§ 10. HEACCOIIMATHBHELIE KOJbIA

Xora rpefoBamme AacCCONMATHBHOCTH  YMHOKEHHA
B KOIBIE OKaSHIBAETCH BEChMa ECTECTBEHHBIM, KaK TOALKO
9T0 GHIII0 MOKA34HO, OJHAKO OYEHEL YaCTO OHO HE BHAM-
uaercsa. Ilo srofl mpuumnae kosbyom nA3LIBAOT  celwac
HEacCONMaTHBHOE (T. e. He 00A3aTelbHO ACCONHATHBEOE)
KOIpmo. Jro airebpa, ABIAMagcA afenesoit rpymuoi
0 CHO/KeHHI0 M TPYNHOHJAOM II0 YMHOJKEHHIO, NPHIEM
8TH ONepanub CBA3aHH B3aKOHAMHA [HCTPHGYTHBHOCTHE.
CaoBa «addumusHas epynna kOAbYA» U (MYALIMUNLULEAMUE-
Wul 2pynnoud keabLYAY AMEOT HOHATHHM CMEICIH.

OzmernM, 4T0 A (HeaceoaTHBHEIX) KOJEI, cOXpa-
HATCA (¢ HX AOKa3aTeNbCTBAMH) MHOFRE HpOCTeHDIFe
CBOHCTBAR AaCCONHMATHBHMEIX KOJIeH, B YacTHOCTH, 33KOHH
RHACTPROYTHBHOCTA IUIA PasHOCTH,

alb—c)=ab—ac, (b—c)a=ba— ca,
MYABTHOIAKATHBHOS CBOMCTBO HYyId,
a-0 =0-a =0,
OP3BANO 3HAKOB OPH YMHO/HEHHH,
(—2) b = a(—b) = —ab, (—a)(—bd) = ab.

JocaoBHO Tak e, Kak B OpeAsAymmeM maparpade, fAoxa-
3EIBACTCH, ITO 6Carull epynnoud G usomopdro exsadueaemes
6  MYLMUNAUKGMUSHUT 2DYRnoud HeKomopozo koavya
(a mMeHHO, CTPOHUTCA YEAOUUCAEHHOE 2DYNNOUOHOE KOALYO
rpynmoraa G), a TaKKe 4GTO 6CAKOE KOALYO U0MOPEHHO
6KEAAONEAEMmES 6 KOAbYO ¢ eOuHuyel.

IlomaTHe Koabma Ge3 pelmTeNell Hyjid HEPEHOCHTCA
HA HeaccoNHaTHMBHEE cayda#i 6e3 BCAKWX BaTPyIHERHI.
Uro sxe KacaeTCH MOHATHA TEJIa, TO HPH €r0 MEPEHECERHU
Ha HEacCONMMATHBHHI cIyYail BO3HAKAIOT DPA3ITHIHLIC BO3-
MO}KHOCTH, HpHYEeM DOKA HET YCTAHOBUBIIOHCA TEePMHHO-
aormE. Mul GyneM TOBODHTH O Koable ¢ OeaeHueH, eCAd
ana nobmx a 1 b, rae a == 0, ypasHenus

ax = b, ya=2>=

o0r1amaloT B KOIbIE pemeHHAMH, He 06A3aTeNBHO OfHO-
3HAYHO onpefenenHuMu. HOIBIO ¢ feleHAEM MOKET
ofnanarh, CIeN0BAaTeNbHO, ACHHTENAME HYIA.
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KoupIo, B KOTOPOM YKasanuble YPABHEHNA 00aJaior:
ONHO3HATHKIME PEIICHHUsIMH, Ha3oBeM keasumesom. Ilemw-
Texeil HYJIA KBASHTEJIO COMEP:KATbh HC MOKCT M IIOITOMY
ero OTJIWTHEIE OT HYJIsd 9JI6MEHTH COCTaBIAIOT N[O YMHO-
MOHMIO Ipynmomy, faske kpasurpynny. Haromen, Tepmun
meso menecoofpasHo HPEMEHATh K KOABUY, MYJIBTHILIA-
KATHBHHE TPynmons HEHYJIeBHX DJIEMEHTOB KOTOPOTO
ABJNAGTCA JYNOH WM, OHTH MOKeT, Aake MyQpaHroBoi
Jynooi.

