem me Habopb: uH-
dexcos, npu xomopuix Quu+n = 0 npu munumusayuu (2.3) He
YHUMBLEAOMCeS.

HokasareabcTo. Jlerko nposepurs, qubmaﬂ yCJIOBHA

a)—B) TeopeMet, uto Bce apoOu (3.1) . 1 QY umeror cMmbica

HQf.(”,ge[O oo](zk_lNk_l 2,...,m> k). Tak KaK b, >
>0(iy=1,N), T0 QT € (0, ool. HOSTOMy m-e annpoOKCHMAaHTEh
fm (m=1,2,...) BILIL (2.1) UMEeIOT CMBIC/I H IPHHHMAIOT KOHEY-

Hble 3HayeHwus.
Paccmorpum BLLL

t(k)+8
byt D 2 e (2.8)

rie & — MPOH3BOJILHOE lIeHCTBHTeJIbHOG MONOMKHTEJIBHOE YHCJIO,
u o0o3HauuM ee s-I0 anmpokcuManty B cMbicae (1.11) ra. |1
yepes fs(e). Kak u B mpeapiaymieil Teopeme, npejesbHbIM Iepe-
XOloM 1O &, cTpeMsuiemcs K Hyumo, aas BIUL (2.1) ycranaBau-
BaeM CBOHCTBO BHJIKH (2.6).

Ecsu npH HEKOTOPOM Habope HHAEKCOB iy = 0, TO COTJIacHO

yCIOBUAM TeopeMbl by 7= 0 H 1mo3TOMY Qﬁfz)e(o, +o0](s > k).

Crie10BaTeIbHO, i/ Qi = 0(s > k) H $-I0 NoaXoAsmYy© APOODL
BILI (2.1) MoxHO 3anucaTh B BHAE

"t(k——l)

fo=b, + D Z b“k’ (2.9)

i(k)

rae 0< gy < N, aigy % O, npuueM npeanosaraercst, 4yTo €CJH
BePXHHH MHJEKC CYMMHpOBaHHsi OoJsbllie HHXKHEro, TO CyMMa
paBHa Hymwo. Uucaa ng,—p He 3aBHCAT OT S.

Ecny mpH HEKOTOPOM M BCE Qimy = 0(i, =1, N, p=1, m),
TO AJSi NPOM3BOJIBHOTO § > m fs=[m—1 u cxomumocTs BLLJL
(2.1) oueBugHa.

[Tycts mpu kaxgom k=1, 2, ... cymectsyer Habop HHJIEK-
COB [y, Iy, ... , L UTO Ryy > 1. Torna ofosHauenus (2.3) ume-
IOT CMBICJI, TaK Kak HaGop HHIEKCOB, MO KOTOPHIM MHPOHCXO-
JHT MHHHMH3ALMS, SBJSETCS HEMYCTBIM MHOXKECTBOM. S-10 anmpo-
kcumanty BILJL (2.1) sanumem B BHIe

Bi(k—1)

fo=by+ D -, 2.10)

rae d;y, onpeaensercs coraacHo (4.10) ra. 1. M3 pacxoaumocTn
paaa (2.2) caenyer, yTO cyllecTByeT MOANOC/]ELOBATeNbHOCTL
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{k;}, Takas, uto Gk, #0 (=1, ). Ilyete m =k;. Toma

dl(m) > 0, dimt1y>>0 (ip=1, niy—y), k=1, m £ 1). Tlosromy

Q9 >0, rae s=m, m+1 u paccMaTPHBAIOTCH JAONMYCTHMbIE
Ha60pbl PIHlIeKCOB iy, iy ..., Iy Torma
iy (1) i(m) m
\" =N
Frugt — fm = m+l
~ +1) (m
. m m
=l 1,=1 ing1=! n Q(i(r) n Qt(r!

ram] r=I1

[ToBTOpSIN N0OKA3aTe/IbCTBO NPeAblAyIed TeopeMbl C yyeTOM
nepapercTsa (3.5) ra. 2 u HepaBeHcTBa

s +2x,) < iR <TEm

j=1
rne n< N, x>0, 60, no.nyth OLIEHKY

[V
|fm+x—fm|\<cnm,

k=1
OTKYJa C yYeTOM PacXoAHMOCTH psna (2.2) crenyeT CXOJAHMOCTb

BLLIL (2.1).

§ 3. llpuznaru exopumocru BIIN
€ KOMIICKCHBIMH KOMIIOHEHTAMH

PaccMOTPHM TeCpeMY, KOTOpas NePEHOCHT AOCTAaTOYHbIE NPH3HAKH
cxoaumoctd BLLJT

N
D 2 3.1
=14 b (3.1)
C TIOJOXHTEJIbHBIMH SJeMeHTaMH byy >0 (k=1,2,...,i,=

=1, N) Ha ToT caydalf, Korjga Bce yacTHble 3HameHareau (3.1)
SIBJISIFOTCA KOMIIIEKCHBIMH YHCJIaMH, TPUHAAJIEKAUIHMH 06nacTH

Ga={zeq;:z;&0, |argz|<%——e], (3.2

rje €-—IpOH3BOJIbBHOE KaK YrOJHO MaJio€ MOJOXKHTEbHOE neit-

n
crBuTebHOE WHCIO 0 <Te<<5 . OHa sBifieTcss MHOTOMEPHbIM

aHanoroM TeopeMmbl Ban (Pseka (teopema 4).
Teopema 3.13. [Tycms ece wacmnuoie snamenamesu BLJ (3.1)
npurnadaexncam obaacmu (3.2). Toeda
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1) ramdas m-s annpoxcumanma fn (m=1,2,.. ) BI]
(3.1) npunadarexcum obaacmu (3.2);

2) cywecmasyiom KoHedrste npedeabt 4emHbLx fon u Hewemmuerx
fen1 no0xo0aujux Opobed npu n—»oo;

3) BI (3.1) cxodumesa, ecau npu ceederud 0603Hauenud

o =min(|byyl:i, =1, N, p=1,%),
Br=max(|biylii,=1,N, p=1, k)

BOLNOAHAEMCA COHO U3 YCA0BULL:
a) pacxodumca pao

20

2 %Sty
k=2
2de S, onpedeasemes coeaacno (1.18);
2m--t N
. N
lim g1 (ak + ﬁ_- —N—- — )!) =00,
moe e kbt + Fepr 4 Bppa o 9

ede s=2m + k—2[k/)2];
8) unmeeparsHaa yenrnas 0pobo

* dty
2 0\ b (P (3.3)
cxodumes, ede b (t7), tr=(t;, 4, ...,1,) (r=1,2,...)—ne-

npepuisrbie nosoicumervhble pynkyul 6 eunepskybe K = [0, N,
makue, 4mo

b (i) =bin] (=T, N, r=1,2,...)

ITmmax (b, (£): ¢ € Krymax (b; (¢7): " € K7) < o0, (3.4)

resoo

HokasatennbcTso. Ecau bym €Ge, 10, OueBHAHO, 1 /by €

N
1
€G., (bi(,_l + V¥V €6 u . n
m—1) Z b[(m)) &
fm—_—l
CrexoBarenbHo, NyHKT 1) BHINOMHSETCA MPH NPOH3BOJBHOM
O<e<~2’3.

Paccemotpum BLLT
N
3 NP
b ,}1 b @’ (3.5)
k='
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a0e
bu (2) = | biwy | €XP (IVew2)s Vi = arg by, L€C, i=V—L
ITycme

|Rez| << 1 + e(m—2¢)7L. (3.6)
Tozda
larg biw (2)| = Iyum Rez] < (% -—8) (1 + n—_e.@) = 5—5=
I
—I_s.

CnenoBaTenbHo, by (2) €Gs, rae 8 = _;_ ,
#uT obmactu (3.6). [losToMy B cuay nynkTa 1) 3akniouaewm,
yrto Bee m-e noaxoxswmue apobu BILJL (3.3) f.(2)(m=1,2,..)
ABJSIOTCS] TOJOMOPGHBEIMH GYHKUHSAMH 2.

PaccmoTpuM obJacTb

D={ze(Qi|Rez| <<l +e(n—2e)72, |Imz| <<}

Itna 2€ D u nocnenoBatenbHocTH rosomMopdublx dyHKkHi {f,.(2)}
BHIMOJIHAIOTCSL  yCaoBHsl Teopembl Cruiatbeca—Burann (cm. Teo-
pemy 2.13), rue, Hanpumep, a = —1, b= —2.

[Tyete 2€A u A= {w: Rew =0, |Imw|<<1}. Torna BILJ
(3.5) sanumercs B BHIE

€CJIU 2 NpHHalJe-

N
= 1
D e (3.
fe=1 Z b, (3.7)
{,=1 i(k)
rae by = | buw| exp(—v,,Im2)>0. Ha cpoiictea Bunkn (3.4)

ra. 1 caepyer, uto ans BILJ (3.7) Bcerna cyuiecTByIOT mpe-
JeJbl YeTHBIX M HEUEeTHBIX NoAXoAsmHX apoGelt. Ilostomy B cuay
Teopemel  Cruatbeca—Buramu  cywecTByloT mpepessl  f,, (1)
" fame1(1), T. €. BBINONHsIETCA MYHKT 2) TEOpeMEI.

Jokaxkem nyHKT 3) B NpeanoJIoIKEHHH, UTO BBIIOJH SI€TCS yCJIO-
BHe a).

[ycte z2€A ¢ukcuposano H

&, =min (b :i,=1,N, p=1, k), B, = max (bupy: ip =
Tak Kak &, > exp(—mn/2)a,, P, < exp(n/2) Py TO

2

0y 1Sk < € gy (&k + NGy o N [&;—‘l]ak_Q[k—l]) .
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w B cuny Teopemsl 3.6 u ycnosus a) BILI (3.5) cxonutcs ans
kaxporo 2€ A. HMa Teopembl Crunrseca—Burtamu cleayeT, uTo
B (3.5) cxoauTcsi Ha KaxJoM Komnakre oGnactu D, B yacr.
HOCTH B TOYKE 2z = |, 4TO paBHOCHJBLHO CXomuMocTH BLIJT (3.1).

[Tynkr 6) [OKa3LIBAaeTCS aHAJOTHUHBIM 00pasoM C yuerom
teopem 3.4, Crunrbeca—BuTanu u HepasencTpa

2m+1

o ( N N N I\i)
;» ST Bt Ay Ba e ) S
2m+1 g i
e%s [eTa, 4+ —L v NN o
< k-1 k - _fﬂ o
=2 € 26k+1+62ak+2+ e o
2mt1
= ¥ (“ N N N A_’)
= D e, , 0Tz — =z : .
k‘i“g -1} ﬁk+]+ﬁk+2+6k+3+ R S

M3 cxopumocTH uHTerpanbHoil wmemHoii apoGH (3.3) caenyer
B CHay Teopembl 3.7, aro pacxomutcs paa (1.37). Ycnosue (3.4)
SKBHBAJIEHTHO TOMY, YTO CyIlecTByer KoHCcTaHTa M >0, Takas,
uTO ,

max (b, (') : " € K'Y < M min (b- (¢'): ¥ € K").

Tak Kak

X
2

max (b, ()17 €KY » B, > ¢ 2By, min(b, (1) : £ €KT) <

IE]

<a,<e?q,,

10 B, < Mea,. U3 pacxogumoctu psga (1.37) cienyer pacxo-
JHMOCTb psja

Y ..

r=1

YuuteiBas Teopembl 3.9 u Cruatbeca—Buranm, sasepuiaem

JOKa3aTeJbCTBO TEOPEMBEI.
Cne,uy}omaﬂ TeopeMa ABJIAETCH MHOTOMEDHBLIM aHaJIOroM TeEo-

pembl Bopnurckoro (teopema 2).
Teopema 3.14 [4, 7]. Ecau 022 BL N

(1 +D y c—’—‘l’”)—l, (3.8)

=]

ip=1



20e c“k)—rcomn/terccubte qucaa, BbINOAHAOMCA YCA08UA

eool<a=NY(1—1), Ost<a(l=01N, k=12 .)
i(k) 2
mo (3.9)

1) BL T (3.8) cxodumes;
2) cnpasgedausbt OyeHKI CKOpocmu CX00UMOCTLL

(1 —=28) t7 (1 — (ym{(1 — tyn=m — tn-m
Ifn “fml < [(1 = ™ —{n1| (1 = mH = tm+IJ] ’
ecau 0<t< (3.10)
uau
2(n—m) 1
|fn—fm|<m’ec-n“t=7, (311)

e0e n>m u f,— k-1 nogxoxsauas apo6s BLLIL (3.8);
3) suadenusn Opobu (3.8) u ecex ee nodxodawux Opobed
npuradrexcam obaacmu

Jz—(1 =) < (1 —13)7 (3.12)

4) npedeavrvre xoncmanma o = 1/(4 N) u coomsecmsyrowas
obaacme sHaveHull SAAOMCA HAUAYHWUMU, M. e. KOHCMAHMY
Heab3a yeeauyums, a 00AQCHb [ MEHbUIUME,

HoxkasateabctBo. IJokaxkeM, uro npH BHIIOJHEHHH
yesosus (3.9) maxopanro#i BIL (3.8) siBasiercs nepropnueckas
HenpepuiBHAsl Jpobb

1 (=8 (=9 (3.13)

T—" T =" 1 —....

O6osnauum P,,, Qn, g, COOTBETCTBEHHO m-H YHCAHUTENb, m-i
3HaMeHaTelb H m-10 annpokcuMadty japo6u (3.13). Hcnoabsys
MeTOJ] MaTeMaTHYeCKOH HHAYKIHH C YYEeTOM PeKYPPeHTHBIX ¢op-
Mya (8), Jnerko nokasartb, 4TO
Qu=1—=—8"+t(1—=0)"1+02(1—H"2 o ...
e+t (m=1, 2, ...), (3.14)
Ppn=Qn (m=1,2, ...). (3.15)

Mz (3.14) caenyer, uro Q,,>0 ms O <t < —12— . [Tosromy nog-

xogsiue npobu (3.13) sBAAOTCA NOJOXKHTENbHBIMH UHCAAMH,
T.e. g,>0(m=1,2,...).

Ecan s BUJL (3.8) BeecTH of03HaueHus, aHalOTHYHbIE
(3.1) ra. 1, u B npeanonoxenun, uto Bee QXY #= 0 (s = m—1,
n—1), IpAMEHHTb METONUKY, IPHBOAAILYIO 'IPH YCTAHOBJIEHUK
(OpMYJIEl PAa3HOCTH JABYyX NOAXOASLIHX Apobed n-ro H m-ro Ho-
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psAnKoB (n>>m), TO, KaK JErKO MPOBEPHTBb, B HallleM ciyyae

NoJIy YUM
C =07 [T ey
fn—fm = 2 m m—] (316)
‘“l"""imzlk[! Qg.'('k—)-l) n Q(m—l)
rae

Qity = “’—1+ZQ‘(§§’ (s=m—1,n—1). (3.17)

Hcnonpdyss MmeTon MareMaTHUecKOH MHAYKLHH, [OKaXKeM, YTO
IIPH BBINOJHEHHH YCJIOBH TEOpeMH IJsi MPOM3BOJbHOro Habopa
HHJEKCOB {y, lgy ..., i W IPOH3BOJLHOTO HaTypa/JbHOTO § > &

I l(k)l hs—k (k s, §= 1; 2! '-’)) (3.18)
rape hm—m'ﬂ aanOKCHMaHTa IleHHOﬁ ﬂpOGH

t(1—1¢ t(l—1¢ t(l—¢
1__ ( 1 )— (l )— ( 1 )_‘“. (3.19)

®urcupyeM s. [lpoBoguM uHaykmHio no k. Ilpn k= s nmeem
QA =1= hy.
[pu & = s— 1 nonyuum
N
| Qi1 | = ]1 + Z ?1—"' >1—NN"U(1—1)=h,.
ig=1

[ycre HepaseHctBO (3.18) BhmosnusieTcs mpu k=n -+ 1. Hoka-
KEeM €ro Cl'IpaBe/ZLJIHBOCTb npu k =n. Hveem

i(n | —
T I O e

Qitnt 1 s—k—1

Qi | =

n—H_

Tak Kak h, =g}, >0 (=0, 1, 2, ...).
3amumeM ¢opmyay Thna(3.16) n1a HenpephiBHOH Apo6u (3.13)
tm (1 — tym

En—8m = 1 .
[1ra—s—t [1Hm—en
k=0 k=0
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YuurbiBas uepasenctso (3.18), nmoayunm

m
- [T eim!
fu— fl < Z S <
Les Ly one ,[m=llzl'=—l0 ‘QE'FIJ]) ’ l/z_——_lo% Qf?/;—“‘

tm(l — ym

m—1

n - n L

k=0
1
Tak xak nepuosuueckas uenHast apo6p (3.13), rae O <t < 5
cxonutes (cm. TeopeMmy 7), To 3akJaouaem, uTo BILJL (3.8) rakxe
CXOAUTCS H CHpaBejiHBa OLEHKa
tm (1 — fm
Ifn—fml\ m . (320)

Me]

n hn—k—l n llm—k—

k=0

< = L&n— 8m-

YuntbiBas, uto hs = g5, == Qpt1/Qp, mosyunM

— tm l — t)m Qn—m—
!f fml\ Qan . (3’21)

Ilpn t=1/2 numeem Q, =2""(p 4 1) u ouenka (3.21) npeot-
pasyerca B (3.11). Ilpn 0 < ¢<<1/2 B (3.14) caenaem sameny
t=x"1, roraa

Qp=

(=17 =17

(x—1)y 1
xP + xP %P ++;;’_
(x =P+ ]

£ (x —2)
rie x>2. Bosppamascs K nepemeHHOH {, MOJyYHM
Q=1[11—ty" —t"T'1(1 —2t). (3.22)

[Topcrasnss (3.22) B HepaseHcTBO (3.21), MOMYUHM OUEHKY pas-
HOCTH IBYX NMOAXOASUIHX Apobefl, coBmanatomyio c (3.10). Ouenkn
(3.10) u (3.11) rtounnle. Omu pocruratotes ans B (3.8),
y kotopoit ¢y, =—N"U(l—¢) (k=1, 2, ..., ir=1, N).

CnpaBe IJIUBO HepaBEHCTBO

(=29 — nn=m — gn-m) —am-
[(I — fn+l — ;(n+1] [(1— Dyt —gm] < (1 —1) =,
0<t<<1/2, (3.23)
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KOTOpOe JIErKO YCTaHABJMBAETCH, €CJNH BBECTH saMeny gy =
={(l —1¢)"! u yuectb, yto 0 < y << 1. He#ctBuTennuo, B 3TOM
cayyae (3. 23) CBOAMTCA K OYEBHJ HOMY HepaBEeHCTEY

(1=l —y=") <=y (I—=y*), n>m, 0<y<l.
HMa (3.23) caenyer GoJiee mpospayHas, HO U GoJiee rpy6as onexka
|f’1—fm'\ l_t)—m 1m, (324)

Hoxaxem nyHkt 3). m-io annpokcumanty BILI (3.8) sanu-

meM B BHJAE
(1 + Z Q(r;l(}—)l)) (1 +w)t.

in

Hs (3.18) u (3. 9) C/eAyeT, YTO

Ahmy o ra—t
lw|<2 o < = t=0g,.,

.

ig=l

Ofo3Hauum g 3HayeHHe CeCKOHEYHOHA uenHo#t Apo6u (3.13).
[Tocne noparenvHocTh {g,,} MOHOTOHHO Bo3pacraerT. [leficTBu-

TeJbHO, Tak Kak Q,>0 (m=1, 2, ...), to, yuurniBas (8),
HMeeM
_ _Eﬂ_Pm—l___ (—1)mH [—f (1 — f))m?
gm gﬂ‘!—l - Q Qm 1 - QQO -1 > 0
CnenoBartenbHo, |w| < {(l —¢) g. Tak kak g =[1 —{(l —¢)g]™?

TO, YYHTbIBasg, 4YTO an t=0 g=1, pewasa KBajpaTHOe ypas-
HeHHe OTHOCHUTeJBHO g, moayuuMm g = (1 — )71, loatomy

1 —
=] = 1wl <t
V4

OTKYyJa IOCJe Hec/JOXKHbIX BhIYHCJeHHH caeayer (3.12).

Hokaxem n. 4). To, uto KoHCTanTa o = 1/(4N) sBasiercs
Haua1yuieH, caenyer y3 ycaosus, uto BLLI (3.8), rae cip =
=—C(i,=1, N, k=1, 2, ...) u ¢>1/(4N), cornacHo Teo-
peMe 7 pacxojurcs.

2 -
O6aactp |z—4/3| < 3 sBAseTcs Hawsywmedi, TaK Kax 3ua-

uenre BILJL (3.8), y kotopoit ¢y = ¢ (i) = 1, N)cigy=—1/(4N)
(ip=1, N, p=1, & k > 2), pasHno (1+2Nc) ! Eom |¢| <
< 1/(4N), 1o HawayuwmeH obsacTbio 3HaueHH# JaHHOH BI[JL

2
sBJseTcs obaacTh |2 —4/3| < B |
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Sameqarue 3.2. TlycTh BRINONMHAIOTCA YCAOBHA Teopemb 3.14.
U3 ouenok (3.11), ecan ¢ = é, mn (3.24), ecnn O <t << 1/2,
CleflyeT CXOQHMOCTb Psifa

ngolfnﬂ —'fnl

CneposaresibHo, ecnu ans BILL (3.8) ¢ xoMmMmaekcHmiMH yact-
HBIMH YHCJUTEe]SIMU BhINOMHAIOTCS yeaoBus (3.9), To ona a6eo-
JIIOTHO CXOJHTCA.

Teopema 3.15, [Iycms das BZI,ZZ

b+ D Z o, (3.25)
ik-—l
2de by, cywy (R=1,2, ..., =1, N)—KOMﬂ/lEICCHbIe qucarq,

BLINOAHAIONMCA YCA08UA
Nenn] < N7 Eiry (1 —g_p) (k=1,2, ..., ie=1, N, ij=0),
(3.26)
G €RO0< <L €p=8=0k=12...,4=TN)
(3.27)

uan

g"(k)E[R’ O<gi(k) <1, iy = 8o = 0 k=1, 2,

.y ip=1, N). (3.28)

Tozda BL I (3.25) abcoaomuo cxodumesa u ee 06.a0cmpio
sHayenusn asasemca Kpye: |z —b,| < 1.

HokasateabctBo. llokaxeMm, uro wMaxopautolt BLJL
(3.25) sBnserca BILJ

— Ngp oy (=g
b5+ D, Z B ) (3.29)
=1

&

Hnst BITL (3.29) BBepeM coOKpalleHHbie peKyppeHTHhIe 0Go3Ha-
yenud, ananoruysee (3.1) m. |1

N840y (1 — i)
Q)

Wh=1, =1+ Y,
fop=1
e (s=1,2, ..., p=1s—1, ig=1, N,k =1,s). Mero-

JOM MareMaTHYecKoH HHAYKUHHA QOKa:KeM CHpaBeJ/IHBOCTb Hepa-
BEHCTB

Al> Q) (s=1,2 ..., k=13 i,=1, N) (3.31)

, (3.30)
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n>8m (s=1,2 ..., k=175 ix=TN), (3.32)
ecIH BHINOJIHAKTCA orpanuueHus (3.27);

Qo >8 =1, 2 ..o, k=175 ir=1,N), (3.33)

ecJH BHINOJIHAIOTCS orpaHudeHHs (3.28).
[pn k=s wuepaBercrBa (3.31) —(3.33) ouepumnbl. llpu
k=s5=—1 nmeem

N

IQE‘?;-—I)‘ >1— lsg | ;(s)l >1— Z N~ g;‘(s)

ls_
x (1 —&ysy)) = Ql(s—l)

3ameHsAs g, CAMHHUEH, MOTYYHM (3.32) uau (3.33), rae k=
=s—1.

