§ 3. TIOJYTPYIIIBI

B 1mByx nepsnix ompejieiieHUAX IPYINH M3 TIpeiHy-
mero unaparpada ydaciByer OGUHADHOE aACCOI[UATHBHOO
yMuOxerne. MHOKecTBO ¢ OJHOH OwHapHOH accommaTHB-
Hoi omepanueil Ha3HBaeTCA noAyepynnol. ITo0 He MPOCTO
TEPMHUH, BBeJEeHHHHE [if COKPAIeHHSA peIH,— HKIACC
WOJYIPYIN, SMBIAOIMANACA, OTEBHIHO, MHOrooGpasmeM,
y/Ke cTal HOCHTeNeM Ooraroii Teopuw, a TPHUMEHEHHA
NOJYrpydn B MaTeMaTHKe M CMe)KHEIX HayKaX Bce yMHO-
HATOTCH.

Hyuo crasats, uro u J0THYeCKHe OUpAaBAAHHS A
TNOHATHA DOAYTPYNUH KaK DpefMeTa CaMOCTOATeILHOIO
H3Y9eBHA MOTYT OHTH NIPHBEREHE CTOML jKe yOenHTelnh-
HBle, Kak W Aua pouarns rpyunos. lloraskem sto. IIpas-
Ja, 9T0 OymeTr cKopee OTHOCHTHCA K noayzpynnam ¢
eOuHuYyeli, KOTOPHIE COCTABIAIOT MHOrooGpasme aiaredp ¢
CHTHATYPOH, cocTodAmeidl m3 OWHADHOTO YMHOMKEHHA M
HYNbapHOH omepauMm, orMedalomei siaeMenr 1, upuueMm
YMHOKEHNEe ACCONHATABHO M, KPOMe TOro, BHIIOAHAKTCH
TOKECTBA

zl=12=uz 1

Bupouex, a6y noayspynny G dobasacruem 00Ho20 edun-
cmeenHo20 aaemenma t moscro eaoscums 6 noayepynny c edu-
nuyeti. Ilpu sToM yMuHO;enue, 3afandoe B (7, coxpansgercs,
a mpowmsBefeine, XoTA OH OJWH W3 COMHO;RHTENell KoTo-
poro ectb 1, ompenemnsiercsas B coorserctsum ¢ (1). Acco-
IMATUBHOCTH TaK ONPENielIeHHOT0 YMAOKEHHAA NPOBEPACTCH
6e3 BaTpymHeHHi.

Hax mamectno, npeobpasosaruem MuoectsBa A4 11a3Hl-
Baercss Ja0Goe OTOOGPAKKEHME HTOTO MHOIKECTBA B cebd
(1. e. Ha HeKoTOpoe MOAMEOKecTBO). B dwacTnHoCTH, R0D-
cmanoeroti  MuoskectBa M masmBaercs n060e  E3auM-
HO OHO3HAYHOe OTOOpasKeHHe OTOr0 MHOMKeCTha Ha
cebs.

C mpyroit croponsl, ecau japs Muosiectsa M, N, P u
orobpaskernus ¢: M —> N u ¢p: N — P, 10 nocrenosa-
TEJIbHOe BHUIOJXHEHHe THX orToOpasreHuit jmaer oroGpaske-
me ¢p: M — P, nasmBaeMoe uX npoussedenuexn. Tarum
obpasom, masa Bcex a & M

a(gy) = (ap)).
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Cmo  YMHONCEHUE OMOGPAKCEHUL ACCOYUAMUBHO: €CIH
Jaysl orobpaxkenna

¢: M—>N, ¢: N> P, y: P—Q,
TO

(e9)y, = ¢ (Px)s

Tax Kax A jdoboro a & M

alio)y] = la(ep)ly = l(ap) $lx = (a@)py) =
= alo(py))

Yunoxenve oroGpaskennii He sABjIfgeTcs, MOHATHO, ai-
rebpangeckofi omepaunmesr B cmuciae § 1. Oma 6ymer, of-
HaKo, TaKOBOH B clyduae mpeoGpasoBaHUE OHOTO MHOMKe-
crea. Ilpm sroM MHOKecTBO BCeX mpeoGpa3oBanmil HaEHOIO
MuosecTBa M OKassBaeTCs MONYIPYNIO; 5TO CUMMEMPU-
ueckas noayepynna uHa MHokecrnse MM,

Crmmerpudeckas monyrpynma ma M oKaswBaerca
noxyrpynnoii ¢ egunauieii. Poar eqmuuns urpaer moacde-
CMEEHHAA ROJCMAH06KA &y,

agy = a pas seex a &= M.