Mo3KHO JIOKA3aTh, 94T0 BCAKOE (HeaccomMuar-
THBHOE) KOIXbhIHO O3 NeXlHTENEN HYIA
pruananuBaercns B kpasureao (B.Heii-
mam, Proc. London. Math. Soc, 1 (1951), 241-—256).
OTMOTHM TaKs ke, YT0 BCAKHM FPYyHNOOH] C CO -
kpamenunamu (cp. § 99 BraIagmBaeTCH
B kBasurpynny (M., nanpmmep, 11. Ko m, Yan-
pepcanpHasa aiareGpa, VII, 4).

TlokakeM HexoTOpHE CIydYal IOABAENNA HEaCCOIHA-
TaBEEX Kojern. Ilyers R — mpomsBOABHOE acconHaTHB-
goe Kojabho. CoXpaHUM ero aggETHBHYIO Tpynmy, a oime-
panuio yMEO:KeHusi ab 3aMenmM onepayueid KoMMymi-
posanus

aob = ab — ba. {nH

910 HOBOe yMHOKEHHE JIHCTPUOYTHBHO OTHOCHTEILHO
CJHOMEHN; Tar, HaIpuMep,

ac(b 4-¢) = a(b-+c)— (b+c)a=ab+- ac—ba— ca=
== (ab — ba) -}- (ac — ca) = acb + a-c.

O6o3naunM monyduennoe kojabno wepes RO. Ecan
koAbo R GHIO M KOMMYTaTHBHEIM, T0 R Gymer mpoctu
KOJBIOM ¢ HYJIEeBHM yMHOKeHHeM. D ofmem ke ciydae
0HO MO;KOT OKa3arhCA HeacCconuaTHBHHM. B HeM BHIOIHA-
oTCA, OIAKO0, CACHYIONUEe TORIECTBA, M3 KOTOPLIX BTOPOE
HasHBaeTCA moxcdecmeon HArobu:

2

I

0, (2)
0. )

A
(zy) z + (yz) & + (z2) ¥
Iporepum Tl TO:KKECTBA:

i

aca = aa — aa = O
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(acb)ec + (boc)ea + (coa)ob = (ab — ba) ¢ —
— ¢ (ab — ba) + (bc — ¢b) a — a (bc — cb) +
+ (ca — ac) b — b (ca — ac) = 0.

Hoareno, ypomaerBopsmomee tommectsam (2) m (3),
HashiBaeTcs aueshim. Tarum obpasom, ecakomy accoyua-
muenomy roavyy R coomeemcmeyem aueso wroavyo R-)
¢ moti sice adOUMUBHOLL 2pYNNOLL U ¢ YMHONCEHUEM, Onpe-
deanenvim pasencmeom (1), Hax moxasan Jlaszap
(C. r. Paris 234 (1952)), nnsa Besikoro nuesa Koxbma [
MOJKHO yKasaTh TaKoe acCOlMaTHBHOe Kouabmo R, uro L
H30MOPQHO BRAAJBIBAETCA B JTHEBO KOJIBLO RO,

s panbHeiimiero oTMeTwM, 9TO IIMeBO KOJBIO, CO-
OTBETCTBYIOMEE B YKA3aHHOM CMEICHE KOJBIY SHIOMOP-
dmamos abeseBoit Tpynne G, ME 6YEEM Has3bIBATh AUCEHM
Koavyom sHdomopgusmose sToH abemeBoil rpynmel.

YrakeM ellle OlMH CIy9ail MOABJIEHHA JHEBHIX KOJIEI.
Ecnm R — mpoussosbHOe (He 00f3aTelIbHO ACCOHMVMATHB-
HOe) KoJbLo, To Jugdeperyuposarnuen Koabna R wHassl-
BaeTCA BCAKoe mpeobpasosanme O mmoskecrsa R, sasaa-
0MMeecsa SHAOMOPPU3IMOM A[NWTHBHON rpynmu kouasua R,
T. e.