Tlycts nepaeHcrBa (3.31) —(3.33) BumosHAIOTCS NpH k=
=p+1l<s. I[oxa;xeM HX CNpaBe;IHBOCTL NMpH k = p. MmeeM

N
Cypt1) | €ao-+0) |
|Q5f;):)|—)1+ 2 X l 2 [0
l(p+1) t(p+1)[

p+1= fpt1=t

—N-1 8i (1 - )
(p+1) &i(p) )
> 1 ~ = .
i G o
tp1="1

YuuteiBasi, 4r0 B cuny ouerok (3.32), (3.33) Qi41, =0, u 3a-
MEeHSAS gy, 1) HA Q¥)41), MOTYHHM (3 32), (3.33) npu k= p.

CrenosarensHo, Bee Qh 5= 0, Ql(k)>0 BocnoJb30BaBUIHCh
¢opmyuoft (3.3) r. 1 pas pa3HOCTeH noaxonsmux apo6ei BLLI
(3.25) u (3.29) f,—fn ¥ & —&m» TAC N>>m, NOTYYHM

m--1

z Fl Feigpy!
‘fn_fm|< 2 P <
1T :<k)|ﬂ|Q;(Zil
7 k=l

Ly, gy v iy
N m--1
(—Dm* nl Zuy (1 —8is—1))

L (__1y"+L b=
< (=1) mF1 =

m
L N
Lgy Lgy oo s imy1=1 Nm k=1 Qt(k ] Q

= (gn _gm)
 d _99




Takum 06pa3oM,
Vo—Fnl < 8n—8n n>m. (3.34)

[Toc/1e10BaTeIbHOCT g, MOHOTOHHO YyOBIBaeT W B CHJy Hepa-
BeHCTB (3.32), (3.33) OI‘paHHlIEHa CHH3Y

'g;
~1b1+2 ((,,l))‘”>lbl
iy=1

ITostomy npepen g = llmgn CyLIECTBYeT H KOHEYEH.

A6couoTHan LXOAHMOCTI: (3.25) caenyer u3 HepaBeHCTBA
(3.34). YuurniBas (3.32) wiau (3 33) u ycaorua (3.26), nmeem

|
Z 5‘,3, < (3.35)

l(l)

11——1

Tosromy o6nacte sHauernuit BLLJ (3.25) npuuannexur Kpyry
|z—0b,| < I. Tlokaxem, 4TO OHa cOBMajaeT C 3THM KPYTOM.
[Tyc1b ¢ — npoH3BOJILHOE KOMIUVIEKCHOE UHCJIO, TAKOE YTO lc|< L.
Toraa nepsas annpokcumanta f, BLLI (3. 25) Y KOTOpO# €, =

= N7%¢ (iy = 1, N), a Bce octaibHble ¢, — NPOH3BOJIbHEIE KOM-
IVIEKCHBIE YHCJIA, YA0BJETBOpsiouiie yciaoBHAM (3.26), npHHH-
maer 3uauenue b, +c. Eciu xe |c|==1, to BLJ (3.25),
y KoTopo#H Coy = (2N)c (iy=1,N), ¢y =—1/(4N) (is=
=T, N,s=1,k k> 2) ymosnerBopser orpaHuuenuam (3.26),
1 1 1

rae gi(l)zflcl’:—g’ i =79 (ie=T1,N, k>2) u upu
HUMaeT 3Hauenue b, +c¢. M

B xayectBe caencteBuil tTeopembl 3.15 mosyunM japa npusHaka
CXOJHMOCTH, KOTOpble MOXHO HHTepPIPeTHPOBATH KaK MHOTFOMep-
Hble o0obuienns Tteopembl CnemuHcKoro—IIpuurcrefima (teo-
pema 3).

Teopema 3.16. [43]. Bemsawaaca yennas 0pobo

N
bo+k51 Y (3.36)

=

-
—

€ KOMPNACKCHBIMI HUCAOBBIMU SACMEHMAMU, YOO8ACMBO DALMY
ycro8uam

]b[(k)l }lai(k)l +N (lk: ’ N; k= 1, 2’ "')! (337)
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abcontomHo cxodumcs u ee 06AQCMbI0 SHA4EHUE fgasemes Kpye
|z—b,| < N. (3.38)

HokasateanctBo. HMs ycnosua (3.37) crenyer, yro

by #0 (i=1, N, k=1, 2, ...). Hcnonb3ys 5KBHBANEHT Hble
npeoGpasoBanus (4.2) ra. 1 nmpusenem BILIL (3.36) k Buny (3.25),
rie

k) . —
c,, = ——1 _ (k=1 2,... lk=1,N,b‘0=1.
D) bt’(lz)bi(k-—l) ( y ) ‘o) )

IycTs

'a[(k)l
iy = T 1+ N

Toraa 0 < g, <<1 u B cuny (3.37)

1y

—_— -1
Mgy TN gy F 0~ ¥ i (1 = &),

Ict(k)l<

ecnn k> 2 oy, | < g, = NN7g, (1 —g,), Tne g, =
= g, = 0. Iloaromy BLIJ (3.36) abcomoTHO cXOAHTCS H ee
obnacte 3HauyeHHH cogepxkurcsi B kpyre (3.38). B Tako#t dop-
MyaHpoBKe TeopeMa 3.16 Obwta ycranoerena H. A. Hepawkos-
ckuM [43].

Hoxkaxem Gospliee, a HMEHHO, YTO 06s1acTh 3HAYEHHH APOGH
(3.36) copnagaer c (3.38). Ilycrb ¢ — npOM3BOJIbHOE KOMILIEKC-
HOE 4YHCJO, TaKoe uTo |c|{<C /N, Toria nepsas annpoKCHMaHTa
fi BLLI (3.36), y xoTopoii Ay = Ne(N —[c|)2, by =
=Nle|(N—=le)+N (i =T, N) gy, by (o =TN, p=
=1, k, & > 2)-— NPoU3BOJIbHElE KOMIJEKCHbE YHCHA3, YIOBJET-
BopsAlolHe ycaoBuaM (3.37), mnpuHHMaer 3HaueHue b, C.

Ecnu ke ¢ = Ne'® (—n<<¢ < m), To paccmorpum BLL, ynros-
JIeTBOPSIOILYI0 CcooTHOWweRuaAM (3.37),

N
¢y exp (i9) ’
bt Z o : (3.39)
w=le,-+N+ D Ok
k=2ik=1 cr+N
rge ¢,>0(k=1, 2,...). OHa >3xBHBaJeHTHa NenHOH APOCH
bo+'g_ll(':-—g2(ll—gl)._.g3(l;—g2)~—---, (340)
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y KoTopoft g, = C,{(c, + N)"! u 3HaueHHe KOTOPOH COTJIaCHO

[100] paBrO
b9+c[1—(1 +2nl—f-_‘-g—)ﬂ] (3.41)

Tak xak

TO BU‘% (3.39) npurHMaer 3HaueHHe b, -6, ecaH pan

Y N~«[] ¢, pacxonurcs. M

k== ! =]
Teopema 3.17. BL/ (3.36) ¢ KoMNAeKCHbiMU HUCAOGHLMU
sneMenmamy, YOOBACMBOPAOUUMU YCAOBUAM

oun] > Gy, [N+ 1 (=1, N, k=1,2,...), (3.42)
abcoromuo cxodumca u ee 00AQCMbI0 SHAHEHUL ABASEMCA KpY?2
Jz—b,l < 1. (3.43)

HoxkazateanctBo. [loBTopHB Havalo J0OKas3aTesabCTBa
teopemsl 3.16 u B3sB

Gimy =N | at‘(k)l(N [ Qe | + D74
y6equmcst B Tov, 4r0 0 < B < lu

_lagyl T N Y
lc:(k;"‘ N < Nigpl+1 =N gz'(l,(l""gim))’

rie gyo == go= 0, a Takxke

! ai(k)l

— ~1
o < Tag T F D W a0 = G (1 = &uy):

[Tostomy coraacuo Tteopeme 3.15 BLJL (3.36) aGcomoTrO cxo-
autcs H B cuny (3.35) ee o6nacTb 3HaYEHHH COAEPAKUTCS B Kpyre
(3.43). [okaxeM, 4TO OHAa COBNAaja€T C 3THM KPYroM.

Ecyiu ¢ — npousBo/ibHOE KOMILIEKCHO® YHCJI0, TaKoe, 4T0 | ¢ [<1,
To neppan noaxoxsmas apobe f, BLLI (3.36), y Kortopoii

4

jci . —
al(l)=ms bi(n=——£— +l (11;-:1, Nl’

1—lecl

Ay bumy (o =1, N, p=1, k, k > 2)—nponsso/bHbie Komn-
JEKCHble UMCJa, yAOBAeTBOpsioliue ycaoBdsM (3.42), npuHuMaer
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sHayeHue b, +4-¢. [lycrtp ¢ = eto (—n<p<mn). Paccmor-

puM BLLI
N
by + Z R , (3.44)
(s N”l"“"‘B Nc—flfl
? =
rae ¢,>0 (k—l 2, ...). Ona 3KBHBaNEHTHa LENHOH APOGH

(3.40), y xoropofi g, = ch(ch + 1)71. 3nauenne B (3.44)
paBHO (3.41).
Tak kak

N . R

Ee=] ==l k=l (=1

TO BLLH (3.44) nmpuHMMaeT 3HauyeHHe by -6, ecnu pan

2 Ni r[ ¢, pacXomuTCA. B

t==1
mee MBI IPHBEJIEM HEKOTOPHIE CIEACTBHSA TeopeM 3.15—3.17,
Cnredcmeue 3.4 [45]. BLLI (3.36) a6CcomoTHO CXOAHTCH, €CIH

CyLIECTBYIOT TaKHe JefCTBHTeJbHEIE WHCHa py, >N (i =1, N,

k=1, 2, ...), 4TO BBHINOJHAIOTCA HEPaBEHCTBa
-_—N —_
%) Py .
< — (i;,=1, N), 3.45
[ Py (& ) ( )
/ i | o Piw il (io=1,N, p=1,k, k>2). (3.46)
bik—1ylicky | Pik—1)Pith)

HokasarenbctBo. Bmecre ¢ BILJ (3.36) paccmorpum
el skeuBanentHyo BLLI

SN
b, - D L i(1)Pir l)pz(k)’ (3.47)
bigkyPicry
[k

rae g =1, pp %0 (i, = I, N, k=1, 2, ...). Ecan noJo-
KUTD Py = Pyn/byn) (lp=T1, N, k=1, 2, ...) u K Apo6H
(3. 47) NPUMEHHTbL [pPH3HAK abCOMIOTHOH CXOJMMOCTH, H3JI0XKEH-
HEIH B Teopeme 3.16, yGexpmaemcs B ToM, uto ycsaosus (3.37)

B 3TOM CJyyae SKBHBaJIeHTHHl ycsoBHaM (3.45) u (3.46). m
Caedomeue 3.5. BLLI (3.36) aGcooTHO CXOAHMTCS, €CJH Cy-

WECTBYIOT TaKHe AeACTBHTENbHBIE 4Hena ¢, >1 (i, =1, N,
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=1, 2, ,..), uTO BHINOJHSIOTCH HEPABEHCTBa

ql-(])—l —

Ngyy, (i = 1 N)’ (348)

241)
. =
byny

) I Giqpy— 1 , — B —
< ip==1, N, p=1,E k>2). (3.49
bige—1Picky NQim1)up (G5 P >2)- ( )

Hokasateabctso. Ecim B (3.47) monoxuts p,, =
= Qup/bun (e=1, N, k=1, 2, ...), To yciornus (3.42) Teo-
pemsl 3.17, sanucannsle gis BLU (3.47), skBHBaJeHTHOR ApobH
(3.36), npeobpasyrotca K Buuy (3.48), (3.49). &

Bamenanue 3.8. CnenctBhs 3.4 u 3.5 nerko ycranas/HBa-
IOTCS HENOCPeJCTBeHHO H3 Teopemn 3.15, ecan BIJL (3.36)
C NOMOILBIO SKBHBAJIEHTHBIX NpeoOpa3oBaHHH TPHBECTH K BHIY
(3.25) ¥ moOJMOKHTB

I

g, =1—2 Gipy = 1 — —
ik Pic) ik 0

cooTBeTCTBEHHO (i, =1, N, k=1, 2, ...). Ecmn xe B crel-
cTBHAX 3.4, 3.5 NOJ0KHTD

N
- == ——————— . = ———‘— i =4 1 N k - l 2 * s .
pl(k) 1 _gf(/e) s q;(k) 1 _gi(k) ( £ ’ s s &y );
TO NOJYyYHM YCJOBHE, 3KBHBaneHnTHoe (3.26) ¢ orpanuuenusmu
(3.28) oTHOCHTENBHO g, Cref0BaTeNbHO, TEOPeMbI 3.15—3.17
B HEKOTOPOM CMbIC/JIE SKBHBAJIEHTHBL.
Caredcmsue 3.6 [10]. B

1 (3.50)

byt

b, -+

ED&

1=

1

C YHCJIOBLIMH KOMIUIEKCHEIMH 3JieMeHTaMH by (i, =1, N, k=
=1, 2, ...) aGCcOMOTHO CXOANTCH, €CJH

ozl o+ (N, )T <N =1, 2, ...), (3.51)
rae N — uncno retok pereaenus BILJ (3.50) w
o, =min(|byn|ti, =1, N, p=1, k). (3.52)

HoxasarteabcTBo. HepaBencreo (3.51) caenyer n3 yc-
qosuit (3.48), (3.49), ecnn moMOKHTDL

Giopmy = Gicony = %o Uy = I le=1, N, k=1, 2, ...).8&
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Credcmeaue 3.7. BUJ (3.50) ¢ YHC/IOBHIMH KOMIJIEKCHBHIMH
sieMeHTaMu by (ir=1, N, k=1, 2, ...) abcomorHo cxoaures,
ec/au

agl + (Nay, )P< N (=0, 1, 2,...), (3.53

rie o, OIpeleNsioTcs COraacHo (3.582), a, = a;.
JdoxkasarteabcTBo. HepaBeHctea (3.53) crenyior H3
(3.48) n (3.49), ecnH NONOKHTH

Tty = Dz = Poptry qm) =0y, Oy =1
(=1, N, k=1, . M
Paccmorpum BLLJ,
N
g Ciey\ T2

(1 + D 2 1—) ; (3.54)

lk=1
THE Cypy (= I, N, k=1, 2,...)— KOMIIEKCHEIE YHCIA, YIOB"

JerBopsifolliie  ycaoBUsAM (3. 26) u orpannHuenusM (3.27) wuam
(3.28) orHocuTenbHO g, . Tak Kak coriacHo Teopeme 3.15

3HaueHHe apoOH, obpaTHOH K (3.54), MoxeT ObITh PaBHO HYJIO,
To 0€3 JOMOJNHHTENbHEIX OrpPaHHUEHHH MOMHO JIHUIb rosopmb
0 CXONHMMOCTH B IIHPOKOM cMbicae BILI (3.54).

Teopema 3.18. BL ] (3.54) ¢ wuucaoseimu KOMNAEKCHbLML

gnemeHmamu Cyp (i, =1, 1, N, k=1, 2, ...) abcosomno cxo-
Oumes, ecau cnpagedausbl YCAOBUA (3.26), e0e 0< g,y =
=g <1, 0<gy, <! (k=1,N,k=1,2,..)) um O<
<<l =1, N, k=1, 2, ...) u obaracmew znauerut
samod Opobu ssasemes kpye
le— g5 (2—go) 'l < (1 —gp) g7 (2—go)™"  (3.55)
JokasaTeabcTBO. AHAJIOTHYHO, KAK H NMPH JOKas3aTesb-

cTBe Teopembl 3.15, Jlerko yCTaHaBAHBAeTCsl, YTO MaXKOPaHTOH
BILJT (3.54) sBasercs BILJ

o B =N — gy B
k=‘l1

Ecnin Geckoneunyio BLUJL (3.56) mam ee n-10 anmpokcHMaHTy
sanucaTh B BHIE

N—lgi
=(—(1—g) w)‘,w—z = ,
| — N-1 (l—‘gi(l))gi('Z)
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To B CHJAy yTBepKIeHHs Teopembl 3.15 |w] <1 u mostomy
1
]l — 51 <1—g OTKyla c nOMOUIbIO 5/7EMEHTAPHBIX BbIYHC-

nenuil momyuaeM (3.55). A6comornaa cxomumocts BIIJ (3.54)
crepyeT M3 Ttoro, uro ammpoxcuManThl BLLIL (3.56) ofpasyior
MOHOTOHHO BO3pacTalollyi0 H OTrpaHHYEHHYIO CBepXy MOCJejoBa-
TejbHOCTh. M

PaccMOTpHM HHCJIOBYIO MOC/AEAOBAaTENbHOCTb {4,}, TAe @ =

= N max (| ci(k)]: ip=1, N, p=1, &), Cygy — DIEMEHTHI BLLI
(3.54). llpegnonoxum, uro {a,}— UenHasi nocjaezOBaTeNbHOCTb

um,(n=0,1,2,...)—ee MUHUManbHbIc napaMeTpnl {cM. (35)).
Paccmotpum wnennyio npofb

my  (A—mgm, (1 —my)mg

e I — I —

% (3.57)

Teopema 3.19. [Tycmo saemenmamu BL [ (3.54) ssasuomesn
Komnaexcree 4ucaa Cy, (i,=1, N, k=1, 2, ...), makue,
4mo nocaedosamenbHOCHb

apy=Nmax(|c,,liip=T, N, p=1,%) (k=1,2, ...) (3.58)

ABAREMCA  WEenHOU NnoCAe008AMEALHOCINEI) € MUHUMOAAEHWMU
napamempany m, (p=0, 1, 2, ...), ydoeremesopsrouumu
YCA0BUAM
Osmpy<<!l (p=1,2,...). (3.59)
To2d0a BLO (3.54) abcoaromuo cxodumces, ecauw C€xo-
Qumea pad
k

[Tm:(1 —m)L (3.60)

=1 f==1

pis

T=1+
k:

3unaurnue beckonewnod BLJl (3.54) u écex ee nodxodauux
dpobed npunadrexcum obaacmu

|2 —T QT — 1) <T(T—1)2T—1)7,  (3.61)

20e T —cymma pada (3.60).

JokasartenbcTBo. I[lokaxem, uto Mmamopautosi BL[J]
(3.54) ssnsercs uemHas npo6b (3.57). Ecanm mna npobu (3.57)
BBECTH DEKYPPEHTHO COKpauleHHbie 0003HaueHHs, aHAJOrHYHEIE
o6osHayenusM (3.1) ra. 1

- ~ 11—
© =1, Q§78>=1_T_”_‘*_‘,((_57_m.F’_) (s=0,1, 2, ...
"1
.y p=0» S—l)’
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TO METOJOM MaTeMaTHueCKOf HWHAYKUHH M0 aHaJOTHH C J0Kasa-
tenscTBOM HepaseHcTB (3.31), (3.32), Jserko npoBepsiercs, 4TO

IQz('(le)I > [225) (k= 6;—;, io= 0, i, :"_'_1) N, p=1, k)) (362)
'>m, (k=0, s). (3.63)

Cnenopatesbio, Qf) 540, Q¥ > 0 (k¢ =0, s). Eciu o603na-
gurs k- annpokcumantel BILI (3.54) u uenHoit apoGu (3.57)
yepes fn, P, ¥ yuyecTb (GOpMyJy pPa3HOCTH ABYX MOAXOASAIIHX
apobeit (3.16), To i n > m NoJyduM OLEHKY

'fn—fnzl\<pn—pm' (364)

A6costotHas cxogumocts BILJL (3.54) cieayer U3 Toro, uTO
noc/e0BaTeNlbHOCTh {p,} MOHOTOHHO BO3pacTaeT H OrpaHHUYEHa
CBEPXY.

[ycre A, u Br— k-fi unHcaUTE b W 3HaMEHATeJb JPOGH

m (I —my)m (1 —mg)m
Pl L=RdM (3.65)

Mcnonb3yst pekyppeHTHble COOTHOIIeHHA (8), MeToioM MaTeMa-
THUECKOH HHIYKUHH JIETKO npoBepuM, 4to (cMm. [100])
Br=(1—m)(l —m,) ... (1 —my)+m(l—m,)...
con (T—my) Fmymy (1 —my) .. (L —my) + o - mym,...my,
Ap = By—(l —m) (1 —my) ... (1 —my).

[Tosromy

k p _
%’::1—-(1 +y nm;(l—m:)'l) "

p=al =l
Tak Kak B CHJy olleHOK (3.62)
N

(9 iy | 1 s
[Q — 1< 2 <zw =3
° gy e s’

fy=l

1O, 3anucaB GeckoHeunyio BIL/L (3.54) uau ee anmpoKcHMaHTY
B BH]E
N

Cun
z2=(14+w), rie w= ' N ] ,
(2
i =l l_l- E ]%-
{y=l .

nMeeM |[w|< 1 —T7t w |71 — 1| < 1 —T"1, oTKyna ¢ 10-
MOLIbIO 3/IEMEHTApHEIX BHIUHC/AEHUH nodyuaeM ouerky (3.61). @
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Teopema 3.20. [Tycmov Osa BL I (3.54), 20e cup(ir =

=1, N, k=1, 2, ...)— KOMNAeKCHbIE HUCAQ, E6BLNOANAIOMCS
ycaosus
N[C{(k)l < gi(k)(l _g[(k_]))
(k=1,2, ..., =1, N, i, =0), (3.66)
Eiun € R, 0< Cw<<li gpy=80=0
(k=1,2, ..., ir=1, N). (3.67)
Tozda BLI (3.54) cxodumcs, ecau cyuecmsyem maxoe
Hamypaabroe 4ucA0 n U ﬂa6op undexcos iy, iy, .+. , In
(ir=1, N, k=T, n), umo 8 =10 uau
th'(n) #* —g[(n) (1 ——gi(n—-l))' (368)

HdokasateabcTso. BILA
N

Quw=1+ D Y ¢

ke=pt1 ip=1" ]
(p=0, 19 2s"',i0=07 ip=1v N’ p>1) (3‘69)
cornacHo TeopeMe 3.15 cXozATes W NPHHUMAIOT 3HAYeHHs!, TIPH

Hajiexkamue Kpyry |z—1l< [ — DneMeHThl (i) 3ald-
eM B BHJE

gt’(p)'

— -1
Cii) = N g,’(k) (1 - gl(k—!)) Xik),

rae |xim | <1 B cuny ycaosusa (3.66).
Ecau BIL (3.54) pacxonmc;l 10 HeoGXOAUMO

Nexiy _
_1+Z —g =0 (3.70)

iy=l
Tak kak x| < 1 u cornacso (3.32) | Qiy| > gy, TO paBes:
¢tBo (3.70) paBHOCHJBLHO TOMY, UTO

g, gy Xs —
(x| =1, T@:TUﬁ":l U —‘%a‘)ﬂa_l (i, =1, N).
(3.71)
Us yenosua |Qy—11<1—g,, 1 (3.71) caeayer, uro
Qup =8y ¥iy=—1 (i1 = 1, N). (3.72)
IlockonbKy

N=1gy0% )
Uiy

Qo =1+ (1 —g,) 2

iy=1
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10, yuHThiBaa (3.72), umeem

N N-1
“8i2)%i(2) 1
UGt v =0
; :1 o - H1=0,
=

OTKyJMa, TOBTOPAR T€ »Ke PacCyKAeHHs, MOAYUHM Qyy == 8oy
X:(2) =—1 (ik‘-‘——- 1, N, k= 1,2) H T, O
PacxogumocTh gpobu  (3.54) >KBHBAE€HTHA BHIUIOJIHE HHIO
YCJIOBHH
Qi(k) = iy Xighy = — 1 (373)

npH BCeX BO3MOXKHBIX Habopax uupexcos. [loaTomy BhImOJHEHHE
ycaosus (3.68) rapantupyer cxoaumocts BLL/ (3.54). Tak kax

Qw+#0 (=0, 1, 2, ... , i{,=0, ir=1, N, k> 1), To
ycaoBusi (3.73) He OyAyT BBHITOJIHATBCSA, €CIH HPH HEKOTOPOM
Habope WHOEKCOB iy, iy, ... , In Gim=0. H

Teopema 3.21. BL /A (3.54) ¢ KomnaexcHoimu Hacmuoimu
qucaumenrams ciw (e=1, N, k=1, 2, ...) abcoaomuo cxo-
dumes, ecayu 041 NPOU3BOABHO20 HAMYPAALHO2O i U NPOU3-
8046H020 Habopa uHOexKco8 iy, iy, ... , in GBLNOAHAIOMCA
ycaosusn

n

Y olcim | <N (i =1, N, k=1, n, n=1

k=]

C ). (3.74)

JdokasaTteapcTBo, lloKaxeM, 4TO CYIUECTBYIOT TakHe
neficteuTenpisie whcna 0 < g, <1 (ke=1, N, k=1, 2, ..)),

gi([)) = gO = O, qTO

lC[(k)I = N—lgi(k)(l —_— gi(k—l))' (3.75)
HefcTBuTeIbHO, Tak KaK |¢iqy|<<N™l, TO MOXHO [OJIOXKHTH
Nlew| =gy Torma 0O0< gy <! (a= 1, N). Ilycts

Euny (in= I, N, k=1, n) yxe HaligeHol. YuntniBag (3.74),
uMeeM
LI‘ n
Nlci(n+l)|<1 —kll:l Nlci(k)l =1— 2 gi(k,(l —g,-(k_l,) =

k=1
n

=1—g, _kgg Gy (1 — &1pyy) =

n
= (1 —gi(l))(l —g,-m)—kgs 8wy (1 ——g,-(k_l,) <
n

<(l—g)— k§3 By (1 — i) =
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n
=(1 =g ) (1 —gys) — k}__; i (1 — Bip—y)) <

<{(1— gl.(a)) —-k§4 gl‘(k)(l ——g“k_”) < oo
v < (=g ) (T —gyy) < (L —gy)-

[Mostomy cyumecrByer Takoe JeHCTBHTe/bHoe uHCIO 0O <
< Gy <1, 910 Nlcinpnl= gy (1 — Gipy)-

Ec/i HeKoTopble Cin pABHBL HYJO, TO, 3HAuMT, g, =0
u cxomumocts BILI (3.54) caexyer u3 Teopemsl 3.20. [lycts

Bee ciy =0 (le =1, N, k=1, 2, ...). Toraa, nonoxus

g =1—sup( Y Nleplii,=1, N, p>k+1) (3.76)
i(R) Py~

k=0, 1,2 ..., iy=0, ir=1, N, k> 1), nmeen
(Y — gio_1y) Giry = (sUP Y Nigim (I —sup ¥ Niep ) >
p=k p==k+4-1
> (Njcwl+sup Y Nlemh(l—sup ¥ Niciol) >
p=k~+1 p==k+4-1

> Nlcw|+sup X Nlcpl(l —sup X Nlcwml) > N leww |-
p==k+1 p=Fk

Yautpsas (3.76), mnonyunm 0< g, = g, <Il, 0<<g,, <1
(ir=1, N, k=1, 2, ...). Tostomy fe;q)f <N }(l—g,) X
X giny (i =1, N}, leim | <N M1 —gu_) gk =2, 3, ...