Boasme Ttoro, maa mwbmx orofpakenmit ¢: M - N m
Y: L — M Gyper, oueBupso,

EMP = @, Py == 1P,

T. e. TOMASCTBEHHAA LOJNCTAHOBKA &y MIPAeT polib efu-
HUOB IO OTHOIIEHUID K YMHOKEHHIO IJIOOHIX oToGpaske-
uni#, eciy, IOHATHO, COOTBETCTBYIONIEE IIPOM3BEJCHUS
MMeeT CMEICI,

Topcramosru wmuoskecrsa M BHASNATCA B CHMMET-
pmueckoil mosyrpynme Ha M kar rTakue ee DIEMEHTH @,
AJA KOTOPHX CYMeEeCTBYIOT 0GpaTHBIE B3NEMEHTH ¢~ 1, yHaoB-
NeTBOPAOMNE YCIOBHAM

Pt = @7l = ey,

O6pamuoe npeobpazosanue ¢~ camo GyAeT HOXCTAHOBKOI,
nepeBoasmeR A1A BCAKOTe g €= M dJIeMEHT 2@ B 3JIeMeHT
a. Tax rax mpomspeneniie HOJACTAHOBOK CaMo Gyaer moj-
CTAHOBKOI M DTO YMHOREHHe aCCOLIIATHBHO, TO MH
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TMOJYYaeM, Yr0 MHOKECTBO BCEX NIONCTAHOBOK [aiiHoro
MHuokectsa [/ OymeT TpynmoH; 9TO CUMMEMPULECKAR
epynna Ha MHOKecTBe M.

Mm BumuM, 4TO cmMMerpHuYecKas rpynma Ha M Bhije-
Jasgeress B CHMMETpHUecKOH moayrpynme Ha M Kax ceLep-
JKamiasgcA B Hell OJHOBHAYHO OIpefeleHHAA MAKCHMalb-
Has TpyOIa ¢ TeM jKe YMHORCHHEM M TOW ke efnaunei.

CymecrBoBanme CHMMETPHYECKMX IPYHI M CIHMMEpH-
YeCcKIIX IOJXYIPYDI B paBHOI Mepe oupaBipBaeT BHEOD
TPYOI ¥ NOJYIpymn B Kauectse OOGBHEKTOB HM3YYCHES.
Hpaspa, ana rpynn masecTHa caepywimaa Teopema Hotm:

Teopema 1. Beakaa spynna G usomopgpro exaadei-
6QEMCA 6 CUMMEMPUNECKYI epYnnY Ha mHoxcecmee G.

Ilapannennias Teopema CIpaBe[iuBa, ONHAKC, W 1A
OONYyrpynn:

Teopewma 1. Beakas noayepynna c edunuyeir G
usomMopgPHo exaadvisaemes & CUMMEMPUUECKYID RoAYepynny
na mrodxcecmee G.

H3 uccnemneli TeopeMi HEGMONJEHHO CIELYET, BBMIY
€KA32HHOTO BHINE, YT0 BeAKaA Hoayrpynuna G msoMopdso
BE.IafBIBAETCA B HEKOTOPYIO CHMMETPHIECKYI0 IOJYTpyH-
ny, XoTd B o6meM cirydae mochaeNusas Geperca Ha HEKO10-
poMm GoxelieMm, weMm G, MHOKeCTBe.

Norasrem, aro teopennt 1 u 1’ ABIAIOTCA HemocpenrcT-
PEHHEIMH CHICTBHAME JBYX [JPYILHX TEOPeM, HpefcTaB-
AMIOMIX U caMocToATeNbHEI mnrTepec. OTMETHM ciepra,
UT0 npoussedenue 20MOMOPPHUIMOE YHUCEPCALLHBLE a12e6D
{B CMBICTE YMHOKEHHUST 0TOGPpaHOHAT) camno 6ydem comomep-
dusnon. [efAcTBHTONBHO, €CIH NAHE ONHOTANHEE ajdrefprl
G, G', G'' ¢ cucremoit omepammii Q H TOMOMOPQHI3MEI
w: G~ G, Vv: G —> G, 10 Aua awboro @ & Q,,
n>1, n m06HxX 9IeMEHTOB day,d, . . ., 4, = G Gyner

(a,a, . . -an(l))(qy‘p) = [(alaz v an(o)(PN? -
= [(al(P)(%(P) o (ang)oly =

= l(a;o1l(a, 0] . . . Wanpiplo =
= la,(¢P)lay(gy)] . . . lay(gh)o.