(a4 b =ad 4+ 85, a, b= R,
H YAOBIETROPAKINEE VCIOBHIO
(ab)d = (ab)b - a(bb), a,be R.

IIpavepom pmddepennupoBanus mo6oro konabita B exy-
AT HYJEROH 9HAOMODPH3M €ro aNJUTHBHON I'DYNIL!.

Huggepenyupoearus npoussoavhozo koavya R cocmas-
A[IOM AUCEO KEOADYO, 4 UMEHHO NOOKOALYO AUESH KOALYA
sHOomopusmos addumusnoii epynnst kKoavya R.

B camom pene, ecniu §; m 8, — maddepennuponanus
Koana R, To smpomopdusM ajumuTmBHOK Tpymme O, -
-- 8, Tarme Gymer muddepeHmUpoBaHHeM, TaK KaK 1A
awwbwx a, b= R
(ab)(®; -+ 8,) = (ab)d, + (ab)d, =
= (ad,)b + a(bd,) -+ (aby)b + a(b8,) =
= (aby + ady)b 4 a(bd, - b6,) -

=la(, + 8)1 6 - alb @, 1 8,)I.

2
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Hynepoit smpgomopdmaM, Kak y:Ke OTMEYEHO BhiIe, fAB-
gaercs puddepenmuposannen. Jumomopdmsm —O, mpo-
THBOLONOXKEEH muddepernupopanuio 8, cam Gyner nudg-
$epeHIMPOBAHAEM, TAaK Kak mid a, b & R
(ab)(—8) = —I(ab)8] = —[(ad) b 4 a (bd)] =

= [a(—8)1b -+ a [b(—0)].

Haxonen, ameno mpomnsBelenme
8,08, = 8,8, — 6,8,

nnddepennmposanmit 6, m §, camo Gymer amddepenun-
poBaHHeM, Tak Kak g a, b= R
(ab)(8,08,) = (ab)(8,0, — 8,6,) =
= [(ad) 8,1 6, — [(ab)d,} 6, =
= [(ab,)b 4 a(bd,)10, — [(aby)b 4 a(bd,)16, =
= [(a8,)b18; -+ [a(1d,)18, — 1(ad,)b18, — la (68,)16,=
= [(ad,)8,16 + (ad,)(bd,) 4 (ad,)(bd,) + a [(b8,)5,] —
— [(a8,)8,16 — (ad,)(bd,) — (ad,)(bd;) — al(b,)8,]1—=
= [a(6,°8,)] b -+ alb (§;8,)].

3ameTuM, UTO COBOKYHHOCTH AUGPepEeHIHPOBAHHA KOIb-
1a R OofKoEBIOM (aCCOMMATABHOIO) KOJIBIA BHIOMOPPH3-
MOB ero ajiNTHBHOM Tpyuns B obmeM ciydae He Oyjer.

Ilpyroii wiacc MeacCOMMATHBHEIX KOJeH MBIl IOJYIHAM
clelyIOMUM aHANOTHYHBIM HyTeM. B IpPou3BONLHOM ac-
COLHATHBHOM KOJbIle¢ R coxpaumM agfUTHBHYI0 Ipynny,

a OIEPaNHI0 YMHOKEHHS 3aMENHM onepayueli cumiempu-
posarus

ab = ab -} ba. (4)

970 HOBOE YMHOKEHHE JIHCTPHOYTHBHO OTHOCHTETLHO
CIIOKEHAA; HAULPHMED,

a(bt-¢c)y=ua(b-+ )+ (b-+ c)a=ab-+ ac | ba -+
4+ ca = (ab 4 ba) 4~ (ac *- ca) = a-b + a-c.

(O6o3naunM HONY4YeHEHOe Koabmo depes R, Ilonasken,
YTO0 B HEeM BHTOONHAIOTCA CJIEAYIOIEEe TOM{eCTBa!