., ip=1, N, p=1, k). Ecnu g,>0, 1o BIUI (3.54)
cxopures cornacio teopeme 3.18. Ecau xe go =0, To cxolu-
mocts BILJ (3.54) cnenyer us teopemsl 3.20.

B sak/moyeHne OTMETHM, uTo Teopemsl 3.15—3.21 aBaaloTca
MHOTOMEpHLIMH ~ aHaJoraMH [PH3HAKOB CXOJAMMOCTH HENHHIX
ApoGe#t, B uacTHocTn Teopema 3.15, cnexgcrBua 3.4, 3.5 —
oGo6menue mnpusHakoB cxogumoctd Ileppona (87], Teopem
3.16, 3.17 — npusnakos cxomumoctn Cremnncxoro — Ilpunre-
reiima {58, 89|, Teopema 3.19— MHOrOMepHHI aHA/IOT MOPH3-
naka Ban ®uaeka [98], Teopema 3.20 — npusHaka ¥Youaia—
[lefinona {85], teopema 3.21 — ofobieHHe OpH3HAKA CXOIH-
moctd Koxa [82].

Cnepyioluue [Be TEOpeMbl SBJIAIOTCA MHOTOMEPHLIMH aHa-
JjoramMu napaGosuueckoit Teopemsi. IloapoBuufl 0030p mo 3TOMY
Bonpocy H3JoxeH B [81].
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_Teopema 322 Hycmb snemenmor BIIL (8.54) ¢;w (lx=
=1, N, k=1, ..) npunadaexcam obaracmu

Pe={z€([;:lzl—Rez<(2N) L1 —e)}, (3.77)

e0e & — Kax yeodno manoe Oelicmeumensroe wucao (0 <<e<<1),
N —uucao semox semeaenus BLJ (3.54).

Toz20a

1) cywecmesyiom kKoxeuHbie npedeavt wemuolx [o, U Hewem-
HOiX fonp1 nodxodsawux Opobetl;

2) BT (3.54) cxodumces, ecau svinoinsemcs O00HO u3
dsyx ycaosull: aubo cywecmeyem maxod Homep k, umo sce

Ciwy=0 (i,=1, N, p=1, k) aubo pacxodumcs psd
3 &, (3.78}

ede 8 = min(1/|cip|:ip=1, N, p=1, k), npusem me Ha-
Gopor  undexcos, npu KOmopoix Cim =0 npu murumusayuu
He paccmampusaromcs;

3) obaacme snawenuti BI[Jl (3.54) npunadaexcum kpyzy

[z—11<]1. (3.79)

JlokasaTesbcTBO. 3aMeTuM, 4TO rpaHunell obnactu P,

ABJseTcs mapafosa ¢ GOoKycoM B Havyaje KOOPAHHAT C OCbIO
o 1—e
BAOJIb Jiyda argz =0 M C BepIUHHOH B TOYKE — —r—

Kaxaplt OTIMuHBIE OT HyJs 3meMeHT i BILI (3.54)
npeACTaBUM B BHIe

Cice) = | Cigey | €XP (iiny),
re —n<oum<mn ni=})—I.B obracru
Q={2¢@! |Imz]<§, |Rezl<<1 48}, (3.80)
rae 0 — npousBoJibHOE XeHCTBUTENLHOE YMCJIO, TAKOE, UTO
(1 4 8)%exp (nb) << (1 —e)7Y, (3.81)
paccMOTPHUM (GYHKINH
0 , €caH Cypy =0,

Oiwy (2) = {|a,-(k) lexp (iotxy2), ecan cyay %0

(fe=1, N, k=1, 2, ...). TTokaxem, uto ¢yt (2)€P,, Kor1a
2€Qs, rae P, onpe,uenﬂeTc;I coraacHo (3.77), ecau TNMOJAOKHTE
e =0, Ecmx Ay =0, TO, OYEBHAHO, Cipy(2)€ P, Ilycts

11



oy %0 U z2=x+i{y. Torga, onyckas HHAEKCH C UeNbIO
COKpAILeHHA 3anHce, MonyuyHM
le(2)]|— Rec(2) =|c|le~* (1 — cos ax).
1—e
Tak xak |el(l —cosa) < 57—, 7O |e(2)l —Rec(2) <
_ l—e 5] —cosax
= 2N l—cosa °
HceaenyeM Ha 3KCTpeMyM BhIpaXKeHHe

sin21a
- 0X
|—cosax 2
l—cosa . .1

sin? 5 o

M (o, x) =

b

rne —an<<a<n, a0, |[x|<1+4+06. HocratouHo orpanu-
guthess  caydaeM O0<a<n, O<x <146 Eom 0<a<<
<n(l 4+ 8L, 1o pynkuua V' M (e, x) no aprymeHTy X MOHO-
TOHHO BO3pacTaeT H NO3TOMY
sin -é— a (1 4+ 6)
VM, x)< — = M(a),
sin —5 a

M (o) — MOHOTOHHO YOHiBatouiass GYHKUHS MO &, TAK KaK

a 1
cos o8 -ga(l -+ 8)

; ——(0+ote s —

sin? —

M (a) =

—1g% (1 +8))<0,

ecqd 0 <<a<<n(l 4 8)°t. CnegoBaresibHO,
sup(M(a):0<<a<<n(l 4 6)™1) =

sin%a(1—|—6)
=llm-—-————=1 438,
a0 sin—é—a
Ecmn ke n(l +8)T<sa<n O<sx<146 10
sm—é—ocx/sin%oc<sin 2(1—|—6) <146,

. n
TaK Kak sifl3 X > X, rje D<x< 1.

Taknum o6pasom, BriGHpas § coraacHo (3.81), numeem
[c(2)| —Rec(2) << (2N)™.
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Pacemorpum BU
N

(145 ¥ 8 ®)”, (3.82)

k=1 fk==l
Yaursipag caepctse 1.4, tae o =0, ybexaaeMcs B TOM, 4TO
obaacts sHasenni BILI

N
il Cip (271
ey (2) (1 -f-kl=)2 2 ———'“kl) )

t'k=l
NpUHAAJNEXKHUT NoJNIYIIIOCKOCTH
Rez> — (2N)1,

oTKyza ciaexyer, 4rto obnacteio 3Hauenult BLJI, ofpaTHoit
K (3.82), aBiseTcs moaynJoCKOCTb

Rez>—;—.

[Mostomy 3HaveHuss nmopxoasmux apobeét BLL (3.82) mpunaz-
Jexar obnacTH
lz—1|<< 1.

O6o3naauM fn(2) — n-10 annpokcumanty BIL/L (3.82). Ouepnano,
fn(2) (n=1, 2, ,..)—ronomopdurie ynKuun B obmactu s.
Hns o710l mOc/ie10BATENBHOCTH BHINOJHSIOTCSE YC/IOBHS Teope-
Mel 2.13, tae, nanpumep, a = —1, b= —2,

Iyete 2€A 1 A={z€(: Rez=0, |Imz|<<8}. Torma
BILI (3.82) sanumercst B BHAE

N .
0o ~ -1
(1 +D Y c‘_;k’) , (3.83)
p=1
[k=l
rie
0 , €CIIH Cypy = O,

Cite) = {lcak, | exXp(— Quuy), €Cnu Cyp) # 0.
Hnsa ycramosnenus cxoammoctu BIL/L

1+ D Y Ao (3.84)

obGpataoit K (3.83), Bocmosmb3yemca Teopemo#t 3.12. VYcsosus
a) — B) 3TOH TeOpeMbl BLIMOJHAIOTCS OUEBHAHBIM OGPA3OM.
Ecom cyuiectsyer Tako#t Homep &, u4To BCe Cipy =0 () =

=1, N, p=1,%), 10 Beeew=0 (i,=1, N, p=1, &),
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nostomy BILL (3.83) CXOAHTGS H IPHHHMAET OTAHUHOE OT HY.SA
sHayenue. Ilosromy BLLJ (3.82) cxoautcs.

Tak kak
8 =min(cim: i, =1, N, p=1, k) > 8 exp(— ad),
T0 B cHay YcaoBua (3.78) psxn
Y b
k=]
pacxoantcs u B BIJL (3.83) cxoautes.

H3 teopembr Ctunteeca — Butamn caeayer, uto BILIL (3.82)
CXOOUTCA Ha KaxXKAOM Komnakrte obaactu (3.80), B wacTHoCTH
B TouKe z = 1, 4To paBHOocHJbHO cxoaumoctH BIIJL (3.54). U3
cBoficTBa BHJKH (2.6) caeayer, 4To BCeraa CymeCTBYIOT KOHEY-
HBle mpefieslbl YeTHBIX H HeueTHHIX noaxonsuiux apoGed BILJ
(3.83). Kak u paubire, npumenss 1eopemy 2.13, nerko y6Gex-
zaeMcsi B crnpaBefIHBOCTH nyHkTa 1).

Crnenyiolnas TeopeMma sBjaseTcss O0GOOILEHHEM TOJbLKO UTO
JOKA3aHHOI Ha caydya#l nosepHyTo#l NapaboJnuecKol o6MaeTH.

Teopema 3.23. [Tycme ssemenmor BI{JI (3.54) cup(in =

=1, N, k=1, 2, ...) npunadarenam obaracmu
Pg, , = {z€(: 2] —Re(zexp(—2yi)) <
< 2Ny (1 —e&)cos?y}, (3.85)
20e —-g,t—<y< —2”—, £ — KaK Y200HO Maaoe OelicmeumenbHoe

noaoxcumensroe uucao (0<e<< 1), N —uucao geemox semeaenus
Opobu (3.54). Toeoa

1) cywecmeyiom KOHeurbie npedenbt HemHblx U HEHemHolLx
nodxodsuyux opofed BLJ (3.54):

2) BIT (3.54) cxodumces, ecau gvinoansemcs 00HO u3
Osyx yeaosuili aubo cyuecmeyem maxol Homep Rk, umo ece
iy =0 (ip=1, N, p=1, k), aubo pad (3.78) pacxodumcs;

3) obaacme suauenud BL[J] (3.54) npunadaexcum «xpyey

-1 -1

iz—%(l——;—cosy) exp (— iy)‘< %(l—-é—cosy) .

I

(3.86)
HokasateabctBo. BILJ (3.54) 3anumem B Bune
N 2
L a: -1
1+ 5 Y He) 3.87
( + s r}éx ! (3-87)

2 .
T. e, DOJOKHM Cipy = ypy (Ir=1, N, k=1, 2, ...).
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C yuerom Ttoro, u4to [z2|—Re(2?)=2(Im2)?, o6aacth
(3.85) B Tepmunax w, rue z = w? npeoGpasyeTcs K BHAY

Gey = {wE([;:]Im(w exp(—iv)) | < % V%cosy}. (3.88)

Kaxablii snemenT a; BUJ (3.87), npunamnexamusi obaac-
tH (3.88), npencraBuM B BHAE Qiry = biw €Xp (i) 4+ idin, Tae
l—e

1
biwyy dim €R v |diy| < o ]/ ~— - PHKcHpyeM vzlvl<% .
Ilycte 8 — neficTBuTesbHOE nosokuTENbHOE uHca0 (0<<d<C 1)

Takoe, 4to |y 4 (‘5[<—52E . B obnactu

Sa={z€([):1—6<l2l<l+5.

—y—8<<argz2<C§, ecsiu vy > 0,
—d<<argz<<—7y 46, ecan v<0,} (3.89)
onpeaenuM yHKIIHH

Qi (2) = 2bigy exp (iV) + idiwy (lp=1, N, k=1, 2, ...).
OueBHnRO, aypy (2)€ Ge, e, TRE Y* =y - argz ¥ w*l<—;t .

YuntniBan caeactsue 1.4, yGexkjpaeMcsi B TOM, 4TO 06JaCTh

snauenuit BILJT
oo ad a“.’ (z) -1
afﬂ,(z)(l + D E -ﬂ—ﬁ)—)
k=2
tk=l
TPHHAMIEKHT NOAYNJIOCKOCTH
V ={wec([: Re(wexp(— iy*)) > (2N)1cos y*}.
Orciona cnenyer, uto obnactb snauenuit BLUJ, oGparHoil
K (3.87), npuHainexuT 06JacTH
W = {w€(: Re(wexp(—iy*)>1— %cos v*}.

IostoMy 3Hauenus mnoaxopamux apoGefi BILJ (3.87), kak
JIETKO TNOJCUHTaTh, NPHHAJLJIERKAT KPYry

1 - l l__ l " -1

exp(— iv) | <3 5 cosy*| .
(3.90)

O6o3naunum [n(2) — n-e anopokcumantn BLUL (3.87). Haa

nocsiefoBaTenbHOCTH {fn (2)} rosoMopbHbix GyHKUMEA B 00/MaCTH
Ss BHInOJHAIOTCA YycsoBuA Teopemnl Crusrbeca — Butam, rie,
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panpumep, a=—1, b=—2 u A= {2€Sy argz=—1}.
Ecan 2€A, T0 aipy (2)€Pe, Tae P, onpefensieTcss coraacHo
(3.77). PacxoaumocTb pafa (3.78) 3kBHBaJeHTHA Jisi KaXkI0ro
2€ A pacxoAuMOCTH psiia

V(mm—z‘—_:i,,=1, N, p=T, k.).
1::]’ Laym @1

Tak kak z = | —kKoMmmakT o6aactu Sp, To cxogumocTs BILII
(8.54) caenyeT u3 Teopemn 2.13.

§ 4. O6xactu cxommmoctn BIIJL

[TocnenoBatenbHOCTDb oBnactelt anemeHToB {1} (£ =0, 1, 2, ...
., iy=01i,=1, N, k> 1)(cm. § 5 r1. 1) naswiBaercs mo-
c/lefoBaTeNbHOCTBLIO ob6nactell cxoaumoctH BIL/L

N
o N Q)1
b+ D Y )T 1.1
(bt B X 5 (@1
Ik==l
€CJIH yCJIoBHe (a;(k), b[(k))EQi(k) (k == O, 1, 2, P io = O, ’:k =

=1, N, k> 1) obecneunBaer cxomumocts BLLJ (4.1). Anaro-
THYHO ONpefeqHM NOC/eN0BaTeJbHOCTb OOJacTell CXOAHMOCTH
{Eiw} nna BUJ Buma (3.54) wiu nocaenoBaTebHOCTb obsac-
tefi cxonuMoctH {Gip} ana BUJ Buaa

N
b D E — . 4.2
( o + =t bf(k)) (4.2)

MoxHO, ecTeCTBEHHO, pacCMaTpuBaTh H ApOOH, o6paTHue K (4.1),
(3.54) wn (4.2).

Ecan Qup=Q (umu Eyy=E, unn Gyp = G) npu Bcex
BO3MOXKHBIX Hafopax HHJIEKCOB, To HasoBeMm Q (wm E, uau G)
npocTofl ofnactbio cxonuMmocth. Ecau we Quory = Q,, Qib—ry =
=Q (uan Eign = E,, Evoe—yy = E1, nat Gigny = Gy, Gigp—yy =
= G;) npH BCceX BO3MOMKHBIX Habopax HHIEKCOB, TO Ha3oBeM
obnactu Qq, Q, (w £y, E,, nan G,, G,) cnapenHpMH ofac-
TAMH CXOJ HMOCTH.

Hanpumep, B cuny teopemst 3.13 mnpocTolt obnactbio cXo-
aumoctd  BIUJL (4.2) smBasercs npousBosbHBH  KoMNakT K
obJactH

{zE([;:z#O, larg z] < g——a, 0<8<%~}.
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Ipocrofi o6snacteio cxonumoctd BUJL (3.54) sBasercs Kpyr

{zemrlzi<ﬁ},
yTO cJeayeT H3 TeopeMul 3.14.
Kpyr
K={zeC:lz—aj<r}
Ha3bIBAeTCA OKPECTHOCTBIO CXOAMMOCTH Toukd a €, ecan K —
npocras ofsactp cxopumoctd BLUL (3.54) nau (4.2). Uz Teo-
peMbl 7 caeayeT, 4To ecau a€D, rue

D={ze(c, 2% — larg(z—l—&),<n}, (4.3)

To BLLL (3.54), rae Bce cypy = a, pacxoauTcsi. [losTomy aas
BLLZL (3.54) ectb cMbica1 paccMaTpHBaTh OKPECTHOCTH CXOJIHMO-
CTH TOJBKO Touyek a€D, rae D onpelensiercs cordacHo (4.3).
Teopema 3.24. Eciu a— KOMRAGKCHOE 4ucA0, maAKoe, 4mo
1
|argal<<m ula|>m—, (4.4)

mo obaacme

nE 1)
l/_27\/[[a|—|-Rea] f (4.5)
Aeagemea oKpecnHocmoo cxoOumocmy BILJ (3.64).

Ecau e

E={ze(c: lz—al<r<<

lal < 51, (4.6)

mo Kpye
E::{ZE(C: lz—a|<r<(a+47’v‘} (4.7)

Asasemces oxpecmuoctibic exodumocmu BIJ (3.564).
JlokaszaTeJsbCcTBO MPOBOAMTCS [1Q CXEMe, HPENJIOKEeH-
HOH B pabore [81], U OCHOBaHO Ha CBOHMCTBaX mapaboa H YyT-
BepxaeHHI0 Teopemul 3.23. EcaH a =0, To yTBepxieHue Teo-
peMbi CJeAyeT U3 MHOTOMEPHOTO aHanora NPH3HaKa CXOAVMOCTH
Bopmurckoro (reopema 3.14). Ecou xe a %0, T0, B3B y =

= % arg a, nocrpouM napa6osnyeckyio obaactb Po, Buaa (3.85),

rae e = 0. Ocraercs oOTHICKaTb pajguyc Kpyra, Kacaioulerccs
rpaHnusl 0Pgy, € LEHTPOM B TOYKE 4, HCNOJNb3YA METOAHKY,
paccmoTperHyio B [81]. VYTBepxienne TeopeMmbl 3.23 rapaHTH-
PYeT CXOAMMOCTb B KaXX10M KomnakTe K obnacti Pe,. IlosTomy
YUHTHIBasi NPOM3BOJIBHOCTL €, BO3bMEM HECKOJbKO MEHbIUHMH
paauychl nosy4eHHelx kpyros. M
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B panbHeiliieM HaM MOHafoGHTCA TeopeMa O MNOJHKpyrosofl
OKPECTHOCTH CXOJHMOCTH. I'Io.mmpyr

KN—-{ZE(C (24, 230 -« -y 24)
|z:—ail<r[, i=1, N}
Ha30BeM NOJIHKPYroBo#l okpecTHocThio cxoaumoctd BLLU (3.54)
wid (4.2), ecau ycaoBHe
|Ciw — i,V < iy W | by —ai | < 14,
k=1,2 ..., 0,=1,N) (4.8)
rapauTipyer cxomumoctb BLJL (3.54) uau (4.2).

13 MHOroMepHOro amajora npusHaxa cxogumocTh Ban Piexa
(reopema 3.13) cnegyer Takas Teopema.

Teopema 3.25. Lcau a==(a,, a5 ..., aN)E([)N maxue,
4mo

Rea,>0 (k= T, N), (4.9)
mo obaacme
Gy ={z26C"t | —ai] < ri<Rea;, i =1, N} (4.10)

A6AREMCA  NOAUKPYe080d OKpecmuocmbio cxodumocmu Bl [

(4.2).
M3 Teopemm 3.23 caeayer Teopewa.
Teopema 3.26. [lycmo a=(a;, a,, ..., ay) — HZKOMOPAR

mouka u3 ([)N makas, 4o cyuecmsyem yzon v(lvl<—"2—)
umo obaacme
Py, ={z€( 12| —Re(zexp(—2iy)) <(2N)'cos?y} (4.11)

codepxcum mouku a,(k =1, N).
Tozda muoxcecmso

={zeCMt|zr—ai| < ri<min(ja;—w|:wEdPs,)} (4.12)

AGARCMCA  NOAUKPY20s0l  OKpecmrocmeio  cxolumocnu Bl
(3.54).

OmiiuM u3 NepsblX Pe3yabTaTOB, KACAIOMIMXCA CHAPEHHBLIX
ofijlacTed CXOZHMOCTH AJIs HENpepblBHLIX ApolGeli, fBaAseTcs cije-
nywoas teopema Jlefitona — Yoma [83]

Teopema 3.27. Llennas Opobe D ¥ ¢ KomnaexcHoLmu duc-

2066IMU INCMEHMAMY CX0OUMER, cont
tay—1] < 7{» |a2k|> (k——l 2, ...
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B ecrectenno#l hopMynMPOBKe, a WMEHHO
]a[(gf‘_l) I < &, Ia[(gk)l >M (k = 1, 2, L ik = 1, N), (413)

rpe € >0, M > 0— HekoTOpble JEeHCTBHTEJNbHbIE MOJOXK HTEb-
Hble 4Hc/la, 3Ta Teopema He nepeHocnrcs Ha BILI Buna (3.25).
J1s npousBOMBHBIX K&K YTOJLHO Majoro &€ ¥ Kak YrofHo 6oJb-
wero M MOXHO NOCTPOHTHL NPHMEP pacxoisileiicss BeTBAllefica
nenHoll apo6u BHaa (3.25), 3/1eMeHTH KOTOPOH YROBJETBOPSIOT
yeqousM (4.13). Huxe npusenem npumep Tako# japoGu, Io-
crpoenHslit E. A. BouarapoBuuem.
IIpumep 3.1. BIJL ¢ nBy™Ma BeTKaMH BeTBJIEHHS

9

w© ¢,
D Y e, (4.14)
k=1 (=1
[
TAE €1 = Cigmy = ¥, Cp = Cigp2 = — 7, Cize—ti = M, Cign12 =
1 ,
=Cp=1—M, Ciopn==Cy= ——2——~M(tk= I, N, k=1,
2, ...), pacxoautcsa. JleACTBUTEJbHO, JIETKO MOACYHTaTh, YTO

BCe yeTHple anmpokcuManThi BLIJL (4.14) paBHbl oo. Tem He
MeHee 3JIEMEHTHl YJOBJETBOPAIOT ycJjoBHio (4.13), rae BMecto M
Heo6xoaKMo B3aTh min(M, | M —1}).