G apyroit cropousl, ecin oHEpanEA ¢ & o OTMETaeT B
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anrebpax G, G', G’ cooreerctRenno saemertr: O, O,

0L, T0 ’ ”
O“’((Pq)) = (Om({))‘p = Owlp = 0m~

Orciona ciefyer, YTO MHOKECTBO BCEX DHIOMOPGHHIMOB
mammnoit auredfpei G cocraBiAeT MOGUOSIYTPYHOY B CHM-
MeTpH4ecKOH HOJYIpymie una MHOKecTBe G, mPUTOM CO-
TEPAIATIYIO eIUHUIY 9T0W HOTYPPYNIH,— TOMIECTBEHHad
MOJCTATIOBKA ABJAETCH, 0YCBUAHO, Ja/Ke aBTOMOPQHIMONM.
Honyueunasn npoayrpynmna ¢ cfunvieil Ha3HWBACTCH HOAY-
epynnoli (6cex) sndomopgusmos airedpu G.

Adsnornuano BCAKHH asTomMopdusm anrebpm G aABiaA-
eTCs MOACTAaHOBKOH B MHO)KecTBe (. Ilpomsnenenme HBYX
aBToMOpQHU3MOB 9TOH alreGpsl Gy/ieT M TMOACTAHOBKOH, K
SHAOMOPPI3MOM, a HMO3TOMY caMo OVACT aBTOMOP{UZMOM.
O6parnaa mopcrtamoBRa ¢~! mna aBroMopdmamMa ¢ cama
Gyner aBTOMODQHIMOM: ecam o & ., > 1, ma;, a,, . . .

. . @, & G, T0 cymecTBywWT Takue by, by, ..., b, =G,
aro a; = b;p, i =1, 2, ..., n, a nostomy

(@305 . 000)670 = U(019) (029) . .. (b, 0)o lgt ==
== (Z)lb2 .. .Z),,(.))((p(p"l) = blbg N b,l(;) =

= {@ "N a9 ). . . (a9 Ve

Lerw sie @ & Q, otmexaer B G sacment Oy, 10 13 0,9 =
= 0, caeayer 0,9 ! = 0,. Takum obpasom, Bce abro-
MOpdUsMET TarHOM adreSpnt G coCTABIAIOT HOATPYHOY B
cunMerpuuecKkoil rpynme na MuosrecTBe G 210 epynna
(scex) nsmomopdiusmos anrefpn G. OdeBmamHo, UYTO dTaA
Tpymia BEIEENISIOTCA B MOJYTPYIIIE BeeX sHpoMopdusMon
atrebpor (7 Kak cojiepykalliasics B Hedl OAHOBHAYHO OmIpe-
[edenras MaECHMaJbHAA IpyNNa ¢ TeM ke YMHO/KeHHCM
¥ 70l whe egumuned. Momkno ckaszarh raxske, 4To rpyumna
aBToMOD®PHBMOB ecTh I'Dylma Bcex OOPATHMBEIX DJIEMEHTOB
TONYIPYINN  dHACMOPYU3MOB.

CrpasemiiuBe CleIyIONIe TEOPEMBI, W3 KOTOPHX TEO-
pemit 1 v 1’ wemepnenno chegyior:

Teopenra 2. Bearkaa epynna G usomopgia epynne
ecex acmoMOpPuUaM0O8 HEKOMOPOT YHUGEPCAAVHOL aazedpu,
onpedesennoti Ha muoxcecmee G.
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Teopema 2. Bearaa noayspynna ¢ edumuyeir G
usomopgra noayepynne ecex sHIOMOPPHUIMOE HekoMOPOU
YHuUsepcaavHoli aazebpwr, onpedesennoli Ha muoxaecmee G.

OxasrpiBaeTcsi, 4TO TeopeMa 2 caMa CHeyer U3 Teo-
pemit 2', IIpoBefiem cmepBa HEKOTOPHE BCIOMOTaTeILHEIE
PACCMOTpEHMs.