Ty = y-z, (5)
[(z-2)-yl -z = (z-2)-(y-2). (6)
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B cavowm mene, mua mobux a,b = R
a-b=ab -+ ba = ba -+ ab = b-a,
l(a-a)-bl-a = l(aa -+ aa) b -+ blaa -+ aa)l a +
4 a l(aa 4 aa)b + blaa + aa)l =
= aaba + aaba -- baaa + baaa -+ aaab -+ aaab -+
-+ abaa + abaa = (aa - aa)(ba + ab) +
-+ (ba -+ ab) (aa -+ aa) = (a-a)-(b-a).

Honwsna, ypoBaersopsomue ToxpectsaM (D) u (6),
Ha3HBAWTCA Uopldanosuimu. B oGmem cnydae oHM Heac-
COTMATHBHEL, XOTA K WX YHCAY IPHHAIIEKAT, OTeBHIHO,
BCe aCCONHATHBHO-KOMMYTATHBHLIE Kolpla. Mer moayanns,
qTO 6CAKOMY AcCOYyUAmMUEHOMY kKoabyy R coomsemcmeyem
tiopdanoso koavyo R ¢ moi sce addumuenoil epynnotl u
¢ ymuoxcenuem, onpedessemum pasencmeon (4). Ormerum,
BIIPOYEM, UTO He BCAKOe HOPHAHOBO KONBIO H30MODP{io
BRJAafHBaeTCA B Koabmo R gasa raroro-imbo acconma-
THBHOTO Koabia R.

Mroroobpasus JueBEIX M ODJAHOBEIX KOJeI CTaJH
yike HapAdy ¢ MHOroobpasueM acCONMMATHBHEIX KOJEH
HOCHTeNAMH GOTaTHX W aKTUBHO paspabartbiBaeMblX Teo-
puii. Mayuarorca m MHOTHe ApyTHe KIacCH HeACCOIHa-
TUBHBIX KOJIEN, B YacTHOCTH, KOMMYMAMUEHHE KOALYA,
VIOBJICTBOPAONING TOKAECTBY (D), U QRMUKOMMYMamue-
HBe koabya, YOOBIeTBROpARMue TosmpectBy (2). Hasna-
H¥C HOoCHeNHHX OObBaAcHAercA TeM, 4T0 B JNI000M KOIBI
R u3 rospecrBa (2) BRITEKaeT TOMRIECTBO

Ty = —ya. (7
Heiictourensno, ecim a, b e R, 1o, BBUAY (2),
@ = b = (a + b — 0,
OTRYia
0:==(a+ b)?=a®>4 ab -+ ba - b% = ab + ba.

O6patHo, eciu ajiuTHBHAA Tpymma Koabma R He cofep-
JHT 27eMEeHTOB BTOpOrO mopsagxa, To us (7) cumepyer (2),
Tak Kag s xawboro a & R 6yger euny (7) a® = —a?,
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7. e. 2a2 = 0, oTKy/a, BBUAY CHEIAHHOTO HPEII0I0KenNs,
a? = 0.

Boapmoit wHTEepec HPEICTABIANT HEKOTOPHIC KJIacCh
KoJell, ABAAIMUXCA 0000MEeHNAMU aCCONUATABHLIX KOeH,.
Tak Kak B TOKAECTBE ACCONHATHBHOCTH YYacTBYIOT TpH
HOHM3BECTHEIX, TO BCAKOE KOJBI0, B KOTOPOM accollHaTHB-
HH BCe DOJKOIbIA, MOPOKIEHHBIE TpeM:A DIEMeHTax:H,
camo Gymer accommatuBHEIM. Iloaromy ecrtectsenno Bos-
HIIKaeT NOHATHE QAbMEPHAMUSH020 K0AbYQ, T. €. ROJbIA,
B KOTODPOM aCCONMATHBHEI IOJKOJDIA, HOPOKIEHIILIe
no0nMu AByMa osuaemenrtamMu. CymecTByer Te o P ¢ i a
Apruna, 1O KOTOPOH KOJBIO TOTAA ¥ TOIBKO TOTIA
anbTePHATHBHO, KOTAAa B HEM BHIIOJHAIOTCA TORAECTBA

(xz)y = a(zy), (ya)z = ylzz).