§ 5. Obanacra yeroiiumsocrn BIL]]

OlHUM u3 BAaXKHBIX CBOHCTB HeNpPepbIBHLIX Jpo0ell W HX MHOro-

MepHBbIX 0600l1IeHHH $IBJSETCS CBOHCTBO BBIYMCJNTEBLHOH YCTOMH-

yiBocTH, Hapsiny ¢ MHOTOYHCJ/IEHHBIMHM IyOJHKaUMsMH, [OCBS-

€ HHBIMH CXOJMMOCTH, MMEETCsl CpaBHUTEJBbHO HEMHOro pabor,

rJie H3/araloTcst pe3yJpTaThl IO JaHHOMY Bompocy (CM., Hampu-

mep, [19, 29, 56, 81], a rakxe [2, 43, 45, 47] u 1p.).
PaccmotpuM KoHeunble BLLI

N
n a -1
P=a,(t+ D Y ) (5.1)
he=1 Tyl {0]
H
N
N -~ n AT |
P=a b+ D Y, s}, (5.2)
=t Dy

Zasi Kotophix objacte Q< [ X [ sBAseTcs 0OJACTBIC 3J/€MEH-
TOB, T. €.

(@i biw) €R, (Gits biw) €Q
k=0, 1,2 ..., iy=0, fo=1,N, k>1). (5.3)
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Mycrs komnonentst BIUI (5.1) w (5.2) cesazaubl COOTHOLIE-
HAAMH

arey = (1 + %) auw, bugy = (1 + Puw) bige (5.4)
HIH

iy = (1 + @), biw = (1 4 Buw) bice, (5.5)
rae(k=0,1,2, ..., iy=0, iy=1, N, k> 1). Jpobp (5.2)
Oy ieM HHTEpNPeTHpOBaTh KaK NpUG/HKEHHYIO HIH BO3MYLIEHHYIO
orHocutensHo BL (5.1). Uncna aypy, Pig WM Qi Pie
Ha3bIBAIOTCA1 OTHOCHTEJIbHBIMH [OTPEMHOCTSAMH, a YHCJHA

Adyy = Qi — iy, Abigy = bigey — biw (5.6)

abCOMIOTHHIMYE TOTPEIHOCTAMH 3/IEMEHTOB Qg H by COOTBET-
CTBEHHO. Mbl, ecTecTpenHo, mnpeArosiaraeM, YTO B COOTHOLIE-
Husx (5.4) Bce ayp 50 u by =0, a B coorHomenuax (5.5)
BCE Q) F Owu bi(k) = 0.

[ycts

Af=f—F T=0+8f f=(1+8F (5.7)

C €CTECTBEHHbIMH oOrpaHuueHusaMHd [0 uam [ =% 0, rae sto
Heo6xouMmo.

[IycTth
A = max (| Aauy |, |Abiw |
th=T0, 71, iy=0, i,=1, N, p=T1, %),
v = max (| aug || Bun | 1w |, | Pin :

k=0, n, i0=0, =1, N, p=1, k).

(5.8)

O6nacte snemeHTOB {2 HaswhiBaercsl obnacteio abcomoTHoi (OT-
HocuTenbHOH) ycToifiunBocTH BLUJL (5.1), ecam cyuiectByer
JeACTBUTE/IbHAS NOJIOXKHATENbHAS KOHcTanTa C, 3aBHcAwas or
M He 3aBHCAAf OT N, YTO

|Afl < CA (5] < Cy). (5.9)

Teopema 3.28 [5[. Obaracme G = (0, 4 oo) ssasemca 06-
Aacmoio omHocumenbHotl ycmoddusocmu BI[/

b+ D % L), | (5.10)

=1 = by
lk=1
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npuuem

18] < max (|Bien |, 1Buzetn |t =0, [n2],
iy=0, i,=T, N, p=1, k) (5.11)

u Pigstny =0, ecau n=2s.

HoxkasartedbcTBo. CHavaja OTMETHM HEKOTOPHIE 13-
BECTHBIE CBOACTBA OTHOCHTEJbHLIX norperiHocTed. s yno6erea
HX opMyJHPOBKH O00O3HAYHM OTHOCHTEbHYIO MOrPeHOCTh
yucsna a uepes 8(a) wam d(a), T. e. 8(a)=a wan 6(a)=a
(cMm. (5.4), (5.5)). CnpapeiiiBHl COOTHOILEHHS

=

l6(.=1a,)l < max (| 8(a))|:i =1, n),
l<‘§(i§3l a)] < max(8(a)|: i =1, n), (5.12)
8(a)=—8(a)(1 +8(a))?, 8(a)=—3(a)(1 +8(a) %
(5.13)

8(3) = 8@+ (1 +5(@nb),
6(%) = 8(a) + (1 + 8(a)) 8(1), (5.14)
rie npepnoJaraercs, yro a>0, 6>0, a;>0, a>0 b>0

a;>0 (’ = 1 ﬂ.)
IIeHCTBHTeJIbHo,

(8 @)= 18 (@ —a1( ¥ a)t <

.<§yMM|f'<muuMth=fE-
P

AnanornyHo nposepsieTcsi BTOPOe HEPaBEHCTBO B (56.12). Janee

a—a_a—a(l+68(a)_ —b)
8O === =@ = sy
6{3) _ —fa/b) +(a/b) —ai; +ab
b a/b ba
=-—al3—f—215 —ab+ab_ az
T + = =68(a)+ — 6(b) =

=38(a) + (1 + 6(a)) 3 (b),
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B 4yacTHOCTH,

5(+) = 8(8), 8(%):5(1;). (5.15)
OTHOCHTE/ILEYIO roTpeltocT npd Boiaucaexuun BT Q)

{em. (3.1) ra. 1) ob6osmauum 8. Torma mocnexoBarenbHO

gpuMeHsa cooTtHomenuds (5.12), (5.13), {5.15), moayunm

18] = 180y | < maX(lﬁol |8 ) <
< max (| B, , |[3;<1)L 18| <

ialy

< max (Bl By, Bial 16 < -+ <

LYPRZ TR

<max(l ﬁi(Qk)l, |ﬁi(2k+l)|:k=0v [n/Ql’ i0=0’
i,=1,N, p=1, k).
Teopema 3.29. O6aacme
= leeCrz1< N1 —1), 0<i< %} (516

Agasemes obaacmoto abeoaromuol ycmoduusocmu BI /]
al 1
, - G\ =
—(1+D ¥ —“i’) , (5.17)
k=1 1
iy=1

apudem
C<N{—0n2(1—2071
JdoxaszateabcTBo. Hcnomb3ys pekyppentHbie 0003Have-
HHS THNA (3 1) rm. 1 ans BIOA (5.1), (5.2) u npennonaras,
4TO BCE Qi(k) =0, Qﬁfg)¢0 (k= 0, n, ipb=20, =1, N, k=
: 1, n), ycranosum ¢opMmyJasl s abCOMIOTHOH MOrpelHCCTH

Af. Ha nepsom mare umeem
Af=f—F= a, Aay QY — Qi
= Ty = s g T =
o o Qrey
o )
_ Qg —g Ab Z 3o (a;1) @ity = 1) Qu)
0 T
o Qe QP QY Qg

fy=1
HOCJIe}lOBaTeJIbHO IIpUMEHA A peKyppeHTHOe COOTHOLLIEHHE
aipQith — @w QiR = AauwQith — aupAbiy —
— é %i @ity @i = Qg Qi)
Qh+n QG+

S =
122



C yYeToM TOro, uTO

Ani - (n (n)
A Qiony — Qi Qi = Ay Qi) — AigmyAbyny,s
OKOHYATeNLHO M0y UM
Af =

Qi Aay — ashb,
(n ()
QO QO

m—1

("‘1)'”[Q;7};1)Aai(m)‘ai(m)Abi(m)] ﬂ iy

n N
=0
.(5.18
+Z Z n (Q(n) (n) , )

m=1 ij, igs.en s im=l HP) f(k)

B uwacrHocty, ais BILJL (5.17) sta dopmy/a npumeT BHJ

n N m—1
m Aas %)
Af:E ) (=" = l—[ o ©19

; Qitmy g Qe Qe

m=14g, fg, ..., im=l

Tpumenss ouenky (3.18) mia Q) u Q{F), yuuThiBas yc/ioBHE
(5.16) u coornowenue A, = Qu+1/Q,, HMeeM

n

—~m-41m—1 m—1
712 8 § R

2
fn_m h
m=} kGD n—k

n
= NA 2 {m=l (1 - z)m_]Qn—an—m-i—lQr:ﬁI- (520)

m==1

Hcnonb3yst JIeTKO mpoBepsieMoe HEPaBEHCTBO (1—— )% Qp < Qo+
# yray6uss HOCJCIHIOI OUeHKY, noiayuyuMm |Af| < N(1 —1)72 X

X (1 —26)71A,

Ecan xe ( = é » T0, moactasaas B (5.20) Q, =27 (p + 1),
noayunM oresky |Af| < (4/3)Nn(n -+ 1)(n+ 5)(n 4 2)7% A. A

®opmyaa tuna (5.18) cHavyana Oblia yeranosaeHa T. H. Oxno-
BOJ10BOH {47] 17151 HHTEr pafbHBIX LENHBIX Ap o6el. lepBLiii BApHAHT
Takoro THma (GopMmyJaer Obl1 mpeanoxkeH B pabore [2]. Doaee
oApo6GHO STOT BONPOC PaccMOTpeH B [56].



Taasa 4

HEKOTOPBIE THIIbI ®YHRIIMOHAJBHbBIX
BETBAIIAXCA HEMNHBIX JPOBEN

B nanno#i rsaBe BBejieHBl pa3jiMyHBE THMB (YHKIMOHAMLHBIX
BETBAWMUXCA LeNHHX Apo6efi, paccMOTPEHB! KX CBOMCTBAa M yCTa-
HOBJIEHE! NIPU3HAKH CXOAUMOCTH. MeToauKa HCC/e[OBAHUSA YHCIIO-
Buix BLLJ nepenocutcsi u Ha dynxkuuonanpueie BIL/I.

B § I ycraHoBneHBl NpPH3HAKH pAaBHOMEPHOH CXOLHMOCTH
¢ynkupoHaabHblX BILJ ofmero Buma, B 4aCTHOCTH MOJYYEHO
yCHJIEHHE [EHUCTBHTENbHOTO aHaJora napaGosuueckoll TeopeMel,
paHee ycTaHOBJeHHOro B pa6ote [37] (cM. ycaoBue (1.8)).

C yueroM Qopmya ass uucanTenell u 3HaMeHaTenell moaxo-
Iswux gpobeli B BUIE OlpelesuTesell Bo BTOPOM Maparpade
JlaHO Olpe/lefieHHe H pacCMOTPeHBl CBOHACTBA MOJIOXKHTENBLHO Onpe-
nenennblx BLIJI. 3pece yaanoch nepeHecTH Ha MHOTOMEpHSBIH
cayyali MHOTHE pesyJbTaThl, YCTAHOBJEHHLIE B MOHOrpadHH
Yonna [100], B 4acTHOCTH BBeJeHH MHOrOMepHbie J-npobu, H3y-
YeHEl CBOMCTBA M YCTAHOBJIEHBI NPH3HAKH CXOAHMOCTH Ol pPaHH-
YeHHBIX H JeACTBUTEJNLHEIX MHOTOMEpHBIX J-apobefl.

B nponomxenue uccnenopanuil ynenosbix BLLJL (cM. Teopembl
3.15—-3.21) B § 3 nauno onpejneneniie H YCTaHOBJEHB! NPH3HAKH
CXOZAMMOCTH MHOFOMEpHLIX g-Apoleil.

B § 4 paccMorpeHsl MHOromepHule peryaspuble C-1pobu H
S-7pobH, ycTaHOBJEH NPHHUMI COOTBETCTBHS M J0OKAa3aHbl HEKO-
TOpbie NPH3HAKH CXOLMMOCTH.

OnHuM H3 BO3MOXKHEIX ¢NoCoGOB pasnomeHuss ¢yHKUUH,
3aJaHHBEIX KPaTHBIMH CTEeNEHHbIMH pPsALAaMH, B BETBRILUECS LENHbIE
IpofH sBJSETCH IOCTPOEHHE TaK Ha3BIBAEMBbIX COOTBETCTBYIOLIHX
BUA. Takue apobu €biip ycraHoenenn X, M. Kyumunckof [34],
Mapou u O. Horoxos [84]. Heckoabko npyras cTPyKTypa CO-
oreercTByfownx BILJL Gbuia npeanomxera B. Cemawko [93, 94].
B § 5 paccMoTpeHB! NpH3HAKH CXOAHMOCTH COOTEETCTBYIOUIHX
BETBAIIHXCS LemHbIX Apobefl.

§ 1. Upusnaxns paBuoMepHoit cxopumocta
¢yuruuonansumx BLJL

TlpeameroM Hawmx ofcyxaennii 6yayr BLUL sBuaa
N

b))+ D Y je (1.1)

=1 Al bi(k) (Z)
ip=l
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HAH BHHA

)
D Qir) (Z)
ay (@) (5, 2) + 2 ) (1.9)
lk._..
rae i (2), bigy (2) k=0, 1,2, ..., iy =00k =[N, k>1)—
HEKOTOpBIH HaGop KOMIIEKCHEIX (byﬂxunu onpelIeJIeHHbIX B 06-
aacti D= ", z=1(2y, 25, ... ,2,). OGosuauum /‘k(z) A (2),

Be (2) — k-10 anmpoKcHMaHTy, k- umcauTeapr wiM k-H 3Hamena-
tenp B (1.1) wmm (1.2). 7

Merto nuka HCCJIe[IOBaHHH cxoaumocTH uncioBbix B B npun-
uune nepeHocuTCs ¥ Ha ofumue QyHKIHOHANbHbE BETBAMIHECH
uenHble ApoOH. YCTaHOBHM JIMIUb HEKOTOPHIE HOCTATOYHBIE NPH-
3HaKH paBHOMepHOH cxoaumoctH BIL (1.1) wan (1.2), ucnodan-
3ysl OmNpejeJieHUe DaBHOMEDPHOH CXOAUMOCTH, AaHHOE B KOHIE
§1 1 2.

Teopema 4.1. [Tycms xomnonenmamu BI[J (1.1) asasomca
Heompuyameabrole Oeldcmseumenstvie (GYHKyUL Qg (2), by (2)
(i,=1,N,k=1,2, ...), sadanrve ¢ 06aacmu D = R" u ydos-
AEMBOPAIOUE YJCAOBUAM,

a) cyiwecmsyem maxas NOAONHCUMEAbHAS KOHCMAHma b, 4mo

0as acex 2€D by (2) » b>0 |11 =1, N|;

6) af(k>(2)+bz(k)(2)¢0(l N,p=1,k’ k=2, 3,
, 2€DY;

8) ecau cyugecmayem modka z, €D u Habop uHdexcos i,
Py v wip (ip=1,N, p=1,k, k 2}, umo bt(k)(zo)_O mo
npednoaazaemcs, umo éce ocmansvhvle be_p;(2) %0 (j=1, N,
j 7= Lk)

Toz0a BILJ (1.1) pasromepro cxodumes 8 obracmu D, ecau
eoLnoansiemcs 00HO u3 08yx ycaosull: aubo cyuecmeyem marod

Homep k, umo éce ayy (2) =0(ip, =1, k, p=1, k, 2€ D), aubo
pacxodumcs pad

Y 5. (1.3)
k=1
20e

ak=1nf(-“’*’—(l’():+“‘——sz;’ﬁ ib=1,N, p=1,k+1T, zeD),

npudem me HAOOpPbL UHOEKCO8 U me BHAHEHUA nepemennol z,
npu Komopelx aye4-1y(2) = 0 npu munumusayuu He paccmampusa-
HOMmcA.

lokasateabcTBOo. U3 ycaoBHit a)—B) cilenyer, uTO R-€
noaxoAsuHe Ipo6H [,(2) HMEIOT CMBICH, T. €. He BBIPOXKJANTCH
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B oTHomenue 0/0, ecan uX BHYHCAATL TO anropurmy (2.6)—

(2.8) . 1.
Cnepys CXeMe JHoKasarenncTBa Teopembl 3.12, npHxonuM

K OUEHKe

i1 @) —ln D < 5 | | 755

k=1
TlostoMy, yuHTBIBasi CBOMCTBO BHJKH
for (2) < fort2(2) < foj41(2) < foj—1(2),
‘Tje k, j— NpOH3BOJIbHBIE HATypanbHBIE UYHCHA, 3aK/I0YaeM, uTo

BLLJI (1.1) paBHoMepHO cxomuTcsi B obmactu D, ecau psg (1.3)

pacxoaurtcs.
Caenyromas Teopema 6bliia ycranosieHa B pabore [37] B npej-

nonoxennn, uro 0 < << 1/2.

Teopema 4.2. [Tycmb ssemenmamu BI[J (1.1) ssaaromea
Oedicmeumenvrbie yHKkyuu, 3adanHbie 6 Hexomopol o6iracmu
D c R* u ydosaemsopsiouue ycrosusin:

a) cywecmsyem Heompuyameasraa Konemanma M =0, umo
048 6cex 2€D

a (2)
bi(n (2)

6) by (2y=0(k=1,2, ... ,i,=1, N, 2zeD); (1.5)
8) cyuecmsyem neompuyamenvras xoxcmauma {(0 <t <
< 1/,), maxas, umo Oan scex z€D

<M (i;=1, N); (1.4)

i () + L1 —8 >0 (k=12 ... , i =T, ¥). (1.6)

Toeda BLJ (1.1) pasromepto cxodumes 6 o6racmu D, ecau
AbINOAHAEMCA O0HO U3 08YxX ycaogull: aubo cytyecmsyem marotk
Homep Rk, umo sce a;p (2)=0 (i,=1,N, p=1,k, 2z€D), aubo
pacxodumesa paod

¥ 8, ecau 0Kt <<y, (1.7)
k=1
aUbo
m—1
lim Y 2 — oo, ccau £ =1/2, (1.8)
eae b=1
8 = inf (| dipny (2) |58, = L, N, p=1, k+ 1, 26 D)
Yy () —12 W
df(k'l'l) (Z) - bi(k+l) (Z) bi(k) (l)- 3Ly see s g ’ ),

126



npusem me Habopbr UHOEKCOG U Me BHAYERUS nepemennOl 2, npu
komopbix Qi+ (2) =0, npu munumusayuu ue paccmampuea-

romes.
HNoxkasateabcTBo. [loKa)eM, YTO NPH BLINOJHEHHH ye-

joBuil Teopemsl aas BLLI (1.1) BeinosHswoTcs ¢y HaameHTanp-
nele nepapencTsa (2.19)—(2.21) ra. 2. Cravana y6ennmcs B tom,

4To

Qih/bin (2) > hsee >0 (i =1, N, k= 1,5, s=1,2, -)(’1 %

rae h, —m-s annpokcHMaHTa HenHo#l apobu
t(l—f) (=0 t1—1

_— 1 —_— l — l —_— s

1

Hcnoansyem meron maTeMaTH4ecKoH HHAYKIHH Mo B (K =5, § —
— 1, ..., 1) npu kaxaoM ¢ukcuposanHom s. Hepasencrso (1.9)
npu k =s oueBuaHo. [lycTb oOHO BhINOJHsETCA J1J% BCEX A1,
takux, uto K+ 1 < n < s; Toraa npu n =k nmeem

Qi(k) Z ‘(k) (2 t(l—p
> 11— = As—p.
bige) (z) + Ql(k+l)/bt k1) @ LN sk

4G @) l
ey

OneHuM cBepXy BHIpaKeHHE Z

{g==l
N N
Z Z
iy==1 iy=

TaK Kak h, — MOHOTOHHO yOpIBaKOIlas MOCJEJ0BATENbHOCTh M
lim A¢ = A= (1 — () (cM. noxkasaTenbcTBO TeopeMmbl 3.14). Cie-

S+ oo

JopaTeapHo, Py = MN/(1 —{). Ocranbubie pp(k=2,3, ...
vueM B BHAE Opq1= L (L 4 8,)"!. Torza nepasencteo (2.21)
. 2 5KBHBAJEHTHO HEPaBEHCTBY

N
2 a @]
o }_‘ < biw (2) + Z (’(j”

1 MN MmN
Q) /biqy @ Sk TT=

a4y (2

am (2)
by (2

9
Qf))

Bty @

Qfiitn Qe
fpt1=1 1=t
N
N @ D (1.10)
Ql(k+l)
‘/z-H—l
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Bripax eHye, cTosll€e CJI€Ba, OLEHHM CBEPXY, CTOsIIEE CPaBa —
cuusdy. CpaBHHMBasi noJyyeHHLle BHIpaXKeHHMs, HaiaeM QopMyJay
s L.

B cayyae, Korma Bce Q4 (2) 3= 0, HMeeM

N
8 < Z

% etny (9 Aty (B byppyy () by (2)

¥

yau Qﬁ/)k-l-l) tgfl)a-}-l) %41y @
Lpp1=1 Y=l
' A by (2) | N
ety b @
< b (2) Z o < TR
(1) s—h—l
Ger=!
ity (@ 8¢ yr) (2
\bi(k)(z) + o, | TN
i) _ (k1)
[k+1=| tk_l_l—_-:l
d 1 ()
PN [Ra . W
Qe 1/buces1) @
ipp1=1
. d {2)!
P ity (2 2t (1 — 1)
- T,;—b—)-——— >|bi(k)(2)](1—h——),
ety igetny @ s=k—1
e1=1
OTKY Aa

Lbuy(2)| (1 —2da “’)) _ by @IN

hs—k—l } hs—-kal
HJIH
L= N (Bg—py — 2t (1 — )71, (1.11)

Ecuii :e HEKOTOpEI® di41) (2) = 0, TO, Tak Kak Bee QfF) | 0,

3aMeHsIeM BBIPAXKEHHS Qi) (2)/QF) ), ThE Qg (2) =0, ny-
JISIMH H, TIeperPynnHUpOBLIBAsi OCTABIUMECH OTHOLIEHHS, HOJYUHM
(1.10), roe Bmecto N neofxogumo B3tk Ny < N. Ecnu N, =0,
10 cymymbl B (1.10) Hcue3aioT M 3TO HepaBeHCTBO OCTaeTcst crpa-
BeaBbM npu L = 0. B ofmem cayyae B kavectBe L pocra-
TOYHO B3ATb BhIpaxeHHe (1.11).