Ilycrs samano smumopdmoe (B wacTHOCTH, M30MOpdIHOE)
orobpaskeEne ¢ moAyrpynusl G ¢ enmHANEH e¢ wa mHOIy-
rpyony G'. Torpa o6pas e eguuuus 6yner enununeii s G,
Ecan snement a obparam B G, To o6pas a ¢ ero oGpar-
HOTO dJieMeHTa @~ ! Gymer B G’ ofpaTHHIM Aisa DiIEMEHTa
ap, T. e. (ag)™! = a~¢. Orcioma cienyer, a0 Roayzpyn-
ra, usomopgras epynne, cama 6ydem epynnoii.

B camom fese, ecam b’ — TPOMBBONBHEIA 3JIEMEHT M3
G', 10 cymecrByer Takoid aiement b = G, uro by = U'.
Torna

b’ (eq) = (bg)(eg) = (be)p = by = b’
1 anmanormaao (eq)d’ = b’. C gpyroil cropouw,

(a@)(a~t) = (aa™ Mg =

w anasorudno (a~1¢)(ag) = ep.

Ilycrs Teneps reopema 2’ yske morasama M IyCTh A@HQ
npousBoxbHasd rpynna G. fIBnssce, B 9acTHOCTH, HONY-
Tpynmoil ¢ eqununeit, G 6yaer n3oMopdia MOAYTPYIme Beex
OUOMOPPE3MOB IEKOTOPOR aire6psi, ompejeiennod Ha
MmIoskecTBe (. Jra TOCHETHAA NMOJAyrpymma OVier, cie-
HOBATeNBHO, Tpynmoit. OTcofla BHITEKAeT, YTO BCe BIL0-
MOPPUBMEL paccMaTpHBAaeMOH anre0pni o0paTHMEI, T. €.
SIBJIAIOTCS HA CAMOM JIele ee aBToMOPPU3MAMH, UT0 AOKa-
3HBaeT TEopeMy 2.

Ocraercss orasarb Teopemy 2'. Ecxnn gama moayrpyn-
na G ¢ enmiumel e, T0 WA BCAKOTO & & G BO3BMEM B MHO-
skecTBe G yH a p H ¥ 10 OHEPAIAID (), ABIAIOITYIOCA B
noxyrpynne G JeBHM YMHOMKEIHEM Ha DIEMeHT 4,

20, = axr mId Bee X z &= G.

MmnosiectBo G co Becemu omepanuamu @4, @ & G, Gyger
anre6poit, Koropymno obosnauum depes G. Hpapoe YMHO-
SReHHEe ¢, B moayrpynue G na siaement b, xg, = &b mia

Bcex x & G, 6ymer sHponMopdusamor agredps G, Tak Kan
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g a0bHx z, a &= G

(20)pp = (ax)b = a(zb) = (z@p) o
Iipu atoMm ecam b=+ ¢, TO ¢, == ¢, TaK Kak
ey, = eb = b, e, = ec = ¢.

SHnOMOpQ)namawm ©p, b S G, ACYEPTLIBAIOTCH BCE IHI0MOD-
¢usMBl anreGpol (7, TaK KAk €CHI (¢ — OPOMBBOJLHHI ee
sujgoMopdusM m e@ = ¢, TO ANA Beex z &= G

= (26)p = (e )P = (¢Plo. = T = 2@,

T. €. @ = (. MB mOTyYWSIW B3aMMUO OJHO3HAYHOE COOT-
BETCTBHE MERAYy BCeMH supoMmopdmaMamm axrebpsi G m
BCceMNM BJIeMeHTaMH moXxyrpynus (, Xoropoe 6ymer Ha
caMoM Jele II30MOPYH3MOM COOTBETCTBYIOINEX HOMYI Py,
TaKk Kak guA scex x, b, c =G

z@y, = a(be) = (xb)e = (20,)9, = z (P, P.),

T. €, @ = PP Ipm dTOM, KaK M AOMKHO OWMTH, exu-
nmge moAyrpynnm G COOTBETCTBYET TO;KHECTBEHHHIA aB-
ToMopdnaM anre6pn G, Tak Kawr Juif Beex ¥ = G

@, = x€ = &

Teopema 2’ pokasana.