ATbTePHATHBHEIE KOJBIA COCTABIAIT, CHeI0BATENbHO,
MHOroo0pasne; »T0 MOKHO Onio GH yeMOTpeTh, BIPOYEM,
W W3 HCXONHOTO OIPEJeNIeHns.

Eme Golee IHUPOK RIACC KOIEY € ACCOYUAMUSHBMU
CMEeneHaMU, T. €. KoJell, B KOTOPHIX aCCOIHATHBHBEI BCE
NOSKONBIA, HOPOKIEHRBIE ONHAM dJIeMeHTOM. BecbMa
MAPOK TaKiKe KIACC 24ACIMUMHLIX Kojell, yHOBJIETBOps-
JOMAX TOKAECTBY

(ay)r = a(yz).

K »1OoMy RiIaccy Kojden DpuHAIJIe;Rar, O09YeBHIHO, BCe
agbTepHaTABHEE (B YaCTHOCTH, ACCOUMATHBHEIE) KOJNbLA.
K memy mpumajie;zar u Bce KOMMYTaTUBHEIE (B YACTHOCTH,
HOpHaHOBH) KONBIIa, TAaK Kak B 3TOM clyuae

(ab)a = a(ab) = a(ba),

a TakKe BCE AHTHKOMMYTATWBHBIC (B YaCTHOCTH, IHEBHI)
KONBI[a, TaK Kak B 9TOM ciydae, seuay (7),

(ab)a = —a(ab) = —a(—ba) = a(ba).

TlonsTne KOMBNA, KaK ¥ HOHATHE IPYIILL, MOKCT OHTH
OIIPEieJIEeHO MHOTUMY DKBUBRJIEHTHHMHE CIOCO0AMI; HHEIME
CJIOBAMH, CYIHECTRYET MHOTO PAa3IHYHEIX MuOrooOpasmit
ajxre6p, SPKBUBAJEHTHHX MHOT006pasiio Beex roien. Taxk,
B HPOH3BOILHOM KOIBLE PACCMOTPUM RPUCOCIUHEHHOE
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YMHONCEHUE, OUDeAeNAeMoe PaBEHCTBOM
axb = a 4+ b — ab. 8
Tax xax orcionma
ab = a + b — axb, 9)

TO HOHATHE KONBIA MOKeT OLITH ONPEHESeH0 NPH IHOMOLIM
OOBIIHOTO CJOKEHHS W UPUCOEIUHEHHOTO YMHOKEHHS.
SaroHH ZUCTPHOYTHBHOCTH OPHHEMAIOT TeNeph HEempu-
BELIUHBIA BHJ, a WMEHHO

(@ 4+ b)sc = axc 4 bre — ¢, (10)
cx(a + b) = cxa -} exb — c.

ITporepum xoTsa §u1 nepswii W3 BHX:

a4 brce=a+brc—{at+bc=a-+ b
+ec—ac—bc=1(a -+ c—ac) + (b4 ¢c—be) —c =
= axc + bxc — c.

Ob6parno, n3 3aronos mucrpubyrtuerocta (10) mas npm-
£OeNHEeHHOTO YMHOKeHUs cefivac ke cuepyior, BeELy (9),
3aKOHEL AUCTPHGYTHBHOCTH [JifAi OGHYHOTO YMHOMEHWH.

Hyap koxsnma mrpaer Ajig mpHCOCAMHEHHOLO YMHO:KE-
HUA POJb eAHHHIN, Tak Kak, mo (8),

ax0 =a -+ 0 —a-0=a

u arasorugno Oxa = a.

Accoyuamuensle KoAbYA UMEIOM ACCOYUAMUBHOC NP~
coeOuHerHoe YMHOAUCEHUE.