Ecni npH HeKOTOPOM k H NpoM3BOJILHOM 2 € D Bee ayy (2) =
=0(,=1,N,p=T1,N), 10 Tak Kak Qi) 50 (s=k k+
+ 1, . ), umeeM fs(2)=[p(2) (s=k, K+ 1, ...) 1 cXo-
ﬂHMOCTb BI_UI (1.1) B 3TOM cJyuae oueBHAHA.
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Mycrs 0 < £<<1/2. Toraa, yuuteiBas, uto hm-—MOHOTom{o
yGbIBAIOIAs! TIOCTEJ0BATENBHOCTD U liM Am = (1 —1), B xauecrse

me=+ oo

L JOCTAaTOYHO B3SITb 4YHCJIO
L=N(—8"1(1—20)71, (1.12)

Papuomepuas cxoguMocts BILIL (1.1) B 3tom ciyyae crepyer
H3 OpeisoKeHHs 2.4 U OLEHKH

fr@—In ()] < ]‘[ f5 (e<m), (113

ecaH yuecTb, uto L ompepensercs coriacHo (1.12) u pan (1.7)

pacxojHuTcs.
nyCTb [ =1/2. YuurtniBaa (3.14), (3.15) ra. 3 u 10, uTO
= Qu11/Qy, Bopaxenue (1.11) mns L npeoGpasyeM K BHAY

L=Lsk=2N(S—— )

Ecau m = 2r, TO, NMOBTOPSAS AOKA3aTeJbCTBO NpeiJoXKeHHA 2.4,
NOJy4YUM
[m/2]

|fa(2) = fm (2) | < 2MN ﬂ - <§A3'5k12511§2k_1 X
fm/2)
X [_] P K (1.14)
ecyu ke m=2r — |, noayuum

“:n('z')_'fm(z)lé

[m/2] oN ( 2%) [(m+1)/2] N ( 5
1 —— n— 2k — 1)
< 2MN I—lI ON (m— 2k) + O l_[ N(n—2k—1)+ 89, °
k= k=l
(1.15)

YenoBue (1.8) 3KBHBAJIEHTHO BBHIMONIHEHHIO, MO KpailiHei mepe,
OJIHOTO H3 JABYX YCJOBHI:

[m/2]
JHE :E: m-—§$i+l i (1.16)
HJIH
[tm—=1)/2]
lim ’; 2 = co. (1.17)
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Mycts ans onpeneseHHOCTH cnpaBeAJHBO cooTHoleHue (1.16).
Tornaa, B3sB m = 2r, u3 oueHKH (1.14) B cuay NPOH3BOJIBHOCTH
n cmoxeM sakounts, yto BILJL (1.1) paBHomepHo cxoautes
B obnacti D. IleficTBUTENBHO, €CIH § M M — NPOH3BONLELIE Ha-
TypanbHble YHCHa, TakHe, YTO N >>S>=m, TO

n(@—=Fs@) </a(@—=Tn @] +1{[s@)—[n(2)]. m

Teopema 4.3. B/ (1.2), 20e aiy(2), biw(2) (£=0, 1,
2, ... ,i,=0, ip=1,N, k> 1)— xounrexcuoe ¢ynxyuu, sa-
Oanneie 8 obaacmu D < [*, pasHomepro u abcoriomuo cxodumes
8 obaracmu D, ecau
a) b[(k)(Z)-?':-O (k=0,1, 2, ... ,ia=O, ir=1,N, k>1,
2¢ Dy;

6) cywecmsytom Oeldcmeumensivie Koncmanmer M >0u 0 <
<t /2, umo

_ww® |y —

bi(k)(z)bi(/;~1)(2)’<a"'N £ (1 f)

k=1,2 ... ix= N, bo(2)=b,(2), 2€D),
28 <M, zeD.

JlokazarenbCcTBO caieayer us oueHok (3.10), (3.11) ra. 3, ecan
npensaputesnpio BUJI (1.2) npueectn x Buay (3.8) ni. 3, uc-
nonb3ys 3KBHUBaMeHTHble npeolpasoBanusa (4.2), (4.11) ra. 1.

§ 2. Hoaoxareasno onpeneaennnie BILJI,
Muoromepusre J-yipodu

Paccmorpum BILJ Bupa

2
o —_—
by+z2,4+ D Y — 1B 2.1
o T2+ pe=t el by 215 =D
ip=l
rae by, biwy, Gy (ip=1, N, k=1,2 ... )— durcuposaunsle

KOMIVIEKCHHIE YHCAA iy (ip=1, N, k=1,2, ... )—BooGue
rOBOpsi, HE3aBHCHMbiE KOMIUVIEKCHbI® nepeMenHbie. ITycTpb 2 = (2,
Zys 2950 - v 2y 2115+« o iy » » ») 0003HAYAET GeCKOHEYHOMEDHHf

Bextop, A,(2), B, (), [, (k) — n-fi aucaureas, n-ii sHaMeyaTe b,
n-1o annpoxcumanty BILJL (2.1) coorsercrBenHo.
PaccMoTpUM CHMMETPHYHBIE MaTPHILH

Cit Ci, {41 voo Cip
C; i Ci c.. C .
Ctk': i1, 0 Citd, i1 i+, & (l =0, 1, k=1, 2’ .. .)’ (22)

Cui Ch, i+1 vee Cpp
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T. €. MaTPHIbl, YIOBJETBOPSIOUIHE YCJAOBHIO Cpg = Cqp(p, § ==
=1, k), 5/1eMeHTBl KOTOPBIX CBSI3aHHI ¢ KOMIoHeRTaMH BILIL (2.1)
caefylomuM obpasom:

Coo = by + 25, Cpp = bjim) + 2jimy (p =1, k), (2.3)

Cot, = —0i,, Cog = ~jippyy (P=1,k g=Np+ing <k
1 < ily im+1 < N), (24)
re HHIEKCH jq, Jay ... f, OOPENENAIOTCS M3 Pa3JIOKEHUS 4HC/Ia

p no aaropurmy (1.12) rar. 1

p= QN1+ [ ,Nm=2 4 . +jn(l <ju<N, n=1m),(25)
Cpg =0 BO Bcex OCTaNBHBIX CJayuasx, Korja g > p. (2.6)

Jlemma 4.1. n-e snamenameau B, (2) u n-e yucaumesn A, (?)
BL I (2.1) evnucasiomes no gopmyaran

B, (2) = det Cos, An(2) =detCys, (2.7)

2de Cis (i = 0, 1) — cummempuunoie mampuyor euda (2.2), sae-
MEHMbL KOMOLbLX onpedeiaiomes co2aacHo gopmysam (2.8)—
(2.6) u

s= (Nt — 1)(N—1)"L. (2.8)

JHNoxasarenbctBo. M3 Teopemnl 1.1 caenyer, uro
B, (2) = det Cj, A, (z) = detCy,

rje s onpefenserca corJgacHo (2.8), a B marpunax (2.14) ra. 1
BMECTO KaXNO0T0 Qjim), Djem NONOKEHO —al  H bjm) + 2jim,

cooTBeTcTBeHHo. JnemeHTh Marpull C; (i = 0,1) o6osHauum cj,.
[Tokaxem, uro

det Cos = det Cy. (2.9)

[lycTb ¢p; — npoH3BONBHBIN (HKCHPOBAHHBIH 3/€MEHT MaTPHIIEI
Cos (0 < p<<qg<s). Ecnn %= Np +imy1 HH NPU KAKOM imy
(1 <imp1 < N), TO, corJlacHO onpefesennio Matpuil Cos Ci
HMEEM Cpy = Cgp = Cpg = Cgp = 0. TIyCTh €y 5= 0 — UaCTHBIA YHC-
JIUTeJb MOCJIEIHEro TYIHKOBOrO n-ro 3BeHa f,(z). B aTom cayuae
Ng + iy 9>s Ans NpoHsBONBHOTO imys (1 < imyo < N). ¥YMHO-
XKHB ¢-# cronCenm W pasiesauB g-10 CTpoKy Marpuubl Cos Ha
—Cpq, NOJAYyuuM Marpruny Dy, L1 3J1€eMeHTOB KOTOpoOH d;; crpa-
BEJJIMBbl COOTHOIUEHHS d;; = ¢y; TpH BceX Habopax HHJIEKCOB,
KpoMe d,; = Cpg, dgp = Cgp M det Cos = det Dos. Ecou ¢, =0 1
Ng + imyo < s npu KaXAOM im42 (1 < imye2 < N), To paccmor-
PHM UYHCJOBYIO [OCJEIOBaTeNbHOCTh

ry=Nq+imnp, r5=Nry+imis .o, re=Nrpy +impp ...,
(2.10)
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rie [, — npou3BoJbHBA (pHKCHpOBaHHBEI Habop uHpekcoB | <
< i, < N, p=m+4 2. Tak Kak {r,} — MOHOTOHHO BO3pacTaio-
mas nocJe10BaTebLHOCTh, TO BhifepeM HHjeKC k Takum oOpasoMm,
yToOnl r, < S<<fpqy NMPH BeeX iy=1, N, v=m+42, k-1,

PasnenuM ¢-10 CTPOKY U YMHOXHM ¢-H crosfel, a Takxke
pasiesiUM BCE ry CTPOKH H YMHOXKHM BCe ry crogbun (v =1, &,
iy=1, N) marpuunl Cos Ha —Cpy. IlpH 3TOM nosyunM marpuiy
Dy, ompepesnnrens Kotopol paseH det Cys u a/MeMeHTH KOTOPOH
d;j COBMAZaloT ¢ COOTBETCTBYIOWIMME 3JeMeHTaMt MatpHibl Cs:
dij = ¢y, 32 UCKJIOUEHHEM dpg = Cpg, dgp == Cyp

Ecou e npy HEeKOTOpPOM pH g == Np - zm+1 (1 < imy1 < N)
Cog = Cqp = 0, TO, MONOKHB B Cos BMECTO Cpy H Cgp HEKOTOPOE
gucao x = 0, moayuuM Martpuuy Cos(x), ompenesuTesns KoTopoit
HEMPEpPLIBHO 3aBHCHT oT . [loatomy

det Cy = limdet Cos (x). (2.11)
x=+0

Hnst Cos(x) MOBTOPSS MPEIBIAYILYIO MPOLERYPY, MOJNYYaeM MaT-
pHLy DOS (x), y KOTOpO# d;j == ¢;j AJst BCeX i, | KpoMe dpq =
= —x2%, dsp = —1. Ycrpemnasas x -»0, nonyuum d,,q = Cpg, dgp =
= Cp. Ecan COOTBETCTBYIOULYIO MPOLELYPY NPOJEaTh A5 Kax-
noro siaeMeHTa Cp; (0 < p<<qg <'s) wmarpunsr Cos, TO JIETKO
yOexnaemcss B cnpasejansocTa (2.9). B

B kauecrBe unaaroctpauud 3amumem detCop (N =2, n =2,
k=17)

by+2, —a, —a, 0 0 0 0
—a, b+z;, 0 —a;; —a, 0 0
—a, 0 b4z, 0 0 —a,, —Qy
Cpr= 0 —a,; O bytz,;, O 0 0
0 —a, O 0 b4z, O 0
0 0 —ay 0 0  by+z, O
0 0 —a, 0 0 0 bggt24s
Iyetb X = (xp, X, « -+ Xy «uv 3 Xinys « v o 5 Xpy ) — BEK-

n
Top H3 (°, 3JeMeHTH KOTOpOro ynopsjoueHs corJacuo (1.13)

ra. 1, a s== (Nt —1)(N — 1)"L. PaccmoTpuM cHcTeMy JIHHEH-
HbIX ajare6paHyecKHX YpaBHeHHH
COsX == O. (2.12)

Kaxnoe p-e ypaBHenne cucTembi (2.12) yMHOXHM Ha Xjm), Tle
HHIEKCH fy, fo, +.. , j, ONPeleNsIOTCs H3 Pas3JfiokeHHs JHCIa p
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no airoputmy (2.5), Xjm =%, eciu p= 0. TIpocymMmuponap
BCE YDaBHEeHHS, INOJyYHM

n N N
Rl
) Mm+mmwmﬁ—3 Z_ iy X
B0 1y, byl 1=l K=ty byt =]
X (Xeqa)Xe (1) — Xigay * Xigp—1)) = 0, (2.13)

The Xy = X,. [lonoxum
Biw = Im by, Yoy = Imziey (=0, 1,2, ... ,i;=0, i,=

i =Ima;y (i,=1, N, k=1, 2,

—
.

[peanonoxum, 4TO mpH yCIOBHSAX

yi(k)>0 (k:O’l’2y---y[0=0, lk:I,N,k>I),
2.15
) 2 i[>0 (2.19)
=0 Ly, Ly ey 1=l
BHITIOJIHAETCS] HEPaBEHCTBO
n N n AQ

pX Y B FuwlanlP—Y ¥ o x
K08y, gy, (=1 = R ol

X (Xi0) Xi(a—1) + Xi(p)Xip—1y) > 0. (2.16)

Jlemma 4.2. [1pu swnoanenuu ycaosud (2.15) Hepasencmso
(2.16) sKsusarenmuo HeompuyamesbHoll onpedenenrocmu Oed-
cmeumensHotl Kkeadpamudeckoll (hopmb

D(8) = L Z _ Doty —

1: zy

n N

—2 ) )y 1 % &imEie—n == 0, (2.17)

k=ldy, by, =

20e Eio) =&, Liw) — npouseosbHoie OelicmeumenbHvie 4UCAQ.
HoxkasarteancTBo, [lycts Bomonuseres (2.16) ans npous-
BOJIbHBIX KOMIIJIEKCHBIX HYHCEJ Xiz), YTO YAOBJIETBOPAIOT COOTHO-
wenuaM (2.15). B yacruocru, HepaBeHCTBO (2.16) BbIMOJHSETCS
H TOTJla, KOrja Xy = Esy. [loicraBu B Hepasenctse (2.16)
BMECTO Xi(;) HelCTBHTENbHbIe uHcaa Eige) (g =0, i, =1, N, k=
=1, n) n nepeitas K npesesy B 00eHX yacTsx HePABEHCTBA MPH

Yiw = 0 (ip =0, i, =1, N, k=1, n), noayunm (2.17).
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IMycTe BernosiHAercA ycnoBue (2.17) W mycTh xyp = Wik +
4 vy, ((,=0, i,=1,N, k=1,n). Torga neByw uacTb He-
paBedcTBa (2.16) MOGXKHO 3anucaTbh B Bije

n

D (u) + @ (v) + 2 Z Y | Xiw I

k= ll- 12, lk

OTKYIa B cuay ycsoBuit (2.15) crenyer cnpaseasmsocTs (2.16).

Betpsuanca nenHass Apobb (2.1) HasbiBaeTcs MOJIOKHTENbHO
onpefeneHHOMA, ecau Jia BCeX HATypaibHBbIX 71 H 1efCTBHTENbHbIX
By (R=0,1,2, ... ,i,=0,i,=1,N,k>1) HeoTpuuare;bHo
onpejeneHbl KBaapaTHueckre tbopmel (2.17).

Teopema 4.4 [11]. Ecau BLJ (2.1) noaoxcumenvro onpede-
nreHa, moeda sce B,(2) #0 8 obracmax Imziey >0 (iy =0,
i,=0,i,=1,N, k=1, n).

HokaszateabcTBo. B semme 4.1 OblIo ycTaHOBJAEHO, 4TO
B, (2) = det Cos. Onpenemirens det Cos = 0, ecu cuctema (2.12)
MMeeT TOJIbKO Hysesoe peuieHue. PaBenctro (2.13) sisnsiercs cnen-
CTBHEM cucTeMbl ypaBeuu#i (2.12). Ecau Mbl nokaxewm, 4to (2.13)
B YCJIOBHSIX TEOPEMBI BHINOJIH SETCS TOTAA H TOMBbKO TOT 13, KOT Aa Bee
Xy =0 (I,=0, iy, =1, N, k=1, n), Toraa, ouesuaHo, uto
cucTeMa ameﬁpanqecxnx ypaBHeHuWH (2.12) uMeeT TONMBKO TPUBH-
anpHOe peureHue. Ecau Beinosinsietcs (2.17), To B cUNY JIeMMbl
4.2 BomonHsercs (2.16) mpu kaxnom HaTypaabHoM n. Crepo-
BaTe/IbHO, PaBeHCTBO (2.13) MOXKeT BBIMOJIHATLCA TOr A4 H TOJIBK O
TOrAa, Korja

n N
Y Y [xiey 2 == 0. W
F=01y, Iy, wrn s fp==l

Teopema 4.5(11]. BI/l (2.1) asaaemea noroxumersro onpe-
Jeaennoll, ecau BOLROAHAOMCA YCAOBUA

2) Puw=0 (=0,1,2, ... ,i,=0, i,=T, N, k> 1);
(2.18)

6) cywecmsyrom maxue Oetfcmsumensrote qucaa 0 < gip < 1
(k=1,2, ... ,ip==1, N), uro

afy = N7 PBige—1Piy (1 — Gie—1)) Gy, (2.19)

ade ik = l) N; k = l, 2; R io =0! gy = O’ ai(k)y ﬁ"(k) onpe-
Jeantomen coenacro (2.14).
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HokazarenncTBo. IlycTh BuimonnsawTea yenosus (2.18)
u (2.19). Toraa (2.17) sanuwercs B BHIe

N
X I — & 1z
2 2 —v— Biw—=n]  Bue—yy

==l iy, Lyyeens [=1
N

+ (guwbiw) 2 Ewl + X ](1 ~ Gum) BiwE},y > 0,

TR FTITIN Ln=

rae «-» 6epeM TOrza, KOraa auy < 0, 0 «—», Korga oy, > 0. g

Sameuarue 4 .1. Ycaobue (2.18) sBasercst Takke H HeoOXo-
IUMbIM 1Jsi Toro, uto6ul BLEJL (2.1) Gblia noJoxHTEIBHO Onpe-
neneHHoli. JlefictButenbHo, ecau B (2.17) mosmoxuTh Eymy 5= 0,
a Bce ocTajbHble £jp = 0, TO HepaBeHcTBO (2.17) npeobpasyercs
K BHAY Pumtl,, >0, oTkyna crenyer (2.18).

Ecsu xe npH HekoTopoMm Habope HHAeKCOB fiy = 0, To mis
BbINOJIHEHHsl ycaoBHs (2.17) Heobxomumo, uToObl Qi =0 u
ity = 0 (ip41 = 1, N). HefictButensHo, ecau B (2.17) mouo-
KUTb &y % 0, Eye—y 7= 0, @ Bee ocranbbie Ejmy = 0, TO mouay-
aiM Bre—1)Ejp, — 20uwEiwEie—) > 0. Otciona B cuay npous-
BOJILHOCTH E/pn1), Esey CAEAYET, UTO HEOOX0AHMO Gy = 0. AHa-
JIOTHYHO MpOBepsieTcsl, 4TO %ipyyy =0 (ipy =1, N).

Koneuno, moxHO chopMy/1upoBaTh HeOOXOLUMBIE H 1OCTATOY-
HbI€ YCI0BHS1 IOJIOKHTEILHOH onpenenenHoctd BLL (2.1), ucnone-
3yd Kpurtepud Cu/bBecTpa HeOTPHUIATENbHOH oOnpeleseHHOCTH
KBagpartuueckux (opM. OmHaKO 3TH yCJOBHST GYNyT OUYeHb Ipo-
MO3JKH.

3ameTuM Takxke, uTo B caydyae N = 1 ycnous (2.18), (2.19)
IBASHOTCS HEOOXOAMMBIMH H JOCTATOUHEIMH.

Teopema 4.6. Ecau npu HeKOMOPOM HaMyparbHOM N K8a-
Opamuueckan gopma (2.17) HeompuyameabHo onpedeseHa, mo
Keadpamuueckas gopma

‘D'(E)=k

N
. 2 -1 ﬁi(k)g?(k) -

A A

n N
—2 2 2 AinEieEit—1) (2.20)

R=11,, 0,00, ip=1

Tngs

a0e g | < |oug|(kR=1, n, i,=1, N) makoe sgrsemca wne-
OMpuyamesbRo onpedese HHOL.
dokazateanctBo. PuxcupyeM MpoH3BOJbHBIE HaGop

ReHCTBHTE/IBHBIX 4YHCET Eypy (R =0,n, ij=0, ir=1, N, k=
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= I, n). B mpoctpauctse [R ¢, rae s onpenensercs coracyo (2.8),
paccMOTPHM JHUCKPETHOE MHOMECTBO TOUEK

Q= {’!liifl = (nov Mo M2 oov s nN’ coe s My v ov nNN...N}’
Niw = = Buay-
ITyctb
min (P (n): neQ) = D(n*), n*c. (2.21)
MeronoM OT mpOTHBHOrO MOKaXeM, YTO /st IPOH3BOJIBHOIO Ha-
6opa HHIEKCOB iy, iy, ..., 4, (i,=1, N, p=1,n)
i (o) Ni{p) NWip—1) > 0. (2.22)
ITycth npn HekoTopoM HaGope HHAEGKCOB fi, foy .. , J, HMEEM

% Mie)Mico—1 < 0.
Onpenennm BekTop M € Q caenyioumum o6pasom:

?l;‘(p)i,,+1...i, = ﬂ?(p)i,,_,_l...t, (r =p+ 1’ n, ir=1, N)'

i) = N}(p)» BCE OCTANIbHBIE Niy = —Ni(p)-
Jlerko noacuyurarb, 4TO TOria
’ —_— . » )
D (M) =D (M*) + 4NN fio—1»
YTO NPOTHBOPEUHT MHHHMaJbHOCTH Hopmbl D (n*).
PaccMoTpHM KBajpaTHueckyo dopmy
n D

DE)= Y, Y » Biwkiy —

k=01, {5,.0., ip
n
-2y ¥ [ et | EiwrEice—1)- (2.23)
E=1 1y, Lg0eens iy=l
HerpyznHo npoBepHTb, 4TO
min {@ (n):n€R} = min (D (n): € Q} = D), TeQ.
Ecm, Hanmpumep, IpuH HekcTropoMm Haope HHIEKCOB ) << 0, TO
%)M oMio—1) = | %) | o) (—Nio—1)-

Hlanee, U3MEHsAst 3HAKH B My MO aJrOPHTMY, NPeJIOKEHHOMY
Bbillle, 8 HMEHHO: 3aMeHSf M, Ha Miy, yOexkaaeMmcs B TOM, 4TO
dopma (2.23) npuHHMaeT To Ke 3HaueHHe. AHAJOTUYHYIO MpPO-
ueaypy AesaeM ¢ KakIbM i) << 0. BeeaeM no anasoruu ¢ (2.23)
kBagpaTHueckylo dopmy @' (E), rae @’ (&) onpenensiercs CorJacHo
(2.20). Ilyctb

min (@' (1): NE€Q) = min (D' (1), N€RQ) =D’ (7)), HTEQ.
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Tak kax
[otsey | ey ie=ty > 0, | Qigay | NiwyNik—ty > 0

N = =+ Eierr Miw = FEuers
TO
Mo Nee—1 = N wMice—1)
NpH BCeBO3MOXKHBIX Habopax HHaekcoB. ClleJ0BaTeJbHO,

@' (§) > min (D" (n):n€Q) = D' () » D(¥) >
> min (@ (1), nE Q).

Sameuanue 4.2. Ycnosue (2.19) Teopemsl 4.5 MoxeM Ternepb
3aMEeHHTDb YCJOBHEM

ag,y < N Bie—1Biw (1 — gie—1) ray (2.24)

ree gio =0, O<gup<l (k=1,2, ... ,ix=1N).
PaccMOTPHM HEKOTOpHIE NPHMEphl NOJIOKHTEbHO OmpejieneH-

Heix BILJL.
Ilpumep 4.1. PaccMoTpum BLLZL

L0
(1+ D Z )" (2.25)
k=1
ip=I
C KOMIMJIEKCHBIMH YaCTHBIMH uHCJAHTENsSMH. Mcnosbays 3kBHBa-
JentHele npeofpa3zosanug (4.2) rai. 1, npuseaeM ee K BHAY

(1+ b Z o)™ (2.26)

1p=1

Iyete awy = Ciw. TaK Kak | 22| — Re(2?) = 2(Im2)?, To ycmo-
Bue (2.24) B HameM cJ/yuae 3anuIUeTCs Tak:

| | —Re aywy < 2N (1 — gige—n) Guety-

Ecau nonoxutb gym =1/2(k =1, 2,..., i,=1, N), T0 1pn-
XoAuM K napabosnueckoi ofaacT: |z|—Rez (2N)™L,

HpHMep 4.2, Tycry vactabie uncamtenu BIUT (2.25)
ABJISAIOTCS JAeHCTBUTEbHLIMH OTPHUATEIBHEIMH THC/IAMH, Torna,
eCJIH TNOJNOXKHTb B (2.26) ai(k,=(zc[(k,) T0 ycsoBHe (2.19)
B HallleM CJydae 3anuileTcs B BUIe a;p = — N~ 1(1 — gie~n)) X
X s MBI NPHXOZHM K BETBAILMMCS HeMHBIM 1po0sM, pac
CMaTpHBaeMBHIM B KOHile I'J. 3.
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Jlemma 4.3. [Tycmo
N

2
a
=ty (@llo) = b+ 2 — Y, 2L (2.27)
Ip1=1
(p=0,1,2,...,0=0i,=1,N,p>1) — nexomopas coso-

KYnHoCme — MHOZOMepHbLX — OpobHO-autednblx  0mobpascerid
u nycmo

Yo=1m2z,>0, iy = Im2zy) > 0, Piy = Im byy >
048 Qi = 1m ayp) sbinoansemea ycaosue (2.24), 20e 0 < gimy <1,
Kpome moeo,
Imwip1y > Buprn8ipsn (r=1, N, k=1, p+1). (2.28)
Tozda
Im? > Bupguo + Yito)- (2.29)
Hokasateasc tBo. [lyetb Bee y;, >0 (p=1, 2

i,=1, N) u nyctb M =N"(1— gipy) Py + N7 s(p).
Torfia, yuMTHIBasi YCJIOBHs JIEMMBI, HMeeM

- 2
Im Wip+1) > M 1a,-(,,+1).

[TosTomy
. 2 2
@4 | _ 184!
|w5<p+u+ S| = Ton
HIH
1
¢<p+1> + > 55 - (2.30)
t(p+l)

Paccmorpum o6pas (2.30) npn orobpaxkeHUH w = 271, mosyuyum

Im l(P'H) < M.

Cup+1)
[Toatomy
N
1(p+1)
Imtip = Bigy + Yiio) — 2 Im —— Diorn) > gipPio-
fp1=1

[Tepexonsi B mocnenHeM HepaBeHCTBe K Mpelesty MpH Yip —> 0,
MOy YHM

i(p+1)

o N e o

) o g1 )Biw)
1=l
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CrnenoBatelbHO,
N 2
% (p+1)
Im tip = Bito) + iy — E Im 220 s ) + giobrn W
. i(p+1)
Lp41=I
Jlerko npopeputh, 4To 06pasoM mosymiockocTH Imw > y, +
+ goB, >0 npu orolpaxennn f_;(w)= w™! spaseTcs Kpyr

o { 1
K_l. w+ 2(!/()'}‘&0&)),< 2 (Yo 1 Pogo)

OGosnaunm K, opaz oGnactu
Im w1y > BipanQipsny (k=1 p+1, iy=1, N)
npu oToOpaxeHuy

!
T, (wP+h) = - - ,

iy
by + 20 — N 2
b ai(2)
i T — E

=1 bigy T % — !

. N

N 2

: As(p)

— S
1y=I1 %ip+1)
P by 2y Z P —

) . Wip+1)
1=

(2.31)

iy=l

(2.32)

rae wtd ompenensercs cornacHo (1.3) ra. 1.
[Ipn BemoaHenun yciaoBHi JemMsl 4.3, yuuThBas (2.29),
HMeeM
K2 K 2K 2K,2--- (2.33)

Tak gak T,(00)=f,(2), T0 [,(R)EK,(p=0,1, 2,...).
Teopema 4.7. Ecau Ona BL I (2.1) eoinoansawomes ycaogus
(2.24), eoe

Biey > 0, goBo +4,>0, yiy > 0(k=1,2,..., ip,=1,N),
(2.34)

mo ee p-e aNNPOKCHMAHTH f,(2) yAOBJIETBOPSHOT COOTHOLICHHSM
Imf,(2) <0 [f,(2)] < (9 +Bogo) (p=1, 2,...). (2.39)

Teopema 4.8. Ecau 0aa B (2.1) eenosnsemca ycaosue
(2.24), eoe .

gi(ﬂ)Bi(P)>O(p=0’ 1,2,..., io =0, ip= I,N, p> 1)’ (2-36)
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mo - p-e snamenamess B,(2)(p =1, 2,...) BLZ (2.1) omauunst
om Hyas ¢ o0b6aacmu ‘

Mz >0 (k=0, 1,2, ..., iy=0, {=1, N, k> 1). (2.37)

JlokasareabcTBo. [lokaxeMm, 4TO NPH BHINOJHEHHH YC-
JjoBuit (2.36), a Takxke B NPENNOJIOXKEHHH, UTO

n N
Yo Ey#0(=12..) (2.38)
kBagpatuyeckne ¢opmbl (2.17) O (E)> 0. Ilycts

(2i)? = Buk—nBiwy (1 — Gie—1y) Gity
(k=1,2, ... ,i;=0 i, =T, N).

PaccMoTpuMm kBazpatuyecKylo Gopmy (2.17), rae BMecTo kaxa0ro
Clisy B3SITO Cliy), W 3aHILEM €€ B BHIE

N
O @) = ghii+ % (520 b+ Eobo) i te] +

{y=1

+ Z [( — ﬁrm)l g + (grbi) 2 Eie ]2 R o

iy, 4=l

N
1 = Gitn—1) 1/y
-+ Z [(-—Al/"l—" Bin—ty]  EBitn—y &

N

t (GimBim)*? Eigm]® + Y B (1 — gun) B B,

19 Lgaeee, ln—

Orcrona, yuutbiBas (2.36) u (2.38), umeem @’ (E) >0, TaK Kax,

ecin Ejy — MepBasi OTJIMYHAs OT HYJsI KOMIIOHEHTa BeKTOpa

E=(8p & ... »ENN..N)ER’, THe s onpefensercs COIVIAaCHO
n

(2.8), To BHIpaxKeHue

I — gy e 1 2
—x—— Biwe—1) By + Brwrgiw) 2 Eum | > 0.
[NoBropsisi KoHel jpoKasaTesbCTBa TeopeMbl 4.6, nMeem

D (8) > min (@ (n): 1€RQ) = min (D (n): 1€ Q) =
=0M >D (m)>0,

rae Q,n, @, 7 onpeneseHs OpH [10Ka3aTeNbCTBE TEOPEMH 4.6,
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Ocraercsi 10Ka3aTb, YTO B npeianosoxeHusx (2.37) cnpapen-
JuBO HepaBeHcTBO (2.16). Ecan

xi(k)=ui(k)+ivi(k) (k=0; 1; 2’ e ,i0=0, ik=—1—,—1—vl k>1),
TO JeBasi yacTh (2.16) sanumercs B Bpme
D (u) + O (v) + 420. 2 l.’/i(k) |3, |-

310 Bupaxenne OoJblie HyJs, TaK Kak CD(u) >0 nm D (v)>0
I BCe cJlaTaeMble HEOTPHLATEJLHEI.
[lo anasoruu c uennsiMu apoGsmu (cm. (32)) BIL/L Buma

N
« —al -1
by+ o+ D _-—‘k_’_> : 2.39
( 0 + =0 + Pt . bt'(k) + Cik ( )
lk=1
rae t=({n, Ly ... 5 Ly)E CV, t,— He3aBHCHMasi KOMIIJIEKCHas!
nepemeHHas WM QyHkuus or ¢ (L= f(%1, &g ... » Ly)), Haso-

BeM MHOTOMepHOH j-apo6bro. Eciu cyirecTByeT Takas JefcTBH-
TesbHAs MOJIOKHTEeNbHasi KoHcTaHta M >0, uro

M
T (2.40)
k=12, ... ,4,=1,N,p=0,1,2,...,i,=0,i,=1,N,
p > 1), To apo6p (2.39) HazoBeM OrpPaHHYEHHOH, a MHHHMA/b-
goe umcjo M, mnpu koTopom chpaBemsnBo (2.40), onpepesnm
KaK TIPaHHIy MHOIOMEPHOM OrpaHu4eHHOH J-Apobu.

Teopema 4.9. BLJ (2.39) oepatuuena moala u moAabKo
moeda, koeda cyuwecmayem dedcmsumeavroe wucao H>0, umo

n N

n
Y pX lbi(k)ui(k)vt'(k) 2 2 Iatm (UiwYe (e—1y -+

B=04y, fgens (= k=14, 05,
N
+ tip—nVim) | < ( 2 Z |u?(k) [ kgoi 2[ Ivt(k) Dl/?
s F

k=01,,.
(2.41)

023 NpouU3BOALHLLX KOMAAEKCHBLX HUCER Uiy, Uiy U NPOU3BOAL-
HO20 HAMYyparbHozo .

HokaszaTteabcTBo. Heob6xoaumocTs. K nesoit uactu
(2.41) npumenum HepaBencTBo Byuskoeckoro—Ileapua. C yuerom
(2.40) mosyunm

n N
1+2VN (Z Z | iy | )1/2(2 > lv,(k)]) /2"'

=0 iy =1 k=0iy,..., [p=1

M
oy ! < TR [ bigy | <
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n

N e N
(S S IS e

b=1ig,, =l =0 g,y =]
n—1
(é E l’u,z(k) ’)1/2 ( ZI E . ’ Ulz(k) ,)1/2] .

'lk

Mur npuxomum K (2.41), rme H < 3M (1 L2V N)L.
JdocratouHOCTS. ﬂyCTb BLINOJIHSIETCSI  HEPABEHCTBO
(2.41). Ecmu 31ech MNOJMOXKHTb Ljp = Uy = 0 0pH Bcex BO3-
MOXKHBEIX Ha6opax WHHIEKCOB, 3a HCKJIOUEHHEM iy, iy, ... , g, TO
nonyuuM | bey | < H. TIONONKHB Ujp) = 0, 32 HCKJIOUEHHEM U,
H Ujp) = 0, 32 UCKJIOUEHHEM Uj;p—1), MOJYUHM |Qyp| < . Tlo-
sToMmy crnpasemuBo (2.40), rie M= (1 -2V NYH. @
Munumanbuoe uucao f, npu kotopom cnpaBexuso (2.41),
HA30BEM HOPMOH oOrpaHnHueHHOHl MHoromepHo# J-apolu (2.39).
Hopma ne obszatenbHo coBmaaaeT ¢ rpanuned. Paccmorpum BUT

(2.39), y xoTopoil Bce iy = —;—, byw = 0. Toraa nonyuum, uto
H=1, M='T2V¥N
’ - 2 .

Teopema 4.10[11]. Munuoeomepnan oepanuternas J-Opobe
(2.39) ¢ epanuyed M pasrnomepro cxodumcsa 8 obracmu |Li| >
> M (i =0, N).

JoxkaszareabcTBo. Hcnoanays skBuBaleHTHble npeoGpa-
3oBanus, Apo6p (2.39) npuBeaeM K BHLY

d, (z)(1+ DZ dut z)) ,

tk—l

2

— -1 4, - ) _
rae do (2) = (bo + ?0) s dz(k) (2) (bi(k—l) T zik—l) (bi(k) T zik) (k =
=1,2, ... ,ip=1,N,i,=0).

B cuny ycioBuil TeopeMbi
M 2V'N
i { = M - - == = .

lb(k)+21k[> 1+2VN 1+2VN

CrnejaoBarenbHo,
2V'N . M 2VNe? 1
do(2) | < M 1+2VN’ | i ()] < I+ 2V M MEN — 4N °

1
YTBepKAeHHE TEOPEMBI CJAEAYET H3 TeopeMnl 4.3, rae ! = 7 | |
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Ilyete §= (& &1 + . BNy oo Biys » oo s Evv..N)ERS

14

s ompejensiercs coryacHo (2.8) u

(2
n N y
= 2 2 .
=y, X - i)
[ycts 0 < © << 2n. Onpenenum
n

N
—Y,(®)= inf { 2 2 - Im (byx)e™®) giz(k) -

“E”:l» nx»l k=0 [p 12 ..... tk=

—23 ¥ Im(awe®) Eptae—n) - (2.42)

=

k=141, {5,000,y ip=

Teopema 4.11. Mnozomepras ozpanusennas J-dpobe (2.39)
PasHOMEPHO CXOOUMCA HQ NPOUSBOALHOM BAMKHYMOM 02PaHu”
wenHom muoxecmee uz ¥+, paccmosnue romopozo Go ebt-
nYyKA020 MHONCECTBA

K0={Z:Z=(ZO’ 2, «. .2 2N)E @N-H’ 2= Xy + iYp
x,8in0 + y,cos0 < Y((B), 0 <O < 2n, k=0, N}
(2.43)

NOAOKCUMEAbHO, .
HdoxaszateansctBo. Ilycts a = ¢®. Pacemotpum BILJ

N Iy ~—1
" —(a- ay)
al ab, + M+ ,£1 E @by + Ay, ; (2.49)

[k=1

skpuBajgentnyto BLLIL (2.39), rae A = afy ({ =0, N). Hopmul
y BILL (2.39) u (2.44) omunakoBwl. [TosoxuM

p (8) = Im (aayy), Puw (0) = Im (abyy).

Toraga us rtoro, uro BLJL (2.39) sBasercsi MHOTOMEpHO# orpa-
HHYeHHOH J-1pobblo, Ceflyer, uTo CYILEeCTBYeT KOHCTaHTa Y (B),
LI KOTOpO#H

n N

Bur (8) + Y (0)) Eiw —

k=015 1y, oo s L=l
n N

—2Y ¥y | %ite) (8) Eur Eie—n > 0,

k=11ys lgi veo s Lp=

rae n=1, 2, ..., Eyp— NpPOU3BOJIbHLIE JEHCTBUTENbLHbBIE YH-
caa. CoorHomenne (2.45) caepyer us mepaseHctBa (2.41), sa-
nucanHoro ana BILI (2.44), rae uyy = vipy = & (=0, 1,
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2, ... 3,=0, =1, N, k> 1) u toro, uto |2|> —Imz.
Ecan Bmecto Y (O) B3ate — A, 1o BMecTo (2.45) cnenyer
B3ATb MPOTHBOMOJIOKHOE HepaBeHcTBO. [lostoMy |Y (©) < H,
0 < ® << 2mn, rpe H — Hopma muoromepno#i J-npobu (2.39). Co-
oTHomeHHe (2.45) Oyner BBHIIOJHATBCS, ecH BMecTo Y (6)
B3ATh Y, (0), rae Y,(0) onpenensercs coraacHo (2.42). Oue-
BHAHO, | Y,(0) < H.
CrenaeM 3ameHy nepeMeHHHIX

he= 1Y (©) + n (& =0, N). (2.46)

Hs (2.45) cnepyer, uro BLLIL (2.44) sBasieTcsi MOJIOMXKHTEIBHO
onpejesieHHOH BeTBsIeHcs HenHOH APOOBI0 OTHOCHTENBHO NeEpe-
MeHHbIX 1),. U3 Teopemur 4.7 caenyer, uro, eciu § >0 1 Im 1>
> 0 (k= 0, N) (BoonHe pocraroyHo, ytobut Im1, > 6, Imn; >
>0 (i =1, N)), To a1a m-x amnpoxcumant BILI (2.44), co-
BOAJAIOUIHX C m-MH amnpokcuMantamu BILI (2.39), cnpaseanuso
COOTHOIIIEHHE

| ()] < 671, (2.47)

YcaoBue Imm, > 8§ (£ = 0, N) skBuBaneHTHO ycJsoBHIO Im A, >
>Y(0)+ 06 um x,sin® 4 y,cos0 > Y (0)+ 68, ecmu L=
Z:Xk—,—iyk, 0 <0< 2m.

Onpenenny MHOKECTBO

K={z=1(25 29, ..., 2N)ECYT! 2z,= x4 iy,
%,5inO + ,c0s0 < Y (@), 0 < O< 2n, £ =0, N}. (2.48)

Jlerko npoBepuTh, YTO K — BHIOYKJI0e MHOMecTBO. Hysau Beex
sHaMeHatenel B, (2) BLJ (2.39) npunapnexat MHOXeCTBY K.
[Toxxopsune BILLJ (2.39) paBHOMepHO orpaHHueHBl Ha OPOU3-
BOJBHOM 3aMKHYTOM OTPaHHUYEHHOM MHOMECTBE, PacCTOSHHE KO-
Toporo J0 K nosoxutensHo. Ecmn B (2.48) BMecro Y (O)
B3Th Y, (O), To nonyyum wmHOxkecTBO K, CorsacHo Teopeme
4.10 BILJ (2.39) cxoaurcs B ofnacti |f;| > M (i =0, N).
B cuny (2.47) fn (2) (m=1, 2, ...) aABasAwTCA rojJoMopdHEIMHU
(YHKUHAMHE HAa DPOU3BOJLHOM 3aMKHYTOM OTDAHHUYEHHOM MHO-
HeCTBe, PacCTOAHHE KOTOpOoro Jo K, IOJIOXKHTeNLHO. YTBep-
KIeHue Teopembl 4.11 caenyer us teopemb 2.17. W

Caredcmeue 4.1. MHoromepHas orpanndenHas J-apobb ¢ HOp-
Mot H paBHOMEpPHO CXOJMTCS Ha MPOH3BOJNBLHOM KoMiakTte o0-
aactu [ {>N ([ =0, N).

3ameuanue 4.8. Ilycth saemeHThl by, bipy, aiy (R=1,
2, ..., iy=1, N) crpannuenHoli MHOTOMepHCH J-1po6u (2.39)
ABJSIOTCA JEACTBHTENBHEIMU YKCAaMH, Tak Kak B 3TOM Cayyae
Biwy () = buyy sinO, ayyy = ayysin®, 10 Y, (0)=Y,(n)=0.
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YunteiBas orpannuenve (2.43), nmeem y, <0 (=0, N), ecnu

=0, u Y>>0 (k=0,N), ecsiu © =n. Ciuenosarensuo,
Y, =0 (k= 0, N) u K, — BeIIyKJIOE MHOXKECTBO TOUEK 1 € [N+1,
AJ1si KOTOPBIX

Imn; =0, |Ren:} < H (i =0, N). (2.49)
Muoromepuas J-1pobe (2.39) HasbiBaerca neficTBHTE/BHON,
ectn KospdHUHEHTB by, by, @iy (R=1, 2, ..., ir=L,N)

ABIAIOTCA JEHCTBHUTENBHBIMH 4HcJaaMH. JleHCTBUTEIbHAS, MHOLO-
mepHas J-1poGb Bcerjia noJoxHuTe1bHO onpeesena. Buecre ¢ BLLIL
(2.39) paccMOTpHM 3KBHBAJIEHTHYO eil BETBAILYIOCA UenHyio Apobb
N -1
eo —a?
~|—by—ty+ D Y, 0| (2.50)
f=1 [l (k) Sy
KoTOpas ABNRETCS TOME NMOJIOXKHUTENbHO ornpefeseHHoH. [TosToMy
B cuay Teopembi 4.4 n-e 3HaMeHaTeNM NOAXOAANIMX apobefi
BIL (2.39) Ba(t)#0 B ofmactu Im%;>0 (i=0, N) uam
B obmacty Im¢; <0 (i = 0, N).
U3 sameuanns 4.3 u teopemnt 4.11 crenyer takas Teopema.
Teopema 4.12, Jedicmsumenrbian o2panuderras MHo2oMep-
nas J-0pobs (2.89) ¢ nopmoti H pasnomepro cxodumces 6 Kadc-
dotl oepanuuennold samxrymot obaacmu uz [N+, paccmosnue
komopoti do obracmu (2.49) noiosicumensto.
HcenesyeM CXOAHMOCTb JAeHCTBHTENBbHOA MHOrOMepHOH J-
npobu
—=1

C,0+D }_‘ “fw ) (2.51)
Lk—-l Vk

Teopema 4.13. Zledcmeume/zbna'ﬂ 02PAHUHEHHAL MHO20Mep-
naa J-0po6e (2.51) umeem nopmy H < 1, ecau

al(k) <N~ (1 - gz(k—l)) Gite) (252)

2060 gf(k) 1(k~—-0 ,2,.-.,i0=0,ik=1,N,k>1))

gioy = o =
Hoxka3sa Teabctso. Ecm Bhnoansores ycaosus (2.52),

TO, YYHUThHIBasa 3aMeyaHHne 4.2, uMeeM
n N N

Y Ei(k) —2 2 hX | [ @igey | Bicey Bie—ry > O

k=01 ig; """k b=l g4 1gs ""‘k': 3
(2.53)
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I/ TIPOH3BOJILHOTO HarypambHoTo n = 1, 2, ... U OPOH3BOJIb-
HBIX AEHCTBHTENBHBIX YHCEN &yp. OTCIOAA ClefyeT, uTo

n N n N .
2y ) [ aiey || i Brnen | < X0 ) Eit-
=1 1345 g5 00 s k=l L= i" i.; “ee ik=l
[TosTomy
n N n N .
2y X | @i | Biw B | < ).: Y el
k=1Zys 095 v s k— E==0145 {55 ..-ilk=1
(2.54)
JJS TNPOM3BOJIBHBIX KOMIIEKCHBIX YHCEN Eip. [loacTaBiss B
(2.54) &uw = uuw + iviw ¥ npennmonaras, uro |lu| =1, ||v]=
= 1, monyuum
n N
DY by | @igey l(sagey Vie—ry + tie—1y Vi) | < 1
k=l gy gy o g ip=1
(2.55)
HJH
n
. [ @it (@i Vige—ry + Uiy Ui(k)), <
k=1 gy gy .o s ip=1
- N‘ 1/2 J 1
< (Z §_| Uip) ! (Z 2 ) /2.
=04y .0 =1 =01y, .. =1

TAe Ui, Ui — NMPOUSBOJBHEIE AeHCTBUTENbHEIE yHcsaa, B uact-
HOCTH, MOXHO B3ATb BCE Uy >0, v;y >0 (k=0, 1,
ih=0,i,=1,N, k> 1)

Takum oGpasom,

v

n N

Y Y llai(k) il vie—n | 4+ 1t | vaw 1) < ]l o],

E=fyg oois L=

otkyna caenyer (2.41), rae by =0, uiy, Uiy (R=0, 1,

2, ..., i,=0, i,=1, N, k> |)— npou3BosibHbIe KOMILJIEKC-
ubie uykcaa U H = 1.

Teopema 4.14. BII[ (2.51), ede ayy (B=0, 1,2, ...,

iv=0, i,=1, N, k> 1)— Oelicmeumenvroie uucia, ydoeie-
meopsa roujue Hepasencmean (2.52), L€ GV, pasnomepro cxo-
Jumes Ha Kascdom Komnakme, paccmosHue Komopozo 0o o6-
aacmu

Img =0, |[Rets| <1 (=0, N) (2.56)
nOAOINCUMENbHO.
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§ 3. Muoromepnsie g-npobm

Paccmotpum BLUJI Buza

8y (1 — Ei(k—l)’ 2z
b D 3.1
o+ D, g (3.1
HJIH BHAA
N (l ) 1
= L) U — Bupty) Zi\™
(uhgz { ), (3.2)
1=l
rac bOE(Dy gir) (k=0, 1’2’--'710—'0 1 N >/1)—
JefcTBUTe/IbHbBIE KOHCTAHTBI, TAaKHE, YTO
<gmw<1(k=0,1,2, ...,1,=0,i,=1, k>1),
(3.3)
2y R=1,2, ..., i,= 1, N) —Boobuie ropopsi, He3aBHCHMbIE

KOMILJIeKCHBIE MepeMeHHble, B YaCTHOCTH (YHKIHH MHOIHX [e-
peMEHHBIX.

Mycte 2= (2, 2, ..., 2n) ECN, JIpo6u BHma (3.1) wm
(3.2), y KOTOPEIX BMECTO KaXIOTO Zj MOJIOKEHO Z;, COOTBET-
CTBEHHO, IO aHAJOTHH C ONHOMEPHBIM ciayyaeM (oM. (34)) Oy-
JleM HasblBaTb MHOrOMEPHBIMH g-ApO6sMH.

Hs rteopemsl 3.15 cieayer Teopema.

Teopema 4.15. [Tycmy 0aa BL D (3.1) ewnoanstomesn yc-
108U

6=00<gin<l (k=1,2 ..., L,=T,N) (3.9
uasu
go—O O<g[(k) <1 (lk—l N k—l 2 ) (3.5)

Toeda BL I (3.1) abcoaromHo u pastomepHo cxo@umc;z,
ecau

gl <N (1, =T, N, k=1, 2, ..). (3.6)

M3 rteopemer 3.20 crepyer Tteopema.

Teopema 4.16. [Tycme dan BI I (3.2) ewnoausaromesn yc-
aoeus (3.4) u (3.6).