JlefictBuTensno, ecau wonnio R accommaTuBHO, TO

(asbyse == (a + b — ab) + ¢ — (a - b — ab) ¢ =
=a-+ b4 ¢ —ab— ac— be + abe =
=a-+ (b c—be)—a(+ c— be) = ax(bxc),

Hsyuenne woser| ¢ semojap3oBanneM IPHCOSAHHENHOTO
VMIO/RCHIIA OTKPBIBACT HOBbIE BO3MOKHOCTH IS Pasnri-
TuA eopun. Tak, accolnmaTnBObe KOJbLA, ABIAIONICCH
TpVInNoil 1[0 HOPHCOSTMHEHHOMY YMHOKeHUIO, — eIHHuied
D108 Tpyone Oyner, Waw ML 83naeM, HyAb KoAbia, —
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AHAJIOTHYHBL TEllaM, HO YiKe COCTABIAIOT MHOT0OoOpasue.
d10 Koabya, paduraaviuie 6 cmvlcae Jlocerobeona; oln
UIpaloT B TEOPHM ACCOIMATHBHEIX KOJEI[ 0YeHB GObLUIYIO
POIE.

Honbmam 6es penumtesieli HMyJds aHajOTHYHBEL RoAYpa-
JuraivHble KOAbYE, T. €. aCCONWATHBHBIE KOJBNA, IO NpH-
COeJIHHEHHOMY YMHOKEHHIO SBIAOHIMECA IOJYrpyHIol
¢ coxpameruaMa (cM. § 9). Beaxoe momkoxpmo pagurannh-
J0TO0 KONBIA WONYPAAMKATLHO, IOSTOMY BO3HMKAaeT BO-
TIPOC 0 BOBMOYKHOCTH BJIOEHHS HOXYPaJHKAIBHOIO KOJIb-
na B papukansHoe. OrasmBaercsa (cM. B. A, Augpgpy -
naxuesnd, Mss. AH CCCP, cep. marem. 12 (1947)
129—178), wro momosKeHME 37eCH B TOYHOCTH TaKoe JKe,
Kak B BOIIPOCE O BIQKEHUH AacCOHMATHBHEIX KoJel 6e3
neantenei wyaa B rexa {cM. § 9). Honarua pagukanbaoTO
M OOTYPAfMKAIbHOTO KOJbIAa MOTYT OHTh IePEeHeCEeHb!
¥ 114 HeacCONMaTHBHHIM ciiyvuail, uo, Rak mokasax O. 1.
JlomMaHOB, B 9TOM caydae TeopeMa, AHAJNOTHUHAA OTMe-
weHHOH BEHIIe B HacrogmeM maparpade teopeme . Hei-
MaHa, yiKe He HMeeT MecTa.

Orverny eme oA cmocol oupeleleHHA KOJbBIA.
HNmenwo (cm. 10. M. Cop x mwm, VYcumexu marenm. Hayx
12 : 4 (1957)), 310 MOKHO cjedaTh NP DOMONIH ONHOH
TepHapHoO# onepamun. PaccMorpuM B IPOM3BONBHOM KOMb-
ne R omepamumo

abcw = ac — be + a — b. 1

Jlerko npoBepuTh, ITO TEpE3 HTY OMEPAIMI0 MOJKHO 3amu-

€ATH BCe OIlepANMH, BXOAAmMHe B OOHYHYI0O CHrHATYDY
KOJbila:

aabo = 0, 0a0o = —a, abOw = a — b,
2060000 = a - b, a0bwaln = ab.

TosxpecTBa, 3afalomue KOJBIO Kax aire6py ¢ omepamuei
(11), momyd4amoTca HepemHCHBAHUEM TOKIECTB, BXOIAMUX
B 00HYHOE ONpefelleHHe KOJbIa, HO MOKHO MOKa3aTh, 4TO
KOJIBLO MOjKeT OBITh TaK;Ke 3aJaH0 OTHOCHTEJNBHO ITOM
olepallii OJHHM EeAWHCTBEHHBIM TOKIECTBOM.