Tozda eemeawasca yennan Opobv (3.2) cxodumcs, eca:
Cywecmeyem makoe HamyparbHoe 4ucao n u Habop UHOEKCCs
iy, iy oo v in (ip=1, N, k=1,n), umo gm=0 uw
2y %= —NL

Hs teopemubl 3.18 ciemyer Teopema.
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Teopema 4.17. BI[JZ (3.2) a6cosnmHo u pasHOMEPHO CXO-
dumcs, ecau swnoAxstomes ycaosus (3.6) u

0<g<l, O<sgip<<! nwm 0<gip <1
(k=12 ..., =1 N). (3.7)

OpHako Aaa ykasauHoro tuna BLLJL MOXHO yCTaHOBHTB
u Goaee ofuine yTBEpPKAEHHUA.

Teopema 4.18. BIJ (3.1), daa Komopod 6binOAHANMCA
ycaosus (3.4) uau (3.5), abcoatomno cxodumes, ecau 0as npo-

usgoabHO20 Habopa Undexcos Iy, iy ..., Lt ([p=1, N,
p=1,k—1)
N
[Zl[z[(k)l<l (k=1,2 8, ...). (3.8)
k=
BI I (3.1) cxodumcs abcoaromHo u pasHomepro, ecal, Kpome
moeo,
= 1l —m,
= 3.
[1=7=0 (3.9)
k==1
ede

m,= min(gw:ip=1, N, p=1, &). (3.10)

NokasateabcTBO. HMcnompays cxeMy, NPeAJIOKEHHYIO
npH JIOKasaTesNbeTBe TeopeMbl 3. 15, nmerko npoBeputb, uto BLA

N
o ~8y (1 — Broy)! Zigy
|b°‘+k912 A S 3.11)
- [k==l

aBasetcss Mmaxopanroir BILJ (3.1). B wactHOCTH, e/ BBECTH
o603HauYeHHUSA

N
- ~ —~&epry (! — Zro) 2 |
Qb =1 By =14 ) —erh_ R e
trr=1 o+

(s=1,2 ..., p=s—1,8—2, ... 1,i,=1,N), (312

TO 110 aHANOTHH MOXHO YCTaHOBHThH HepaBeHctBa (3.31) — (3.33)
rn. 3 ¥ yOemutbcs B CHPaBE/VIHBOCTH OUECHKH (3.34) ra. 3,

rae fr, g»—k-e noaxonsumue apobu BILJ (3.1) u (3.11) coor-
BETCTBEHHO.
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Ina n>m cnpaBennuBa GopMyna

N m—-1
o kQ 8w (1 = 8igp—n)) l2i)
gn— 8m= — m1 mo .
B s e s Iy =1 kg Qi 12 Rl

(3.13)

Tak Kak g,-— MOHOTOHHO YOpIBalomas W OrpaHHYEHHAsl CHH3Y
nocJsie [0BaTeJbHOCTb, TO OTCIOAa CJaeAyeT abCOMOTHAs CXOIH-
moctb BLLJL (3.1). Ecau B (3.13) npumenutb ouesku (3.8) u
(3.32) i (3.33) r1. 3 m yuecTb, 4TO

1 — & < I—m,

<
L4 my
TO HOJYUHM

m

- N l—m,

<] |52, (3.14)
k=l F

rfie m; onpefensiores corqaacko (3.10). B

Teopema 4.19. BLJ (3.2) abcorrormno cxodumes, ecau 6bt-
noauatomes ycaogus (3.7) u (3.8). BUI (3.2) cxodumea ab-
CONNOMHO U PABHOMEPHO, eCAU, KPpOMe MM020, 6bLNOAHAEMNCA
ycaosue (3.9).

HoxasarenbctBo. Hcxoms ms omenoxk (3.32) — (3.34)
ra. 3, cnpaBemiusbix aast BLUJL (3.1), rae npunat o6o3Haye-
Hua (3.12), yGexaaemca B ToM, uto obmacThio 3Hauenuit BILI
(3.1) sBaserca xpyr |z—by| < 1 —g,. [losToMy npumeHHMa
METOJHKa J0KasaTenbCTBa TeopeMbl 3.18, oTKyja caenyer mep-
Basl 4acTb TeopeMbl. Bropas 4acTh Teopembl cJEAYET M3 OUEHKH
THna (3.14). m

PaccMoTpuM BOTPOC O BO3MOMKHOCTH pactiMpenust 06JacTH
cxoaumoctd BUJL (3.2) myTem mcmosib3oBanust Teopembi 4.14.

Teopema 4.20. BL [

N
1

oo —_—02 -
(1 +D M) , (3.15)
ik=l

20e a;y — Oelicmeumensvubie yucaa, yoosaemeopaioujue ycaosu-
an (2.52) paswomepro cxodumca 6 kaxdod oeparuteHHOU
samknymod obaracmu usz N, paccmosnue xkomopoid do 06-
racmu

Imz;=0, |Rez|>1 (i=0,N) (3.16)
NOAOKHCUMEAbHO.
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Ecnn B Teopeme 4.19 monoxum gy =1/2 k=1, 2, ...,
i, =1, N), to nonyuum oColumenne Teopemnl 3.14.

Caedcmeue 4.2. BUJL (3.8) ra. 3, rae cip — KOMILIEKCHBIE
YHCaa, CXOAHTCS, ecH

N
1 , - —
Vilewl<s k=1,2 ..., 5, =T N, p=T, k=D,
ik=
(3.17)
§ 4. Muoromepusie peryaapusie C-apotm.
Muoromepame S-qpodn
Berpsinueca umenHeie apobu Bifa
I+ D Z "’” L (@.1)
fe= Lk'—“l
WM BHAA
i a z; \—1
(1+ b ¥ 2 L)~ 4.9)
=
k&
rae ayy =0 (=1, 2, ..., i{,=1, N) — KoMIiexcHble 4HCA2,
2=1(2y, 24, ... , zN)E(CN, HA3LIBAIOTCS MHOTOMEPHBIMI pery-
nspubiMu C-ppolamu. Ecam ke aiy >0 (k=1, 2, ..., i}=

=1, N), z€ ¥, 710 apoSu Buna (4.1) wm (4.2) 6ynem Hasbl-
BATb MHOI'OMEPHBIMH S-apoBsamy,
[Tyets L — dopmanbuniii N-KpaTHLIH CTeleHHOH pAj
oo N
L =1 + Z an L,, = Z Cimy 2y, 2iy + o0 Zige
n==1 Cy5ge con s in=1

(4.3)

BILA (4.1) unu (4.2) nasbisaercsi COOTBETCTBYIOMEH CTeNEHHO-
My paay (4.3), ecan .
o0 N
fz‘e"—L = E L’:z, L,: = Z ) CT(n)Z[.Zi, o Zin

=1 i z', o =t

k=1, o) (4.4)

T. €, Kaxjas k-1 annpokCHMaHTa BLI,,[[ (4.1) nmun (4.2) f,

¢opmanbHO pasnaraercs B creneHHOl psy BHaa (4.3), coBnala-

lomnii ¢ pagom (4.3) no dopMam RO CTeleHH £ BKJIOYHTE/bHO.
Has onpegenenHoctu pacemorpuM BLUJL (4.1).
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Teopema 4.21. [Jaa mnuozomeprod pezyaaproii C-3pobu
(4.1) cyuwecmsyem eduncmeenHoll opmasvrbti N-Kpammueid
cmenennod pad (4.3), daa komopozo sma dpobe 6ydem coom-
gememaeyrouied.

HoxkasarenbctBo. Has BIJL (4.1) onpenenuM, cie-
aya (3.1) ra. 1, BeipaxeHus Qi) k=T, n, iy=1,N, n=

=1,2, ...) Hpobu 1/Qf) dopmampro pasnaraioTcs B N-
KpaTHble cTenenHble paabl Buaa (4.3). Ilyctb paas
au N
LP =14 Y LP, LP = ¥ efhanz, ...z, (4.5)

n=1 Iy greens {=1

SIBASIIOTCH  (DOPMANbHBIMH  PA3/IOXKEeH MSIMH  k-X  amnmpoKCHMAaHT
B (4.1). YuurtwiBan (3.3) ro. 1, aaa r>m uMeeM

m-+1
m
(—1) l—_Il By,
b=

om0
m r
[N ST ;Dl Qig /!;]1 Qi

CueoBaTeNbHO, AJA TPOF3BOJBHOIO 7 > M ajas Ko3phHuiueH-
ToB (4.5) cnpaBeluBbLl COOTHONIEHHUS

N

fr—‘fm:‘—

: " ) — — -
C[((?) =C;(n)=0[(m (ip=1,N, p=1, n n= 1, m).
ITostomy psaa (4.3) fABjseTcss COOTBeTCTBYIOMHM apobu (4.1).

k
EHHCTBEHHOCTb CJIEyeT M3 TOFO, 4TO KOSDODHUIHEHTH cf oy
pasaoxenus k-# annpokcumantsl f, BILJ (4.1) B bopmanbHbli
N -kpatuplfl crenenHo#l psip (4.5) onpenensiorcsi ofHo3HauHo. M
Teopema 4,22, [lycme (4.1) — pezyaipHoa MHO2OMepHAA
C-0pobe, makxas, uwmo
limB, =0, (4.6)

koo

e0e
Be =max(|aimlii,=1,N, p=1,k). 4.7)
Toeda

a) 048 npouss0AbHOZO NOA0XCUmMeEAbHO20 Hucaa M cyuje-
cmayem Homep n, sasucawyuld om M, wmo BLJ

N

1+ DN Hwi)” 4.8

( +lz=n“ 1 ) ( ) )
ip=1

Cx00umca pagHOMEPHO K 20A0MOPHHOU GyHKYUU 8 noaukpyze
'ZiI<M (l= l, N),
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6) BLI (4.1) cxodumcs k pyuxyuw f(2), serawoweiica
mepomopdrotl uru moosdecmeerno paeHoll beckoHeynocmu.

HokasartenscTBo. [aa 3samannoro M cywecrtByer
HOMep n, uTO AJs BceX kK > n

lar] < (AMN) 1 (i, =T, N, p=T, %, k> n).

[Iyakr a) cnepyer Hu3 TeopeMol 4.3. Has nokasaTenbCTBa
nyHKTa 0) J[OCTAaTOYHO 3aMeTHTh, 4YTO M —npoH3BOILHOE U
GbyHKIHH, onpefesieHHble B Pa3JHYHLIX MOJNHKPYLax, sIBAIOTCA
aHaJHTHYECKHM MPOJOJKeHHeM APYT apyra.

Teopema 4.23, [Tycmbv (4.1) — peecyrapras MmuozoMmepHAA
C-dpobv, makas, 4mo KOMNACKCHbIE 4UCAQ O =0 (m =1, N)
ABASNOMCA  COOMBEMCMBEHHO eOUHCMBEHHbIMU  NpedenbHoimU

mouxkamu nocaedosamenvrocmet {a;pm} k=1,2, ..., i,=
=1, N), m. e.
}eim Aigym=a,(m=1,N), (4.9)
u nycmo o
Po,= Pa, X Pay, X+ X Poy — (4.10)

dexapmosoe npoussedenue obaacmell

Papy = {@€C : 10— Re (exp (arga, — 29) ) < 521},

(4.11)

20e (m= 1, N), <y—npoussoabroe OelicmeumerbrHoe HucAo,
makoe, umo |y|<<n/2.

Toeda

a) ecau K — npoussoavnoii komnaxm Pe,, mo cywecmeyem
obaracme Qx = (N, makas, umo

K = Qg < Py, (4.12)

u Homep n, sagucawul om K, umo BII (4.8) pasHomepHo
cxodumcs HaQ npouseoabHOM Komnaxme Qkx K dyHkyuu,
2oaomopproti 6 Qg;

6) BUI (4.1) cxodumea k pyuxyuu f(2), mepomop prod
6 Pyy uau pasrod Geckoneurocmu.

JokasateasncTBo. Ecin MHoxkecTBO K HeCB3HO, TO
BJIOKHM ero B cBasHulil komnakt K'. Onpegenim K' kag muo-
JKECTBO TOYEK OTPE3KOB, COEAHHAIIHX Toukd K ¢ HadaioM
KOOpAHMHAT.

O6osnaunM U, (2) OTKpHITHIE MOJHKPYT

U, @) = {weV:lu—zl<r, i= 1, N}
152



’
[lokpoem K’ monukpyramu U, (z), rae r, BO3bMEM HACTOJIBKO

MasibIMH, uToGbl Bce Usr(2) < Pay. Bulaenum konewnoe mnog-
NOKDLITHE

U (@), U, (2®), ..., U (22),

rae 2@ €K' (s=1, p). OGBosHauuM 3aMbIKaHHE MHOXECTB
Uy (29) (s=1, p) uepes U®.

Ilycrb

Py = min (|w,, — &2, |:w, € OP,, |2,,— 2% | < 2r,,),
rae P, ompepensercsd coraacHo (4.11) ra. 3, m==1, N, s=

=1, p. BoabMeM HOMep n HacTONIBKO OGOJBIUHM, YTOGHI AJA
BCeX £ > n— | BLINOJHSJIKCh HEPaBEHCTBA

lar ity m— m|<p,(,f’ (2r, +1|291)t (m=1,N).
Torpa npu Tex Ke 3HaYEHHSAX HHIAEKCOB

Iai *) mzm_amzm|<p}:t)’ ZEU(S)'

CrenoBaresnsno, U siBisieTcss MOJHKPYTOBOH OKPECTHOCTHIO
cxonumoctd BIJL (4.8). Dnements a; w42,y B (4.8) ppu-
Hajasexar mnapaGoauueckoét ob6aactu (4.11) ra. 3. Tak kak
ob6nactp sHaueHHH (4.8) B 3TOM ciyuae COAEPXHKHTCS B Kpyre
(23.86) ri1. 3, To yTBepkjeHHs a), 6) cJaepYIOT H3 TeOpeMhl

A7. B

Teoma 4,24, MTycme (4.2) — muoeomepras S-0pobsv, mak
umo

aw>0 (i,=1,N, k=12, ...) (4.13)

u G— Hexomopas obracme us (N, codepmawasn Odeiicmeu-
meabHyro N-mepHYyio OKpecmuocme

A={zeCV:Imz; =0, m<Rez,<M,i=1,N},
(4.14)
e0e m, M — Qelicmeumenbtble NOAONHUMENbHYIE HUCAA,

Ecau 6 obaacmu G 6éce nodxolsujue 0pobu (4.2) pasto-
MEPHO 02PAHUYEHBL, MO

a) Hemmble U HedemHble ANNPOKCUMAHMBL CXOOAMCA PABHO-

MepHo Ha Kaslom komnakme obaracmu G K eo0a0mopdrol
pynryuu 6 G:

6) S-0poby (4.2) cxolumca pasHoMepHO HA Kaxcdom

rxomnaxme G k eosomopgproti pynxyuu 6 G, ecau pacxodumcs
pad

Zmin(—‘—:i,,-_—l",w, p=1, k). (4.15)
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JokazartenbcTBO chenyer u3 Teopemu 2.17. Ecatu
Z€A, to BLJ (4.2) cxonutcsa corsacHo teopeme 3.12. W
Teopema 4.25. BI[ [

(1+ D ﬁk_z_k;l)l (4.16)

£=1 1
i

e0e z,=2y=1, a;»s>0 . 1N, k=1,2,...), z=(z,
Zy, s 2N)EQY, pasromepro cxodumea na KAKOOM KoMNAKMme
obaacmu

Rez;>0 (i=1,N), (4.17)
ecau pacxodumes pad (4.15).
HdokasaTtenbcTBo. HMcnoabays skBHBaNeHTHBIE mpeobpa-
sopanus, BILJ (4.16) anBeﬂeM K BHLY

iR e

rae Lo=1i, L, = iZ;;’- Jlpo6b (4.18) sBJseTCS MOJIOMKHTENBHO

onpejeseHHON MHOroMepHoli J-gpo6bio. ¥Yciosue (2.35) Teo-
pembl 4.7 rapaHTHpyeT PaBHOMEPHYIO OrpaHHYEHHOCTb ee MOX-
xoxawux apobefl. JIns 3aBepuieHHs JOKa3aTe/bCTBa JOCTATOYHO
BOCMOJIb30BATLCA YTBEDIKIEHHEM MpeblAyliell Teopembl.

§ 5. JiBymepubie coorsercTayromue BIJT

Hanomrum, uto BILJL HaswiBaeTcss coOTBeTCTBYyMOMEH KpPATHOMY
CTENEHHOMY DALYy, ec/M pas/oxeHHe ee n-f moaxozaumel npobu
B CTENEHHOH psijJ COBNAjaeT C UCXOAHBIM DAAOM 10O BCeX 4Je-
HOB CTENEHH N BKJ/IOUYHTEJbHO. Mbl yKkakeM HEKOTOpble clle-
uHanbHble KOHCTpyKmuH BILI, cooTBeTcTBYIOWHX ABOHHOMY
CTeneHHOMY DALY s

L+ Y gy, (5.1)
+j=1

OTH aNrOPHTMbI MOXKHO PacCMATPHBAThb KakK aJCOPATMHL pa3fo-
KeHHs QYHKIHH, 3aJaHHBIX B BHJE KDATHBLIX CTENeHHBLIX PALOB,
B BL/L. B paborax [34, 84] Obliu ycTanoBaeHbl GOPMYJHI A4
BbluncaeHus KommoHenT BILJIL, coorBerctmytomefi pany (5.1),
B BHJE OTHOINCHMA ONpejenwTenefl, cocraBieHHHX H3 Koadhbu-
uuentoB (5.1) Oty npobu uMeroT BHA

)] D _Cuxy — T Cpti, i* B €, ﬁ+ty 5.9
l+ 0+ 1_'_(1) (D DQI v 1 +D=l ( )
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HasoseM n-# annpokcumantofi BILI (5.2) Beipaskeune

n Xy
f= 1+(1>u+91ﬁm, (5.3)

rjue :
k .
oF — D 2T D Lt g yo ) (5.4)

=1 =1 1

[n/2] — uenas uwactb n/2, (D,‘O)=0, T. €. n-2 NoaXoaduas
apobe siBasieTcst QurypHoH moxxoxswed apobero Buaa (1.15)
ri1. 1. OHa copepxutr Bce Te 3gnemeHTnl ¢; BLL (5.2), cymma
UHIEKCOB KOTOPHIX | +j < n

Hpyras momens BLJ, coorBerctBytowed psiny (5.1), Gblia
npensoxerHa B paGore [93], a umeHHO;

bUt‘y
|+ Pt B+ D, v (-9
rjae
© by © b i ,
F= D M, Fo= D p, p iV ((=0,1,2, ...).
=1 1 p=1 1

(5.6)

Onpenenum n-to annpoxkcumanty BILI (5.5) Kak koneunyio BIL,
colepxaulylo Bce Te 3aementsl by BLLJ (5.5), cymma uHAaek-
COB KOTOpHIX i - j<n, T. €.

fom 1 FO o) bjox n bosy
L=

— T o T P 5-7
=1 1+F5(§n—l)/2j (=1 l_l_F(()[t(n——l)/?]) ’ ( )

rae F§, F$ — k-e nogxoxsmue po6u nenHbix apoGe (5.6)

k . k
Ff = D—etid™ gl p Zept™ (5
p=1 7~1

npuuem FP = F =0, ecom b < i

Bersstmascs nennast apo6b (5.2) unn (5.5) cxoaurcs, ecn,
HAYHHAA C HEKOTOPOro HOMepa n, > 1, Bce ee MNOAXOAsMmye
Apo6u (5.3) unn (5.7) HMEIOT CMBICA U CYULECTBYeT KOHEYHBIH
npefesn MoCJeJ 0BaTENbHOCTH annpoKCHMAHT.

ITo ananoruu ¢ (3.1) ron. 1 BBexeM PEKYPPEHTHO COKpaileH-
Hple 0003HayeHHs

Q= 14 OF —Cgi;léf_‘;y (=012 ..., [5]-1)
2
(5.9)

155



IpH HaYaJbHBIX 3HAUEeHUAX

QP =1+4+0P, V=1, [=1s/2]. (5.10)

C yueToM MeTOnuKH, M3JOXKeHHOH# B § 3 ra. 1, serko ycranas-
JuBaeTcs (opMysa pasHOCTH ABYX MOAXOASIHX Apodedi f, H
for(n>2r) nas B (5.2) [12]

I3
1o (=DE@PI — @@ ) (xy)i T e
k=1

%
fll - fzr = Z { ) +
r— 2k) N (n—2k,
puery nl Q7™M
r+1
(— D (xy)r*t Chk
+— ,ﬂ X, (5.11)

2r—2k s 2k
7 o= 1o
k=1 k=1

rae
- nsy T
’ + 11
¥ NPOH3BENEHHS, Y KOTOPHIX BepXHu# HHAEKC MeHblle HIKHEro,
CUHTAIOTCH DaBHBIMH eAuHHIe. [Ipd ycTaHOBAeHHH (HOPMYJIH
(5.11) ecrecTBeHHO MpexrnoJaraercs, 4To ECE QP £ 0.

Ananornuno aas BIJL (5.5) ycramaemiBaercs ¢opmyna
B NPeANONOXKEHHH, UTO N>>m

2 2
o= FE/™ — FE™ +

i
! (F%(n—t)/ﬂ) _ Fg%(m—l)/ﬁl)) kl"l B0
=1

+ Y =y : ' +
Q(n—k) . Q(m—k))
=1 k[;!( k0 k0

(ol I (e N o
yt (F) Fy! )kqb .

+ 7
I @G- e
k=1
m-1 m+1
(— I)mymil }!"ll b0 (— Iynym+ n bos
+ = o + el . (5.12)
(1o 11 ew™  T1e™- Mes™
k=] k=1 k=1 k=1
2de FS§ u F§ onpedessiomea ¢ nomowpro PEKYpPERMHbIX COOM-
nowerutt (5.8), a Q&, Q8 —c nomowsro pexyppenmusix
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coommotleHuil

—k
Ry R A

Q(S——k—l) ’
k41,0
(k=10,s—1, s=1,2, ...),
¢ T (5.13)
Qgsk_k) = 1 + FOk 2 + Qo(s_kt:i]) ) g;) -
0, k41

(k=0,s—1,5=1,2, ...).

IIpu noxasarennctBe Gopmyan (5.12) npennonaraercs, 4TO
Bee Qko ® 0, Q™ 5= 0.

Paccmorpum mpustaku cxoxumocTH cooTBerctBylomux BLL.

Teopema 4.26 [12, 13], BI{ A (5.2) c Oelicmsumerbroimu
qucrosoimu Kosppuyuenmanu ¢ (L, j=0,1,2, ..., i+j>1)
PABHOMEPHO cxodumes 8 Kaxcdou ozpanuverHol ob6racmu u3 R?,
ecau

a) cyuwecmsyem koucmanma B(0 < p<<1/8), amo

iy, iXx+PB>0,cpy+B>0
cxy+B>0(=0,1,2 ..., j=12 ...)% (514)

6) xospPpuyuenmol Ciyr, s, Ci o1 UMEIOM  He 8bie KoK
NOAUHOMUAAbHYILL pocm npu [ — 00, M. e. Cyuecmayem makxoe
Hamypaavroe wucao p, wmo lim i—? max (Ci+1, 53 ¢i, i+1) = 0;

i o
8) 044 npoussoarbroeo uxdexca i(i=20,1,2, ...) padu

o

N w, (i) pacxodames, 2de
2

n=
' (1) = max { |Cats, ], |1, nti]s [Cnnl}s (5.15)
)
npusem ux wacmuvle cymmol ¥, 1w, (i) npu xamdom i cmpe-
n=2

mamea K Oeckoneunocmu npu k-—»oco He medieHHee, dem
(In k)!te, 20e € > 0 — npoussosvroe delicmsumensHoe KaK y2odHo
MaA0e 4ucao.

HdokaszarennctBo. Bocnoapsyemcs ¢opmyaoit (5.11).
Jans 3T0r0 CHauana mpoBejeM HEKOTOpble OLEHKH, YTO6h yOe-

ZUTBCS B TOM, uto Bee QF ~27-£0. Us yeaosus (5. 14) cnenyer, 49to

U P S 1§ pumy 1 S

(=01, ..., k=12 ...). ~ (5.16)
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HUcnonbsys sxkBuBaneHTHHIE mNpeobpasoBanusi ¢ yueroM (5.16),
1pobb QF % npusenem K BHAY
[S/D2] C,,xy .
- s—2) —
Je=i-1 1 + (D]
1s/21 ¢; (x, ¥)
b 4&2)
=1 '

QP =14 0f~ 4

— (1 —I“ (Dﬁs—?i)) (1 _I_

rue
¢ (x, y) = cpxy (1 + G)}s_—]z"‘l'm)-l (1 4 (D(,s—’.)i))_l

i=i+nivz..[5]). (5.17)

Torna B cuay ychaoBua (5.14) u oumenkn (5.16) umeem
c;(x, y) > —B(1 —4P)™L. Tak kak a=f(l —4p)"1<<1/4, TO

I s VI—8pf1l ——2—\ =

04
1—l ~
T—..

= 4 (VT=4p 4+ V T=8p) =0. (5.18)

JloxasaTesbcTBO NpOBeJeM MO CXeMe, H3JIOXKEeHHOH B TeopeMe
4.2, WcnoJb3yss MeTold THna (QyHIaMPHTAJbHEIX HePaBeHCTB
(2.19)—(2.21) ra. 2.
Jas oneHku cBepxy BbIPaXKeHHH
(2r—20) (n-=21{)
| D; — @ |
BocnoJibayemess GopmyJiof
@r—20) —21
@ — O =

2r—2{-}1 2r=2i41
2r==2{+1 2r—2i41
T ey yr Tl ey
_ =l =1
— 2r—2 ) 2r—2i4-| 5 + or—2f 220 2r—2{+1 ) s
@Qr—2¢ (n—2. (2r—20 (n— 1)
0o I @ e [

(5.19)
rie BBeNleHHl PEKYPPEHTHO COKpalleHHbie 0603HaueHHs

Q(s—2t) 14 Citi, fx , Q(QS,-].E)I | R RSALILL A Ly (5.20)

Q(’s’—i21) Q(S—-Zi)
ﬂpH HauaJbHbIX 3HauUeHHUAX
§—21) (s—2
A2 = Q8 =1, s=2r, n.
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®opmyna (5.19) ycranaBiuBaercss aHajornyHO topmyae (3.3)
ra. | B mpeanonoxenun, uro Bee Q5T 0 (p =1, 2).
Iycts

1 1 1
Vi iy = e, V= —————
b+ byer, 147 » i lxyey;) ’

et = T (5.21)

ecn xciqy, 1 =0, you, i+ 7= 0, xyc;; =0 (i = 6,—;, j= ],—f)
Toraa cnpaBensusbl OHEHKH

Citj, iX L , €, 4/ ' L

Q(s——Q;’) Q(s—2t)

STHva, | o8BS | STHv oy
(5.22)

rje

1, ecad j HeyeTHoOe, _
S_{Qf, €cJIH j 4YeTHoe, L=2(1—484+V1T—4p)™

JeficTBuTe/IBHO, NepBoe H3 HepaBeHCTB (5.22) 3KkBHBAJEHTHO
HepaBeHCTBY

Cigp, ¥ Citj, i* Ctj, N =
Vi, | Toe—2 <L{|1+ Qi—2 Q=2 | ]! (5.23)
L i L/ L
KOTOpOE CJiellyeT H3 OLEHOK
L 1 _ 2
N R R N v gy - B
1P
T—.
Cotj, o* Siti, *
| 1 + Q(S—Qt) —] Q(IS—IQl'l >
2 ’ —_—
>1— b — = VT—3.
1 — ————B——-
1

Ananornuno nokasbiBaeTcsi H BTOpOe HepaBeHCTBO B (5.22).
CrnenosaresbHO, B YCJIOBHSIX TEOPEMBI COpaBe/JIMBa OHEHKa

r—21) —2f
| ¢ — ") <
2r—2i41

2 L
x> T T i _‘—
<I+V—l‘4ﬁ(|c[+],lxl !—:-! L'*—V,_‘,_l.‘-
2r—2i+1 .
+les, o1y ” m) . (5.24)
j=2 ’
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Tenepr yOesuMcs, HCHOJB3Ys aHAMOTHUHBIE COOOGpaXKeHHS, UTO
cny

L* ,
P =2,3,...,r), (52
le-—'z/)Q(s-z,+2)1 v, (i r), (5.25)

rae L*=2(1—8B+ V(1 —8P) (1 —4P)™L, v;; onpemensorcs
corsacHo (5.21). Hepasencrso (5.25) caenyer us ouenku (5.18)
H HepaBeHCTBa

(s—2+2) Cij*y Cii*y
I+ @ + U A T e
7 1
2 2
> (11— ﬁB 1 — % = =
= | —
B a

—_ 1l —

=V1—4pY1—4da=)T1T—8p,

eCJIM TIPe]BADHTENbHO BBIHECTH 3a CcKOOKYy MHoxwureab (1 +

- (I)(S_2’+2)) H BOCNOJIb30BaThesl oueHKol (5.16), o6osHaueHnsIM U
(5.17) ¢ yuerom Toro, uro a= (1l —4P)™! u ¢;(x, ¥) » —o.

[Tockosbry BILI[ paccMarpuBaeTCsl B orpanxueHHoll obsacrw,
TO CYIECTBYeT ACHCTBUTENbHOE MOJOXKHTEAbHOE YHUCJIO M
Takoe, uro |x|<M, |yl< M. Ilyerb M, = max(|c;y1, ¢
¢i, i+1|). Torma, yuureBas (5.11), (5.24) u (5.25), mpuxoium
K OLEHKE

|f '“f2|\ 8M3 ¢y}
TS VT =B V=
2r—2i+1 L
?:(‘JM I—[L*+v]/< I—[2 L+v’+i,t +
2r— 2741 r+1
L 21 ¢ M2
+ l_! Lav ity >+ VIi—8+Vi—8 l_l Lr +V11 .
=
(5.26)
Hocneﬂ,Hee cJIaraeMoe CTPeMHTCss K HYJIO IPH 7 —» 00, TaK Kak
r41 v | r+1 |
e —— N\~
”L*+ ” exp(‘—Z L¢>\<exp( L'MZEI[’,‘[‘>
=2 =2

0 psin X, |c,',1| pacxonurcs.

I/Is ycaosus 6) Teopemul caenyer, uro M; < KrP(i =0, 1),
rae Ky —— KOHCTaHTa, He 3aBHCAILas OT I.
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Mycts K= min((L*- M)™2, (L-M)™") n 7y, o6osnayaer
nocJieiHee C/araeMoe B NpaBoii YacTH HepaBeHCTBa (5.26), Torpna,
yrpy6ass oueHky (5.26), monyunm

: (7]
Ih—hd<&§LMWPW Efmﬂ+w<
i=0 j=2
<) e fn 220

rae K,, K;— koucrautel. Hs noc/eflHell OLEHKH clenyeT, 4To
{/n—7For|—>0 mpu r—o00. M
Teopema 4.27 [16]. BL/]

= e )\ R S, i(5 Y)
(1+(D0+£11+(Di) ' (Di_pp__l 1 +

%—éiﬁ%&ﬂ, (5.27)
p=

ede ciy (%, y)— KomniaexcHoie Qynkyuu, 3adanHble 8 ofracmu
D ( 2 pasHomepro cxodumcs 6 obaacmu D, ecau cyujecm-
syem OelicmsuniesbHas noaoxcumeasvran korwcmanma B (0 <
< p<C1/8), umo

le (e, )l <B (6, j=0,1,2, ..., i+j>1). (5.28)

3nauenue 0pobu (5.27) u ecex ee annpokcumanm npurad-
Aescum Kpyey

|z—(1 —R%™1| < R(l — R,
R=1—5 (VT=2B -+ T—8p). (5.29)

JLokasateabctBo. Onpenenum n-to annpokcumanty BLII
(5.27) xaK BelHYHHY, oOparHylo K (5.3), e chenaHbl COOTBeT-
cTBylouie nepeoGosHaueHus sjemeHToB. Mcnonpsys MeTommky
piBoza GopMyssl (3.3) T 1 nna pasHoCTH ABYX MOAXOLSIIMX
apobeit fn 1 for (n>>2r) B (5.27), nonyunm

i+1 —2 - !
T (=1 + ((D(in Y (Dl(Zr 2[)) l—] Chy . 9)
k=1

fn— f or = 2 i +
pory lk—l (Q;z2r—2k) Q(g—dk))

0

r+1
(-—1)’“'"‘k[_]1 Cpp (%, Y) 0, ecmu n = 2r 41, (5.30
= Xy % = .30)
+ I—rl Q(2r—2k) ﬁl Q(kn—2k) o 1, ecau n>2r+1,
&
k=0 k=0
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rae OF~, Q¥ (s =2r, n) onpenensioTca aHanoruuHo (5.4)
w (5.9) u (5.10) ¢ cooTBeTcTByIOMMH Mepe0bO3HAYEHHAMH
3JIEMEHTOB npoﬁn Omnpepenss  ana BILA (5.27) Beauuunm
QS7™ (=1, 2, ...) ananoruuno (5.20) u ncnoabsysa dopmyay
tuma (5.19) ¢ yqe'rOM TOro, 4TO B NPeNNOJIOXKEHHAX TEOPEMBI

ngjzt)‘>1___51_%__]9__“‘:_14—1/21—4#3 k=1, 2),

HMeeM
I(D([2r—2i) ®(n-—2i)| < 25(45)2(,_1) ( 14 Vl 45)—40—;) (5. 31)

YuureBas (5.18), (5.31), ¢ nmoMomplo 3JMeMeHTapHBIX BBIYTHCE-
HUH TONYYHM

|fo—Forl < K[48 (VT—48+VT—30)"], (5.32)

rae K — KOHCTaHTa, He 3aBucsllas OT r H n.
B (5.27) mpenctaBuM B BHJE

z=(1 +w)!, w=, +Bcn(x y)

2 iFo e
Tak Kak
_ 2 28
wl< 1_1_56_ TV T+ Vi

1—'

=1— o (VT—4+VT—8) =

TO C NMOMOLIBIO 3JIEMEHTAPHBIX BbIUHCJAEHHH moayuuM (5.29).
Bonpoc noroueunoit cxoaumocts BILJL (5.27) cBoauTes K uce
CIeA0BaHUIO CXOAMMOCTH 4HcaoBEIX BILJ]

-1 o - o . ,
(4@ + B )™, o= D %ty B it (5.33)
14+ pal 1 o—1 !
rle a;; — KOMILIEKCHBbIE YHCJA.

HanuM onpenenense annpoxkcumanT apoOu (5.33), ucnoabays
KOMIOSHIHMH APOOHO-JIMHEHHBIX OTOGpaXKeHHH, & Take NOCTPOHM
yeTHyl0 W Heuernylo yactH BLJI (5.33) m uccmepyem ux cxo-
quMmocthb. PaccMoTtpum apoOHO-siHeHHbIe O0TOOpaXKeHHs

ty@)=(1+aw)™, i+#j, i, j=01,2, ..., (534)
tu(x, y, &)= (1 + a1 + @,y +au2)™, i=1,2, ...,
(5.35)
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H KOMIIO3HIMH 3THX otobparkeHui
T, e=tigo,ebiys,t ... bep o (1),
To gt =t 040 b 0xs oo by pi (1),

i=0, [5]—1, E>i, k> 2. (5.36)

Torna, onpenensst n-e annpoxcumantel BILI (5.33) kak Apo6,4,
O6paTHbIe K (5.3), rae x=y=1, ¢;j=ay (i, j=0,1,2,.
i 4j = 1), nonyuum
fon = t11 (T2n,00 To,2n0 top (Tonm1, 1 Th,20—15 oo vy
tnn (Tn-l-l,n—h Tn—l, n+1, tn+1, n+1 (0, 0, 0))), (537)
font1 = ti1 (T2nt1, 0, To, ont1 L9 (Ton 1o T1,0n < vy
tnn(Tn+2, n—1, Tn——-l,n-l-?, tn+1,n+1 (1, ]’ 0))~)’ (538)
tae n=1, 2, ..., fi=14¢,(, 1, 0). Bnpeap ¢opmynan THnA
(5.36), cHMMeTpHUHEIE OTHOCHTENBHO DIEPECTAHOBKH WHIEKCOB,
OyaeM 3anucelBaThb B BHJAE
Thet, i = bizo, ¢+ tiys, ¢+ L—t, 0 (1). (5.36%)
Cneays Cruntbecy [60], nmocTpouM 4YeTHYIO H HEUETHYIO YacTH
BIL (5.33).
Hpo6s
DI Fi=Pu+t D Gotit 4 p Thett (530
=0 l =1 Bp-}-z i p==1 Bi, p+i
HasbIBaeTCsl YeTHOH (HequHou) yacthio BILI (5.33), ecu ansi
ee n-x anmpoOKCHMAaHT gn

n

gn = D Oy F(n—l) _ﬁz + D a‘+p t+ D &, _Litp (540)

i=0 F"=0” p=l ﬁl+p ; 21 Br i1 o
crpaBe i /TUBO paBeHCTBO gn —fom (M=1, 2, ) (€n= font1,
2’52 53)0 1,2, ..)), e fa—nia nosxoasman APoGh BILI

Hnsa nonyyenus fBHBIX (opMys AJs Koa(p(pHuHeHTOB oijs Pij
B ¢opmynax (5.36%) BMecTo Komnosunmii oToOpaskenuii f;; pac-
CMOTPHM KOMIIO3HIIHH OTOGDAXKEHHH Sgp, Th€

{ —dy, o
Sp, 2 (w) = lop_1, Q[tQk, o (w) = T 12k 1{_;2’? — +1,
r—1, 2 , 20
Sr, 241 (W) = tor, sty 1lortt, 241 (W) =
g, 9f 41 1
TTE Qg op11+ Qort1, 2ip1@ ’
k=i+2, n—i, r=i+2, n—i+1,

0<i<[-g—]——1. (5.41%)
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Ecmu tenepb B (5.37) Bmecto T4y B3ATDH
Ton—gi, 2t= loito, 2i Si+2, 21 -+ Sn—i, 2 (1),
Ton—oi1, 241 = 2043, 2041 * Sido, 20 41 ** Sn—i—1, 2i41 (1)

(0\<i<[%]—-1, n=29, 3, )

to asa yertHod uacth BILJ (5.33) nmosayunm cdopmyanl
Bu=1, Pirr,i=14+ar1e: ou=ay
Qit1, i = Q41,4 Gyg = 1, (5 42*)
Qg == —Qop—i—2, iA2p—i—1, 4, Pur= 1+ '
+ aop—1—i, 1+ Aop—y,

rne £ >0, k—i> 2.
AuanorHyHO JIOKa3bIBaeTCs, 4TO AJs HEYeTHOH YacTH crpa-
BEJIHBBL (POPM YJIBI

=1, oy=ay, Pu=14ap,:+ait1,
Qi = —Qgp—1—i, iQop—iri P = | + Qop—i, i + Qopt1—i,1 (5.43%)
h>i, i=0 1,2 .).

YCTAHOBHM IMPH3HAK CXOLHMOCTH YETHOH H HEUeTHON uacTH
BIIJL (5.33) Tuna BTOpoil HHTEpHpeTanud (QyHAaMeHTaJbHHIX
HepaBeHCTB (CM. 3aMeuaHHe IOCJe TeopeMbl 8).

Bynem roeoputb, yto anad BLL/ (5.33) crnpaBenanBul ¢yHaa-
MeHTaJIbHble HEPAaBEHCTBA, €CJM CYLIECTBYIOT TaKHe JeficTBHTeNb-
Hble uneaa ;>0 (i, j=0, 1, 2, ...), 0<<y<C1/2, urO

a) ri|1 4 i, ¢ + @i, g1 | >2rgmax (V au],
Vg, ce11) + max (| @, o] | @, i1 ));

6) rig1, i] 1+ ipo, il > [Gige, ol 4+ ¥ ig, 1] Gt o]

B) rito,i|l =+ Qo i+ Qrys, i| = 2rige, i it Qigs, | +
+laigs i |5 (5.44%)

1) Tig, ol Vb Qg o+ Qg ol > Figg, iFipjs, o] Qg o] +
+laipjr e, j>3

! .
m aul <5 (1—=2v% (=0, 1, 2, ..).

Teopema 4.28 [14]. Ecau 9aa BLO (5.33) cnpasedausst
pyHdamenmarornote Hepaserncmsea (5.44*). mo ee wemmuas u
HewemHas wacmi abcoArOmAo Cx00ames.

JoxkasarteabcTBO. HeueTHas yacTh mocne 3KBuBaJEHT-
HEIX Npeo6pasoBaHHi MNPHBOLHTCA K BHAY

-~

oo ~ © . ® o, . '
D L2771 —, F, =D pti. il D {, p1-i , 54
=0 | + F; ! g1 1 +p=l i ( 5)
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rune

Ggp = (I + a5+ ag)t,

it = ag (1 +ag, -1+ aimy, )"V + ap, o+ @, i01)7Y
Qitt, i = — g1, i Qppo, i (14 Qg g+ @, i) V(1 Fape, s+
S a0 (5.4
CC;-}-p § == — Qop-i—1, iA2p+4i, 1(1 +02p+z—2 t+a2p+t——1 t) 1
(1 +a2p+, i+32p+t+] )7t

(p=2, 3, ,i=0,1,2 ..)

Beegem o6o3naueHnd

6*)
X

giv=T1—max {| a1, ;| |a, ]} [ra| 1 + @1, 0 + g, o1 173
8o+i,i =1 —[agqiyri|  [ropss, o] 1 + Qoppe, i + Goppitr, o]172

(p=1,2 ...,i=0,1,2, ... (5.47%)
s dynnamentanpuex Hepapenern (5. 44*) cnepyer, uro 0<C
<gu\<1 0<gﬂ+lt\ i (p:1 2, vee l-—o 1 2 ...) H

UYTO CHpaBeNIUBEI HepaBEHCTBA

laool< Loor Ioml< gi—1,1—18u (i=1,2, ..),

Ial-i-l ll k; (1—'gz+/ I, )gz-{-],t | (548*)
G=12,...,i=0,1,2,... kb, = R ki=1,j>2).

CrnenoBarensHo, CyLU.eCTBleT KOMIJIEKCHBIE YHCHA 27, TAKHE, UTO
|z,,|<l(t]_01 ..) H 4TO

- - 1 .
Gloo = 5. GooZoor Gt = 7 i—1,0—18nzu (=1, 2,...),

i, 1= Ry (1 — e j1, 1) 41, i), (5.49%)
G=1,2 0, i=0,1,2, . by = = kj=1,] > 2),

BI L (5.45) mMoxHO 3amucaTb B BHJE

o I gl 1, i— 18:i%4; o
f(2) = ngozoc I+3 s Fo(2)+ D 2 : , (5.50)
=5 Fi)

rae
o (] g i ) g .2 .
Fi(z)= D ( pti l.tl pti, i7p+i, 4 |

BT Ly ©.51)



O6o3Haunm uepe3 fn(z), FP (2) —n-e annpoxkcumants BLLJI
(5.50) u (5.51) u BBeneM pekyppeHTHO o603HaueHHS

Q&) =1+ 5 FF (z)+Qﬁ‘—§"‘—- Q7 (@) =1(=0/s—T).
(5.52)

C yuerom (5.52) nerko ycraHaBauBaeTcs (OPMyJa pa3sHOCTH
aByx noaxoasuux apoGeii B (5.50) [, (2) u [, (2), rae n>r

[n(@—1[:(2) =
k
(= Dy (ng-—k) (z)——p(’g—k)(z) n a

s

[T @ - Q" ()

= r+1 R
(__ l)f-f-l n a[[
+ (5.53)
[197 " [‘[ el

k=0

Pacemorpum BUJI f(—1), 1. e. BILJ (5.50), y xoTopo#i
BMECTO KamJoro z;; B3aTO — l, M NOXKa)keM, UTO OHA SBJISETCH
Maxkopautoft apoSu (5.50). Yuurnibasi cposictea g-ipoSesi [100]

upopMyay tiia (5.19), ycranosseHHY0O 115l pA3HOCTH F{® (2) —
— F{™%(2), nerko yBexmaemcs B ToM, 4To Fy ®(—1) no n
NpH KaxJ0M (PHKCHPOBAHHOM Rk MOHOTOHHO yObIBaeT H

|FEP @) — FI™P ()| < FE™ (— 1) — FP (1), (5.54)

Hcnoap3yss MeToA MaTeMAaTHUeCKOH HHAYKLHH, NPOBEPHM, YTO

1" (@] > @ (— 1) > 5 gu>0, (5.55)

1 FE =1 > g, (5.56)
oTKyjaa ¢ yueroM (5.49%) umeem
lfn(z)_ir(z)l fr(—=1)—[n(—1).

Hpo6e fn(— 1) c nomouplo 3IKBHBANEHTHBIX NpeoGpasoBanuit
npuBeJieM K BHAY

G a n
L+ T4 4T
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Tak Kak
-—12 —1/4 —1
D> =E SR SR =

To HeuerHas vactb BILJ, (5.33) aGcomorHO cxozurca.
Beenss oGosnauenus

g1, i =1 —|aito, i|[rit1, o] 1 4 @ige, )17, (5.57*)
Goti i =1 —lagpir, i|lrapti, il 1+ Goppimt, 0 + Goppe, o]]7
(P=2 3, ...,i=0,1,2 ..)

U TIOBTOpPSSl TPHBEJEHHLIE BHIIE BbIKJIAJKH, YeTHYIO uacTb BLLIL
(5.33) sanumeM B BHJIE

-1
D
O+M+ wm)’ (5.58)
rIe
8it1, fi41, i
Q; = )
14D (1~ &ptt, 1) Bpp it 1, iZp4it1, ¢
p==I 1
8:, 144131, i+1
T T U8 ) & printe o
1+ D L, p+i ll’ p+id14i, pitl
. . 1
v |zi|l<1,0<gy< 1(11-012 .,l#]),0<y<—2—,

Herpynno yCTaHOBI/ITb, yro Maxopanrtoii BILJL (5.58) sBasiercs
uenHasi apoGb

O_Q_Dwquw),
kotopasi abCOMIOTHO CXOAHTCSl COIJIaCHO TeopeMe 2 W 3ameuya
Huwo 3.20.

Hakownen, chopmynupyeMm aBa npusHaka cxoamMocti BILJL
suga (5.5), ycrauoBnenHele B pabore [94].

Teopema 4.29. Bemsauwjaacs yennaa 9pobs

bo;
_L
L+ Foo+ D11+F;0 tl—)11+Fot’

20e
FlO =

b .
Qiﬁa=mﬂw¢

p=I
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by (4] = 1)— komnaexcroe qucaa, cxodumecs, ecau
1 1 i
lbp] < 5> lbz+1,t|<§, bn+i,i,<‘4_ Pp=23, ...,
i=0,1,2,...,j=12 ..). (5.59%)
Teopema 4.30. Bemsawasca yennas 9dpobo

D —, Foo= D
=1+ Fpo o b

(i=1,2.) (560

i+p, p

2de by (i=1,2,...,j=0,1,...,i>]) — Komnaekcroe wcia,
pacxodumcs, ecau:

a) yennwe Opobu F;o (i=1,2, ...) cxo0amea;

6) modyau n-X anapoxcumanm Henpe pbisroix dpobed Fi
PABHOMEPHO NO N 02PAHUHEHbL, M. €. CYUWECHBYIOM NOAOKCU-
meabnble KOHcmanmst b;, makue, 4mo IFﬁ-’S’[ <b;(i=12,...,
n=12 ..)%

8) cxodumesa paod 21 b:.
=

Teopema 4.29 sBnsercsi aHAIOroM [PH3HAKA CXOJHMOCTH
Boprutckoro, Teopema 4.30 — nepebiM HEOOX0IMMbBIM IIPH3HAKOM
cxoaumoct BILJ ¢ KOMIVIEKCHBIMH KOMIIOHEHTAMH.

Kpome mnepeuncneHHBIX CYILECTBYIOT H JApDYTHe TPH3HAKH
CXOAHMOCTH ABYMepHEIX cooTBeTcTBylomux BLLJL (cMm., wHanpu-
Mep, [36, 61]).
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